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Introduction
Multi-agent pathfinding (MAPF) is the task of navigating a
set of mobile agents from their starting locations to their de-
sired goal locations while avoiding collisions (Stern et al.
2019). It has many practical applications, most notably in
warehousing. Finding an optimal solution is NP-hard un-
der standard cost objectives (Surynek 2015). A popular ap-
proach is to reduce the problem to a well-established for-
malism such as SAT and invoke a high-performance solver.
This is a strong approach, particularly in densely populated
environments. However, encoding graph-level constraints –
most critically, the requirement that each agent follow a con-
nected path from start to goal – is notoriously difficult in
propositional logic, since connectivity is an inherently tran-
sitive property that does not map naturally to CNF clauses.

This paper aims to replace the path-existence constraints
in standard SAT encodings with native graph-theory prop-
agators provided by MonoSAT, an SMT solver for mono-
tonic theories (Bayless et al. 2015). Collision avoidance con-
straints remain expressed as a Boolean formula.

Pure SAT Encodings
To model MAPF via SAT, Boolean variables encoding the
position and transition of each agent are created. The cor-
rect movement and conflict avoidance is enforced by CNF
clauses. Two well-known variable families serve as the foun-
dation:

Pass (P) (Barták and Švancara 2019) Boolean variables
At(ai, v, t) and Pass(ai, u, v, t) track, per agent ai, which
vertices v are occupied and which edges (u, v) are traversed
in each time-step t. Path existence is enforced by movement
constraints linking At and Pass variables across time-steps;
conflict avoidance is encoded as binary clauses.

Shift (S) (Achá et al. 2022) A more compact alternative
keeps the At variables and replaces Pass variables with
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agent-independent variables Shift(u, v, t) to represent that
something traverses edge (u, v) at time t. Additional con-
straints couple these movements to specific agents. Because
Shift variables are not per-agent, the encoding is smaller, but
connectivity is still expressed via explicit movement clauses.

A limit on the number of time-steps is determined. In the
case of a successful call to the solver, the found solution is
optimal; otherwise, the limit is increased. This method guar-
antees finding the makespan optimal solution. For sum of
costs optimization, additional Late(ai, t) variables are in-
troduced to count the number of time-steps an agent has not
yet permanently settled at its goal. An at-most-k cardinality
constraint bounds the total extra cost. All encodings exploit
MDD-based reachability preprocessing (Sharon et al. 2011)
– variables and clauses are only created for positions that a
given agent can reach within the cost bound.

Graph-Theory Encodings
The key insight is to model each agent’s trajectory as a path
in a time-expanded graph (TEG) — a layered copy of the
input graph (environment) in which edges connect vertex v
at layer t to vertex u at layer t+1 for each edge (v, u) in
the original graph. MonoSAT allows the user to associate
Boolean variables with edges in a graph and to post s-t con-
nectivity constraints whose satisfaction is determined by an
efficient graph propagator rather than by CNF clauses.

Pass+Graph (PG) A separate TEG is created per agent.
The At and Pass variables are associated with TEG ver-
tices and edges, respectively. A connectivity constraint from
the starting location in the first layer to the goal location
in the last layer is posted for each agent and enforced by
a unit clause. This single constraint replaces movement
constraints, leaving only the binary conflict clauses in the
Boolean part of the encoding. Phantom agents — discon-
nected variable assignments set to true — are harmless be-
cause the connectivity constraint guarantees at least one
valid path, and post-processing via DFS extracts it.

Shift+Graph (SG) Inspired by the Shift encoding, a sin-
gle TEG is shared by all agents, with Shift variables on its
edges. One connectivity constraint per agent is posted over
this shared graph. Non-overlapping paths are enforced by at-
most-one constraints on incoming and outgoing Shift vari-
ables at each vertex, which also implicitly prevents vertex
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Figure 1: Solution example on a map of 7 vertices (verti-
cal) in 7 time-steps (horizontal) using PG (2 TEGs on the
left) and SG (1 TEG on the right). Greyed vertices are un-
reachable. In the first and last time-step, only the start and
goal vertices are reachable, respectively. Red and green cor-
respond to agents or connected phantom agents. Blue ver-
tices are disjoint phantom agents.

conflicts. Swapping conflicts are forbidden by binary clauses
as before. Phantom agents are able to appear, but can again
be handled by post-processing via DFS, as they are guaran-
teed to be disconnected from the paths of the real agents.

The optimization for makespan remains the same. Opti-
mizing sum of costs with the presence of phantom agents re-
quires care: in PG, lateness is detected by checking whether
the agent occupies any non-goal vertex; in SG, lateness is
inferred from whether movement into the goal occurs after
the shortest-path distance. An example of a solution can be
seen in Figure 1.

Empirical Evaluation
Experiments were run on maps inspired by the standard
benchmark set (Stern et al. 2019) with sizes increasing from
20×20 to 100×100 and 3 game maps. Instances begin with 5
agents, 5 more are added until unsolvable within a 5-minute
CPU limit. Five different start/goal placements were used
per instance. We report the key findings below and in Ta-
ble 1.

Pass+Graph is the top performer overall Compared
with its pure-SAT counterpart Pass , it solves more than dou-
ble the instances under makespan optimization and roughly
25% more under sum of costs — consistently across map
sizes.

Formula size is dramatically reduced The movement
clauses delegated to the graph propagator account for the
bulk of clause counts in the pure SAT encodings. In turn, the
building time of the encoding is reduced.

Shift+Graph underperforms expectations While Shift
outperforms Pass in pure SAT, adding graph propagators
to the Shift encoding moderately improves makespan re-
sults but degrades sum of costs performance relative to pure
Shift . We conjecture that enforcing disjoint paths over a sin-
gle compact graph is harder for the propagator than handling
separate per-agent TEGs; this is an important future work.

MonoSAT vs. Kissat Running the pure SAT encodings
on the state-of-the-art SAT solver Kissat (Biere et al. 2024)
yields more solved instances than MonoSAT on those same

20 40 60 80 100 brc den ost total

m
ks

P 380 77 16 4 1 0 0 0 478
S 402 133 25 4 1 0 0 0 565
PG 392 353 227 131 91 1 4 6 1205
SG 207 227 172 113 71 0 3 5 798

so
c

P 123 207 215 271 236 29 68 47 1196
S 139 220 224 273 235 25 64 47 1227
PG 132 238 290 324 347 36 77 56 1500
SG 140 188 173 202 187 20 47 36 993

Table 1: The number of solved instances per map size.

encodings, demonstrating the gap in solver maturity. Nev-
ertheless, PG with the older MonoSAT still outperforms the
best pure SAT encoding on Kissat, underscoring the strength
of the graph-propagator approach independently of solver
quality. Combining graph theories with a modern SAT back-
end is a clear direction for future gains.
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