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Abstract

Heuristics play a central role in the performance of bidirec-
tional search algorithms, which commonly rely on two main
classes. Front-to-end (F2E) heuristics estimate the distance
from a state s to the target of the search (the goal for forward
search or the start for backward search). In contrast, front-
to-front (F2F) heuristics estimate the distance from s to the
opposite search frontier using a pairwise function h(s,s’),
where s’ ranges over frontier states. Although F2F heuris-
tics are typically more informative and therefore reduce the
number of node expansions, their reliance on extensive pair-
wise evaluations incurs substantial computational overhead.
To address this limitation, we introduce a new heuristic class,
front-to-attractors (F2A), that preserves much of the infor-
mativeness of F2F while dramatically reducing its computa-
tional cost. Rather than evaluating distances to all states on
the opposite frontier, F2A estimates the distance from s to a
small, dynamically maintained set of attractors in the oppo-
site search direction. These attractors serve as a surrogate for
the full frontier, enabling rich heuristic guidance at a fraction
of the computational expense while maintaining the optimal-
ity guarantees offered by F2F. We evaluate F2A across multi-
ple domains and show that it reduces the number of pairwise
evaluations by up to 11.2x compared to F2F, while achieving
4.8x fewer node expansions than F2E on average.

Extended version — https://arxiv.org/abs/2606.07047

Introduction

Bidirectional heuristic search (Bi-HS) aims to find the least-
cost path between two states by running a forward and back-
ward search simultaneously, reducing effective search depth
as the two frontiers meet. A central design choice in Bi-HS
is the heuristic used to guide these searches. Most existing
algorithms use front-to-end (F2E) heuristics, which estimate
the cost from a state to the target of the current search direc-
tion (goal for forward search or start for backward search).
Although inexpensive, F2E heuristics offer weak guidance
because they treat the two searches independently and ig-
nore the progress of the opposite frontier (i.e., Open list). In
contrast, front-to-front (F2F) heuristics estimate the distance
from a state to the opposite frontier using a pairwise function
h(s,s"), where s’ ranges over the states in the opposite fron-
tier. F2F heuristics are more informative (Siag et al. 2023)
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and typically require fewer state expansions to find a solu-
tion. Their drawback is computational cost: evaluating the
heuristic of a state in one direction requires pairwise evalua-
tions between the state and all states in the opposite frontier.

Due to this overhead leading to long planning times, most
work on improving Bi-HS focuses on F2E methods, propos-
ing enhanced expansion rules, stronger termination condi-
tions, and effective pruning strategies (Sadhukhan 2013;
Holte et al. 2017; Shaham et al. 2017; Eckerle et al. 2017,
Chen et al. 2017; Sewell and Jacobson 2021; Shperberg et al.
2019; Wang et al. 2025). Only a few approaches attempt to
exploit or refine F2F heuristics (Felner et al. 2010; Lippi, Er-
nandes, and Felner 2012, 2016; Mayer and Krebsbach 2019;
Alcazar 2021). Although F2F-based algorithms offer strong
potential as their heuristics are more informative and often
reduce the number of state expansions, they remain signifi-
cantly slower in practice because heuristic evaluation scales
quadratically with frontier size (Siag et al. 2023). Tech-
niques that try to represent the frontier with a smaller set
exist, but give suboptimal solutions (Lavasani et al. 2025).

To overcome the overhead associated with F2F heuristics,
this manuscript introduces a new heuristic class, front-to-
attractors (F2A), that retains much of the informativeness of
F2F while greatly reducing its computational cost. The ap-
proach leverages the attractor representation introduced in
Zou, Saleem, and Likhachev (2025). Instead of comparing s
against all states on the opposite frontier, F2A evaluates dis-
tances to a small, dynamically maintained set of attractors.
These attractors serve as a compact surrogate for the full
frontier, enabling rich heuristic guidance at a fraction of the
computational expense while preserving the optimality guar-
antees of F2F. We evaluate F2A across multiple domains, in-
cluding 2D grid pathfinding, Sliding Tiles, and Pancake puz-
zle, and show that it reduces the number of pairwise heuristic
evaluations by up to 11.2x compared to F2F, while achiev-
ing 4.8x fewer node expansions than F2E on average.

Background

A Bi-HS problem instance I = (G, start,goal,hp, hg)
consists of a graph G = (V, E), a start state, a goal state,
and a forward (F) and backward (B) heuristic hz, hg. The
cost of the shortest path between state s and s’ in G is de-
noted by c¢(s, s’). The objective is to find a path from start
to goal with optimal cost C*. Bi-HS algorithms perform
two searches simultaneously: a forward search from start
and a backward search from goal. Each search direction



Figure 1: Attractors are shown as circles, with associated
states in matching colors. The Open list is shown in lighter
shades, and the remaining states are in the Closed list. At-
tractors with no associated frontier states are shown in gray.

D € {F, B} maintains its own Open list, Openp. For a
state s, gp(s), hp(s), fp(s) denote its g-, h-, and f-values
in direction D. The opposite direction is denoted by OD.

front-to-end (F2E) heuristics use a forward heuristic hp :
S — Ry that estimates the cost from any state to goal
and a backward heuristic hg : S — R that estimates
the cost from any state to start. The f-value is computed as
fp(s) = gp(s)+hp(s).front-to-front (F2F) heuristics (Sint
and de Champeaux 1977) use a pairwise heuristic h : S X
S — R that estimates the cost between any pair of states.
The F2F heuristic of a state s in direction D is computed
by estimating the cost between s and the opposite frontier.
The f—value is fD (8) = gD(S) + mins/GOpenOD (h(sa S/) +
gop(s’)). We use the same definitions for bi-admissibility
and bi-consistency as (Eckerle et al. 2017).

Attractors Attractors (Zou, Saleem, and Likhachev 2025)
were introduced as a memory-efficient alternative to stor-
ing the full Closed list in best-first search. They represent
the Closed list sparsely by storing only an intelligently se-
lected small set of states and using them as anchors for solu-
tion reconstruction. During search, every state added to the
Open list is assigned to an attractor, and each attractor (ex-
cept start) is linked to a parent attractor, forming a tree that
serves as a compact surrogate for the full Closed list. Fig. 1
illustrates how attractors decompose the search space.

Given a distance function hgist : S X & — Ry, at-
tractors are chosen so that the path to any state s in the
Open list can be reconstructed by greedy tracing. For-
mally, let a(s) denote the attractor assigned to s. Greedy
tracing proceeds by repeatedly applying the update s <—
arg ming ¢ preq(s) Rdist (s', a(s)), until reaching the attrac-
tor a(s), after which tracing continues recursively through
parent attractors until start is reached. Each such greedy
segment corresponds to a portion of the current best path to
s, which allows all non-attractor states to be safely discarded
while still enabling full solution reconstruction. More details
on how attractors are maintained are in the appendix.

Method

In F2F heuristics, computing the heuristic value of a state in
one search direction requires comparing it against all states
in the opposite frontier to obtain a valid underestimate of
the optimal path cost. While this provides highly informa-
tive guidance, it also incurs substantial computational over-
head. To reduce this cost, we introduce front-to-attractors
(F2A) heuristics. Although attractors were originally pro-
posed for sparsifying the Closed list, they also have an im-

h(s,s")

goal

Figure 2: F2F heuristics estimate the distance to the oppo-
site frontier (shown in yellow). F2A heuristics estimate the
distance to the opposite attractors (shown in red).

portant structural property: they form a sparse set of ances-
tors for the states on the frontier. F2A leverages this structure
by replacing comparisons against the entire opposite fron-
tier with comparisons against a much smaller, dynamically
maintained set of active attractors, denoted Attrsp.

As illustrated in Fig. 2, computing the F2F heuristic for
a state s requires pairwise evaluations between s and all
states in the opposite frontier (highlighted in yellow). In
contrast, the F2A heuristic evaluates s only against the ac-
tive attractors in the opposite direction that have at least
one associated frontier state (highlighted in red). Formally,
the F2A heuristic for a state s in direction D is computed
as: hp(s) = ming e Attrsop (h(s, s+ QOD(s’)). Since all
least-cost paths discovered so far must pass through their
corresponding attractors, F2A preserves optimality guaran-
tees while reducing the number of pairwise evaluations. '

Algorithm Overview

Bi-HS with F2A heuristics follows the standard Bi-HS loop
used for F2F heuristics, requiring only minor additional
bookkeeping to maintain the set of active attractors. The
pairwise heuristic h(s, s’) must be bi-consistent. The over-
all procedure consists of the following steps, as outlined in
Alg. 1. At each iteration, the search:

1. Selects a search direction: A common strategy ,which
we use, is to select the direction D with the smaller Open
list Openp (line 6), as noted by Holte et al. (2017).

2. Expands a state: The state s with the smallest fp-value
(higher gp-value for tiebreaking) in Openp is selected
for expansion (lines 7-8). Its successors are generated,
assigned f-values, inserted into Open p, and used to up-
date U (lines 13-23). Each successor’s heuristic is com-
puted once upon generation by comparing the state to
attractors in the opposite direction Attrsop (line 20).

3. Updates attractors: When expanding s, if a better path
to a successor s’ is found, the attractor of s’ is updated
(line 16). The algorithm attempts to assign s’ the same
attractor as s to minimize the number of attractors main-
tained. This is allowed only if greedy tracing from s’ to-
ward this attractor leads through s (line 25). If this con-
dition holds, s’ inherits s’s attractor (lines 27-28). Other-
wise, s becomes the attractor for s’ and is inserted into
Attrsp (line 30). This update logic follows the same
principles Zou, Saleem, and Likhachev (2025)?; details
are omitted from the pseudocode for clarity.

'F2A keeps only the active attractors with associated states in
the Open list (colored in Fig 1), rather than the full attractor tree.

2We also use the same tiebreaking strategy when paths of the
same cost are found.



Algorithm 1: BI-HS wITH F2A HEURISTIC

1: procedure F2A BI-HS(start, goal)

2:  Attrsp + {start}, Attrsp < {goal}
3:  Openp < {start}, Openp < {goal}
4: U, L+ o

5:  while NOTTERMINATED(U, L) do

6.

7

8

D < CHOOSEDIRECTION()
POP s with smallest fp-value from Openp
: EXPAND(s, D)
9: L + UPDATELB()

10: REMOVE all a € Attrsp that are unassigned

11: procedure EXPAND(s, D)

12:  Move s from Openp to Closedp

13:  for s’ € Succp(s) do

14: if gp(s’) > gp(s) + c(s,s’) then

15: gp(s') = gp(s) +c(s,s’)

16: UPDATEATTRACTOR(s, 8', D)

17: if s’ € Openp U Closedp then

18: remove s’ from Openp U Closedp

19: if s ¢ Openp then

20: hp(s') = mingrecattrsop, (h(s', ") + gop(s”))
> If not yet computed

21: INSERT s in Openp with gp(s’) + hp(s')

22: if s € Opengpp then

23: U + min(U, gr(s'") + gp(s'))

24: procedure UPDATEATTRACTOR(S, s D)

250 Sy < ATBMIN cpygor) haist (s, s.attractor)

26: s .q;ﬁtractor s

27:  ifs,,,, = sthen

28: s'.attractor < s.attractor

29: else if s not in Attrsp then

30: INSERT s in Attrsp

By assigning attractors in this manner, Attrsp forms a
sparse set of ancestor states through which all current
best paths to the frontier states pass. This sparsity makes
F2A heuristics much cheaper to compute while still pro-
viding strong guidance.

4. Checks for termination: The search terminates when
the current best solution cost U is less than or equal to
the lower bound L (optimal path has been found) or if the
Open list becomes empty (no solution exists) (line 5).

Theoretical Properties

Our proof follows the same structure as Holte et al. (2017).
Here we provide a high level sketch. A more detailed proof
can be found in the appendix.

Definition 1. For any optimal path P = sq, s1, ...y, from
start (so) to goal (sy,), let i be the largest index such that
sk € Closedp Yk € [0,i—1], and let j be the smallest index
such that s, € Closedp Yk € [j+1,n]. We say P “has not
been found” if i < j and P “has been found” otherwise.

Theorem 1. If, at the beginning of an iteration of Alg. 1,
there exists an optimal path P from start to goal that has
not been found, then L < C*.

Proof Sketch. If there exists an optimal path that has not
been found, there will be a node in P, s;, in Openg
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with gr(s;) = c(start,s;) and a node in P, s;, in
Openg with gp(s;) = c(sj, goal). Then C* = gp(s;) +
c(si,s5) + g8(s;) = gr(si) + h(si s;) + gp(s;) (ad-
missibility). With the F2A heuristic, fr(s) gr(s) +
Milge Attrg (h(s7a) + gB(a)). By construction of attrac-
tors, for every s € OPENp there exists a € Attrg with
gB(s’) = ¢(s',a) + gp(a). Since h(s,a) < h(s,s’) +
c(s’,a) (consistency), h(s,a) + gp(a) < h(s,s') +
gp(s’). Taking minima over attractors yields fp(s) <
gr(s) +mingcopen, (h(s,s') + gp(s')). Therefore, L =
mingcopen, fr(s) < minscopen,, scoreny (9r(s) +
h(s,8')+gp(s")) < gr(si)+h(si, s5)+gp(s;) <C*. O

Theorem 2. If there exists a path from start to goal, Alg. 1
will return U = C* (an optimal path) upon termination.

Proof Sketch. Theorem 1 implies that . < C* until all op-
timal paths have been found. And since U > C* until the
first optimal path from start to goal is found (due to the
process by which U is updated), at which point U = C*,
this means that if a path does exist, when Alg. 1 terminates
U=C. O

This implies that when Alg. 1 terminates at least one op-
timal path has been found, indicating that Bi-HS with F2A
heuristics is both complete and optimal.

Practical Considerations

Degenerating to F2E If goal is included in the backward
attractor set Attrsp, then for any state s in the forward
direction we have h(s,goal) < h(s,s’) + gp(s') Vs €
Attrspg, provided that h is consistent. This implies that the
F2A heuristic degenerates to F2E when the goal (or start) is
an attractor, reducing the informativeness of the heuristic.

Optimizations to preserve heuristic informativeness. In
general, attractors become less informative as they drift far-
ther from the frontier. To mitigate this, we introduce two op-
timizations. Both rely on a threshold ¢ applied to the differ-
ence in g-values between an attractor and its assigned states.

1. New Attractor (NA). When a successor s’ inherits the
attractor of its parent s, we check whether the difference
between g(s') and g(s.attractor) exceeds ¢. If so, s is
assigned as the new attractor for s’. This ensures the ac-
tive attractor set is a good approximation of the search
frontier by keeping attractors close.

2. Associated States (AS). For each attractor, we maintain
the subset of its assigned frontier states whose g-values
differ from the attractor’s by more than §. If this set is
nonempty, we use the associated states in place of the
attractor for heuristic computation. In effect, when an at-
tractor becomes too far from the frontier to serve as an
informative surrogate, we fall back to using its frontier
states for heuristic evaluation.

Experiments
We evaluated F2A on three standard benchmark domains
commonly used in Bi-HS studies. (1) 2D Grid Pathfinding:
Evaluated on the DAO “brc” and maze maps with five cor-
ridor widths (Sturtevant 2012), using 4-connected unit-cost



Planner DAO Maze

Pancake Gap-1 Sliding Tiles

RT (ms) Exp (10°) HE (10°) RT (ms) Exp (10°) HE (10°) RT (ms) Exp (10°) HE (10°) RT (ms) Exp (10°) HE (10°)

A* 47 17 17 534 185 185 220 6.5 67 2745 340 605
BAE* F2E 35 20 21 258 143 143 32 0.695 8 1205 151 296
VBi-HS F2E 85 25 25 1100 280 281 175 4.8 53 2746 307 577
VBi-HS F2F 91 14 2865 1043 134 34,907 26,545 0.541 26,189 118,263 20 92,775
VBi-HS F2A (NA) 76 16 525 778 136 4897 778 4.8 53 19,161 108 75,500
VBi-HS F2A (AS) 119 17 1273 1148 139 15,275 14,846 0.583 14,782 76,174 20 232,716
VBi-HS F2A (no opt) 76 18 278 660 138 3120 756 4.8 53 4374 307 593
NBS F2E 73 21 21 558 147 147 168 4.7 54 3111 290 548
NBS F2F 99 16 1794 934 135 15,709 35,068 0.828 35,759 344,803 37 332,158
NBS F2A (NA) 85 18 319 819 138 3545 517 4.7 183 31,832 94 143,202
NBS F2A (AS) 553 21 12,764 16,553 146 277,741 50,756 1.1 51,659 1,301,147 60 780,339
NBS F2A (no opt) 84 18 319 745 138 3545 449 4.7 104 5964 290 4306

Table 1: Results for planners across domains. F2A employ optimizations (“no opt” means no optimization) that vary by domain.
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Figure 3: Sliding Tiles with an added delay per expansion.

actions and the Manhattan Distance heuristic. (2) 15 Slid-
ing Tiles: 20 instances (fewest nodes) from (Korf 1985), us-
ing the Manhattan Distance heuristic. (3) 14-Pancake Puz-
zle: 50 random instances using the GAP-1 heuristic (GAP
heuristic (Helmert 2010) but ignoring the smallest pancake.)

We compared F2A (with and without the NA and AS
optimizations) to F2E and F2F using both vanilla Bidirec-
tional Heuristic Search (VBi-HS) and Near-optimal Bidi-
rectional Search (NBS) (Chen et al. 2017). VBi-HS denotes
the framework used to instantiate F2E, F2F, and F2A (i.e.,
Alg. 1 with different heuristic formulations), following the
ideas of (Pohl 1969) and (Sint and de Champeaux 1977).
Since NBS was originally designed for F2E heuristics, we
extended it to support F2F and F2A by changing the heuris-
tic used to compute f-values while keeping the same pair-
wise lower bound. BAE* (Sadhukhan 2013) is a state-of-
the-art Bi-HS algorithm but assumes fixed heuristic values
assigned at node generation, making it unclear how to extend
it to dynamic heuristics like F2F and F2A that depend on the
evolving opposite frontier. However, we include BAE* with
F2E heuristics and A* (Hart, Nilsson, and Raphael 1968)
as references. The same search direction policy is used for
the Bi-HS algorithms. We report results using § = 20 for
both NA and AS on the grid maps, and § = 4 for Slid-
ing Tiles and Pancake. For each planner we report mean
runtime (RT), number of node expansions (Exp), and num-
ber of heuristic evaluations (HE), presented in Table 1. Our
evaluation focuses on how different heuristic classes trade
off computation cost against search guidance, rather than on
identifying a dominant heuristic. Additional discussion on
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the experimental results is included in the appendix.

Grid Maps With VBi-HS, both F2A (no opt) and F2A
(NA) achieve the fastest runtimes among all variants. The
improvement is primarily driven by a substantial reduction
in heuristic evaluations—10.3x fewer on DAO and 11.2x
fewer on Maze maps compared to F2F—while still outper-
forming F2E in terms of expansions (1.4x and 2.0x fewer).
Under NBS, the F2A variants also require fewer heuristic
evaluations than F2F and produce fewer expansions than
F2E. As expected, F2A reduces heuristic evaluations ver-
sus F2F while preserving informativeness, yielding fewer
expansions than F2E; this trend holds across domains.

Sliding Tiles Naive F2A degenerates to F2E in this do-
main. However, incorporating the NA optimization makes
F2A substantially more informative. With VBi-HS, expan-
sions decrease by 2.84 x relative to F2E, and by 3.08 x under
NBS. Heuristic evaluations decrease by 1.23x and 2.32x
compared to F2F, for VBi-HS and NBS respectively. The AS
optimization further reduces expansions but incurs a much
higher number of heuristic evaluations.

To better understand when F2A heuristics provide bene-
fits, we conducted an additional experiment in which an ar-
tificial delay was added to every state expansion. The result-
ing runtime curves, shown in Fig. 3, reveal a performance
window after 0.6 ms where F2A (AS) achieves the best run-
time across all planners. This study suggests the existence
of domains in which the trade-off between heuristic com-
putation cost and expansion cost aligns favorably for F2A,
enabling it to outperform F2E, F2F, and A* in total runtime.

Pancake F2A also degenerates to F2E in the Pancake do-
main. The AS optimization substantially increases the infor-
mativeness of F2A. With VBi-HS, expansions decrease by
8.23 x relative to F2E, and by 4.21 x under NBS.

Conclusion

We introduced front-to-attractors (F2A), a heuristic for bidi-
rectional search that preserves much of the guidance of
front-to-front (F2F) while significantly reducing computa-
tional cost. By estimating the distance to a set of attractors
rather than all frontier states, F2A requires minimal over-
head and integrates easily into existing algorithms. Across
multiple domains, it reduced heuristic evaluations by up to
11.2x over F2F and achieved 4.8 fewer expansions than
F2E, while maintaining competitive runtimes, making it a
practical approach for scalable bidirectional search.
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