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Abstract

While parallelizing Greedy Best-First Search (GBFS) can
accelerate planning, existing approaches offer no runtime
guarantees: they are not necessarily faster than sequential
GBFS, and counterintuitively, adding more threads can pos-
sibly degrade runtime. To address this unpredictable scaling,
we introduce Thread-Ordered Parallel-GBFS (TOP-GBFS).
Inspired by MonoBeam — which guarantees monotonically
improving solution costs as beam width increases — TOP-
GBFS is a novel parallelization designed to ensure that search
time never increases as thread count grows. Under standard
assumptions, we prove that TOP-GBFS bounds the total num-
ber of expansions to a constant factor of sequential GBFS
and guarantees monotonically non-increasing runtimes. We
empirically validate this monotonicity and demonstrate that
TOP-GBFS remains competitive with existing parallel GBFS
implementations on standard PDDL benchmarks.

1 Introduction
Much of the performance increase of compute in recent
years has been due to more cores while sequential execution
speeds have improved more gradually (Hennessy and Pat-
terson 2011). And so, consistent and scalable parallel Best
First Search (BFS) is increasingly important in order to fully
make use of modern multi-core machines in heuristic search.

Optimal BFS algorithms like A∗ have been successfully
parallelized with quite consistent scaling as more threads
are used (Kishimoto, Fukunaga, and Botea 2013; Phillips,
Likhachev, and Koenig 2014). This has proved more diffi-
cult when parallelizing satisficing algorithms (Kuroiwa and
Fukunaga 2019, 2020; Shimoda and Fukunaga 2023) — ie.
those that seek to find a solution quickly at the expense of
any cost bounds — such as Greedy Best First Search (GBFS)
(Doran and Michie 1966). This is because the OPEN and
CLOSED lists of the different threads of a GBFS paralleliza-
tion can “pollute” or “block” each other thereby pushing the
overall search to consider parts of the state-space that se-
quential GBFS never would. As a result, adding a new thread
can completely change the course of the search. This means
that in some cases, having additional cores may degrade per-
formance by an arbitrary amount when compared to using
fewer threads (Kuroiwa and Fukunaga 2019, 2020).
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Previous analysis of this behavior (Kuroiwa and Fuku-
naga 2019) thus identified two desirable properties that par-
allelizations of GBFS should aim to achieve: 1) only expand
states which sequential GBFS could possibly expand, and
2) have a constant factor bound on the number of additional
expansions done compared to standard single-core GBFS.
In this work, we consider a different desirable property: that
the runtime of a GBFS parallelization is monotonically non-
increasing in the number threads made available to the al-
gorithm. This property is inspired by the single-core beam-
search algorithm MonoBeam (Lemons et al. 2022) which
guarantees monontonically non-increasing solution costs as
the beam width increases. In the context of GBFS paral-
lelizations, we view this property as a form of stability and
predictability, since it means that all available hardware re-
sources can be safely used with the confidence that the addi-
tional threads will not incur a performance penalty.

To that end, we introduce a novel parallelization of GBFS
called Thread-Ordered Parallel-GBFS (TOP-GBFS) which
explicitly aims at achieving monotonic runtimes. We for-
mally analyze the algorithm using a model of its parallel
behavior and show that it expands a bounded number of
states compared to a single-core GBFS, and that the runtime
is monotonically non-increasing in the number of threads
used. Finally, we empirically evaluate TOP-GBFS to show
it is competitive with existing GBFS parallelizations, while
also exhibiting the desired monotonicity property in prac-
tice.

2 Background
In this section we briefly cover state-spaces, heuristic search
algorithms, existing parallel GBFS algorithms, and the pit-
falls which can beset parallel GBFS.

2.1 State-spaces
A state-space task T is a 4-tuple T = ⟨S, sI , succ, SG⟩,
where S is a set of states, sI is an initial state, SG ⊆ S
is a set of goal states, and succ : S 7→ 2S is a successor
generator function. The objective of a search problem is to
find a plan, which is a sequence of states (s0, . . . , sk) where
sk ∈ SG, s0 = sI , and si ∈ succ(si−1) for every 0 < i ≤ k.
As our focus is on satisficing search, we ignore plan and
transition costs in this work.
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An algorithm for finding a plan to a given state-space task
is called a search algorithm. We focus on algorithms that
use a heuristic function to help guide the search. Formally,
a heuristic function is defined as h : S 7→ R≥0, and we
refer to the pair ⟨T, h⟩ of a state-space task T and heuristic
h as a state-space topology. Typically, a heuristic estimates
the distance from a state to a goal state. We use the term
sequential algorithm to refer to such an algorithm that runs
on a single CPU core or thread, and a parallel algorithm as
one that may use multiple cores or threads.

2.2 Sequential Search Algorithms
Best First Search (BFS) is a family of search algorithms
which uses a priority queue, the open list, ordered by an
evaluation function f : S 7→ R≥0 and tie-breaking scheme
τ : S 7→ R to conduct a search. At each search step, the state
in the open list, s, with the lowest f -value (with ties broke
by τ ) will have its successors added to the open list. s will
then be removed from the open list and put into the closed
list, which records states that have already been visited1.

Greedy Best First Search (GBFS) is a special case of BFS
where f(s) = h(s) (Doran and Michie 1966). When a state
s has its successor set generated and placed into the open list,
we say s has been expanded. An expansion is a single search
step in a sequential search and the sequence of expansions is
the list of states in the order they were expanded during the
search. Note that the open list and closed list are referred to
as OPEN and CLOSED, respectively, in the text below.

In standard descriptions of Best-First Search, ties be-
tween the f -cost of states in OPEN can be broken using
a tie-breaking scheme τ , or otherwise arbitrarily. For our
analysis, we will further require that the search algorithm
be deterministic, meaning there are no arbitrary selections
and so the combination of the evaluation function f and
tie-breaking scheme τ , is guaranteed to produce a single,
unique expansion sequence. This can be achieved if the tie-
breaking scheme τ imposes a strict total order over all gen-
erated states. Specifically for any two distinct states s1 and
s2 where f(s1) = f(s2), τ ensures one state is always
strictly preferred to the other. We note that deterministic tie-
breaking is trivially achieved using LIFO or FIFO. As such,
all sequential search algorithms in this paper are assumed to
be deterministic.

Beam search is an incomplete BFS algorithm which is
parameterized with a beam width w ≥ 1 (Bisiani 1992).
At each search step, beam search will generate all succes-
sors of the current OPEN and take the “best” w states of
them (based on f -value) to be included in the next OPEN.
MonoBeam is a variant of beam search which guarantees
monotonic solution costs as w increases (Lemons et al.
2022). MonoBeam serves as an inspiration for this work and
is detailed in Section 3.

2.3 Related Work on Parallel Search Algorithms
Prior work on optimal and bounded suboptimal algorithms
like A* and Weighted A* has demonstrated that they can

1We ignore re-openings in this work since our focus is on solv-
ing problems quickly, regardless of solution quality.

be parallelized with highly robust scaling. State distribution
methods, such as Hash-Distributed A* (Burns et al. 2010;
Snir 1998) and the partitioning scheme of PBNF (Kishi-
moto, Fukunaga, and Botea 2013), efficiently divide work
across threads and scale to thousands of processors. For do-
mains with slow state expansions, algorithms like PA*SE,
ePA*SE, and GePA*SE (Phillips, Likhachev, and Koenig
2014; Mukherjee, Aine, and Likhachev 2022; Mukherjee
and Likhachev 2023) parallelize specific phases within A*
to accelerate search while maintaining optimality bounds.

In the satisficing space, considerable effort has focused on
parallelizing GBFS. K-Parallel Best First Search (KP-BFS)
is a parallel BFS implementation that maintains a global
OPEN and CLOSED that are shared among the k threads
(Vidal, Bordeaux, and Hamadi 2010). Access to OPEN and
CLOSED are protected by a mutex the ensure exclusive
access . K-Independent OPEN-BFS (KIO-BFS) is a paral-
lel BFS where each thread keeps a local OPEN but share
CLOSED (Kuroiwa and Fukunaga 2020). At each search
step, threads choose the minimum f -valued state in their lo-
cal OPEN if it is not empty; otherwise they choose the glob-
ally lowest f -valued state across all open lists. Again, open
lists and CLOSED are guarded by a mutex.

Recent literature has focused on mimicking the state-
space exploration of sequential GBFS and bounding ex-
pansions relative to sequential GBFS. Shimoda and Fuku-
naga (2023, 2025) introduced Parallel Under Higher Water-
mark First (PUHF) and later One Bench at a Time (OBAT).
OBAT guarantees a constant factor bound on the number
of expansions it performs compared to sequential GBFS,
and both OBAT and PUHF guarantee only expanding states
that GBFS could possibly expand under any tie-breaking
scheme. It was found that meeting these guarantees can
incur significant overhead, which can be mitigated by de-
coupling successor generation and heuristic evaluation (Shi-
moda and Fukunaga 2024).

Parallel GBFS as a parallel portfolio has also been investi-
gated (Valenzano et al. 2010). Parallel search portfolios run
independent searches simultaneously, avoiding any need for
partitioning or thread coordination at the potential expense
of duplicate effort between threads.

2.4 Parallel Search Pathologies
In order to understand how the performance of a parallel
GBFS algorithm deviated from that of a sequential GBFS
run, Kuroiwa and Fukunaga (2020) introduced the following
notions for comparing the number of expansions required by
two search algorithms, A and B:
Definition 1. Given a state-space task T , a search algorithm
A is t-bounded relative to search algorithm B on T iff A
performs no more than t-times as many expansions as B. A
is t-pathological relative to B on T iff A is not t-bounded
relative to B on T .
Definition 2. A is t-bounded relative to B iff it is t-bounded
on all possible state-space topologies.
Definition 3. A is t-pathological relative to B iff for all
t > 0 there exists a state-space topology T such that A is
t-pathological relative to B on T .
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Figure 1: KP-GBFS is not t-bounded relative to GBFS. The
figure is adapted from Kuroiwa and Fukunaga (2020).
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Figure 2: KIO-GBFS is not t-bounded relative to GBFS. The
figure is adapted from Kuroiwa and Fukunaga (2020).

Intuitively, A is t-bounded relative to B if the amount of
effort needed to solve a problem using A is never more than
a constant factor larger than B, and A is t-pathological rel-
ative to B if it may be arbitrarily worse than B on certain
state-space tasks. Kuroiwa and Fukunaga (2020) further in-
troduced TB-boundedness, which considers the subset of the
state-space task possibly expanded by the sequential variant
of the algorithm and whether the parallel implementation is
confined to the same set.
Definition 4. Let T be a state space task. A search algorithm
A is TB-bounded with respect to search algorithm B on T
iff A does not expand any states which are not expanded
by B under any tie-breaking mechanism. A is TB-bounded
relative to B if it is TB-bounded on every possible state-
space topology.

OBAT is both t-bounded and TB-bounded relative to se-
quential GBFS (Shimoda and Fukunaga 2025). KP-GBFS
and KIO-GBFS, are not TB-bounded and are t-pathological
relative to sequential GBFS (Kuroiwa and Fukunaga 2020).

We now briefly sketch out why KIO-GBFS and KP-GBFS
are t-pathological with respect to sequential GBFS using ex-
amples similar to those given in the original work. In the
case of KP-GBFS, this is due to the fact that a shared open
list of KP-GBFS means threads can ‘pollute’ each other by
drawing them into regions of the state space they otherwise
would not search. This can be seen in Figure 1, which shows
a state-space task on which sequential GBFS would expand
⟨s0, s1, s3⟩ and then select sG and terminate. Now consider
running KP-GBFS on the same state space with k = 2. First
s0 gets expanded; then s1 and s2 get expanded in parallel;
then both threads will expand states in the T component
as their states have the smallest h-values. The fact that KP-
GBFS is t-pathological relative to sequential GBFS follows
from the fact that T can be made arbitrarily large, and thus
the bound will not hold for any constant t.

Whereas KP-GBFS is t-pathological relative to sequen-
tial GBFS because of its use of a shared OPEN, KIO-GBFS
is t-pathological relative to sequential GBFS because of its
use of a shared CLOSED, which can act as a barrier to
search. For example, consider Figure 2. Sequential GBFS

would necessarily expand the sequence ⟨s0, s1, s2, s3, s4⟩
at which point it would select the goal, sG, and terminate.
KIO-GBFS with 2 threads would expand s0 first; then, s1
and s5 would get expanded; and on the third search step, s2
and s3 would be expanded. On the next step, since s3 is in
CLOSED, both threads will end up expanding the compo-
nent B. The fact that KIO-GBFS is t-pathological relative
to sequential GBFS thus follows since |B| may be arbitrar-
ily large (Kuroiwa and Fukunaga 2020).

3 Thread-Ordered Parallel-GBFS
Notice that the pathological behaviour of KP-GBFS and
KIO-GBFS described above occurs because the data struc-
tures shared by the threads can change the expansion order
of states depending on how many threads are sharing them.
In essence, ‘additional’ threads can impact the expansion se-
quence of the ‘prior’ thread(s), possibly leading to the run-
time increasing with the number of threads.

In this section, we describe Thread-Ordered Parallel-
GBFS (TOP-GBFS), which is a new parallelization of GBFS
designed specifically to address this issue. We begin by
reviewing MonoBeam — which ensures monotonicity in
beam search — before adapting the insights of MonoBeam
to the case of parallel GBFS. TOP-GBFS will be used
in cases where the number threads is irrelevant, while
TOP-GBFSk indicates a variant with specifically k threads.

3.1 Non-Monotonicity in Beam Search

Recall that on every iteration of beam search, the entire
open list is expanded simultaneously and only the “best”
w states are kept. Lemons et al. (2022) identified that in-
creasing w did not necessarily improve solution quality de-
spite the fact that doing so seemingly makes the search in-
herently less greedy. In particular, they identified that this
non-monotonicity arises, in part, from cuckoo states. These
are states with incorrectly low heuristic values that only get
generated at larger beam widths. Such states can dominate
the beam and thereby drag the search into local minima it
would have avoided when using a smaller beam width. Too,
they showed that the use of a wider beam may close a state
earlier than a narrower beam otherwise would. Doing so can
block the search from finding a path it would have found
with a narrower beam, leading to a second cause for non-
monotonicity.

MonoBeam was introduced to address these issues
(Lemons et al. 2022). MonoBeam strictly orders its opera-
tions by decomposing the beam into individual “slots”. Slot
i in the beam can only be filled by states generated from a
parent slot j, where 0 ≤ j ≤ i. Moreover, duplicates are
permitted if a lower slot needs to expand a state that was al-
ready expanded by a higher slot. Together, these techniques
ensure that the front of the beam will contain the same states
as they would when using a smaller beam width, meaning
the smaller width search is replicated within a search that
uses a larger beam width. As such, the expanded cuckoo
states and state closures of higher beams cannot derail the
search of lower beams.
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Algorithm 1: TOP-GBFS Thread Routine for Thread i

Require: List of open lists [OPEN0, ..., OPENi], Thread
index i, Global Table CLOSED

1: while not SOLVED and not UNSOLVABLE do
2: s← SELECT([OPEN0, . . . , OPENi], i)
3: if s = NULL then
4: if i = 0 then
5: signal UNSOLVABLE
6: return
7: continue
8: if is goal(s) then
9: signal SOLVED

10: return trace path(s)

11: Lock(OPENi), Lock(CLOSED)
12: OPENi ← (OPENi \ {s})
13: if CLOSED[s] > i then
14: CLOSED[s]← i
15: OPENi ← OPENi ∪ SUCC(s)

16: Unlock(OPENi), Unlock(CLOSED)

Algorithm 2: An example SELECT(·) method

Require: List of open lists [OPEN0, ..., OPENi], Thread
index i

1: for j ← i downto 0 do
2: if not OPENi = ∅ then
3: return argmins′∈OPENj ⟨h(s′), τ(s′)⟩
4: return NULL

3.2 Encouraging Monotonicity in Parallel GBFS
As mentioned above, one reason that KP-GBFS and KIO-
GBFS do not get strictly faster with additional threads is
because threads may negatively interfere with each other’s
searches. A portfolio-based parallelization will avoid this
behaviour, but may result in a substantial amount of du-
plicate work. Instead, we take inspiration from MonoBeam:
KP-GBFS is not t-bounded essentially because the open lists
for the different threads end up being polluted by cuckoo
states, drawing the search into additional local minima,
while the shared closed list of KIO-GBFS blocks the search
just like it does when using a larger beam width.

While MonoBeam orders expansions over consecutive
slots in the beam, in TOP-GBFSk, the ordering is over the
k threads, ⟨t0, . . . , tk−1⟩. Any thread ti is then not allowed
access to any progress made by a lower priority thread (i.e.
some tj where j > i). This means that just as MonoBeam
ensures that any increase in beam width does not affect how
the slots at the front of the beam are populated, TOP-GBFS
ensures that increasing the number of threads does not affect
the expansion sequence of ‘prior’ threads.

TOP-GBFS maintains a global CLOSED list, and each
thread ti has an associated open list OPENi. The algorithm
begins by adding the initial state sI to OPEN0 and leav-
ing the open lists for all other threads empty. The global
CLOSED list is initialized as an empty map. Pseudocode
for each thread is shown in Algorithm 1. Locking is only ex-

plicitly done for ‘write’ operations while ‘read’ operations
are allowed to be done concurrently. Note that in our algo-
rithm description below, we say a thread ti dominates tj if
i < j; and the dominant set of thread tj is the set of threads
⟨t0, ..., tj−1⟩ that dominate tj .

The pseudocode shows that each thread iteratively ex-
pands states until any one thread finds a solution. A thread
ti can select states for expansion from its own open list,
OPENi, or from the open list of a thread from its domi-
nant set. This is done by the call to SELECT(·) on line 2.
Importantly, a thread can only add successors to (line 15)
and remove states from (line 12) its own open list. Because
threads select, but never remove, states from their dominant
set, we refer to selecting a state from a dominant thread as
peeking. This unidirectional visibility ensures that a thread
ti cannot access states that were only found by lower pri-
ority threads. Much like the beam slots in MonoBeam, this
prevents a thread ti from polluting the open lists of its domi-
nant set with cuckoo-like states, meaning TOP-GBFS avoids
this cause of t-pathological behaviour.

To keep track of which threads have expanded a state, the
closed list maps a state to the smallest index of all threads
that have expanded it (line 14). For simplicity, we assume
that if s is not in CLOSED, then CLOSED[s] = ∞.
Threads can re-expand states closed by threads they dom-
inate, meaning the closure of a state by ti will not im-
pact the behaviour of a more dominant thread (line 13).
This is much the same as the duplicate checking mecha-
nism in MonoBeam, and will allow TOP-GBFS to avoid the
closed list blocking behaviour that causes KIO-GBFS to be
t-pathological.

Algorithm 1 actually defines a family of algorithms that
may differ on their implementation of SELECT(·). A simple
example, for illustration only, is given in Algorithm 2. Start-
ing with OPENi, this method iterates through the available
open lists (line 1). When a non-empty list is found, the “best”
state in that list is returned. In its current form, Algorithm 2
allows all threads to expand the same state if the less domi-
nant threads select first. This can be mitigated by using dif-
ferent tie-breaking schemes when a threads peek from their
dominant sets; we discuss the practicalities of implementing
TOP-GBFS in Section 5. Ultimately, as long as the thread
ordering is respected, there is flexibility in how threads peek
from their dominant sets.

Notice that t0 only has access to OPEN0 when select-
ing states for expansion, and only considers a state closed if
t0 itself closed it. As such, if SELECT(·) is defined so that t0
always selects greedily from its open list, t0 will be perform-
ing a standard sequential GBFS. TOP-GBFS uses its strict
ordering of threads to balance the twin desires of never mak-
ing things worse with additional threads, and maintaining an
ability to avoid duplicated work. We will see in the following
sections how this ordering ensures runtime monotonicity.

4 Theoretical Analysis
The core property of TOP-GBFS is that adding a kth thread
does not alter the behaviour of the prior threads: the first k−
1 threads will expand the exact same states in the same time
as they would in a k-thread instance, provided the kth thread
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does not find a solution faster. In this section we formalize
this relationship and present our theoretical findings about
TOP-GBFS. We first discuss the deterministic model used in
our analysis; we then present our theoretical results; lastly,
we discuss the practical limitations of our findings.

4.1 Modeling Parallel Search
In parallel search algorithms, thread scheduling and other
system noise may lead to non-deterministic behaviour.
Therefore, modeling parallel search demands making as-
sumptions which yield a deterministic model of computation
(JáJá 1992; Kuroiwa and Fukunaga 2020).

To this end, we introduce the deterministic expansion
model, which generalizes the idealized parallel framework
of Kuroiwa and Fukunaga (2020). Like their model, we
assume multiple threads execute simultaneously with zero
memory contention, synchronization overhead, or schedul-
ing interference. Whereas Kuroiwa and Fukunaga assume
uniform expansion times for all states, we permit non-
uniform expansion times. Specifically, we assume a deter-
ministic function δ : S 7→ R≥0 that maps each state s to
a constant expansion time δ(s), which remains invariant re-
gardless of when or by which thread s is expanded.

In the analysis below, we assume the expansion time for
any state is bounded by strictly positive constants such that
0 < δmin ≤ δ(s) ≤ δmax for all s ∈ S (which holds triv-
ially for a finite state space). We also assume the determinis-
tic expansion model, and that SELECT(·) ensures that thread
t0 always selects states greedily from OPEN0 (meaning t0
performs a sequential GBFS). Notably, SELECT(·) may be
defined arbitrarily for the other threads, provided it satis-
fies the strict thread ordering requirements of TOP-GBFS.
We note that with deterministic tie-breaking, the call to SE-
LECT(·) will be deterministic, in that it will always select the
same state for expansion given the same current contents of
the closed and open lists.

4.2 Search Properties of TOP-GBFS
In this section, we show our primary theoretical results: we
first establish constant factor expansion bounds, and then
establish the runtime monotonicity of TOP-GBFS as more
threads are used for the search. We begin by formalizing the
idea that a thread in TOP-GBFS does not impact the exe-
cution threads of its dominant set. This is because the state
expansion order of a thread — and the runtimes of those ex-
pansions — does not change when more threads are added.
To show this, we let πk

i (r) denote the list, in chronological
order, of the sequence of states expanded by thread ti up to
wall-clock time r ≥ 0 in some execution of TOP-GBFSk.
We now formalize this property as follows:
Lemma 1. For any i and k where 1 ≤ i < k, let Ri and Rk

be the runtimes of TOP-GBFSi and TOP-GBFSk, respec-
tively. Then at any time r ≤ min(Ri, Rk) and any thread tj
where 0 ≤ j < i, the lists πi

j(r) and πk
j (r) are identical.

Proof. Let r be the smallest value for which there exists
some thread j where πi

j(r) and πk
j (r) differ. Since r is the

smallest such value, they can only differ by the elements at
the ends of these lists. There are two possible such cases.

First, the two lists may be of equal length, but have a
different last element. This would mean that thread tj se-
lected a different next state for expansion in TOP-GBFSi

and TOP-GBFSk. However, immediately before r, the open
lists for all threads up to and including tj must be identi-
cal for both algorithms. This holds since the expansion se-
quences are identical for all threads in both algorithms and
the threads that dominate tj cannot add states to the open
lists in the dominant set. By a similar argument, the set of
states with a CLOSED value of j or less must be identical.
It is therefore a contradiction that tj selected a different state
in TOP-GBFSi and TOP-GBFSj , since the SELECT(·) used
for tj was assumed to be deterministic.

The second possibility is that one of πi
j(r) or πk

j (r) is
longer than the other. This would require that the additional
threads has sped up or slowed down the execution of thread
j. However, this is not possible by the deterministic execu-
tion model. Thus the statement holds by contradiction.

We can now establish a worst-case expansion bound of
TOP-GBFSk relative to a sequential GBFS.

Theorem 2. TOP-GBFSk is t-bounded relative to GBFS for
any k ≥ 1, with t = k δmax

δmin
.

Proof. Let E1 be the number of expansions taken by stan-
dard sequential GBFS, and let R1 be its runtime. By Lemma
1, the highest priority thread t0 performs a sequential GBFS
regardless of k. The maximum possible time taken for t0
to find a solution is E1 · δmax. Because t0 terminates the
search at or before E1 · δmax, no other thread can run for
longer than E1 · δmax. Since the minimum possible expan-
sion time is δmin, any individual thread can perform at most
R1

δmin
≤ E1

δmax

δmin
expansions before t0 terminates. Thus,

even if the remaining k − 1 threads perform entirely unpro-
ductive expansions, TOP-GBFSk will collectively perform
at most E1 + (k − 1)E1

δmax

δmin
≤ kE1

δmax

δmin
total expansions.

We can similarly bound how much the total expansion
count can scale when adding an additional thread.

Theorem 3. TOP-GBFSk+1 is t-bounded relative to
TOP-GBFSk for any k ≥ 1, with t = 1 + δmax

kδmin
.

Proof. Let Ek denote the total number of expansions per-
formed by TOP-GBFSk on task T . This implies that the
worst-case maximum runtime for TOP-GBFSk is Ekδmax

k .
When using TOP-GBFSk+1, Lemma 1 guarantees that the

additional thread tk cannot alter the execution of the origi-
nal k threads. In the worst case, tk will spend all its time
doing entirely unproductive expansions at the fastest possi-
ble rate, contributing at most Ekδmax

kδmin
extra expansions be-

fore the search terminates. Thus, the total expansion count
satisfies: Ek+1 ≤ Ek + Ekδmax

kδmin
=

(
1 + δmax

kδmin

)
Ek

Lastly, Lemma 1 implies that the wall-clock runtime of
TOP-GBFS is monotonically non-increasing as more pro-
cessing threads are allocated to the task.
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Theorem 4. If Rk and Rk+1 are the runtimes on search task
T for TOP-GBFSk and TOP-GBFSk+1, respectively, then
Rk+1 ≤ Rk.

Proof. Consider two cases. First, if T is unsolvable, Rk is
the time at which t0 signals unsolvability. By Lemma 1,
tk+1 cannot alter the execution of t0 and cannot falsely find
a goal, meaning t0 will signal unsolvability at exactly the
same time. Thus, Rk+1 = Rk.

Second, if T is solvable, let Rk be the time it takes for
some thread ti to expand a goal state in TOP-GBFSk. In
TOP-GBFSk+1, Lemma 1 guarantees that if the search does
not terminate prior to Rk, thread ti will still expand that goal
state at exactly time Rk. However, the introduction of tk in-
troduces the possibility of expanding a goal state at an earlier
time prior to Rk. The search will thus terminate either early
or at exactly Rk, proving Rk+1 ≤ Rk.

We note that TOP-GBFS does not restrict itself to the
same search sub-space as sequential GBFS because the state
selection policy for threads is arbitrary (barring t0); that is
to say, TOP-GBFSk is not necessarily TB-bounded relative
to GBFS, if further assumptions on SELECT(·) are not made.

4.3 Limitations
If the assumptions of our deterministic expansion model
are dropped — such as introducing system noise, mem-
ory contention, or non-deterministic expansion times —
neither the expansion bounds nor the runtime mono-
tonicity from Section 4.2 will hold. Consider the
task in Figure 3. GBFS would expand the sequence
s0, s1, s3, s4, B, s5, sG where B is a set of states reach-
able from s1. TOP-GBFS2 may expand, in perfect lock-
step, the sequence (s0), (s1, s2), (s3, s4), (s4, s5), (si, sG),
where si ∈ B. The non-determinism that can arise from
dropping our assumptions comes from the possibility that
thread t0 expands s4 before t1. In this case, t1 gets blocked
by the closure done by t0 (line 13 of Algorithm 1) and so will
expand states in T instead of expanding s4, s5, sG. Allowing
T to be arbitrarily large breaks our expansion bounds.

Similarly, for runtime monotonicity, consider running
TOP-GBFS3 on Figure 3. It could be that due to the non-
ideal environment, t0 completes 4 expansions before threads
t1 or t2 expand anything, yielding a possible partial ex-
pansion sequence (s0), (s1), (s3), (s4), (si, s2), (sj , sk, sl),
where si, sj ∈ B, and sk, sl ∈ T . If threads t1 and t2 keep
expanding component T , the runtime of TOP-GBFS3 will
exceed that of TOP-GBFS2.

Thus, TOP-GBFS may not necessarily be monotonic in
practice. However, it does seem “more monotonic” than
other GBFS parallelizations, as shown in the next section.

5 Empirical Results
All experiments were conducted on dual 64-core AMD
EPYC 7742 processors operating at a base clock of 2.25
GHz, with a total of 256 GB of RAM. Algorithms were
tested with 1, 2, 4, 6, 8, 10, 12, 14, 16 and 32 threads, and
were granted as many cores as threads, along with 2 GB
of RAM per thread. In all cases, algorithms were given a
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s2
h=4

s4
h=1

s5
h=3

sG
h=0

T
h=4

B
h=2

s3
h=1

Figure 3: Non-determinism due to state s4.

5-minute per-problem time limit, and used the unit cost FF
heuristic (Hoffmann and Nebel 2001).

The evaluation uses 15 domains from the Autoscale
benchmark suite (Torralba, Seipp, and Sievers 2021). We se-
lected the 10 domains with the lowest coverage and the 5 do-
mains with the highest coverage for single-threaded GBFS
as reported by Shimoda and Fukunaga (2025). Optimal track
problems were used to ensure high coverage, shifting the fo-
cus to expansions and runtime analysis.

5.1 Algorithms
Our code2 is based on the codebase developed by Shimoda
and Fukunaga (2025). For KP-GBFS and OBAT, denoted
KP and OBAT respectively, the implementations by Shi-
moda and Fukunaga (2025) were used largely unchanged.
For KIO-GBFS, denoted KIO, we added our own imple-
mentation following the description in Section 2. Notably,
all algorithms, including TOP-GBFSk, were given a fixed
128 MB lossy heuristic cache that overwrites entries in the
event of a collision.

For TOP-GBFSk, two major issues can arise when im-
plementing the selection policy: 1) with each thread poten-
tially peeking from its dominant set, there could be k − i
threads reading from each OPENi every step creating sig-
nificant lock contention; and 2) if something like Algorithm
2 is used, there might be many duplicate selections as ev-
eryone is selecting greedily from every open list. In our im-
plementation, to balance threads helping each other while
avoiding contention, the dominant set gets peeked every 100
expansions or if OPENi = ∅, and a state only gets selected
from the dominant set if it has a better heuristic value than
what is on top of OPENi. To mitigate duplicate selections,
different tie-breaking schemes are used when threads peek
from their dominant set.

5.2 Results
Runtime For a given task, we expect TOP-GBFS to ex-
hibit monotonic runtime scaling across thread counts (Ri ≤
Rj if i > j). To investigate this, Table 1 reports runtime
inversions — instances where this expectation is violated.
For example, running increasing numbers of threads on a
problem and getting runtimes of 5, 6, 3, 7, 2, and 1 seconds
contains four inversions (5 ̸≥ 6, 5 ̸≥ 7, 6 ̸≥ 7, 3 ̸≥ 7). Table
1 reports the sum of inversions across all problems for all al-
gorithms. A minimum runtime difference of 0.01 seconds is

2Available at https://github.com/dawson-brown/SOCS-26

162



Domain KP TOP OBAT KIO

airport 139 61 365 48
barman 52 24 100 89
childsnack 141 88 158 89
data-network 111 66 60 74
depots 57 37 54 86
driverlog 13 31 63 16
floortile 36 2 121 3
hiking 55 36 19 100
mprime 129 64 109 67
parcprinter 11 0 50 0
rovers 12 5 25 9
storage 20 47 16 76
termes 10 30 322 34
thoughtful 172 105 232 98
woodworking 82 97 72 126

Total Inversions 1040 693 1766 915
Inversion Rate 5.14% 3.42% 8.72% 4.52%

Table 1: Number of thread scaling inversions per domain.

1 2 4 6 8 10 12 14 16
Number of Threads (t)

2

4

6

8

10

Ar
ith

m
et

ic
 M

ea
n 

of
 S

ea
rc

h 
Ti

m
e 

(s
ec

) TOP (n=313)
KIO (n=313)
OBAT (n=313)
KP (n=313)

Figure 4: Average search time per thread count. The 32
thread variants were omitted for space.

required to register an inversion to account for system noise
(we justify this threshold below).

As seen in the inversion rate (the fraction of pairwise
comparisons that were out of order), all algorithms were
largely monotonic, with OBAT being the notably worst per-
former according to this metric. However, TOP clearly had
the fewest inversions, empirically agreeing with our theoret-
ical monotonicity.

Figure 4 illustrates how average runtime scales with
thread count for the four algorithms. The average for each
algorithm is calculated over the intersection of instances (n)
successfully solved by all algorithms and thread configura-
tions. Again, all algorithms were largely monotonic in run-
time. KP and TOP enjoyed the greatest average speedup as
more threads were used.

Coverage Figure 5 summarizes coverage vs. time for the
four algorithms, with each line denoting a different num-
ber of threads. We note that since we are plotting the to-

tal success rate, the expectation is that increasing the num-
ber of threads will improve coverage on average. This con-
trasts with measuring per instance monotonic improvement
(which we did in the previous section).

We see in Figure 5 that KIO had the best maximum cov-
erage of 387 with 32 threads and was also largely monotonic
in coverage, only seeing a reduction in coverage when going
from 8 to 10, and from 12 to 14 threads. TOP had a maxi-
mum coverage of 377 with 32 threads; TOP was almost en-
tirely monotonic in coverage, only going from 8 threads to
10 saw reduced coverage. KP had the least monotonic cov-
erage, with 4 to 6, 12 to 14, and 14 to 16 threads all see-
ing reduced coverage; KP’s maximum coverage, also with
32 threads, was 376. OBAT had the worst maximum cov-
erage of 367 at 16 threads (likely due to its restrictive ex-
pansion policy); OBAT was monotonic in coverage, except
when doubling from 16 to 32 threads, which is particularly
surprising and perhaps speaks to the increased thread starva-
tion that can arise in more constrained searches like OBAT.

To better understand why TOP did not perform better in
coverage despite strong monotonicity, we more thoroughly
compare it to KIO by looking at expansion rate and the im-
pact of the cache on search. These two algorithms had much
greater expansion rates than KP and OBAT, in part due to
the local search spaces reducing contention on shared re-
sources. Figure 6 compares the expansion rates of TOP and
KIO with 32 threads. Perhaps surprisingly, despite the near
equal coverage for the algorithms with 16 threads, TOP saw
much faster expansions on problems solved by both. This is
in part due to the cache performance of each. On the jointly
solved instances, TOP hit the cache 67% of the time, while
KIO hit the cache 10% of the time. We hypothesize this
is because TOP peeked work every 100 expansions and so
threads were often drawn into their dominant sets’ search
spaces. Indeed, 0.5% of TOP expansions were on peeked
states, while 0.06% of KIO expansions were on stolen states.

This suggests to us that the SELECT(·) policy of TOP
requires careful tuning. The suggested TOP configuration
spent a lot of time doing duplicate work, evidenced by the
cache hit rate. So although it expanded many states very
quickly, those states were not sufficiently diverse to ensure
new and shorter solution paths could be consistently found.
TOP may benefit from less peeking, or less greedy peeking.
Some preliminary testing to this end indicated that peeking
every 10,000 and 100,000 expansions had similar coverage
results to peeking every 100 expansions. Investigating alter-
native selection policies is an interesting avenue for future
work. It is lastly worth noting that having a heuristic cache at
all explicitly violates the assumptions we made for our the-
oretical results as it directly leads to expansions not taking
constant time. It is possible that this made the circumstances
of non-monotonicity from Section 4.3 more likely to occur,
hence the unexpected coverage results.

6 Discussion and Conclusion
All four of the algorithms we tested usually exhibited the
monotonicity that we wanted and expected from a parallel
search algorithm — both in terms of search time and cover-
age. Having said that, TOP-GBFS was the “most” mono-
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Figure 6: KIO vs TOP expansion rate with 32 threads.

tonic, suggesting its more robust against the pathological
search behaviour identified in Section 2.4.

The pathologies in Section 2.4 hinge on the existence of
large local minima in the space (connected regions with in-
correctly low h-values). We hypothesize that domains which
exhibit large local minima will have a greater potential for
pathological search behaviours and so TOP-GBFS may see
greater benefits on such domains. Cohen and Beck exam-
ined 6 such domains (nomystery, rovers3, tpp, maintenance,
parking, and freecell) (2018); testing TOP-GBFS on them is
interesting future work.

The deterministic expansion model is not entirely real-
istic. Analyzing TOP-GBFS and other parallel algorithms
with better models is left for future work. Specifically, Read-
Queue/Write-Queue models can better model contention
(Gibbons, Matias, and Ramachandran 1998); alternatively,
expansion times could be sampled from a distribution.

Unlike OBAT and PUHF, TOP-GBFS is not TB-bounded
relative to GBFS. It may be theoretically interesting future
work to develop TB-bounded TOP-GBFS variants. It is also

3Although rovers was in our benchmark suite, the instances we
used were too easy.

worth noting that OBAT and PUHF benefit greatly from
separate generation and evaluation (Shimoda and Fukunaga
2024), which was not used here.

The thread ordering of TOP-GBFS is not limited to GBFS
and can operate as a more general framework. The thread-
priority could theoretically wrap any deterministic, sequen-
tial search algorithm while retaining the same monotonic
runtime scaling. Whether these thread-ordered mechanisms
can be adapted to optimal or bounded sub-optimal algo-
rithms remains an open question for future work.

Beyond changing the underlying sequential search, the
flexibility in when and how threads share states from their
open lists is an interesting opportunity for exploration. The
tested configuration of TOP-GBFS saw a lot of duplicate
effort between threads. GBFS exploration techniques may
serve as the basis for sensible TOP-GBFS configurations.
Xie, Müller, and Holte (2014) suggested only exploring
in GBFS when the search has failed to make heuristic
progress after a specified number of expansions. Threads
could adhere to a similar protocol to determine when they
should peek at another open list. Concerning how states
peek from each other, Cohen and Beck (2018) explored the
value of randomized restarts as a GBFS enhancement. In
TOP-GBFS, this could be simulated by peeking the highest
h-valued state instead of the lowest.

Lastly, this approach may be particularly suitable to clas-
sical planning where the complexity of the heuristic calcu-
lation dwarfs any multi-threading overhead. This can make
our idealized models better approximations of reality than
they would in other paradigms. Many standard heuristic
search domains are characterized by extremely fast expan-
sions (such as the sliding tile or pancake puzzles) and so
lock contention stands to be a much greater fraction of the
overall runtime. In such domains, TOP configurations will
likely require less frequent peeking to remain efficient.

Ultimately, while GBFS parallelizations do generally ap-
pear to exhibit monotonic behaviour, TOP-GBFS does show
the most predictable scaling, while still being competitive
with the state-of-the-art. Finding the right balance between
our theoretical guarantees and practical overheads will be
key to extending this framework to a wider variety of do-
mains and algorithms.
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