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Abstract

Mixed Binary Quadratic Programs (MBQPs) are an impor-
tant and complex set of problems in combinatorial optimiza-
tion. As solving large-scale combinatorial optimization prob-
lems is challenging, primal heuristics have been developed to
quickly identify high-quality solutions within a short amount
of time. Recently, a growing body of research has also used
machine learning to accelerate solution methods for chal-
lenging combinatorial optimization problems. Despite the in-
creasing popularity of these ML-guided methods, a large
body of work has focused on Mixed-Integer Linear Pro-
grams (MILPs). MBQPs are challenging to solve due to the
combinatorial complexity coupled with nonlinearities. This
work proposes ML-guided primal heuristics for Mixed Bi-
nary Quadratic Programs (MBQPs) by adapting and extend-
ing existing work on ML-guided MILP solution prediction
to MBQPs. We introduce a new neural network architecture
for MBQP solution prediction and a new training data collec-
tion procedure. Moreover, we extend existing loss functions
in solution prediction and propose to combine contrastive
and weighted cross-entropy losses. We evaluate the meth-
ods on standard and real-world MBQP benchmarks and show
that the developed ML-guided methods significantly outper-
form existing primal heuristics and state-of-the-art solvers.
Furthermore, models trained with our proposed extension
with combined losses outperform other ML-based methods
adapted from MILPs and improve generalization in cross-
regional inference on a real-world wind farm layout optimiza-
tion problem.

Extended version — https://arxiv.org/abs/2604.23053

Introduction
Mixed Binary Quadratic Programs (MBQPs) are discrete
optimization problems with quadratic terms in the objective
function subject to a set of linear constraints. MBQPs en-
code many important problems in Combinatorial Optimiza-
tion (CO) (Loiola et al. 2007; Rebennack 2024; Kochen-
berger et al. 2005) and cover a wide range of applications,
including finance (Parpas and Rustem 2006), machine learn-
ing (Bertsimas and Shioda 2009), as well as chemical (Mis-
ener and Floudas 2013) and energy systems (Turner et al.
2014). A significant body of research on CO algorithms has
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focused on primal heuristics, which are algorithms designed
to find good feasible solutions quickly and without optimal-
ity guarantees (Berthold 2014).

Despite development in solvers and heuristics, solving
large-scale COs remains challenging. In recent years, Ma-
chine Learning (ML) has been proposed to accelerate solu-
tion methods for CO problems. Motivated by the fact that
CO problems that share similar structures are solved repeat-
edly in many applications (Huang et al. 2024b; Scavuzzo
et al. 2024), a growing body of research uses ML to guide
algorithmic policies or to build new policies customized to
instances that appear in specific applications. For example,
Han et al. (2023); Nair et al. (2020); Huang et al. (2024a);
Ding et al. (2020) propose ML-guided primal heuristics for
Mixed Integer Linear Programs (MILPs), wherein they pre-
dict the optimal assignment for a subset of the variables. Lee
and Kim (2024) have shown that ML-guided methods reach
high-quality solutions faster than non-ML primal heuristics
on MILPs. While prior work on ML-guided CO methods has
shown success across multiple algorithmic components on
many challenging CO problems, existing work in this area
has mainly focused on MILPs. A small body of research has
used ML to advance solution methods for general nonlin-
ear programming problems (Bonami, Lodi, and Zarpellon
2018; Bagga and Delarue 2023; Ghaddar et al. 2023; Ferber
et al. 2023; Tang, Khalil, and Drgoňa 2025), but ML-guided
methods in this space are not as well developed as in MILPs.

MBQPs are even more challenging to solve than MILPs
due to the combinatorial nature (Magnanti 1981) coupled
with nonlinearities. In this work, we develop ML-guided
primal heuristics for MBQPs by adapting and extending
existing work on ML-guided MILP solution methods. We
adapt the Weighted Cross-Entropy-based and Contrastive
Learning-based methods which are used in MILP solution
prediction to MBQPs. To adapt to MBQPs, we propose a
novel neural network architecture that extracts input fea-
tures and a new data collection procedure that generates
high-quality solutions as ground truth training data for large-
scale MBQPs. Furthermore, we extend existing loss func-
tions used in CO solution prediction and propose to com-
bine Cross-Entropy and Contrastive losses. Computational
results show that the adapted and extended ML methods
outperform existing primal heuristics and state-of-the-art
solvers on standard and real-world MBQP benchmarks. Fur-
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thermore, we show that solution prediction models trained
with our proposed extended loss function outperform other
ML-guided methods adapted from MILPs in in-domain test-
ing and improve generalization in cross-regional inference
on a real-world wind farm layout optimization problem.

Background and Related Works
Mixed Binary Quadratic Programs
A Mixed Binary Quadratic Program (MBQP) with n deci-
sion variables is defined as

minxTHx+ cTx s.t. Ax ≤ b and xj ∈ {0, 1}, ∀j ∈ B
(1)

where H ∈ Rn×n, c ∈ Rn, A ∈ Rm×n, and b ∈ Rm.
H is a real symmetric matrix that encodes quadratic terms
in the objective function and is not necessarily positive
semidefinite, allowing for nonconvex objective functions.
B ⊆ {1, ..., n} is the set of binary decision variables.

Solution Methods MBQPs are NP-hard in general
(Del Pia, Dey, and Molinaro 2017). The Branch-and-Bound
(BnB) algorithm is an exact tree search algorithm to solve
MILPs, MBQPs and more general Mixed-Integer Nonlinear
Programming (MINLP) problems. As large-scale MBQPs
are challenging to solve with exact methods, a significant
body of research has focused on primal heuristics, which are
algorithms designed to quickly identify high-quality feasible
solutions for a given optimization problem without optimal-
ity guarantees (Berthold 2014). These heuristics typically in-
volve solving a relaxation of the original problem and then
creating a subproblem by fixing a subset of integer variables
by rounding the relaxation values to the nearest integer val-
ues, such as RENS (Berthold 2014), Undercover (Berthold
and Gleixner 2014), and Relax-Search (Huang et al. 2025).

Solution Prediction for MILPs
Previous work on using ML to accelerate solving CO prob-
lems has been focused on Mixed Integer Linear Program-
ming (MILP). An MILP can be viewed as the subclass of
MBQPs in Eqn. (1) where the quadratic term matrix H is the
zero matrix. The goal of an MILP is to find x such that cTx
is minimized, subject to Ax ≤ b and integrality constraints
xj ∈ {0, 1}, ∀j ∈ B. A large body of ML-guided primal
heuristics for MILPs is based on predicting partial solutions
(Nair et al. 2020; Han et al. 2023; Huang et al. 2024a; Ding
et al. 2020).

Solution Prediction Nair et al. (2020) and Han et al.
(2023) use Weighted Cross-Entropy (WCE) loss to learn the
probability distribution of the solution space of an MILP in-
stance M . The goal is to learn from a set of multiple solu-
tions, weighted by the quality of the solution. Specifically,
for a solution x, the energy function E(x;M) is defined as
cTx if x is feasible, or ∞ otherwise, assuming minimiza-
tion. Given M , the conditional distribution of a solution x is
modeled as

P (x|M) ≡ exp(−E(x;M))∑
x′ exp(−E(x′;M))

(2)

, so that solutions with better objective values have a higher
probability. The learning task is to train a model p(x|θ;M)
parameterized by θ that approximates p(x|M). To collect
training data, Nair et al. (2020) and Han et al. (2023) ob-
tain the set of solutions by running state-of-the-art MILP
solvers for a large amount of time. Instead of using WCE
loss, Huang et al. (2024a) learn p(x|θ;M) using Contrastive
Learning (CL). The CL-based method makes discriminative
predictions by contrasting the positive samples (i.e., good
solutions) and negative samples (i.e., bad solutions). Posi-
tive samples are obtained by running MILP solvers, similar
to (Nair et al. 2020) and (Han et al. 2023). Negative samples
are obtained by solving another MILP that searches for bad
variable assignments within some Hamming distance of the
good solutions.

Inference Since the full prediction might not be feasible,
ML-guided primal heuristics for MILPs involve solving an-
other MILP at inference time. Nair et al. (2020) use Neural
Diving (ND), which uses the prediction of a subset of the
variables and creates a smaller sub-MILP that is easier to
solve after fixing the subset. The size of this sub-MILP is
controlled by the ratio of variables that are fixed. Han et al.
(2023) and Huang et al. (2024a) use a Predict-and-Search
(PaS) framework that searches for feasible solutions within
some neighborhood of the full prediction by adding a cut to
the original MILP. The degrees of freedom in PaS are con-
trolled by the number of variables that are allowed to be
different from the prediction. The ND approach allows for
faster runtime at inference time as the subproblem contains
a small number of variables, but the solutions returned can
be more suboptimal. PaS has more freedom to correct errors
from the ML predictions, but it can be harder to optimize
because the size of the MILP at inference contains the same
number of variables as the original MILP.

ML-Guided Methods for Nonlinear Optimization
There has also been research on ML for general nonlin-
ear optimization. Some of the works in this space focus
on BnB and are not directly relevant to primal heuris-
tics. For example, Ghaddar et al. (2023) and Maisonneuve
and Lesage-Landry (2024) learn branching policies in BnB;
Baltean-Lugojan et al. (2019) learns to select cutting planes;
Bonami, Lodi, and Zarpellon (2018) learns whether to lin-
earize quadratic terms in the formulation before solving.
Other works are relevant to primal heuristics, but do not
apply to general MBQPs. Saravanos et al. (2025) devel-
ops an ML-aided distributed optimization technique tai-
lored to decomposable problems. Liang and Chen (2024)
and Gao et al. (2024) develop ML-guided methods for
continuous problems, while Bagga and Delarue (2023) de-
velops an ML-based method tailored to the quadratic as-
signment problem. Tang, Khalil, and Drgoňa (2025) de-
velops a gradient-based method for inequality-constrained
MINLPs using self-supervised learning and projection. To
our knowledge, work on ML-guided methods for solving
general MBQPs remains limited. The most closely related
is Ferber et al. (2023), which develops SurCo, a gradient-
based method for general MINLPs that can also be applied
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to MBQPs. Additionally, Chen et al. (2024) studies the the-
oretical expressiveness of graph neural networks for contin-
uous and mixed-integer quadratic programs, which is com-
plementary to our work.

Methods

We develop an ML-guided primal heuristic for MBQPs
based on solution prediction, as shown in Fig. 1. An input
MBQP is represented as a tripartite graph (Fig. 1 (B)) and
then passed to a Graph Attention Network module (Fig. 1
(C)), which produces solution predictions for binary deci-
sion variables in MBQPs. At inference time, the predicted
solutions are used to create a sub-MBQP (Fig. 1 (F)). We
introduce a new method for collecting training data for
MBQPs (Fig. 1 (D)). In training the models, we adapt the
WCE and CL losses which have been used in solution pre-
diction in MILPs to MBQPs and propose an extended loss
function that combines CL and WCE losses (Fig. 1 (E)).

Neural Network Architecture

Tripartite Graph Representation We propose a tripar-
tite graph representation of MBQP instances (Fig. 1 (B)).
The tripartite graph contains three types of nodes: constraint
nodes (C), variable nodes (V ), and quadratic term nodes
(Q). A C–V edge connects a variable node and a constraint
node when the variable has a nonzero coefficient in that
constraint. A Q–V edge connects a quadratic term node to
the two variable nodes that participate in the corresponding
quadratic term. The feature sets for constraint and variable
nodes are adapted from the MILP solution prediction frame-
work of (Han et al. 2023). For quadratic term nodes, we in-
troduce a custom feature set designed to capture the charac-
teristics of quadratic terms in the MBQP objective function;
the full list of features is provided in the appendix in the
extended version.

Graph Attention Network We learn a policy p(x|θ;M)
parameterized by θ that processes the featured tripartite
graph and outputs predictions for the variables of a given in-
stance M , using a Graph Attention Network (GAT) (Brody,
Alon, and Yahav 2021). The GAT performs four rounds of
message passing, as shown in Fig. 1 (C). In round one, each
quadratic term node in Q1 attends over its neighbors in V1

using h attention heads to produce updated quadratic term
embeddings Q2. In round two, each variable node in V1

attends over its neighbors in Q2 to produce updated vari-
able embeddings V2. In round three, each constraint node
in C1 attends over its neighbors in V2 to produce updated
constraint embeddings C2. In the final round, each variable
node in V2 attends over its neighbors in C2 to produce the
final variable embeddings V3. The message passing outputs
are then passed through Multi-Layer Perceptrons (MLPs) to
produce logits z. The final prediction is obtained by tak-
ing the sigmoid activation function p(x|θ;M) = σ(z) for
the WCE-based method and the tanh activation p(θ;M) =
tanh(z) for the CL-based method.

Loss Function
The solution prediction policy p(x|θ;M) can be learned
with different approaches (Fig. 1 (E)). In this work, we first
adapt the WCE and CL losses that have been used for MILPs
to MBQPs. Then, we propose an extension that combines
CL and WCE losses to improve the performance.

Weighted Cross-Entropy Following the Weighted Cross-
Entropy (WCE) (Han et al. 2023) approach, we cre-
ate a training dataset that contains N MBQP instances{(

Mi, S+Mi

)}N

i=1
, where S+Mi

is a set of unique solutions
for the instance Mi. Let p (x+|θ;Mi) denote the proba-
bility of solution x+ given instance Mi as the input. We
adapt the energy function E(x;M) in Eqn. (2) to the case
of MBQPs to assign higher probability for better solutions.
For a solution x, the energy function E(x;M) is defined
as xTHx + cTx if x is feasible. During training, for an in-
stance Mi with quadratic term matrix Hi and cost vector
ci, the weight applied to the solution x+ is w(x+|Mi) ≡

exp(−x+⊤Hix
+−ci

⊤x+)∑
x∈S+

Mi

exp (−x⊤Hix−ci⊤x)
. Based on the Kullback-Leibler

divergence, which measures the distance between the condi-
tional distribution in Eqn. (2) and the learned policy, the loss
function to be minimized is:

LWCE (θ) ≡ −
N∑
i=1

∑
x+∈S+

Mi

w(x+|Mi)log p
(
x+|θ;Mi

)
.

(3)
To avoid numerical overflow, we follow prior work on WCE-
based MILP solution prediction (Han et al. 2023) and divide
the objective value by a constant λ (which is known as the
weight-norm parameter) before computing the exponentials.
Details on the weight-norm parameter are deferred to the
appendix in the extended version.

Contrastive Learning Following the CL-based approach
(Huang et al. 2024a), let

{(
S+Mi

,S−Mi

)}N

i=1
be a training

dataset of N MBQP instances, where S+Mi
and S−Mi

are the
sets of positive and negative samples for instance Mi, re-
spectively. We use a form of the NT-Xent Loss (Chen et al.
2020) to learn to distinguish between positive and negative
samples. We use the · operator to denote the dot-product
similarity. The loss function to be minimized is

LCL(θ) =

N∑
i=1

∑
x+∈S+

Mi

L+
(
θ | x+,Mi

)
, (4)

where

L+
(
θ | x+,Mi

)
= − log

exp (x+ · p(θ;Mi)/τ(x
+|Mi))∑

x̃∈S−
Mi

∪{x+} exp (x̃ · p(θ;Mi)/ τ(x+|Mi))
.

(5)

We use a -1/1 encoding for the solution values in order to
measure similarity when computing the dot-product in Eqn.
(5). Solution values of 0 are encoded as -1, while solution
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Figure 1: Training/Inference pipeline for ML-guided MBQP solving via solution prediction.

values of 1 remain 1 in x+ and x̃. To match the -1/1 encod-
ing, we convert the prediction to be in the range of [−1, 1]
by taking the tanh activation function for the logits, (i.e.,
p(θ;Mi) = tanh(zi) where zi is the logits obtained given
instance Mi as the input). Based on the dot-product simi-
larity, the loss value L+ (θ | x+,Mi) is low when p(θ;Mi)
is similar to the positive sample x+ and dissimilar to neg-
ative samples x̃ ∈ S−Mi

. τ(x|Mi) is a temperature param-
eter that scales the similarity scores in Eqn. (5). We set
τ(x|Mi) = 1

exp((xTHix+cTi x)/s)
with s < 0 for minimiza-

tion problems, so that the loss L+ (θ | x+,Mi) for better
x+ (i.e., positive sample with a lower objective value) has a
lower temperature parameter, which creates a sharper distri-
bution and increases the penalties on the negative samples.

Combining Contrastive Learning and Weighted Cross-
Entropy In addition to extending loss functions used in
MILP solution prediction, we propose to combine CL and
WCE losses. It has been observed that for each positive
sample x+, a subset of variables often have the same as-
signments across x+ and the corresponding negative sam-
ples in the CL-based approach, and that the CL loss
L+ (θ | x+,Mi) in Eqn. (5) does not depend on the pre-
dicted solution by the ML model for this subset. This obser-
vation is formalized in Proposition 1; the proof is deferred
to the appendix in the extended version.

Proposition 1 Given an MBQP instance Mi with sets of
positive and negative samples

(
S+Mi

,S−Mi

)
, let Bi be the in-

dex set of all binary decision variables, and let x+ ∈ S+Mi
be

any positive sample. Let Ux+

i ⊆ Bi be an index set on which
the positive sample and all corresponding negative samples
agree; that is, x̃d = td ∀d ∈ Ux+

i ∀x̃ ∈ S−Mi
∪ {x+} where

td ∈ {0, 1} is the common assignment of the variable in-
dexed by d. The CL lossL+ (θ | x+,Mi) in Eqn. (5) depends
only on the predictions for the subset of variables indexed by
Bi \ Ux+

i .

As shown in Proposition 1, for each positive sample x+,
the CL loss L+ (θ | x+,Mi) penalizes predictions that
resemble negative samples only for variables outside the

subset Ux+

i . Consequently, it provides no gradient signal
for variables in Ux+

i . To improve the accuracy of the ML
model in predicting the solution for variables in Ux+

i , we
propose to apply classification of whether the variable takes
1 or 0 as the solution value using binary Cross-Entropy
(CE) loss, given that variables in this set take the same
solution value in S−Mi

∪ {x+} by definition. For each
positive sample x+, we apply the CL loss in Eqn. (5) (which
only applies to Bi \ Ux+

i ) and CE loss for Ux+

i . For each
instance Mi, the CE loss for each x+ ∈ S+Mi

is weighted
by w(x+|Mi), the weight derived from the adapted energy
function in Eqn. (2). Formally, for each positive sample
x+ ∈ S+Mi

, let td,i denote the assignment of the d-th
variable, which is the same across S−Mi

∪{x+} for d ∈ Ux+

i .
Let p̂d,i ≡ p (xd,i = 1|θ;Mi) be the probability that the d-th
variable of Mi takes a solution value of 1 predicted by the
ML policy. The CE loss for each x+ is LCE(θ | x+,Mi) =
−
∑

d∈Ux+
i

[td,i log(p̂d,i) + (1− td,i) log(1− p̂d,i)]. Ac-
counting for the weights for each positive sample, the
combined loss function to be minimized is

LCL+WCE(θ) =
N∑
i=1

∑
x+∈S+

Mi

(
λCL L+

(
θ | x+,Mi

)
+ w(x+ |Mi)LCE(θ | x+,Mi)

)
,

(6)

where λCL is a hyperparameter that controls the weight of
the CL loss compared to WCE loss.

Training Data Collection for MBQPs
Training data collection (Fig. 1(D)) aims to compile multi-
ple high-quality solutions, as well as low-quality solutions
for the CL-based approach, for use in MBQP solution pre-
diction. To this end, we propose Randomized Relax-Search,
a novel heuristic that generates a diverse set of high-quality
solutions for MBQPs. Randomized Relax-Search extends
Relax-Search (Huang et al. 2025), which constructs a sub-
problem from a suboptimal relaxation solution of the MBQP.
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Algorithm 1: Randomized Relax-Search for training data
collection

Input: An MBQP P with set of binary variables B,
relaxation time limit Tr, subproblem time limit Ts, number
of random seeds K, candidate fixing ratio p1, final fixing
ratio p2 (p1 > p2)
Output: Set of good solutions S+, Set of bad solutions S−

1: Relaxed solution x̄← Compute the Nonlinear Program-
ming relaxation of P given time limit Tr

2: S+, S− ← ∅
3: Candidate set C ← select p1 ∗ |B| variables that are least

fractional in x̄
4: for k ∈ 1, 2, ...,K do
5: C′k← Uniformly at random select p2 ∗ |B| variables

from C
6: Pk ←P ∪ {xi = ⌊x̄i⌉}i∈C′

k

7: x+
k , x

−
k ← Best and worst solutions obtained by

solving subproblem Pk with a complete solver, given
time limit Ts

8: S+ ← S+ ∪ {x+
k }

9: S− ← S− ∪ {x−
k }

10: end for
11: return S+, S−

As shown in Algorithm 1, Randomized Relax-Search first
forms a candidate set C consisting of variables that are least
fractional in the relaxation of P , and then introduces ran-
domization to construct K subproblems of P . To construct
the kth subproblem, a subset C ′

k ⊂ C is selected uniformly
at random, and constraints are added to P to fix each vari-
able i ∈ C ′

k to its nearest integer value. In solving the kth

sub-MBQP, the best solution x+
k and the worst solution x−

k
are stored. The procedure returns sets of best solutions S+

and worst solutions S− of P .
For training with WCE loss, the set of good solutions

S+ is used. For CL losses, S+ is used as the set of posi-
tive samples. We denote the worst solution value from S+

as v′ = maxx∈S+ xTHx + cTx. For the set of negative
samples in CL, we use {x|(xTHx + cTx) > v′, x ∈ S−}.
In other words, we only include solutions in S− that have
worse objective values than the worst solutions in S+.

Inference

At inference time, we choose to use the ND-based method
discussed in the Background and Related Works section,
which reduces the original problem to a smaller sub-MBQP
(Fig. 1 (F)), as our goal is to develop fast primal heuristics.
The PaS-based method is challenging for MBQPs because
it requires solving another MBQP of the same size (num-
ber of binary variables). After obtaining the variable predic-
tions, we create a sub-MBQP by fixing the top p percent of
variables, for which the ML model is most confident (i.e.,
least fractional in the predictions). The resulting sub-MBQP
is then solved with a CO solver.

Computational Experiments
Setup
Benchmarks We evaluate the methods on synthetic and
real-world benchmarks. For synthetic benchmarks, we in-
clude the Cardinality-constrained Binary Quadratic Pro-
grams (CBQP) (Zheng et al. 2014), Cardinality-constrained
Quadratic Knapsack Problem (CQKP) (Létocart, Plateau,
and Plateau 2014), and the Quadratic Multidimensional
Knapsack Problem (QMKP) (Forrester and Hunt-Isaak
2020). All synthetic benchmark instances contain 1000 bi-
nary variables and have a quadratic term density of 25%.
Moreover, we test on a real-world Wind Farm Layout Op-
timization Problem (WFLOP). WFLOP seeks to identify
the placement of a set of wind turbines within a fixed area
to maximize power generation across all turbines and over
all wind scenarios while also satisfying minimum separa-
tion constraints. We use the MBQP formulation of WFLOP
in (Huang et al. 2025) and instantiate the instances using
probabilistic wind models (i.e., probability density functions
sampled from the NOW-23 dataset (Bodini et al. 2023))
which represents long-term wind patterns over a 10 year
time horizon at selected locations in the California offshore
region. The WFLOP instances contain 1000 binary variables
while the quadratic term densities depend on the wind distri-
bution. On average, the WFLOP-California instances have
a quadratic term density of 32.42%. Details on the bench-
marks are deferred to the appendix in the extended version.

Evaluation Metrics We use the following metrics to eval-
uate the effectiveness of different methods: (1) The Primal
Gap (PG) (Berthold 2013) is the normalized difference be-
tween the objective value v found by a method and a best
known objective value v∗, defined as PG = |v−v∗|

max(|v|,|v∗|) ,
when vv∗ > 0. When no feasible solution is found or when
vv∗ < 0, PG is defined to be 1. PG is 0 when |v|= |v∗|= 0.
(2) The Primal Integral (PI) (Berthold 2013) is the integral
of the primal gap over time, which captures the speed at
which better solutions are found. (3) The # wins in terms
of PI is the number of test instances for which the method
results in the lowest PI across all other methods.

Baselines We compare the proposed ML-guided MBQP
solving methods adapted from MILPs (WCE and CL)
and the proposed method with the extended loss func-
tion (CL+WCE) with well-established primal heuristics for
MBQPs and general MINLPs, including RENS (Berthold
2014), Undercover (Berthold and Gleixner 2014), and
Relax-Search (Huang et al. 2025). In addition, we compare
with the state-of-the-art MINLP solver SCIP (Bolusani et al.
2024), which uses BnB as its core component and includes
primal heuristics as supplementary procedures to improve
the primal bound during BnB. We turn on the aggressive
mode in SCIP to focus on finding good primal solutions in-
stead of improving the dual bound. We experiment with both
the Linear Programming (LP) reformulation (default) and
Nonlinear Programming (NLP) formulation in SCIP and re-
port the stronger one. To our knowledge, this is the first work
on ML-guided primal heuristics tailored to general MBQPs.
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Benchmark |S+|SCIP |S+|Rand-Relax-Search obj. S+SCIP obj. S+Rand-Relax-Search frac. U
CBQP 2.01 10 -289048.26 -887895.29 59.71%
QMKP 4.31 10 -46736.29 -177384.21 72.48%
CQKP 2.47 10 -58559.04 -187403.44 56.74%
WFLOP 8.59 10 1999.23 1478.76 57.06%

Table 1: Data collection statistics with proposed Randomized Relax-Search vs SCIP. Average number of distinct solutions found
by SCIP (|S+|SCIP), average number of distinct solutions in the good samples set S+ returned by Randomized Relax-Search
(|S+|Rand-Relax-Search), average objective value found by SCIP (obj. S+SCIP), average objective value in S+ by Randomized Relax-
Search (obj. S+Rand-Relax-Search), and average percentage of variables that take the same value in positive and negative sample pairs
(frac. U ). The time limit for both strategies is 11000s.

CBQP QMKP CQKP WFLOP
Method PG PI # wins PG PI # wins PG PI # wins PG PI # wins

Adapted WCE 0.12 33.21 20 0.09 24.98 26 0.16 36.32 14 0.27 34.59 23
CL 0.3 40.69 6 0.98† 59.21† 0† 1† 60† 0† 0.83† 53.46† 7†

Extended CL+WCE 0.02 22.4 74 0.04 21.54 74 0.06 27.07 82 0.14 30.96 40

Baselines SCIP 1 60 0 0.89 57.83 0 1 60 0 0.59 39.52 11
RENS 1† 60† 0† 1 59.96 0 0.99† 59.69† 0† 0.36 39.45 18
Undercover 1† 60† 0† 1 60 0 1 60 0 0.99 59.73 0
Relax-Search 0.57 50.49 0 0.62 52.31 0 0.56 52.32 4 0.54 48.9 1
SurCo 1 60 0 1 60 0 1 60 0 0.59 49.06 0

Table 2: Primal Gap (PG), Primal Integral (PI), and # wins in terms of PI. Lower is better for PG and PI. Higher is better for
# wins. WCE and CL are ML-guided MBQP primal heuristics that we adapted from MILPs. CL+WCE is the extended ML
method with the proposed combined loss function. † indicates benchmarks where there are instances for which the method
did not produce a feasible solution. For CL, the feasibility rates are 2%, 0%, and 23% for QMKP, CQKP, and WFLOP. For
RENS, the feasibility rates are 0% and 14% for CBQP and CQKP. For Undercover, the feasibility rate is 99% for CBQP. For
all other methods and benchmarks, the feasibility rate is 100%. Note that PG, PI, and # wins apply to all instances regardless of
feasibility.

As an ML-guided baseline, we include SurCo (Ferber et al.
2023), an ML-based primal heuristic for general MINLPs.

Hyperparameters For the proposed combined loss, we
experiment with λCL ∈ {1, 2, 5, 7} and choose the λCL

value that results in the lowest weighted Brier Score (BS)
on the validation set. Specifically, BS is defined as

BS =
1

N

N∑
i=1

∑
x+∈S+

Mi

∑
d∈Bi

w(x+|Mi)(p̂d,i − t+d,i)
2

where t+d,i is the solution assignment of the variable in-
dexed by d in sample x+ from instance Mi. Bi is the
set of binary variables in Mi. N is the total number of
instances in the validation set. For the hyperparameter p,
which specifies the fraction of variables fixed when con-
structing the sub-MBQP at inference time, we experiment
with p ∈ {0.5, 0.6, 0.7, 0.8, 0.9} on the validation set and
choose the best p.

Computational Setup For all methods, we set the time
limit to 60s. We report the average PG, PI, and # wins re-
sults across 100 test instances for all benchmarks. All mod-
els are trained on 800 instances, and training is conducted
on an NVIDIA A100 GPU on a node with 128 GB of RAM.
We use the AdamW optimizer (Loshchilov and Hutter 2017)

with learning rate 10−5 with a batch size of 16. Testing (in-
cluding ML inference and non-ML primal heuristics) is con-
ducted on a cluster with epyc-7542 CPUs with 10 GB RAM.
We use SCIP (v9.0) (Bolusani et al. 2024) for solving the
sub-MBQPs.

Training Data Collection We compare the training data
collection results with Randomized Relax-Search and run-
ning the SCIP solver under the same time limit. As shown
in Table 1, the number of distinct solutions found by
SCIP throughout the time limit is less than 10 across all
benchmarks. Moreover, Randomized Relax-Search produces
solutions with better (i.e., lower for minimization prob-
lems) objective values in the positive sample set S+. Ad-
ditionally, we report the average fraction of the subset of
variables that take the same value in positive and nega-
tive sample pairs discussed in Proposition 1, frac. U =

1
N

∑N
i=1

1
|S+

Mi
|

∑
x+∈S+

Mi

|Ux+

i |
|Bi| .

Inference As shown in Table 2, both the adapted WCE
method and the extended CL+WCE method outperform the
baselines in terms of average PG and PI. The adapted CL-
based method fails to produce feasible solutions for some
instances in QMKP, CQKP, and WFLOP. The extended
CL+WCE method performs best in PG, PI, and the num-
ber of PI wins across all four benchmarks, and it signifi-
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Figure 2: Primal gap as a function of time (lower is better).

California Hawaii Great Lakes
Method PG PI # wins PG PI # wins PG PI # wins

Adapted WCE 0.29 36.78 12 0.31 42.07 9 0.19 40.16 10
CL 0.71† 48.57† 17† 0.71† 49.97† 24† 0.88† 55.92† 9†

Extended CL+WCE 0.24 31.71 34 0.29 38.57 25 0.19 36.3 46

Baselines SCIP 0.58 39.01 8 0.64 41.83 10 0.61 41.1 3
RENS 0.32 34.95 20 0.45 38.47 24 0.38 36.76 31
Undercover 0.98 59.28 0 1 60 0 1 60 0
Relax-Search 0.43 38.64 9 0.61 42.04 9 0.56 42.58 1
SurCo 0.59 45.91 0 0.37 46.78 0 0.3 44.65 0

Table 3: Cross-regional generalization results on WFLOP. Primal Gap (PG), Primal Integral (PI) results, and # wins in PI. Lower
is better for PG and PI. Higher is better for # wins. † indicates benchmarks where there are instances for which the method did
not produce a feasible solution. For CL, the feasibility rates are 36%, 34%, and 13% for California, Hawaii, and Great Lakes.
Note that PG, PI, and # wins apply to all instances regardless of feasibility.

cantly improves both feasibility and solution quality over the
adapted CL-based method. Fig. 2 shows the progress of PG
over time. The proposed CL+WCE method finds better so-
lutions at all time steps in most benchmarks (the exception
being that SCIP achieves lower PG early on in WFLOP),
with the adapted WCE method being the second-best.

Proposition 1 explains why CL+WCE outperforms CL. In
the four benchmarks studied, over 50% of the binary vari-
ables take the same assignment across the positive sample
and its corresponding negative samples (Table 1). By Propo-
sition 1, the CL loss provides zero gradient signal for these
variables, which explains both why pure CL underperforms
in PG and PI and why it has low feasibility rates. WCE, in
contrast, supervises every variable but is less discriminative
on the variables where positive and negative samples differ.
CL+WCE combines the two: it applies CL to the variables
where negatives differ from positives and WCE to those that
share the same assignment across positive and negative sam-
ples. Combining the two losses therefore improves solution-
prediction performance on this substantial subset of vari-
ables, which justifies our proposed extension.

Cross-regional Generalization on WFLOP
The purpose of this study is to understand the impact of re-
gional wind-pattern heterogeneity on the inference perfor-
mance of the ML-guided primal MBQP heuristics. Wind
farm layout optimization in offshore environments is greatly

impacted by regional differences in wind resources caused
by geographic factors such as proximity to shore, water
depth, and local climate. This study attempts to understand
the generalization capacity of ML-based primal heuristic
methods to unseen regions. The goal is to develop methods
that generalize effectively, enabling the efficient design of
wind farms using regional wind scenario distributions, even
in regions with limited historical wind data for validation.
To quantify the cross-regional transferability, we fit the ML-
guided primal heuristics using training instances across five
U.S. regions and test on multiple unseen regions.

Setup For the ML-guided solution methods, we train the
ML models on a mix of 800 instances randomly selected
from five regions: Pacific Northwest, Mid Atlantic, Maine,
Gulf of Mexico, and South Atlantic. At inference time, we
use the trained models to predict solutions for WFLOP in-
stances from three unseen regions: California, Hawaii, and
Great Lakes (100 test instances per region).

Results and Discussion As shown in Table 3 and Fig. 3,
RENS is a strong baseline for WFLOP. While the WCE-
based ML method adapted from MILPs outperforms RENS
in the in-domain settings of the previous section, it fails
to do so in the cross-regional study. Our proposed exten-
sion, which combines the CL and WCE losses, improves
cross-regional generalization and outperforms RENS—and
all other baselines—in PG, PI, and # wins in the California
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Figure 3: Primal gap as a function of time (lower is better).
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Figure 4: Final wind farm layout solutions for a location in the Hawaii region predicted by different algorithms. Filled circles
represent a wind turbine at that grid location.

and Great Lakes regions. In the Hawaii region, CL+WCE
does not surpass RENS in PI, but it outperforms RENS in
PG and # wins. One explanation for the ability of ML-guided
methods to predict high-quality wind farm layouts in un-
seen regions is that the distributional summary of 10 years of
simulated wind data can adequately capture the relevant at-
tributes of offshore wind patterns across geographically dis-
tinct regions.

Additionally, we show an example of final wind farm lay-
outs predicted by the best performing methods. Fig. 4 shows
the solutions returned by the best performing methods in Ta-
ble 3 in each category: adapted ML (WCE), extended ML
(CL+WCE), and non-ML (RENS). The CL+WCE layout so-
lution leads to a 17% reduction in wind speed losses due to
wake effects compared to the WCE layout solution (the sec-
ond best solution). Wind speed losses impact power produc-
tion and are a function of turbine placement. And although
it is also a function of the distribution of the wind scenar-
ios, greater turbine spacing will often lead to lessened wake
effects and less wind speed loss. Thus, the improvement in
objective value in the design in Fig. 4(c) may be attributed
to the slightly more dispersed turbine clustering.

Ablation with Gurobi
To demonstrate that our methods are solver-agnostic, we
conduct the same experiments using Gurobi (Gurobi Opti-
mization, LLC 2026), a state-of-the-art commercial solver.

For the adapted and extended ML-guided primal heuristics,
Gurobi is used both to collect training data and to solve
the sub-MBQPs at inference time. As baselines, we com-
pare against standard Gurobi, as well as Relax-Search and
SurCo implemented in Gurobi. We do not include RENS or
Undercover, as Gurobi does not provide implementations of
these methods. As shown in Table 4, the extended CL+WCE
method achieves the best PI and the highest number of PI
wins in all four benchmarks. In terms of PG, CL+WCE per-
forms best on three of the four benchmarks; the exception is
CBQP, where Gurobi performs slightly better. This may be
attributed to the strength of Gurobi as a commercial solver.
Consistent with our observations in SCIP, the adapted CL-
based method fails to produce feasible solutions for some
instances in QMKP, CQKP, and WFLOP. These results con-
firm that the conclusions drawn from the SCIP experiments
also carry over when switched to another solver.

Conclusion and Discussion
We develop ML-guided primal heuristics for MBQPs based
on solution prediction. We adapt existing WCE- and CL-
based methods, originally developed for ML-guided MILP
primal heuristics, to the MBQP setting by introducing a tri-
partite graph representation, a neural network architecture
for feature extraction, and a data collection procedure that
produces diverse, high-quality solutions for training. In ad-
dition, we extend the existing loss functions used in CO so-
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CBQP QMKP CQKP WFLOP
Method PG PI # wins PG PI # wins PG PI # wins PG PI # wins

Adapted WCE 0.01 27.68 4 0.01 23.34 20 0 18.61 34 0.17 44.57 35
CL 0.02 24.05 27 0.68† 45.68† 16† 0.33† 27.82† 21† 0.42† 50.84† 17†

Extended CL+WCE 0.01 23.48 56 0.01 20.79 52 0 18.43 45 0.14 43.84 43

Baselines Gurobi 0 28 13 0.02 23.86 12 0.02 29.78 0 0.55 54.83 3
Relax-Search 0.65 48.66 0 0.32 39.46 0 0.76 56.56 0 0.81 59.18 0
SurCo 1 60 0 1 60 0 0.99 59.49 0 0.84 55.08 2

Table 4: Ablation with Gurobi as the solver: Primal Gap (PG), Primal Integral (PI), and # wins in terms of PI. Lower is better
for PG and PI. Higher is better for # wins. WCE and CL are ML-guided MBQP primal heuristics that we adapted from MILPs.
CL+WCE is the extended ML method with the proposed combined loss function. † indicates benchmarks where there are
instances for which the method did not produce a feasible solution. For CL, the feasibility rates are 35%, 78%, and 97% for
QMKP, CQKP, and WFLOP. For all other methods and benchmarks, the feasibility rate is 100%. Note that PG, PI, and # wins
apply to all instances regardless of feasibility.

lution prediction and combine the CL and WCE losses to
address the lack of gradient signal in the CL-based method.
Experimental results show that the adapted and extended
ML-guided methods produce high-quality solutions quickly
and converge faster than non-ML primal heuristics. Further-
more, our combined-loss extension significantly improves
performance over other ML methods that use existing loss
functions, and it improves generalization in cross-regional
inference on WFLOP.

A potential limitation of our methods is their extensive
memory requirements. The tripartite graph grows quadrati-
cally in size: it is O(n + m + ρn2 + mn), where n is the
number of variables, m is the number of constraints, and
ρ is the quadratic term density (since each quadratic term
node connects to two variable nodes). In addition, although
the proposed ML method significantly outperforms non-ML
primal heuristics at inference time, the offline data collection
required to train it is computationally expensive.
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