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Abstract

Learned action policies are increasingly popular in sequen-
tial decision-making, but suffer from a lack of safety guaran-
tees. Recent work introduced a pipeline for testing the safety
of such policies under initial-state and action-outcome non-
determinism. At the pipeline’s core, is the problem of decid-
ing whether a state is safe (a safe policy exists from the state)
and finding faults, which are state-action pairs that transition
from a safe state to an unsafe one. Their most effective al-
gorithm for deciding safety, TarjanSafe, is effective on their
benchmarks, but we show that it has exponential worst-case
runtime with respect to the state space. A linear-time alter-
native exists, but it is slower in practice. We close this gap
with a new policy-iteration algorithm iPI, that combines the
best of both: it matches TarjanSafe’s best-case runtime while
guaranteeing a polynomial worst-case. Experiments confirm
our theory and show that in problems amenable to TarjanSafe
iPI has similar performance, whereas in ill-suited problems
iPI scales exponentially better.

Technical Report — https://arxiv.org/abs/2603.15282

1 Introduction

Learned action policies are gaining traction in Al and Al
planning, e.g., Mnih et al. (2015); Silver et al. (2016, 2018);
Toyer et al. (2020). However, such policies come without
any safety guarantees, creating demand for safety assur-
ance methods. We focus on the safety-testing framework of
Jain et al. (2025) (henceforth JEA) in fully observable non-
deterministic (FOND) planning. In JEA’s setting, a policy
m is safe in a given state s if its execution will never lead
to a failure condition ¢, a state is safe if it has a safe
policy, and faults are state-action pairs (s, 7(s)) where s is
safe but applying 7 (s) non-deterministically leads to an un-
safe state s’. Their framework takes a learned policy, finds
paths therein that lead to fail states, and then finds faults by
deciding the safety of states along the paths. These faults
can be used to diagnose and repair the policy. For the core
task of deciding state safety, JEA introduced TarjanSafe and
demonstrated that it is very effective.

In this paper, we show that TarjanSafe has an exponen-
tial worst-case time complexity w.r.t. the state space us-
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ing a pathological family of tasks where TarjanSafe ex-
pands the same states many times. Despite this limitation,
TarjanSafe performs well in practice because it often ex-
plores only a small fraction of the state space. To contrast,
we present Prop-U{, which follows techniques from reach-
ability games (Diekert and Kufleitner 2022) and works by
propagating unsafe states. Its worst case is linear, but it is un-
usable in practice because there are too many unsafe states
to propagate. To address this gap we introduce iPI, a new
algorithm based on Policy Iteration (PI) that combines a
polynomial worst-case runtime while enjoying the practical
speed of TarjanSafe; iPI starts with an initial policy i, and
attempts to prove its safety, making minimal changes to the
policy as unsafe states are discovered; this makes iPI very
efficient at finding safe policies similar to 7y, which oc-
curs frequently. Finally, we confirm our theory experimen-
tally. We use JEA’s benchmarks, which mostly correspond to
TarjanSafe’s best case; there, iPI shows similar performance
to TarjanSafe. Then, we introduce the Flappy Bird domain
to showcase a problem ill-suited to TarjanSafe, and indeed
iPI scales exponentially better. This places iPI as the current
best algorithm for deciding state safety and gives valuable
insight into what makes a good algorithm for this problem.

Our contributions are: a simplified formalism for FOND
safety, new algorithms for deciding safety (Prop-U/ and iPI),
a complexity analysis of TarjanSafe and our algorithms, and
an empirical evaluation that shows iPI’s effectiveness.

2 Background

We consider fully-observable non-deterministic (FOND)
planning tasks (Daniele, Traverso, and Vardi 2000; Cimatti
et al. 2003). We follow the formalism of JEA, but break it
down into a simpler, equivalent formulation. A task’s transi-
tion system is defined by © = (S, A, T,S;) where S is a fi-
nite set of states, A is a finite set of actions and we write A(s)
to denote the set of actions applicable in state s, 7 is a non-
deterministic transition function where 7 (s,a) € P(S) \ 0
gives the set of states that may occur after applying a to s,
S; € S is a non-empty set of initial states.

Policies are partial functions 7 : S — A with the prop-
erty that 7(s) € A(s) wherever defined. A policy 7 induces
a policy graph ©™ = (S, A, 7™, S;) with the same compo-
nents as © except 7™ has 77 (s,a) = T (s,a) if a = 7(s)
and is undefined otherwise. A path is a finite or infinite se-



quence of alternating states and actions o = sg, ag, 1 - - -
that satisfies a; € A(s;) and s;41 € T (s;,a;) foralli > 0
in o. The set of all paths from a state s is Paths(s) and
Paths™ (s) is the set of paths from s in the policy graph ©7.

Typically, FOND tasks are also specified with a non-
empty set of goal states G C S. We call such tasks © =
(S,A, T,S;,G) goal-reaching FOND tasks. To solve them
we consider strong cyclic solutions, which we present as
policies 7 s.t. following 7 from any initial state s; € S;
will eventually reach a goal in G assuming fairness; fairness
ensures that each effect in 7 (s, a) is eventually triggered if
a is applied to s often enough (Cimatti et al. 2003).

Recall that our setting is to identify whether a safe pol-
icy exists for states in a learned policy’s envelope, so in
this paper we focus on avoiding certain fail states rather
than goal-reaching. Thus, we specify a non-empty set of
fail states Sy C S, giving us state-avoiding FOND tasks
© = (S,A, T,Sr,S¢)." A solution to such © is a policy 7
that never encounters any fail state, i.e., for all finite and in-
finite paths o € (J,, ¢, Paths™ (s1), o does not contain any
states in Sy. State-avoiding FOND lets us express notions
of safety, i.e., that a “bad” state should never happen, e.g.,
a self-driving car must never crash into a wall. A state s is
called unsafe if no policy can guarantee that it avoids fail
states from s, i.e., Vr 3o € Paths™ (s) : NSy # 0. The set
of unsafe states is called the unsafe region /.

State-avoiding tasks can be transformed into goal-
reaching ones, so state-of-the-art algorithms for state-
reaching FOND can be applied to our setting, e.g.,
PR2 (Muise, Mcllraith, and Beck 2024). However, we limit
the scope of this paper to fundamental algorithms that are
native to state-avoiding, letting us make a fairer comparison
to JEA and perform sharper complexity analyses, thereby
establishing a foundation for future work. Moreover, using
their algorithms in our codebase is non-trivial because it re-
quires a translation from JANI to variants of PDDL, which
is an open line of research, e.g., (Klauck et al. 2018).

Now, we return to the problem formalisation. JEA look
for safe policies in tasks that have goals, other terminal
states, and fail states to avoid. Their policies must avoid the
fail states, either by reaching a terminal state and stopping
there, or by cycling in a way that avoids the fail states. JEA’s
tasks can be transformed into our state-avoiding tasks by
adding a self-loop action to goal and terminal states, allow-
ing policies to avoid fail states indefinitely by using these
self loops rather than terminating. For the rest of this paper
we focus on deciding the safety of individual states, so we
only consider singleton initial states S; = {ss}.

3 Algorithms

We start with TarjanSafe (JEA) and prove that it has a
worst-case exponential runtime, but a good best-case that
reflects its strong performance in practice. Then, we de-
fine Prop-U{, an algorithm that solves state-avoiding tasks
in linear time, but has a worse best-case that makes it im-
practical. Finally, we introduce a PI algorithm and prove

1JEA use a failure condition ¢, but for our discussion it is
equivalent to consider a specified set of fail states Sy C S.
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Best case Worst case
TarjanSafe  O(|Tminsare|) 2(27)
Prop-U O(|Sy|) O(bm)
nPI, iPI () ( | T'min-safe | ) O ( bmn)

Table 1: Best-case (where a safe policy exists) and worst-
case runtimes of the algorithms we consider. We use m =
|A|, n = |S|, branching factor of non-determinism b, and
| T min-safe | 1S @ minimal safe policy’s envelope size.

that it combines the best of both. We write m |Al,
n = |S|, b = max,cs qea(s) |7 (s, a)| (branching factor of
non-determinism), and Tpyin-safe 1S @ safe policy with a min-
imal number of states in its policy graph. We assume that
A(s) # 0 for each state, so m > n. Our complexity results
are summarised in tab. 1. Our best-case runtime analyses as-
sume a safe policy exists; if no safe policy exists then the
algorithms can be implemented with an early stop, in which
case they terminate in one or two steps, i.e., O(1).

3.1 TarjanSafe

TarjanSafe is JEA’s algorithm for finding FOND state-
avoiding policies. It is a Depth First Search (DFS) with
a labelling mechanism for states that have been proven
safe or unsafe, and it detects Strongly Connected Compo-
nents (SCCs) similarly to Tarjan’s algorithm (Tarjan 1972).
TarjanSafe’s DFS is defined recursively: in its recursive
cases, TarjanSafe iterates over ¢ € A(s) and calls itself on
the successor states 7 (s, a), then it either marks s as unsafe
if all these actions lead to unsafe states, or otherwise the al-
gorithm assumes that s is safe and proceeds. Additionally,
TarjanSafe detects SCCs and marks the SCC’s root as safe if
the SCC contains no unsafe states. Then, the recursion stops
at s without making further recursive calls in the following
cases: (1) s is a fail state (s € S¢); (2) s marked as unsafe;
(3) sis a goal state (not relevant in our setting); (4) s marked
as safe; (5) some action in A(s) leads only to states in the
DFS stack. See the technical report for details. We mo-
tivate TarjanSafe’s effectiveness with its best-case runtime
and show that its worst case is exponential.

Theorem 1. TarjanSafe has a best-case runtime of
O(|Tmin-safe|) (if a safe policy exists).

Proof sketch. In the best case, TarjanSafe will correctly
gUESS Tin-safe AN traverse mmin-safe S policy graph once with
its DFS to prove that all states are safe.

Theorem 2. TarjanSafe has a worst-case runtime of Q(2™).

Proof. We present a class of problems where TarjanSafe
requires on the order of 2™ steps, which proves that
TarjanSafe’s worst-case is asymptotically 2™ or worse, i.e.,
Q(2™). Consider the task in fig. 1 with 5 layers, and consider
the generalised construction with d layers. This task has no
fail, unsafe, nor goal states, so TarjanSafe’s cases 1-3 will
never trigger for any state. Case 4 can only be triggered at
an SCC’s root, which is only sg, so this case only triggers
when the algorithm terminates. Thus, the recursion can only
bottom out at state s if s’s applicable action leads to states



Figure 1: Non-deterministic task with 5 layers and 2° paths
from sg to sg. Similarly constructed tasks with d layers have
24 paths from sq to 54 1.

that are already on the stack, which in turn only happens
at the state in the last layer, leading to sq. This forces the al-
gorithm to re-expand states and enumerate all paths. In our
task with d layers, TarjanSafe must enumerate all paths from
So to sq41 before it can terminate, which is 2d paths. The
problem has 2d + 2 states and 2d + 2 actions with a branch-
ing factor b of 2, so indeed the runtime of the algorithm is
exponential w.r.t. the transition system size. O

3.2 Unsafety Propagation

Prop-U solves state-avoiding tasks in linear time by prop-
agating the unsafe region. That is: (1) Prop-U/ starts with a
subset of the unsafe region Z <— Sy, (2) it selects (s, a) such
that 7 (s,a) N Z # ( and marks these (s, a) as unsafe, (3) if
all actions in A(s) are unsafe then s gets added to Z, (4) the
algorithm iterates until no more (s, a) lead into Z. Upon ter-
mination Z = U, and thereby, a safe policy exists from s iff
s & Z. Prop-U adapts the linear-time algorithm of Diekert
and Kufleitner (2022) for solving reachability games.

Theorem 3. Prop-U has a best-case runtime of ©(|S¢|) (if
a safe policy exists) and a worst-case runtime of ©(bm).

Proof sketch. Prop-U adds each s € U to Z precisely
once. Prop-U’s best case is U = Sy, giving ©(|Sy|). The
worst case must consider that s € I/ may be considered mul-
tiple times if there are a € A(s) so that T (s,a) NU # () in
multiple steps. We take this into account with bm: the num-
ber of actions m and their non-deterministic branching b.

Prop-U’s worst-case runtime of ©(bm) is linear, since bm
gives the number of deterministic transitions in our state
space. This algorithm has the lowest worst-case complex-
ity of the algorithms we consider in this paper, and it seems
unlikely that it is possible to do better. However, in our set-
ting, the unsafe region to propagate is very large (exponen-
tial w.r.t. problem description), making Prop-U/ impractical.
More details about Prop-U{ are given in the technical report.

3.3 Policy Iteration (PI)

Our implementation of PI in alg. 1, named nPI, makes a
nice tradeoff: it has the same best case as TarjanSafe and
remains polynomial in the worst case. PI is well-known as
an MDP algorithm (Howard 1960), and arguably, successful
goal-reaching FOND algorithms such as PR2 (Muise, Mcll-
raith, and Beck 2024) fit within its framework. In our setting,
the idea of PI is that it starts with some policy 7, determines
where 7 is unsafe, fixes 7, and repeats until 7 is safe or sz is
proven unsafe. We define nPI using a Value Function V' with
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Algorithm 1: Naive Policy Iteration

1 Function nPI(O, s1, Tinit)
V(s)«[s€Ss]VseS
0 < Tinit
repeat
V, saw-unsafe <« Mark-Unsafe(©, s1,V, )
if ~saw-unsafe or V(sr) = 1 then
| return V(sr)

8 m < Greedy(©,s1,V)

[T NNV NI N

9 Function Mark-Unsafe(©, s1,V, )

10 & < DFS post order of policy graph ©™ from s
1 for s € £ do

12 L V(s) - mingea(s) Q(s,a)

13 saw-unsafe < [Is € £s.t. V(s) = 1]

14 | return V, saw—unsafe

15 Function Greedy(©, s;, V')

16 new 7 undefined everywhere

17 while 7 has undefined state reachable from s do

18 s < undefined state reachable from sy
19 m(s) + argmin,ea(s) Q(s, a)

20 return 7

the semantic that V'(s) = 1 if we know that s is unsafe, and
V(s) = 0 if we are unsure. Initially, we only know that the
fail states are unsafe so V(s) < [s € S¢] (line 2). We use
the shorthand Q(s,a) = max, ey (s,q) V(s'), which is 1 if
we know it is unsafe to apply a in s, and 0 if we are unsure.
Then, we propagate the states that we know are unsafe by
updating V'(s) with its minimal Q-value (line 12).

Theorem 4. nPI has a best-case runtime of ©(Tmin-sare) (if
a safe policy exists).

Proof sketch. Similar argument as for thm. 1.
Theorem 5. nPI has a worst-case runtime of O(bmn).

Proof sketch. In each call to Mark-Unsafe, if m remains
unsafe, then at least one state with V' (s) = 0 gets updated
with V(s) < 1. Thus, in the worst case, nPI updates a sin-
gle V() per iteration and then terminates. This gives O(n)
iterations with an O(bm) DFS in each pass.

This nPI has various inefficiencies which we address in
the improved iPI algorithm. First, the construction of a
greedy policy and its evaluation are combined. This means
the candidate policy’s envelope only needs to be traversed
once per iteration, and it enables us to stop the construc-
tion of the greedy policy as soon as an unsafe state has
been detected. Second, instead of 7, iPI uses an action
order A where A(s) returns the same actions as A(s) but or-
dered. Consequently, iPI no longer constructs policies that
are greedy w.r.t. V, but rather constructs policies according
to the preferences of A, which is faster in our setting. The
choice of A can be important, since a good ordering may
quickly lead to a safe policy or to a way to prove s; as un-
safe, and a bad one causes iPI to waste time. The best-case
and worst-case runtimes of iPI are the same as nPI, by simi-
lar arguments. Our technical report describes iPI in detail.
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Figure 2: Cumulative plots of the proportion of states decided w.r.t. time. The plots separate safe and unsafe states: (left) is an
aggregation over all domains’ safe states, (middle) is over all unsafe states, and (right) is over safe states in Flappy Bird.

4 Experiments

We empirically compare iPI with JEA’s TarjanSafe for de-
ciding state safety: given a learned policy 7 that we wish to
check for safety, we find a state s in 7’s graph, and interro-
gate iPI and TarjanSafe whether s is safe. Recall that finding
such states is at the core of JEA’s pipeline for testing the
safety of the learned policy. We consider iPI with three dif-
ferent action orderings (1) app: the order of the model (same
as TarjanSafe); (2) learn: using the learned action policy that
we are evaluating; (3) rand: randomised. We do not consider
Prop-U because it runs out of memory. Our implementation
extends JEA’s C++ code and is available at (Schmalz and
Jain 2026). All experiments were run on Intel Xeon ES-2660
CPUs with 12GB memory and a timeout of 15 minutes.

Benchmarks. We use JEA’s benchmarks (scaled up), con-
sisting of non-deterministic variants of blocksworld and
transport; deterministic control benchmarks (bouncing ball,
follow car and inverted pendulum); as well as different vari-
ants of a transport-like domain called one/two-way line,
where a truck moves uni-(respectively bi-)directionally on
a line, carrying packages to the right. We also introduce
a new benchmark, Flappy Bird. A safe policy directs the
bird around a repeating track indefinitely while avoiding sta-
tionary obstacles. When safe policies exist, this showcases
TarjanSafe’s bad performance, taking inspiration from the
example in fig. 1 in a more practical setting. Following JEA,
all problems are encoded in JANI (Budde et al. 2017). For
learned policies to test, we trained neural networks via Q-
learning with two hidden layers of size 64.

Results. Our results are summarised in fig. 2. We note
the benchmarks are solved in small timescales: the iPI vari-
ants solve almost all problems within 1 sec. This is not
because the problems are small: we handle instances with
up to 80 integer variables bounded by 70. To motivate
this further, Prop-i/ runs out of memory as it enumerates
all exponentially-many fail states (w.r.t. JANI description);
similarly, Prop-U/ with regression over Binary Decision Dia-
gram (BDDs), which can represent a set of states compactly,
also runs out of memory as the BDDs become too large.
Rather, the benchmarks are solved quickly by exploiting the
features of state-avoiding problems. For deciding safe states,
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there are often cycles that TarjanSafe and iPI use to quickly
construct safe policies that avoid fail states. For deciding un-
safe states, TarjanSafe and iPI do not need to explore deeply
before finding a way to propagate unsafety to s;.

Comparing the variants of iPI: iPI(app) dominates the
others. The orderings themselves do not appear to have a
significant impact: all orderings tend to guess safe policies
quickly (for safe states) and propagate the unsafe region to
sy efficiently (for unsafe states). Rather, the performance
difference comes from implementation, namely the over-
head of sorting with learn and randomising with rand.

Comparing iPI to TarjanSafe: For deciding states over
all domains (left and middle), there is no significant dif-
ference between the approaches. These benchmarks tend to
be amenable to TarjanSafe, so iPI indeed has similar best-
case behaviour to TarjanSafe. For deciding safe states in
Flappy Birds, iPI scales exponentially better than TarjanSafe
(note the runtime scale is logarithmic). This confirms our
theory that iPI is exponentially faster than TarjanSafe in its
worst case. So, iPI never performs significantly worse than
TarjanSafe, and in some cases performs exponentially better.

Summary. These results confirm our theory that iPI(app)
dominates TarjanSafe in the sense that it is similar for prob-
lems amenable to TarjanSafe, and exponentially better in
problems that are problematic for TarjanSafe such as Flappy
Bird. Furthermore, the results show that within iPI, the de-
fault action ordering performs best in our setting. We give a
breakdown over domains and more discussion in the techni-
cal report, these are consistent with our findings here.

5 Conclusion

For the state-safety decision problem (a necessary com-
ponent of JEA’s safety assurance pipeline) we considered
JEA’s TarjanSafe algorithm, and introduced Prop-U/ and iPI.
We showed TarjanSafe has an exponential worst-case run-
time but a good best case; in contrast, Prop-U/ has a linear
worst case but impractical best case; iPI fills the gap, com-
bining a polynomial worst case while maintaining the same
best case as TarjanSafe. This places iPI as the current best
algorithm for deciding state safety in our framework.
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