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Abstract

Cartesian abstractions are a successful approach for obtain-
ing admissible heuristics in optimal classical planning. In
this paper, we generalize the counterexample-guided abstrac-
tion refinement (CEGAR) algorithm to compute Cartesian
abstractions for simple numeric planning. Specifically, our
CEGAR algorithm operates on a special form of Cartesian
states consisting of a single interval per numeric variable. We
prove that, in the absence of zero-cost actions, this algorithm
is semi-complete and optimal. Our experimental evaluation
shows that our approach performs similarly to other abstrac-
tion heuristics and provides better heuristic estimates in mul-
tiple domains.

Introduction

Heuristic search (Pearl 1984) is a prominent approach to
numeric planning. Several heuristic approaches from clas-
sical planning have been generalized to support numeric
variables. A large body of work has investigated interval-
based relaxations for computing heuristics for simple to rich
numeric planning formalisms (e. g., Hoffmann 2003; Scala
et al. 2016; Aldinger and Nebel 2017). Furthermore, land-
mark heuristics (e. g., Helmert and Domshlak 2009) have
been generalized to numeric planning and shown to have
strong empirical performance (Scala et al. 2017; Kuroiwa,
Shleyfman, and Beck 2022). Recently, Gnad et al. (2025)
presented numeric versions of pattern database heuristics,
which fall into the class of abstraction heuristics.

In this paper, we consider a more general type of abstrac-
tion for simple numeric planning: Cartesian abstractions,
which due to their expressiveness can yield more informed
heuristics with the same abstract state space size. To do so,
we generalize the Counterexample-Guided Abstraction Re-
finement approach (Seipp and Helmert 2018) from classical
to simple numeric planning. Specifically, we present a semi-
complete and optimal algorithm that operates on Cartesian
states, each consisting of a single interval per numeric vari-
able representing its possible values.

Background
As Gnad et al. (2025), we consider a simple fragment of
numeric planning: integer-restricted planning tasks (IRTs).
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AnIRT isatuple IT = (V,0,Z,G) withaset V =V, UV,
of numeric variables V, and finite-domain variables V,, a set
of operators (0, the initial state Z, and a goal G.

A state s of the planning task II is a complete assignment
that maps each variable v € V, to an element of its finite do-
main dom(v), and each variable v € V, to an integer value.
We denote the value of a variable v in state s by s[v]. The
initial state I of 11 is a state. The set of states of a planning
task IT is denoted by S(II).

A propositional condition is an atom (v = d) with v € V),
and d € dom(v). A numeric condition is an atom (v > ¢)
where v € V, and ¢ € Z, and 1 € {>,=, <}. Numeric
conditions (v > a) and (v < a) can be expressed as v >
a+1andv < a—1. A state s satisfies a condition ¢, denoted
by s |= ¢, if c evaluates to true under the variable assignment
s, and it satisfies a set of conditions C, denoted by s |= C, if
sk cforall c € C.

The goal G is a set of propositional and numeric condi-
tions. We assume that it is consistent, i.e., there are no two
contradictory conditions on a variable.

An operator o € Oisatuple o = (pre(0), eff(0), cost(0)).
The precondition pre(o) of operator o is a set of proposi-
tional and numeric conditions. We assume that it is consis-
tent. The effect eff(0) of operator o is a set of propositional
effects of the form (v := d) with v € V), and d € dom(v),
and numeric effects of the form (v := v + ¢) where v € V),
and ¢ € Z \ {0}. In contrast to Gnad et al. (2025), we also
allow effects (v := ¢) for v € V, and ¢ € Z. We assume that
an operator contains at most one effect per variable. The cost
of an operator is a positive integer cost(o) € N*.

An operator o is applicable in state s if s |= pre(o0). The
successor of s under o is the state s[o] where s[o][v] = d for
propositional effects (v := d) € eff{(0), s[o][v] = s[v] + ¢
or sfo][v] = ¢ for numeric effects (v := v + ¢) € eff{0)
or (v := ¢) € eff(0), and s[o][v] = s[v] otherwise. The
regression of a set of states S with respect to an operator o
is regr(S,0) = {s € S(II) | s |= pre(o), s[o] € S}.

A plan for a state s is a sequence of operators 7
(01,...,0p) such that, starting in s, the operators are se-
quentially applicable, and s[x] = s[o1]-- - [on] is a goal
state. A plan for the initial state Z is a plan for IT. The cost
cost(m) of a plan 7 is the sum of the costs of its operators,
and 7 is optimal if cost(m) < cost(n’) for all other plans 7.

The semantics of a planning task can be described in



terms of transition systems. A transition system is a tuple
T =(S,L,c,T,s1, Sg) with a set of states S, a finite set of
labels L, a cost function ¢ : L — Ny, a transition relation
T C S x L xS, aninitial state s;, and a set Sg C .S of goal

. e . o
states. We write s — s if (s,£,s') € T. Atracein T is a

sequence of transitions sg b, S§1°*Sn_1 LN Sn. A goal
trace for T is a trace with sqg = sy and s,, € Sg.

The transition system induced by II is T (II)
(S,L,e,T, s1,S) with states S = S(II), labels L = O,
cost function defined by ¢(0) = cost(0) for all 0 € O, tran-
sition relation T' = {(s,0,5") | s € S,0 € O,s" = s[o]},
initial state s; = Z, and goal states Sg = {s € S | s = G}.
The label sequence of a goal trace for 7 (II) is a plan for II.

Given a transition system 7 = (S, L, ¢, T, s1, Sg) and an
abstraction function o« : S — S¢, the induced abstract
transition system is T = (8%, L,c, T, a(s1),S§) where
T = {{a(s),0,a(s)) | (s,0,s") € T} and S& = {a(s) |
s € Sg}. This definition ensures that all plans in 7 are also
plans in 7%. We use the notation [s],, to denote the abstract
state «(s), and we write [s] when « is clear from the context.

CEGAR Algorithm

A popular approach to compute admissible heuristics for
planning is based on abstractions. Cartesian abstractions
have been successfully applied in optimal classical plan-
ning (Seipp and Helmert 2018) to SAS™ tasks (Bickstrom
and Nebel 1995) and factored tasks (Biichner et al. 2024),
along with many improvements (e.g., Seipp, von Allmen,
and Helmert 2020; Pozo, Torralba, and Linares Lépez 2024).

A Cartesian set is a Cartesian product A = Ay x...x A,
of sets. A Cartesian abstraction of a transition system maps
each concrete state to a Cartesian set of states. In the follow-
ing, we outline the counterexample-guided abstraction re-
finement (CEGAR) algorithm (Seipp and Helmert 2018) that
computes Cartesian abstractions for SAS™ planning tasks.

The initial abstraction of a transition system over vari-
ables V = (v1,...,v,) consists of the single abstract state
dom(vy) x -+ x dom(v,). In each iteration, the algorithm
tries to find an optimal abstract goal trace. If none can be
found, the original task is unsolvable. Otherwise, the algo-
rithm tries to construct a concrete trace from the abstract
trace, and if it succeeds, returns the corresponding plan for
II. If it fails, the algorithm identifies a flaw and uses it to re-
fine the abstraction by splitting an abstract state such that the
discovered flaw can no longer occur, and continues with the
loop until some termination condition is met. At any point,
the abstract transition system can be used to compute a con-
sistent and admissible heuristic for the original task.

The following three types of flaws can occur in SAS™
tasks when trying to convert an abstract goal trace ag —
a1 2 ... 2% a, into a concrete goal trace: (1) a pre-
condition flaw, i.e., operator 0,1 is not applicable in the
concrete state s; = Z[(o1,...,0:)], (2) a goal flaw, i.e., the
concrete state s, = Z[{01,...,0,)] is not a goal state, and
(3) a deviation flaw, i. e., the abstract state corresponding to
the concrete state s; = Z[{01, . .., 0;)] is different from the
abstract state a; reached in the abstract trace. For abstraction
refinement, the algorithm uses the set of states satisfying an
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operator precondition, the regression of a set of states, or the
goal states to split the abstract state in which the flaw oc-
curs. In SAS™ and factored tasks, all state sets relevant for
the CEGAR algorithm can be represented as Cartesian sets
and be efficiently computed and stored.

Intervals

We will use intervals to abstract numeric variables. An in-
teger interval I C 7 is of the form [a,b], (—o0,a] or
[a, +00). We use Ib(I),ub(I) € Z U {—o0,+00} to de-
note the lower and upper bounds of interval I. For an in-
terval I and a constant k € Z, we write I + k for the in-
terval obtained by adding % to both /b(I) and ub(I) (with
+00 + k = £00). An n-dimensional interval is a product of
intervals I = I; x --- x I,. For two n-dimensional inter-
vals I = I; x -+~ x Ipand I' = I x --- x I}, we write
INI' = (I1NIf)x---x(I,NI}). Note that the intersection
is again an n-dimension interval.

Cartesian Abstraction for Numeric Planning

We show how we can extend the Cartesian CEGAR algo-
rithm to integer-restricted tasks. The core idea is to use in-
teger intervals as abstract values for the numeric variables
while treating finite-domain variables as Seipp and Helmert
(2018). The following example illustrates this idea.

Example 1. Consider the IRT 11 = (V,0,Z,G) with vari-
ables V = V, = {z}, initial state T = {z — 0},
goal G = (z > 6), and operators O = {o1,02} where
o=@ >4x:=c+1)andoy = (z =0,z :=x+4).
We start with the trivial abstraction S°
{(—o00,+00)}. An abstract goal trace for S* con-
sists of just ag (—00, +00). In the concrete transition
system, 1 = () is not a plan as the goal is not satis-
fied in the initial state s9 = 1 (a goal flaw occurs).
We refine the abstraction by splitting the abstract state
[$0]ay = (—00,400) on the goal condition, and obtain
S = {(—o00,5],[6,+00)}. An abstract goal trace for T**

is (—00,5] 2 [6,+00). In the concrete transition system,
we start with so = Z, but o1 is not applicable in sq (a
precondition flaw occurs). We refine the abstraction again,
by splitting [so)a, = (—00, 5] on the precondition pre(oy),
and obtain S*?* = {(—o0, 3], [4,5], [6,+0c0)}. An abstract
goal trace for T2 is (—00,3] 25 [4,5] 2 [6,+00). In
the concrete transition system, we start again with so = I,
apply oo resulting in s; = {x — 4}, and then apply o,
resulting in so = {x — 5}. The abstract trace ends in the
abstract state az = [6,+00), but the abstract state corre-
sponding 1o sa is [$2]a, = [4,5] (a deviation flaw occurs).
We thus split the abstract state ay from which we started,
here also [4, 5], into an abstract state from which ay can be
reached with o1 and one from which it cannot, resulting in
S = {(—00,3],[4,4],[5,5],[6, +00)}. An abstract goal
trace is (—o00,3] 25 [4,4] 2% [5,5] 2% [6,400), and
7 = (02,01, 01) is also a concrete plan for the problem.

We present the theoretical foundations of our approach.
For simplicity, we assume that we are given an IRT over



Algorithm 1: FindFlaw for interval-restricted plan-
ning tasks (adapted from Seipp and Helmert, 2018).

1 Function FindFlaw (7 : abstract goal trace) :

2 s« 1T

3 | foreacha % be 7do

4 if o is not applicable in s then
5 | return (s, [s] N I(pre(0)))
6 if b does not include s[o] then
7 | return (s, [s] N regr(b, 0))
8 s < s[o]

9 if s is not a goal state then

10 | return (s, [s] N I(G))
1 | return “no flaw”

n numeric variables and no finite-domain variables. Finite-
domain variables can be handled in the same way as in pre-
vious work (Seipp and Helmert 2018; Biichner et al. 2024).

We start by arguing that intervals are a suitable abstrac-
tion for numeric variables in IRTSs, since sets of states sat-
isfying a set of numeric conditions can be represented by
n-dimensional intervals.

Lemma 1. Let 11 = (V,0,Z,G) be an IRT withV =V, =
{v1,...v,} and let C be a consistent set of numeric condi-
tions. Then the set of states Sc¢ that satisfy C can be repre-
sented by a non-empty n-dimensional integer interval I(C).

Proof. Let C; C C denote the set of conditions on variable
v; € V. The values for v; that satisfy C; are exactly the

values in the interval I;(C) = (¢, I(c) where
[a, al ifc=(v; =a)

I(c) = S (—00,a] ife=(v; <a)

[a,+o0) ifec=(v; > a).

As C is consistent, the intersection I;(C) is non-empty. If
there is no condition on v;, the above simplifies to I;(C)
Neocp 1(c) = (=00, +00). Overall, the set of states S satis-
fying C can be represented by the non-empty n-dimensional
interval I(C) = I1(C) x --- x I,(C). O

In the following, we use the notations I (C) and I;(C) as in
the proof of Lemma 1 to refer to the n-dimensional interval
representing the set of states that satisfy a set of conditions
C and to its ¢-th component.

Next, we show that all relevant state sets used in the CE-
GAR algorithm can be represented as n-dimensional inter-
vals, and that we can split an n-dimensional interval I into
two n-dimensional intervals to separate a state s € I from
an interval I’ C I. These properties ensure that the CEGAR
algorithm operates exclusively on n-dimensional intervals.

Theorem 1 (adapted from Seipp and Helmert, 2018). Let
II=(V,0,Z,G) be an IRT withV =V, = {v1,...,vs}.
Then the following properties hold.

(P1) The set of goal states of 11 is an n-dimensional inter-
val.
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(P2) The set of states where an operator o € O is applica-
ble is an n-dimensional interval.

(P3) The regression regr(B, o) of an n-dimensional interval
B with respect to o € O is an n-dimensional interval.
(P4) If C and A are n-dimensional intervals with C C A,
and s € A\ C, then A can be partitioned into two n-
dimensional intervals D and E with s € D and C C E.

Proof. (P1), (P2) follow from Lemma 1 with C = G and
C = pre(0).

(P3) The regression of an n-dimensional interval B = Bj X
.-+ X B, with respect to operator o € O is regr(B,0) =
Ay x --- x A, with

B; N I;(pre(0))
I;(pre(0)) N (B; — k)

if v; ¢ vars(eff(0))
if there is an effect
v, = v; + k
if there is an effect
v; = k with k € B;
] if there is an effect
v; := k with k §é B;

P4) Let A=Ay x---xA,andC =Cq x --- x C,,. Let
v; € V, be a variable with s[v;] ¢ C;. If s[v;] < Ib(C}),
we define D; = A; N (—o0,Ib(C;) — 1] and E; = A; \
D; = A; N [Ib(C;), +00). Otherwise, s[v;] > ub(C;),
and we define D; = A; N [ub(C;) + 1,400) and E;
Ai \ Dl = Al N (—oo,ub(CZ)] Then D = Al Xoeee
Ai,1 X Dz X Ai+1 X oeee X An and £ = Al X
Ai—l X E,L' X Ai+1 X X An~

I;(pre(o))

X x|

The overall CEGAR algorithm follows the description in
the background. The FindFlaw function (Alg. 1) converts
an abstract goal trace to a concrete trace. The same three
flaws as in Seipp and Helmert (2018) can occur here for
IRTs. FindFlaw returns a pair ¢ = (s,I) consisting of
a concrete state s and an n-dimensional interval I C [s]
such that s ¢ I but s € I would be required to continue
constructing the concrete trace. The computations of the n-
dimensional intervals for the precondition, deviation, and
goal flaws in lines 5, 7, and 10 use (P1), (P3) and (P2) from
Theorem 1. Once a flaw ¢ = (s, I') has been detected, it is
used to refine the abstract transition system by splitting the
abstract state [s], as described in the proof of (P4) in Theo-
rem 1, and recomputing the incoming and outgoing transi-
tions of the two new states. We now show that the obtained
algorithm is semi-complete and optimal.

Theorem 2. The interval-based CEGAR algorithm for
integer-restricted tasks is semi-complete and optimal, i. e.,
it returns a plan if one exists, and this plan is optimal.

Proof. We assume that there exists an optimal plan for II
with cost ¢*. The abstract plans considered by the CEGAR
algorithm are therefore operator sequences with cost at most
c*. There are only finitely many such operator sequences,
and thus it suffices to show that each abstract plan triggers a
finite number of refinement steps.

Consider an abstract goal trace with operator sequence
01,...,0., and assume that FindFlaw detects the first flaw
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Table 1: Number of solved tasks of A* with different heuris-
tics for simple numeric planning.

at iteration k for the concrete state s. Note that s depends
only on 01, . .., 0 and not on the current abstraction. Thus,
it suffices to argue that a fixed state s can only trigger a finite
number of refinements. We observe that when s triggers an
update, its abstract state is refined (and thus changes).

For a given state s, consider the sequence of distinct ab-
stract states (n-dimensional intervals) [s], [s]2, ... during
the run of the algorithm. Each [s] ;41 is a strict subset of [s];,
which means that there exists a dimension for which the cor-
responding interval in [s];41 is a strict subset of the interval
in [s];. But in each dimension ¢, the interval can only shrink
a finite number of times: the upper bound can shrink from
400 to a finite value b once, and all following updates must
set the new bound to a lower value in {s[v;],...,b — 1},
which can only happen finitely often. The same is true for
updates of the lower bound.

If the algorithm returns a plan, it is an optimal plan for an
abstraction of II and must therefore be optimal for I1. O

Experiments

We implemented CEGAR in Numeric Fast Downward
(Aldinger and Nebel 2017). We test three variants, h_ 5,
he® and hmsx , which differ in the refinement strategy
(Seipp and Helmert 2018; Speck and Seipp 2022), i.e., on
which variable to split when multiple splits are possible. The
variants either choose a split at random or select a variable
with minimal or maximal number of values in the flawed
abstract state. Intuitively, A, s tends to refine finite-domain
variables, while hiee tends to refine numeric variables.
Using A* (Hart, Nilsson, and Raphael 1968), we compare
our heuristics against other admissible heuristics for numeric
planning: the blind heuristic A", pattern database heuris-
tics APIbS fepdds and Bipdbs (Gnad et al. 2025), and the LM-
Cut heuristic 2™ (Kuroiwa, Shleyfman, and Beck 2022).
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Figure 1: Number of necessary node expansions of A* with
different heuristics for simple numeric planning.

We use limits of 30 min and 3.5 GB per run. In CEGAR, we
refine for 15 min and, if no concrete solution is found, use
the abstraction as heuristic. We use all domains from Gnad
et al. (2025), including IPC 2023 domains (Taitler et al.
2024) that lie in the supported fragment. Our code and data
are available online (Schindler, Speck, and Helmert 2026).
Tab. 1 shows the number of solved tasks. The CEGAR
heuristics solve overall slightly more tasks than the other
approaches. While they perform similarly to other abstrac-
tion heuristics based on pattern databases, they show com-
plementary strengths to the LM-Cut heuristic. This is par-
ticularly evident in the comparatively large tasks of the
Minecraft domains, where abstractions excel, whereas in
many other domains LM-Cut performs best. The refinement
strategy appears to have a minor effect, with a slight prefer-
ence for refining finite-domain variables first, as in h .o

min °
Fig. 1 compares the heuristic quality of h " with other
heuristics from the literature. Overall, the heuristic quality of
h 2% is higher in many instances than that of the other ap-
proaches. In fact, the number of node expansions before the
last f-layer (necessary expansions) is zero in the vast major-
ity of solved instances for . This is because we often

find a concrete solution in the abstraction during refinement.

Future Work

We introduced the first, though basic, variant of Cartesian
CEGAR for numeric planning. For future work, we plan
to investigate saturated cost-partitioning based on abstrac-
tions derived from individual goal atoms and landmarks,
which has led to significant performance improvements in
classical planning (Seipp and Helmert 2018; Seipp, Keller,
and Helmert 2020). Additionally, we aim to support a richer
numeric planning formalism beyond integer-restricted tasks
and to explore predicate abstraction (Graf and Saidi 1997).
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