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Abstract

The width of a classical planning instance, among other met-
rics, indicates the computational difficulty of solving the in-
stance. However, no result exists on the complexity of com-
puting the width itself. In this paper, we address this open
problem by considering two versions of the width compu-
tational problem: a non-parameterised and a parameterised.
In the non-parameterised version, a positive integer is given
as an input along a classical planning instance, and it is
PSPACE-complete to decide if this number is an upper
bound on the instance’s width. In the parameterised version, it
is CoONP-complete to decide if the width is no greater than the
fixed parameter. These tight results resolve the long-standing
question of how hard it is to compute the width of planning
instances, and call for further research on width approxima-
tions, the generalisation of width computation over multiple
instances and islands of tractability.

Introduction

Width-based algorithms such as SIW (Lipovetzky and
Geffner 2012) and BFWS (Lipovetzky and Geftner 2017)
have achieved good performance in many planning tasks,
even in lifted planning (Corréa and Seipp 2022). The suc-
cess of these algorithms is mainly due to the observation
that instances can often be decomposed into sub-instances
featuring single atomic goals with relatively small widths,
and that low-width tasks can be solved in low polynomial
time (Lipovetzky and Geffner 2012). Computational notions
derived from “width” are useful beyond (classical) plan-
ning and have been applied to other settings, such as con-
straints (Dechter 2003), motion planning (Ferrer-Mestres
2018), reasoning over epistemic knowledge (Hu, Miller, and
Lipovetzky 2022), optimal control (Ramirez et al. 2018),
and reinforcement learning (O’ Toole et al. 2021).

The width of a planning instance indicates its difficulty:
a smaller width implies a relatively easier instance. Intu-
itively, the width is defined as the “minimum novelty” that
each state is required to exhibit in order to allow the search
to continue. The novelty of a state in a search is measured
as the number of new atoms that become true in this state
but are unseen in previous states. Planning instances with
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smaller width require exploring smaller search spaces in or-
der to be solved.

For example, Lipovetzky and Geffner (2012) have proved
that domains such as Blocks-World with single atomic goals
bear a width of no more than two, and thus instances within
these sub-domains can be solved in quadratic time, regard-
less of their initial state and size.

However, an open problem remains: how difficult is it,
in general, to compute the width of planning instances? In
this paper, we address this question and formally analyse the
computational complexity of finding the width of any plan-
ning instance (regardless of its domain).

We consider both the non-parameterised and the param-
eterised versions of the width computational problem. For
the former one, a positive integer and a classical planning
instance are given as inputs and we show that it is PSPACE-
complete to decide if this given integer is an upper bound on
the instance’s width. For the parameterised version, a classi-
cal planning instance is given as an input and we prove that
it is coNP-complete to decide if the fixed parameter upper-
bounds the width of this instance.

While width is an important proxy measure of planning
complexity, there is no known efficient mechanistic method
to extract the width of a problem. Even worse, there is no
current understanding of how difficult such a method would
be. This paper aims to close this gap in knowledge which can
inform the future research agenda on the topic, as discussed
at the end of the paper.

The next two sections cover related work on planning
complexity and the necessary background. Then we for-
mally define the width computation problems. We then
prove width complexity membership and hardness for both
non-parameterised and parameterised versions. We end by
drawing conclusions and providing future directions.

Related Work

The notion of “width” defined in (Freuder 1982) has been
applied to factored planning (Amir and Engelhardt 2003;
Brafman and Domshlak 2006) as a measurement of domain
variables’ interaction in the underlying CSP graph, and it
mainly focuses on tree decomposition. However, this notion
is different from the notion of “width” in classical planning.

In classical planning, Chen and Giménez (2007) have
defined the notion of width as the Hamming distance be-



tween the initial state and a goal state. They have shown
that an instance with its width bounded by a constant can be
solved in polynomial time. Lipovetzky and Geffner (2012)
have introduced a new version of planning width as the
minimum tuple size in tuple graphs which contain optimal
paths to goal states. Bonet and Geffner (2024) have de-
fined width equivalently, but via the concept of admissible
sets. Specifically, if b is the maximum branching factor and
n is the number of atoms, Lipovetzky and Geffner (2012)
and Bonet and Geffner (2024) have shown that if a plan-
ning instance’s width is w, it can be solved optimally in
time and space upper bounded by O(bn?*~1) and O(bn®),
respectively. Let d be the domain size, Junyent, Gémez,
and Jonsson (2021) have also derived a tighter bound of
Yiol(", 5 )d (d = D).

Although Bonet and Geffner (2024) have proved that the
planning width is unbounded in the general case, Lipovetzky
and Geffner (2012) have proved that if the goals only contain
a single atom, the instance’s width is upper bounded by 2 for
problems in some domains, such as Blocks-World, Logistics
and n-Puzzles.

While width reveals the hardness of planning problems,
to the best of our knowledge, there is no formal analysis of
the complexity of finding the width for classical planning
instances. This is what our work aims to address.

Classical Planning and Width

We provide a brief overview of classical planning and the
notion of planning width, as a proxy metric for the compu-
tational difficulty of planning instances.

Classical Planning

A classical planning instance in the STRIPS lan-
guage (Fikes and Nilsson 1971) is I = (F,Z, A, G), where
F is a set of Boolean variables (atoms), A is a set of ac-
tions, Z is the set of atoms that are true initially and G is
the set of atoms that must be true in the goal. Each ac-
tion a is (pre(a),post(a)): pre(a) C F and represents
the set of atoms that need to be true for a to be applied;
post(a) = {(add(a),del(a)) where add(a) is the set of atoms
that become true after applying a and del(a) is the set of
atoms that become false after the action.

A planning instance denotes succinctly a state model
(Bonet and Geffner 2001), a transition system where a state
s €S =27 canbe any combination of atoms, and transi-
tions occur through an action sequence m = (aq, ..., a,),
which induces a trace (s, s1, - - ., $n), starting from the ini-
tial state so = Z, following the STRIPS transition semantics
si = f(si—1,a;) = (8;—1 \ del(a;)) Uadd(a;), over applica-
ble actions such that pre(a;) C s;—1, foralli € {1,...,n}.
We call an action sequence 7 a plan for t, where t C s is an
atomic conjunction or a (partial) state, if the last state of the
trace induced by 7 reaches ¢ C s,,, and an opfimal plan if ©
is the shortest plan, i.e. a plan whith the least number of ac-
tions. When ¢ = G, the plan 7 solves the planning instance
II. If G C I, then the optimal plan is the empty plan = = ().
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Planning Width

The notion of “planning width” analysed in this work first
appeared in (Lipovetzky and Geftner 2012) and was defined
via the idea of “tuple graphs™!, i.e. admissible sequences.

Admissible sequence, atomic size and width. We now
define (goal) admissible sequences of atomic conjunctions.

Definition 1 (Admissible sequence). Given a planning in-
stance II, a sequence of atomic conjunctions o
(to,t1,-..,tm) is called an atomic sequence, and is said to
be admissible if it satisfies each of the following:

1. tq is true in the initial state of II (i.e., ty C Z);

2. foreveryi € {0,...,m — 1}, and every optimal plan for
t;, there exists an action that extends it to an optimal plan
for ti+1. |

If the empty plan is an optimal plan for II, then (¢y) is an
admissible sequence if g is true initially and if IT is unsolv-
able, its admissible sequence is an empty sequence.

Definition 2 (Goal admissible sequence). Given a plan-
ning instance II, an admissible sequence (tq,t1,...,tm) is
goal admissible if for every optimal plan for ¢,,_; there ex-
ists an action that extends it to an optimal plan for ¢,,, UG. Il

Let o be a sequence of atomic conjunctions (not necessar-
ily admissible), we define its atomic size as follows.

Definition 3 (Atomic size). (Bonet and Geffner 2024)
Given a planning instance 11, the afomic size of an atomic
conjunction ¢ is the number of atoms in ¢ and is denoted as
|t|. The atomic size of an atomic sequence 7 is the maximum

atomic size of t € o, i.e., size(0) = max;e, |t]. |

We denote the set of all admissible sequences of II as
Adm(II) and the set of all goal admissible sequences as
GAdm(II). Specifically, the set of all admissible sequences

of size no greater than k is denoted as Adm(I1);, £ {0 €
Adm(I1) | size(o) < k}.

The set of bounded admissible sequences Adm(II); is
equivalent to the set of traversals in the tuple graph G* from
the source vertex (Lipovetzky and Geffner 2012), the set of
atomic conjunctions t € o € GAdm(II) that appear in goal
admissible sequences is equivalent to the notion of admissi-
ble tuple sets (Bonet and Geffner 2024), and goal admissi-
bility relies on the concept of optimal implication t =* t'
(Lipovetzky 2012), where an atomic conjunction ¢ optimally
implies another conjunction ¢’ # ¢t if all optimal plans for ¢
are also optimal plans for ¢'.

We now have all the technical machinery required to de-
fine the width of a planning instance II.

If no plan exists for II, we define its width to be co since
its admissible sequence is empty and the size of an empty
sequence is oo. If all goal atoms are true in the initial state,
we define the instance’s width as 0. Otherwise, the width is
defined as the minimum atomic size ranging over all goal
admissible sequences.

'In (Lipovetzky and Geffner 2012; Bonet and Geffner 2024), ¢
is called an “atomic tuple”. As the order of atoms in ¢ is irrelevant,
we use “atomic conjunction” instead.



Definition 4 (Width; (Lipovetzky and Geffner 2012)).
The width w(II) of a planning instance II is defined as:

e 00, if II is unsolvable;
¢ 0, if the length of an optimal plan for II is 0; and

* MiNgegaam(mm) size(o), otherwise. [ |

Intuitively, if we consider all goal admissible sequences as

stepping stones in the state model to cross from the intitial

state to a goal state, the notion of width defines that there

exists a sequence of stepping stones you can follow such

that the biggest stone (atomic conjunction) you will step on

the way to the goal is bounded by the width of the problem.
We use an example to illustrate the above definitions.

Example 1. Consider an instance in the Blocks-World do-
main with 3 blocks: A, B and C. Initially, A is directly
on B, B is on C and C is on table, that is, 7
{clear(A),on(A, B),on(B,C),onTable(C)}. In turn, the
goal is to have C on A directly, thatis, and G = {on(C, A)}.

One goal admissible sequence is o
(to, t1, tQ, t3, t4, t5, t6), where:

to = {clear(A)}, t; = {hold(A)}, to = {onTable(A)},
ts = {hold(B)}, t4 = {onTable(B)}, and
ts = {hold(C),clear(A)}, ts = {on(C, A)}.

However, if we were to replace atomic conjunction ts
with the alternative tf = {hold(C)}, o would no longer
be admissible. This is because there exists optimal ac-
tion sequences to tf that cannot be extended to reach an-
other atomic conjunction in o. One such optimal action se-
quence, for example, is 7 = (unstack(A, B), putdown(A),
unstack(B, C), stack(B, A), pickup(C')), because no sin-
gle action can be further executed to make block C' be di-
rectly on block A and, therefore, no single action can be
appended to 7 to reach atomic conjunction tg. O

It has been shown that there is an algorithm—called
IW(k) (Lipovetzky and Geffner 2012)—that is complete and
solves the problem optimally if k¥ = w(II), that is, the width
of the problem is known and used as a parameter. IW(k)
time complexity is bounded by O(n*), where n is the size of
the planning instance (Lipovetzky and Geffner 2012; Bonet
and Geffner 2024). IW can be run with incremental bounds
k = 0,...,|F] until the problem is solved. The smallest
bound for which IW(k) finds a solution constitutes a lower
bound on the actual width of the problem, yet finding the ex-
act width and its complexity is a problem we address in the
following sections.

The Width Computation Problems

While elegant, the definition of width suggests that its com-
putation (for a planning instance) may be challenging. In-
deed, already determining admissibility (Definition 2) in-
volves reasoning about optimal plans. However, the compu-
tational complexity of determining the width of a planning
instance remains open. We consider two decision problems.

The most natural problem involves checking whether a
planning instance has a width of & or less:
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Definition S (WIDTH). The WIDTH decision problem is de-
fined as follows:

* Input: A planning instance II and a positive integer k <
n, where n is the number of atoms in I1.2

* Question: Does IT have a width of at most k?

The input size L is in O(n + m + k), where n and m are
the number of atoms and actions of II, respectively. ]

This problem is analogous to the PLANMIN (Bylander
1994) problem for optimal planning. Notice that, in the
WIDTH problem, k is part of the input.

Another problem worth considering arises when k € N is
fixed (i.e., not part of the input), yielding the parameterised
version WIDTH-k:

Definition 6 (WIDTH-k). For &k € N, the WIDTH-k deci-
sion problem is defined as follows:

* Input: A planning instance II.
e Question: Does II have a width of at most £?

The input size L is in O(n + m), where n and m are the
number of atoms and actions of II, respectively. ]

In the following, we prove completeness results for both
problems. The results are summarised in Table 1. Note that
we do not consider k = 0 or £ = oo in the above definition,
as these cases can be easily decided in linear (check G C 7)
and constant time (answer “Yes”), respectively.

Complexity Analysis of WIDTH

In this section, we prove that WIDTH € PSPACE-complete.
To do so, we first need to establish some preliminary results.
First, it is well known, from the definition of PSPACE
complexity, that providing a PSPACE oracle to a PSPACE
machine does not increase its computational power.

Lemma 1. PSPACEPSPACE  pspacE.

Proof. We need to simulate an f(n) space deterministic Tur-
ing machine M which can have access to PSPACE oracles
by a g(n) space two-taped deterministic Turing machine M’
with no oracle, where f(n) and g(n) are both polynomials.

Let the input be = with |z| = n. When computed by M,
let q1,qo, ..., be the queries and each query can be com-
puted using h(n) space where h is a polynomial.

M’ simulates M on input x using at most f(n) space
in its first tape. Whenever a query is made, M’ pauses the
simulation of M, erases any content on the second tape and
uses h(n) space to simulate the run of the query and get the
“yes” or “no” answer. It resumes the simulation of M on
the first tape. Since the space of the second tape is reused,
M’ uses in total g(n) = h(n) + f(n) space, which is a
polynomial in terms of the input size. |

Based on the definition of width, the maximum width for any
solvable planning instance will be n where n is the number of
atoms of the instance. This is because each atomic conjunction can
only contain at most n atoms, therefore the size of any admissible
atomic set will be no more than n.



Decision Problem

Computational Complexity

WIDTH (non-parameterised)

PSPACE-complete (Propositions 1 and 2 and Theorem 1)

WIDTH-k (parameterised)

coNP-complete (Propositions 3 and 4 and Theorem 2)

Table 1: Summary of Complexity Results.

To prove membership, we utilise Savitch (1970)’s result
on PSPACE and Bylander (1994)’s result that PLANMIN
(does a planning instance have a plan of length at most k?)
is PSPACE-complete.

Proposition 1. WIDTH is in PSPACE.

Proof. We can decide WIDTH by running the following
non-deterministic Algorithm 1, which uses PLANMIN (in
PSPACE) as an oracle and II[¢] to denote the planning prob-
lem that is the same as the input planning problem II with
the goal substituted by a formula ¢ over the set of atoms F.

Algorithm 1: Decide whether w(II) < k

Require: II = (F,7,A,G)and 1 < k < |F]|
1: > Phase 1: find plan length <
2: Query oracles in PLANMIN to find the optimal plan
length ¢ for II (note that £ = |A||F|?*~! + 1 if no valid
plan for II exists).
if ¢ < 1 then ACCEPT
if ¢ = |A||F|**~! 4 1 then REJECT
> Phase 2: find goal admissible atomic sequence <

Guess an atomic sequence 7 = ({g, .. ., t7) such that
t; C Fand|t;] < kforeachi=0,1,...,¢.

> width 0 or 1
> No plan

W kW

7: if sg [~ to then REJECT > check initial atomic cony.
8: forl <i</{do > check optimality of t;
9: Query PLANMIN oracles to find the optimal plan
length ¢; for I1[¢;]
10: | if ¢; # i then REJECT > wrong t; in T
11: for1 <i < {do > check if t; extends to t; 14
12 Query a non-deterministic (polynomial space) ora-
cle which does the followings in each branch:
1. Guess a state s which is reachable by ¢ executable
actions in II (i.e., simulate ¢ steps)
2. if s £ t; then REJECT
3. if s = ¢; and there exists an applicable action in
s that yields a state s’ such that s’ = t;11
then REJECT
4. else ACCEPT
13: if any branch of the oracle accepts then REJECT

14: ACCEPT

While most of the algorithm is self explanatory, lines 12-
13 are used to check that all optimal plans to ¢; can be ex-
tended to ¢4, by rejecting (in line 13) if an optimal plan
exists to ¢; that cannot be further extended to reach ¢, by
one single action (as shown in step 4 in line 12). Note that
step 1 in line 12 only requires polynomial space as it does
not store the sequence of actions and instead it simulates the
actions one by one.

Algorithm 1 can be run in NPSPACENPSPACE gince
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PLANMIN (used in lines 2 and 9) is PSPACE-complete (By-
lander 1994) and Line 12 is in NPSPACE as argued
above. Since NPSPACE PSPACE (Savitch 1970),

we have NPSPACENPSPACE  _  pgpacgPSPACE yng
from Lemma 1, it follows that WIDTH € PSPACE. O

Next, we prove hardness by a reduction from PLANSAT.
Proposition 2. WIDTH is PSPACE-hard.

Proof. We can check whether any planning instance II has a
valid plan by simply checking whether w(II) < n, where n
is the number of atoms in II—a polynomial reduction from
PLANSAT to WIDTH. If w(II) < n, IT has a plan as per Def-
inition 4; otherwise, II is unsolvable. Since PLANSAT is
PSPACE-complete, then the thesis follows. |

From Propositions 1 and 2, we get a tight bound for WIDTH.
Theorem 1. WIDTH is PSPACE-complete.

Thus, determining whether the (exact) width of a plan-
ning instance is, in general, as hard as solving the planning
instance itself. This result justifies the use of approximations
to width in practical planning algorithms (Singh et al. 2021;
Rosa and Lipovetzky 2024) and an analysis of width for a
fixed k, which we do next.

Complexity Analysis of WIDTH-k

In this section, we focus on the parameterised version
WIDTH-k of the width computation problem (Definition 6).

Proposition 3. WIDTH-k is in coNP, for k € N.

Proof. In order to show the result, we prove that the comple-
ment of WIDTH-k is in NP. This complement is the problem
coWIDTH-k defined as follows:

* Input: A planning instance II.
¢ Question: Does II have a width of at least £ + 1?

Let II be the given planning instance. Given an admissible
sequence o, we call (¢,t") an adjacent pair if t immediately
precedes ¢’ in o. Recall that Adm(I1), is the set of admissible
sequences with size no greater than k.

We now describe a nondeterministic polynomial-time al-
gorithm that decides coWwIDTH-k for input II.

The key idea is the following: on input II, we
non-deterministically compute an over-approximation of
Adm(II)i. If none of these over-approximations make
the goal true, i.e., none of the sequences in an over-
approximation is goal admissible, we know that the width
must be greater than k and we accept. Otherwise we reject.

We now describe this nondeterministic algorithm.

First, run the IW (k) algorithm (Lipovetzky and Geffner
2012) on II, but ignoring the goal. (So we continue the
pruned breadth-first search until no further states are gen-
erated, without testing if a generated state satisfies the goal



condition.) We can use an arbitrary tie-breaking/action or-
dering strategy. Let Si be the set of all states that are gen-
erated and not pruned by the algorithm. For all s € Sk, let
d(s) denote the depth at which it is generated. For example,
d(Z) = 0 for the initial state Z, and d(s) = 1 for all succes-
sors of Z that are not pruned by IW (k). This computation
requires runtime that is polynomial in the task size and ex-
ponential in k (but & is a constant).

Let ¢ be an atomic conjunction of size no greater than
k. Define d(t) as the minimum depth in which ¢ occurs
among the states generated by IW(k), that is, d(t)
mingeg, s d(s), where the minimum over the empty set
is co. Let d*(t) denote the length of an optimal plan to a
state satisfying ¢, again using oo if no such plan exists.?

From the optimality proof of IW (k) for IT with width &
in the work of (Lipovetzky and Geffner 2012), we know the
following: if ¢ is an atomic conjunction that occurs in a se-
quence of TI, then IW (k) finds an optimal plan on our input
instance with the goal set to ¢, and therefore d(t) = d*(t).
We also know that, unconditionally, d(t) > d*(t) because
d(t) is the length of a plan that reaches ¢ (that was found by
IW(k)), and such a plan cannot be shorter than an optimal
plan for reaching ¢.

Now we try to build a graph (T, E'), where the vertex set
T is the set of atomic conjunctions with d(t) < oo and (t,t’)
is a directed edge in the edge set E if (¢,t) are an adjacent
pair in an admissible sequence.

From the preceding discussions, we know the following
for all atomic conjunctions of II:

« If ¢ is in an admissible sequence, ¢ € T and d(t) = d*(¢).

In particular, this shows that the set 7' is an over-
approximation as follows:

1. Guess asubset 7’ C T
2. Foreacht € T":

(a) Guess an action sequence 7; of length strictly less
than d(t). (If this is not possible because d(t) = 0,
skip t.)

(b) If m is applicable in the initial state and results in a
state that satisfies ¢, remove ¢ from 7.

These computations can be performed in nondeterministic
polynomial time.

No matter how the nondeterminism resolves, after these
steps, T still contains an over-approximation of Adm(II):
the only nodes we remove are ones where we have a witness
that ¢ can be reached with plans of length strictly less than
d(t), which proves d(t) # d*(t), which implies that ¢ is not
part of Adm(I1).

Moreover, there exists a nondeterministic execution path
where all atomic conjunctions in 7" now satisfy d(t) = d*(t)
(guess T” to contain exactly the atomic conjunctions violat-
ing this condition, and for each such atomic conjunction ¢
guess m; as an optimal plan for goal ¢).

Next, we over-approximate the adjacent pairs of atomic
conjunctions in each admissible sequence of Adm(II).

3Our algorithm computes function d(t), but does not have ac-
cess to d*(t). We just define d*(t) to prove the correctness of the
algorithm.
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Initially, we set £ = {(¢,t) | d(¢) = d(t) + 1}. As
argued before, for all ¢ included in Adm(I1);, we have t € T
and d(t) = d*(t). In particular, this means that E includes
all pairs (t,t") where t and ¢’ are included in some sequence
in Adm(I), and d* (') = d*(t)+1. It is easy to see from the
definition of admissible sequence in Definition 1 that every
adjacent atomic conjunctions (¢,t’) satisfy d*(¢') = d*(¢) +
1, and hence it follows that E includes all adjacent pairs
(t,t") of Adm(II)y, and that for all such pairs d(t) = d*(t)
and d(t') = d*(t'). (This is important because the algorithm
has access to d, but not to d*.)

We now non-deterministically tighten E:

1. Guess a subset B/ C E.
2. For each (t,t') € E":
(a) Guess an action sequence 7; of length exactly d(¢).

(b) If m, is applicable in the initial state and results in a
state that satisfies ¢, and there does not exist a 1-step
extension of 7, that satisfies ', remove (¢, ') from E.

Once again, these computations can be performed in non-
deterministic polynomial time.

No matter how the nondeterminism resolves, after these
steps, F still contains an over-approximation of the adjacent
pairs in Adm(II);: if we select an adjacent pair (¢,¢’) that
belongs to Adm(II); and hence must not be removed, then
we know d(t) = d*(t) and therefore the guessed action se-
quence 7 is an optimal plan for ¢ if it is applicable in the
initial state and results in a state that satisfies ¢t. But then
from the definition of admissible set, there exists a 1-step
extension that is an optimal plan for ¢’ (and hence satisfies
t"), so this pair is not pruned.

On the other hand, there exists a nondeterministic exe-
cution path where after this step, all pairs (¢,¢') € E now
satisfy the condition that all optimal plans for ¢ can be 1-
step extended to optimal plans for ¢’. To see this, consider a
scenario where d(t) = d*(t) for all t € T before this step.
(As discussed before, there exists a nondeterministic execu-
tion path that achieves this.) Then guess E’ to contain all
pairs (¢,t") where not all optimal plans for ¢ can be 1-step
extended to optimal plans for ¢’. Then for each (¢,t) € F/,
guess 7, as an optimal plan for ¢ (which must have length
d*(t) = d(t)) that cannot be 1-step extended to reach ¢'.
Then (¢, ") gets removed from E, as desired.

At this point, it may be the case that the graph (T, E)
contains atomic conjunctions that are not reachable from
a root in the graph (an atomic conjunction satisfied by the
initial state), while Adm(II); by definition only includes
atomic conjunctions that are reachable from a root. So we
can further prune (7', E) to the set of atomic conjunctions
(and edges between these atomic conjunctions) that can be
reached from a root atomic conjunction by the edges in F.
Again, this clearly retains the property that (T, E') is an over-
approximation of Adm(II)j, and it is easy to see that on an
execution path where 7" was pruned to exactly the atomic
conjunctions with d(t) = d*(t) and E was pruned to exactly
the edges that satisfy the 1-step optimal extension property,
the resulting graph is exactly Adm(II).

As the final step of the algorithm, we check if any atomic
conjunction in 7' covers the goal. If not, we accept: we



have found an over-approximation of Adm(II); that does
not cover the goal, which shows that the width of the task
is strictly larger than k. Otherwise we reject.

If all paths reject, this means that all over-approximations
of Adm(I1);, produced on any execution path cover the goal.
Because there exists an execution path where the com-
puted over-approximation is Adm(II), itself, this implies
that Adm(II)}, covers the goal and therefore the width of the
planning task is indeed at most k.

Putting the pieces together, at least one execution path ac-
cepts iff the width of the task is strictly larger than k, and
hence this is indeed a correct nondeterministic algorithm for
deciding cowIDTH-k. O

Next, we prove a hardness result for WIDTH-k. Remem-
ber that UNSAT, the problem of checking whether a given
Boolean formula in CNF is unsatisfiable, is a well-known
coNP-complete problem (Arora and Barak 2009).

Proposition 4. WIDTH-k is coNP-hard, for k € N.

Proof. Consider a fixed & € N. We reduce UNSAT to
WIDTH-k as follows. To that end, given a (CNF) Boolean
formula, we shall build a planning instance I15"*** with the
following properties:

P1. [TIJ¥SAT] < |p|©()—the size of 14 is upper bounded
by a polynomial in the size of ¢; and
P2. formula ¢ is unsatisfiable if and only if w(Ily) < k.

As illustrated in Figure 1, the planning problem IT"*** is
obtained by putting together two “sub-planning” instances,
namely, the instance 11, = (Fy,Zy, Ay, Gy) and the in-
stance II;, = <]:1€,Ik, Ak, gk>

The sub-planning instance II;. Letn and m be the num-
ber of variables and m clauses in ¢, resp. Planning instance
1T, will satisfy the following properties:

1. II, can be constructed in polynomial time w.r.t |¢|.

The goal of IT,, is a set of atoms {d, ..., d}.

If ¢ is unsatisfiable, then II4 will be unsolvable.

If ¢ is satisfiable, then II4 will be solvable and will admit
an optimal plan of length exactly n + 2.
Let V. = {X1,...,X,} and C = {c1,...,¢mn}, with
n, m > 1, be the sets of variables and clauses of ¢, resp. Let
L=V U{-X | X € V} be the set of literals over V. We
define planning instance I1, = (Fy,Zy, Ay, Gy), Where:

2.
3,
4.

Fy = {assigned, ,unassigned, | 1 <i <n}U
{satisfied; | 1 <i <m}U{d;,nd; |1<i<k};
Ty = {unassigned; | 1 < i < n};
Ay = {assign, | £ € L} U {starty} U
{enum; | 1 < j <2 —1};and
G ={di |1 <1<k}
Intuitively, the problem is solvable if we can first make
¢ satisfiable via actions assign,, which would enable action

starty so as to run a binary enumeration process of length
2% — 1 that ends with all atoms d; in the goal G, being true.
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Let us now describe the operators in II. Action assign,,
where ¢ € {X;,~X;} for some i < n, sets the truth value
of £ to true. Its precondition is {unassigned;} and its post-
condition is {-wunassigned,;, assigned;} U {satisfied; | { €
¢;}, making true all clauses ¢; containing literal £.

The action starty signals the start of a binary enumera-
tion process once all clauses are satisfied. Its precondition is
Ui {assigned;} U ;- {satisfied;} and its post-condition
is{nd; | 1 <i<k}.

Actions enum;, for j € {1,...,2% — 1}, together
with atoms d; and nd;, are used to implement a binary

enumeration  process 1,10,11,100,101,..., 11...1
N—_——

k copies of 1

as a sequence of true atoms

{di}, {d2}, {da,di},{ds},{d3,dr}, ..., {dk,dp—1,...,d1}.
Intuitively, this enumeration is used to yield a particular
width for the problem. Atom nd; (or d;) indicates that the
i-th least significant digit is O (or 1). The truth value of all
atoms d; and nd; together denote the current number in the
enumeration process in binary format—e.g., if k& = 4, state
{d1,d3,nd2,nds} denotes number 0101 (or 5 in decimal).
For legibility, let v(j) be the set of d; and nd; atoms
representing the binary representation of decimal number j.

Action enum; enumerates decimal number j in binary for-
mat through atoms d;: its precondition is y(j — 1) and its
post-condition is (7).

There are in total 2n 4 m + 2k atoms and 2n + 2* actions
in II4. Since k is a fixed number, the size of Il is upper
bounded by a polynomial in terms of n and m—the first
property is satisfied.

Now, to achieve the goal G4, the enumeration process

must be realised in full through the action sequence:

(enumy, enuma, . . ., enumqi_1).

This sequence has 2% — 1 enum; actions. The key is that,
in order to start this enumeration sequence, the action start
must be first applied (to enable enum; ), and for it to be en-
abled, all clauses in ¢ must have been satisfied (through ap-
proppiate assign, actions). So, if ¢ is unsatisfiable, starty
can never become applicable and the third requirement is
therefore fulfilled.

If ¢ is satisfiable, then there is an optimal plan solving
the instance with n + 2* actions: n for a satisfying assign-
ment for ¢, one for action starts, and ok _1q enum; actions.
Therefore, the the fourth property holds.

The sub-planning instance II;. We require the con-
structed ITj, to satisfy the following properties:

1. The number of atoms and actions in IIj, is upper bounded
by a polynomial of n, the number of variables in ¢.

S d}
3. II;, admits an optimal plan of length n + 2*.
4. The width of IIj, is k, that is, w(II;) = k.

2. The goal of II} is a set of atoms {d, . .

We define planning instance Iy = (F,Zg, Ak, Gk),
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The planning instance [T} with £ = 2

i F = Fg U Fp, U {init, goal}
" T = {init}

I, = {vo}
A= Ay U A U {choosey, choosey, finish }
G = {goal} G = {d1,d2}

The planning instance 11, = (Fy,Zy, Ay, Gy)

= {assigned,, unassign, : i = 1, 2,3} U {satisfied; : 1 <4 < 8} U{d1,ndi,ds,nds}
= {assigned, : i = 1,2,3}

= {assign,,assign_,, : i = 1,2,3} U {enumy, enumy, enums} U {start,}

{d1,dz2}

- ->[assigneds)- - >‘ - >‘ - >

Simulate SAT

) )@ 7 ) 7 ) -

The planning instance I1;, = (Fy., Ty, Ak, Gr.)
-'T"k = {'UO7 V1, V2, 1)3} U {d“ ’Vld1 = 17 2}

Ay, = {o1, 09,03} U {enumy, enumy, enums } U {starty }

Figure 1: An illustrative example of the reduction of UNSAT to WIDTH-2 for the hardness proof in Proposition 4. The ITJ¥**
(left hand side) is built from sub-planning instances 114 and IIj, (right hand side).

where:
Fr ={v; |0<i<n}U{d;,nd; |1<i<k};
T ={vo};
A ={0; | 1 < i <n}U {starty} U
{enum; |1 < j <2* —1};and
Gr ={d; | 1 <i < k}.

The action o; has precondition {v;_1 } and post-condition
{v;}. The action start; has precondition {v,} and post-
condition {nd; | 1 < i < k}. Like action start, it sig-
nals the start of the binary enumeration process, through the
actions enum; which are defined exactly as in II; above.

There are in total n + 1 + 2k atoms and n + 2¥ actions.
Since k is a constant, the number of atoms and actions is
upper bounded by a polynomial in n, and the first property
holds. The second property holds by construction of IIj.

We next verify the third property. There are n actions to
make v,, true from the initial state, one action start;, to start
the binary enumeration process, and 2¥ — 1 actions enum;
as before. So, the optimal plan is of length n + 2*.

Finally, it is easy to check that a goal admissible atomic
sequence with the smallest size is as following.

o= <t1 ={vo},ta ={v1}, ..., tny1 = {vn}, thyo = {ndr},

toys = {di}, thta = {da}, thys = {do,d1 },

tuse = {ds}- - turorsr = {di dir, .. .,dl}).

From Definition 4, we know the width of II;, is k and thus
Property 4 holds.

The planning instance HgNSAT. Now we combine the

above two sub-planning instances to construct the classical
planning instance IT = (F,Z, A, G), where:

F =Fy U Fy, U {init, goal};

T ={init};

A=A, U Ay, U{choosey, choosey, finish}; and
G ={goal}.

Both actions choose and choosey, have precondition {init}.
The post-condition of choosey is {—init} U Z, and the
post-condition of choosey, is {—init} U Zj,. Informally, these
two actions select which sub-instance needs to be solved,
namely, II4 or II}, resp.

The action finish has precondition {dy,...,dg,vo} and
post-condition {goal}—the only one achieving the goal.

First of all, there are in total (3n+m+ 3 +4k) atoms and
(3n+2F+1 4 3) actions in IT)"°*". Since k is a constant, the
size of TTYNS*T is upper bounded by a polynomial in the size
of ¢ and thus Property P1 holds.

Since action finish is the only one producing the goal, all
atoms d, . .., d; must be achieved before executing finish.
We can potentially achieve all atoms d;, ..., dj in two dif-
ferent ways:

1. execute choosey and then solve sub-instance I14; or
2. execute choose;, and then solve sub-instance II;.

The key here is that only in the second case, we can ex-
tend the plan that achieves all dy, ..., dj to a plan for goal
because finish has vy as an additional precondition, and vg
is only true if we solved II and not I1.



Next, we show that Property P2 holds. More specifically,

* if ¢ is unsatisfiable, w(IT) < k; and
* if ¢ is satisfiable, w(II) > k.

First, we consider the case where ¢ is unsatisfiable. Then
there exists no plan that achieves all atoms dy, ..., dj af-
ter starting with choosey. From the construction of I, we
know that o can be extended to a goal admissible sequence
o’ of ITJ"*** by adding an atomic conjunction ¢, ox 5 =
{goal} and the size of this goal admissible sequence is still
k. Therefore, the width of TIJN**" is no greater than k.

Next, it is not difficult to see that, due to the construc-
tion of ITJ"%**, the second last atomic conjunction ¢ in any

admissible sequence must contain set {d1, ..., dg}. This is
because very optimal plan to such second last tuple, must be
extandable with one action to reach G = {goal} optimally.
If any d; is missing in ¢, then optimal plans to ¢ will not
enable action finish as such action requires all d; to be true.

Now, consider the case when ¢ is satisfiable. We know
that in I there exists an optimal plan for the atomic con-
junction {dy,...,d;} that will not make any atom v; true
and thus will never be able to enable action finish, the only
one achieving the goal {goal}. Therefore, in any goal admis-
sible sequence, there must be a tuple that contains all atoms
d; (as argued above), but with size greater than k, that is, it
must contain additional atoms beyond dj, . . ., dj. Based on
the definition of width, the width of HENSAT must be strictly
greater than k.

From above, we know that IT"**" satisfies both proper-
ties P1 and P2, and the constructed instance of WIDTH-k
is a valid polynomial-reduction from the instance in
UNSAT. Since UNSAT is coNP-complete, we conclude that
WIDTH-k is a coNP-hard problem. O

From Propositions 3 and 4, we get the following com-
pleteness result.

Theorem 2. WIDTH-k is coNP-complete.

Conclusion

In this paper, we have analysed the computational complex-
ity of finding the width of classical planning problems. We
focused on both the non-parameterised and parameterised
versions and showed that the non-parameterised width com-
putation is PSPACE-complete and the parameterised version
is coNP-complete.

There are planning algorithms that are able to exploit the
width of problems. However, no technique to compute the
exact width of planning instances exists and, until now, it
was not even known how difficult that computation is. The
results obtained in this work, particularly the hardness one,
indicate that indeed finding the width of a planning task is
computationally difficult (e.g., no easier than classical plan-
ning itself (Bylander 1994) in the worst case). This is signif-
icant because it can inform future research agendas on how
to compute and exploit the notion of width.

One possibility is to develop algorithms that can approxi-
mate the width of a problem. As with delete-relaxation (By-
lander 1994), which is also hard in its optimal version but
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useful practical approximations have been proposed, ap-
proximate width values can be very useful in practice, for
example, to indicate what versions of width-based planners
one needs to (not) use. We would like to further develop this
insight in our complexity results and gain a better under-
standing on the possible approximation of width computa-
tion in classical planning.

Another avenue worth exploring is the development of a
computational framework that allows us to generalise the
width value across different planning instances within the
same domain. Such width results have been reported over
several domains with analytical proofs and no computational
framework for special cases where goals were expressed us-
ing single atoms (Lipovetzky 2012). Thus, even if we pay
the high cost of computing the width once, it can later be
exploited in subsequent planning tasks with different goals
or initial states.

Finally, as done by Bylander (1994), it is worth exploring
syntactic restrictions that can lead to islands of tractability
in the width computation.
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