Proceedings of the Thirty-Sixth International Conference on Automated Planning and Scheduling (ICAPS 2026)

Optimal Clifford Synthesis as Planning

Irfansha Shaik'?, Jaco van de Pol®

'Kvantify Aps, Copenhagen, Denmark
2 Aarhus University, Aarhus, Denmark
irsh@kvantify.com, jaco@cs.au.dk

Abstract

With the growing interest in practical quantum computing on
noisy quantum hardware, quantum circuit optimization is be-
coming increasingly important. We consider the optimal syn-
thesis of Clifford circuits, which are important for quantum
error correction. While a scalable SAT encoding for Clifford
synthesis exists, it only optimizes for binary quantum gates.
Adding too many unary gates introduces unnecessary noise.

In this paper, we aim at synthesizing Clifford circuits with
minimal binary gate count, and minimal unary gate count as a
secondary optimization criterion. Expressing this in a perfor-
mant SAT encoding is non-trivial. It turns out that planning
specifications using PDDL with conditional effects are ele-
gant and allow a flexible specification of costs. However, ex-
isting planners struggle on domains with conditional effects.
The contribution of this paper is a number of planning do-
mains to solve the optimal binary/unary Clifford synthesis
problem. The best performing solution combines the SAT ap-
proach for binary gates with a planning approach for unary
gate minimization. With this hybrid approach, we present im-
proved circuits for famous quantum error correcting codes,
such as the Steane code. We believe that our planning do-
mains with conditional effects and costs form a challenging
benchmark for contemporary planners.

1 Introduction

Many important problems like drug discovery and material
design require simulation of quantum systems, which is dif-
ficult for classical computers. The key idea behind quan-
tum computing (Nielsen and Chuang 2010) is to emulate
quantum-mechanical systems using hardware that exhibits
quantum properties. The fundamental unit is called a qubit
that, unlike classical bits, can be in a superposition of 0 and
1. Single qubit (1q) gates are used to manipulate the states
of qubits and two qubit (2q) gates can create entanglement.
Various quantum platforms exist, each having its own native
gate set, connectivity constraints, and noise characteristics.
The manipulation of qubits and interactions with the envi-
ronment induce noise.

Quantum algorithms are expressed by quantum circuits,
i.e., sequences of gates from some universal gate set. These
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need to be compiled to the native gate set of a specific plat-
form. Quantum circuit optimization, minimizing gate count
and circuit depth, is crucial to reduce noise. For example,
Ettenhuber et al. (2025) reported that aggressive circuit op-
timization was essential to achieve quantum-chemistry cal-
culations on the IonQ quantum platform.

While circuit optimization is crucial for practical com-
puting, it is shown to be NP-hard (van de Wetering and
Amy 2024). Major compilers like Qiskit (Qiskit contributors
2023) and Tket (Sivarajah et al. 2020) employ fast heuristics
for optimization, however, the results are often far from opti-
mal. The semantics of an n-qubit quantum circuit is captured
by a 2" x 2" complex matrix, which is impractical even for
small n (Nagarajan, Lockwood, and Coffrin 2021). A popu-
lar alternative is peephole synthesis, where circuit fragments
that allow a more compact representation are resynthesized.

In this paper, we focus on the important subclass of Clif-
ford circuits, which are composed of the 1q-gates Hadamard
(H) and phase (S) and the 2q-gate CNOT (conditional not,
aka CX). Clifford circuits capture important features such as
entanglement and superposition, and are an integral part of
error correction circuitry. Interestingly, an n-qubit Clifford
circuit can be efficiently represented by a stabilizer matrix
of 2n x 2n Booleans (Aaronson and Gottesman 2004).

The past few years showed significant progress in opti-
mal Clifford synthesis. Since on many quantum platforms
2q gate fidelities are up to 10x lower than 1q gates, pre-
vious work has mainly focused on optimizing the CNOT
gate count (cx-count) or the CNOT circuit depth (cx-depth).
Bravyi, Latone, and Maslov (2022) propose normal forms
that guarantee cx-count optimality. These normal forms help
avoid arbitrary long 1q gate sequences. By employing a
brute force search of 100 days, they were able to synthesize
all 6-qubit Clifford circuits, resulting in 2.1 TB database.
Shaik and van de Pol (2025) encoded the normal forms in
a SAT encoding and optimized both cx-count and cx-depth,
achieving cx-depth optimal synthesis for 7-qubit circuits.

While normal forms guarantee 2q-gate optimality, the
scalability comes with a noise penalty caused by the intro-
duction of too many 1q gates. Major compilers like Qiskit
and Tket provide heuristic 1q gate reductions, but these may
increase cx-count and cx-depth. To our knowledge, currently
no approach exists that minimizes 1q gates while still guar-
anteeing 2-qubit gate optimality. Dedicated SAT based en-



codings scale relatively well for optimal 2g-gate synthesis,
but designing a performant SAT encoding that also captures
1g-gate minimization is non-trivial. On the other hand, plan-
ning specifications in PDDL with conditional effects and
costs allow for an easy, compact and flexible modelling.
Classical planning has been used in various quantum cir-
cuit optimization tasks, which can be typically encoded as
graph reachability problems. Computing the shortest path
corresponds to optimizing metrics such as gate count or cir-
cuit depth. Previously, Quantum Layout Synthesis, a related
problem, has been solved using planning techniques. This
involves scheduling given quantum gates on a quantum plat-
form, reducing so-called SWAP gates (or depth). Several ap-
proaches were proposed based on genetic algorithms (Arufe
et al. 2023), greedy search (Oddi and Rasconi 2018), and
divide-and-conquer (Baioletti et al. 2025). Moreover, con-
cise PDDL encodings were proposed as classical and tempo-
ral planning, optimizing for SWAP count (Shaik and van de
Pol 2023) and circuit depth (Venturelli et al. 2017). For Cir-
cuit Synthesis, Shaik and van de Pol (2024) proposed plan-
ning specifications for pure CNOT synthesis with a single
action using conditional effects. A recent paper (Pozo and
Seipp 2025) used the CNOT synthesis domain as a challeng-
ing benchmark for merge and shrink heuristics. Planning do-
mains for Clifford synthesis have not been proposed before.

The contribution of this paper is two-fold: (1) We pro-
pose concise planning domains for optimal Clifford synthe-
sis, and compare their performance with an existing encod-
ing in SAT. Our planning domains are compact due to the use
of conditional effects and cost-specifications. (2) We exploit
the flexibility of planning domains to complement cx-count
optimality by also using the fewest 1q gates possible.

We deliver three planning domains: The normalform
domain with conditional effects is based on Clifford nor-
mal forms to guarantee cx-count optimality. This domain
closely resembles the previous encoding in SAT. Next, we
present a costbased domain, which uses cost specifica-
tions to yield cx-count optimal circuits that additionally use
the minimal number of 1q gates. We noticed that synthe-
sizing plans using this domain is quite slow. Our third ap-
proach integrates SAT and planning: We use the SAT en-
coding to obtain a CNOT-optimal circuit, and provide the
rigid planning domain to synthesize 1q gates within the
given CNOT structure. Note that this approach may miss a
smaller solution with a different CNOT structure.

In our experiments, we observe that (both SAT-based and
other) planners struggle on domains with conditional effects.
The existing dedicated SAT encoding significantly outper-
forms planners using the normalform domain. Using the
costbased domain, we managed to reduce the 1qg-gate
count for 3 and 4 qubit circuits, while still guaranteeing cx-
count optimality. With our rigid domain we were able
to optimize the 1g-gate count even for quantum circuits on
5 qubits. Using our hybrid SAT + Planning approach, we
found improved circuits for some quantum error correcting
codes, such as the 7-qubit Steane code. All the domains and
code are available in version 6 of our open source tool.!

'Q-Synth is available at https://github.com/irfansha/Q-Synth
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2 Preliminaries
2.1 Quantum Gates

We provide an informal overview of quantum states and
quantum gates.” The basic qubit states are called |0) and
[1). An alternative basis is provided by their superposi-
tions |[+) = [0) + |1) and |—) = |0) — |1). We write I
for the identity gate. Two basic 1q gates are X (bit flip)
and Z (phase flip). X exchanges |0) and |1), while Z ex-
changes |+) and |—). These so-called Pauli gates can also
be viewed as stabilizers of certain states, i.e. Z|0) = |0) and
X|4+) = |+). The 1q Hadamard gate is defined by H|0) =
|+) and H|1) = |-). The gates above are involutions, i.e.
X? = 7? = H? = 1. H exchanges the X and Z bases in
the following sense: HXH = Z and HZH = X. Viewing
X and Z as rotations in the complex plane, we can also ap-
ply them halfways. This yields the quantum gates Sx = v/X
and S = v/Z. We have HYXH = v/Z and HV/ZH = v/X.
Clearly, all gates mentioned so far can be built from the 1q
Clifford gates H and S. To complete the Clifford gate set
we need the binary CNOT gate (Conditional NOT or CX),
which acts on the basis states as CNOT(a,b) = (a,a & b).
Here a is the control qubit (unchanged) and b is the target
qubit (flipped when a = |1)). A 1q gate that is outside the

Clifford set is T = +/S. Clifford + T is a standard universal
gate set.

2.2 Stabilizer Formalism

An n-qubit quantum circuit is a sequence of gates, applied
to a fixed set of n qubits. In general, it can be represented
by 2™ x 2™ complex matrix. Clifford circuits (built from
{H, S, CNOT}-gates) on the other hand can be compactly
represented using the so-called stabilizer formalism (Aaron-
son and Gottesman 2004) using only 2n x 2n Boolean ma-
trices.> The following matrix illustrates an n-qubit tableau.
Each row 7 corresponds to a stabilizer generator. Each sta-
bilizer applies one of the operators in {I, X, Z, XZ} to each
qubit j, aptly encoded by the two bits x;;2;; in the tableau.

Q1 dn q1 an
T11 Tin 211 Z1n
Z(2n)1 T(2n)n 2(2n)1 Z(2n)n

2A formal description of n-qubit systems involves unitary op-
erations over vector spaces C?" (Nielsen and Chuang 2010).

3The full tableau (Aaronson and Gottesman 2004) has an extra
r-column for the local phase, but this can be recovered in post-
processing (Shaik and van de Pol 2025), so we can ignore it.
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Figure 1: Example circuit (left) and its normal form (right)
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Figure 2: Identity matrix on 2 qubits (left) and the final
tableau for the circuit in Figure 1 (right)

The tableau of an n-qubit Clifford circuit of m gates can
be computed in O(n?m) time, by applying the tableau up-
date rule corresponding to each gate. The initial state (the
empty circuit) is simply the 2n x 2n identity matrix.

We now explain the tableau update rules in detail. The
gate CNOT(a, b) is applied by adding the ath X column to
the bth, and the bth Z column to the ath, i.e., for all ¢, we up-
date z;;, to ;4 @ x4 and z;4 1O 25, D 2;. The tableau update
rules for the 1-qubit Clifford gates are defined in Table 1.

Base Gates Composite gates
H, S. HS, SH, Sxq
Tia *  Zia Tia Zia Tia D Zia  Tia D Zia
Zia *  Tia Tia P Zia  Tia D Zia Tia Zia

Table 1: Tableau update rules for the Clifford gates H and S
on qubit a (on each row 7). H, swaps columns X, /Z, and
S, adds column X, to Z,. We also show gate combinations.

Optimal Clifford synthesis can now be elegantly en-
coded as a graph reachability problem: Nodes are labeled
by tableaux and edges correspond to Clifford gate updates.
Finding the shortest path from the initial tableau to the final
tableau corresponds to the Clifford circuit with optimal gate
count. Figure 2 shows an example initial and goal tableau.

2.3 Normal Forms for 2-qubit Gate Optimization

In practice, CNOT gates can be up to 10x noisier than 1-
qubit gates, thus optimizing the number of CNOT gates
(cx-count) is prioritized over 1q gates. Bravyi, Latone, and
Maslov (2022) proposed so-called normal forms for Clifford
circuits that guarantee cx-count optimality. They present two
key observations: 1) An arbitrary sequence of 1q Clifford
gates can be rewritten to one of the unique 1g-gates {I, H,
S, HS, SH, Sx}. 2) Consider a CNOT gate preceded by arbi-
trary sequences of 1q Clifford gates on its input qubits. This
combination can always be rewritten to one of the 9 entan-
gling gates in Figure 3, followed by some trailing 1g-gates.

Combining these two observations, any n-qubit Clifford
circuit with k¥ CNOT gates can be rewritten into a normal
form with k entangling gates followed by a single layer of
unique 1g-gates. For example, the circuit in Figure 1 (left)
can be rewritten to its normal form (right). Here the S gate is
replaced by HS, pushing an Sx gate to the right. The result is
a normal form with 2 entangling gates followed by 1q gates.

Synthesis of normal forms presents two advantages: First,
significant search space reduction by avoiding arbitrary se-
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Figure 3: The nine 2-qubit gate Clifford normal forms from
(Bravyi, Latone, and Maslov 2022)
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Figure 4: CNOT-optimal circuit in normal form (left) from
(Shaik and van de Pol 2025) and CNOT + 1g-gate optimal
circuit, not in normal form (right) as obtained in this work.

quences of 1g-gates. Moreover, only 9 entangling gates need
to be considered for each CNOT gate, instead of 6x6x2 = 72
(6 unique 1qg-gates per control/target qubit and 2 CNOT ori-
entations). Second, optimizing cx-count can be encoded as
modified graph reachability, by applying an entangling gate
at each step, and a layer of unique 1qg-gates at the end.
Shaik and van de Pol (2025) take advantage of these ob-
servations to employ a scalable SAT encoding that optimizes
cx-count or cx-depth. Figure 4 shows the cx-count optimal
circuit in normal form (left). However, it does not guarantee
1q gate optimality, thus contributing to unnecessary noise.
Only by going beyond normal forms, we can further reduce
the 1g-gate count as shown in Figure 4 (right). Notice that, in
this example, the gate sequence is not available through nor-
mal forms. In the next section, we present planning domains
for normal forms and beyond in order to minimize 1g-gates.

3 C(lifford Synthesis as Planning

Reachability can be elegantly encoded as a planning prob-
lem. In this section, we present three domains for Clifford
synthesis as planning.

Encoding Tableaux. For any domain, Clifford tableaux
are encoded in the same way. As shown in Algorithm 1, we
define types row and qubit (to label the columns). We use
two predicates to represent X and Z matrix elements.

Given an n-qubit circuit, we have 2n rows and n qubits.
A problem instance will have 2n objects of type row and
n objects of type qubit. The initial state encodes the ini-
tial tableau (identity matrix) and the goal state encodes the
target tableau. Consider the example circuits in Figure 1. Al-

Algorithm 1: Types and predicates for domains

(:types row qubit)
(:predicates (X ?r — row ?c - qubit)
(Z ?7r — row ?c — qubit))




Algorithm 2: Example snippet for tableau problem encoding

Algorithm 3: Actions for HS gate in entangling gates

(:objects ql g2 - qubit
rl r2 r3 r4 - row)
(:init (X r1 ql1)(X r2 g2)(Z 13 ql)(Z r4 q2))
(:goal (and (X r1 ql) (mnot(X rl q2))
(X r2 ql) (X r2 q2)
(X 13 ql) (not(X r3 q2))
(not(X r4 ql)) (mot(X r4 q2))
(Z r1 ql) (Z r1 q2)
(not(Z r2 ql)) (Z r2 q2)
(not(Z r3 ql)) (not(Z r3 q2))
(not(Z r4 ql)) (Z 4 q2)))

gorithm 2 shows the snippet of the problem encoding for the
corresponding tableau. We see that ¢1, g2 are the two qubits
and rl,r2,r3, r4 are the four rows. The initial state encodes
the identity matrix as in Figure 2 (left) and the goal state
encodes the final tableau shown in Figure 2 (right).

3.1 Normal Form based Synthesis as Planning

Normal forms for Clifford synthesis guarantee cx-count op-
timality as discussed in Section 2.3. Recall that any Clif-
ford circuit with & CNOTs has an equivalent circuit with &k
CNOTs in normal form. Further, normal forms also provide
an upper bound on the number of 1q gates. For applying any
one of the 9 entangling gates (as in Figure 3), at most 4 1q
gates are needed (2 on control and 2 on target). For the last
layer, at most 2 one-qubit gates are needed per qubit. Thus,
for an n-qubit Clifford circuit with k& CNOT gates, the nor-
mal form uses at most 4k + 2n one-qubit gates.

In this section, we encode the normal form domain in two
parts. First, we define four actions that capture the 9 entan-
gling gates. Then we define one action per unique 1q se-
quence (6 in total) in the last layer.

Encoding Entangling Gates. To apply any of the entan-
gling gates on control and target qubits, we define four
actions. The 9 combinations of 1q sequences can be cap-
tured by applying {I, HS, SH} gates on control and tar-
get qubits. We define one action for each of {I, HS, SH}
1q sequences. A CNOT gate is applied only after apply-
ing these 1q gates on control and target qubits. For this, we
use the (applied_lg ?q) predicate to track whether a
1q gate has been applied on qubit ?q. Further, we use the
(disabled 2q) predicate to avoid applying any gate af-
ter the last layer of 1q gates. For any 1q action, the precondi-
tion ensures that no 1q gate has been applied on the chosen
qubit. The effect marks that 1q gates have been applied on
chosen qubit, and applies the tableau updates for the corre-
sponding gate as shown in Table 1. In the interest of space,
we only show the action for the HS gate in Algorithm 3.
Actions for I and SH can be added in a similar way.

After applying 1q actions on control and target qubits, a
CNOT gate as shown in Algorithm 4 is applied to complete
an entangling gate. The precondition ensures that 1q gates
have been applied on control and target qubits. The effect
applies the tableau updates (lines 12 to 24) as discussed in
Section 2.2. It also resets the applied_1qg predicates.
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(:action hs—gate :parameters (?a — qubit)
:precondition (and
(not(disabled ?a))(not(applied_-1q ?a)))
ceffect (and (applied_-1q ?a)
(forall(?r — row) (when ;; z,,:= 24
(and (Z ?r ?a))
(X ?7r 7a)))
(forall (?r - row) (when
(and (not(Z ?r ?a)))
(not(X ?r ?a))))
(forall(?r — row) (when ;; 2.4 :=Tra® 2rq
(and (Z ?r ?a)(X ?r ?a))
(not(Z ?r ?a))))
(forall (?r - row) (when
(and(not(Z ?r ?a))(X ?7r ?a))
(Z 7r ?a)))))

Algorithm 4: CNOT action

(:action cnot :parameters (?a ?b — qubit)
:precondition (and
(connected ?a ?b)
(not(disabled ?a))(not(disabled ?b))
(applied_-1q ?a)(applied-1q ?b))
:effect (and (not(applied_1q ?a))
(not(applied_-1q ?b))
(forall (?r — row) (when ;;
(and (X ?r ?a)(X ?r ?b))
(not (X ?r ?b))))
(forall (?r - row) (when
(and (X ?r ?a)(mot (X ?r ?b)))
(X ?r ?b)))
(forall (?r — row) (when ;;
(and (Z ?r ?a)(Z ?r ?b))
(not (Z ?r ?a))))
(forall (?r - row) (when
(and (mot (Z ?r ?a))(Z ?r ?b))
(Z 7r ?a)))))

Trb i= Tra D Trp

Zr.a ‘= Zr,a D Zrp

Most quantum platforms have limited qubit connectivity,
thus CNOT gates can only be applied on adjacent or con-
nected physical qubits. Given such connections as a cou-
pling graph, layout restrictions can be applied on CNOT
gates by defining a connected predicate for every con-
nected qubit pair. For all-to-all connectivity, every qubit pair
is connected. The precondition ensures that a CNOT gate is
only applied on a connected qubit pair. For normal forms,
CNOTs are always ordered. Thus we add (connected
?a ?b) where ?ais less than 7b.

Encoding Layer of Single Qubit Gates. After applying
all the entangling gates, for each qubit we need to apply
one of the six 1q sequences {L, H, S, HS, SH, Sx}. Here we
present only one of the actions. Note that the tableau updates
for the 1q gates are the same both in entangling gate or in the
last layer. In the precondition, we ensure that no 1q gate has
been applied thus the previous entangling gate is complete.
Further, no qubit has been disabled on the chosen qubit, so
the closing layer has not yet been applied. The effect first



Algorithm 5: Action for Sx gate in last layer

Algorithm 6: Action for S gate in costbased domain

(:action sx-last :parameters (?a — qubit)
:precondition (and
(not(disabled ?a))(not(applied_-1q ?a)))
:effect (and (disabled ?a)
(forall(?r — row) (when ;; z,q,=2ra® 2ra
(and (X ?r ?a)(Z ?r ?a))
(not (X ?r ?a))))
(forall (?r - row) (when
(and (mot (X ?r ?a))(Z ?r ?a))
(X 7r ?a)))))

(:action s—gate :parameters (?a — qubit)
:precondition (and (not(applied_1q ?a)))
:effect (and (applied_1q ?a)
(forall (?r — row) (when ;; 2,40 =20 P Tra
(and (Z 7r ?a)(X 7r ?a))
(not (Z ?r ?a))))
(forall (?r — row) (when
(and (mnot(Z ?r ?a))(X ?r ?a))
(Z 7r 7a)))
(increase (total-cost) 1)))

marks that the last layer 1q gate has been applied by dis-
abling the chosen qubit. Then, it applies the tableau updates
for the corresponding gate as shown in Table 1. Algorithm 5
shows the action for the Sx-gate in the last layer.

In the goal, to ensure that a planner applies all the last
layer 1q gates, we also add (disabled ?q) predicates
for every qubit ?qg in the goal state. Given an n-qubit in-
stance with k optimal CNOT gates, any optimal plan will
have exactly 3%k +n actions. Any optimal plan corresponds
to a Clifford circuit with optimal number of CNOT gates.

3.2 Cost-based Synthesis Beyond Normal Forms

While the normalform domain guarantees CNOT opti-
mality, it does not guarantee 1q-gate optimality. In our run-
ning example, we showed that by going beyond normal
forms, we can further reduce 1q-gate count (Figure 4, right).
In this section, we discuss how to relax normal form restric-
tions and add cost specifications to guarantee optimality.

Relaxing Normal Form Restrictions. To also consider
one qubit gate count, we need to relax normal form restric-
tions. There are two main restrictions in normal forms:

* Only {I, HS, SH} sequences are allowed before a CNOT.
¢ CNOT(a,b) gates have a fixed orientation, i.e., a < b.

We now allow all 1g-sequences {H, S, HS, SH, Sx} before
a CNOT gate (we drop the I-gate since it corresponds to no-
action). Note that we still do not allow multiple one qubit
sequences as in the normalforms domain, to bound the
search space. Furthermore, we allow CNOT gates in both
orientations by extending the connected predicate.

Using Costs to Guarantee Optimality. First to guaran-
tee CNOT gate optimality, choosing a CNOT gate should be
costlier than choosing the maximum number of 1q gates in
the optimal circuit. We use the insights from normal forms
to compute these costs. Before synthesis, we do not know
the optimal CNOT count. However, we can take the CNOT
count of the input circuit as an upper bound k. Thus, the
maximum number of 1q gates in the optimal Clifford circuit
is 4k + 2n as discussed in Section 3.1. So, we give a cost of
4k + 2n + 1 to every CNOT action. For 1q gates, we give a
cost of 1 to the {H, S, Sx} actions and a cost of 2 to the {HS,
SH} actions (since they correspond to applying two quantum
gates). With these costs, any optimal plan will first minimize
CNOT count and then minimize one qubit gate count.
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Algorithm 7: CNOT action snippet in costbased domain

(:action cnot :parameters (?a ?b — qubit)
:precondition (and (connected ?a ?b))
ceffect (and

(increase (total —cost) (cnot—cost))))

Better Costs using Updated Normal Forms. In the nor-
mal form, we specified that at most 4 one qubit gates are
needed per CNOT gate. However, we observed that in an al-
ternative normal form, only 2 1q gates are needed instead of
4. Essentially, we only need to apply gates from {I, H, Sx}
and {I, H, S} on the control and target qubits, respectively,
for rewriting any of the 9 entangling gates. Using this, we
can further reduce the CNOT action cost to 2(k + n) + 1.

We present action snippets specified for the costbased
domain. The precondition for the S-gate (Algorithm 6) en-
sures that no 1q gate has been applied on the chosen qubit.
The effect applies the tableau updates and increases the total
cost (standard cost function) by 1. The tableau updates are
the same as in the normal form domain.

Next, we present a snippet of the CNOT action in Al-
gorithm 7. The precondition ensures that control and tar-
get qubits are connected. To allow for the I-gate, we do not
check for applied_1q predicates. The effect applies the
tableau updates and increases the total cost by 2(k +n) + 1.
The tableau updates are the same as in the normalform
domain (as in Algorithm 4). To update the cost we use a cost
function (cnot—-cost) defined in the problem instance.

Note that by simply changing CNOT cost, we can change
the cost metric. For example, setting (cnot—-cost) to 1,
we optimize the total number of gates in the Clifford circuit.
Similarly, one can also adjust costs for 1q gates to optimize
hardware specific metrics. Here, we focus on optimizing 1q
gate count while guaranteeing CNOT optimality.

3.3 Stand-alone Single Qubit Gate Resynthesis

Layout-aware optimal Clifford synthesis is proven to be NP-
hard (Jiang et al. 2020). In fact, even approximate layout
aware synthesis is NP-hard (Iwama, Kambayashi, and Ya-
mashita 2002). For all-to-all connectivity, the hardness is
still an open problem. As seen in the experiments (Sec-
tion 4), planners struggle with finding optimal plans even for
small benchmarks with 4 qubits, while an existing dedicated
SAT encoding works well when optimizing cx-count/depth
even for 5 and 6 qubits (Shaik and van de Pol 2025). How-



Algorithm 8: Additional predicates for rigid domain

(:types row qubit gate — object)

(:predicates (done ?g — gate)
(oneq_gate ?g — gate ?a — qubit)
(cnot_gate ?g — gate ?a ?b — qubit)
(depends ?prev_g ?cur_.g — gate))

Algorithm 9: CNOT action snippet in rigid domain

(:action cnot :parameters

(?a ?7b — qubit ?prev_g ?cur_g - gate)
:precondition (and

(cnot_gate ?cur_g ?a ?b)

(depends ?cur_g ?prev_g)

(done ?prev_g) (mnot (done ?cur_g)))
ceffect (and (done ?cur_g)

tableau updates for CNOT ...
(increase (total-cost) 1)))

ever, it introduces many 1q gates, which is undesirable.

To this end, we propose the rigid domain for 1q
gate resynthesis as a post-processing step. From our
costbased domain, we know that at most two 1q se-
quences can be applied before a CNOT gate (on the control
and target qubits). Also, a last layer of 1q gates might be
needed. The key idea is to fix the positions of the CNOT
gates from the input circuit. The planner then needs to
choose the 1q gates to apply before the CNOT gates and
in the last layer. This significantly reduces the search space
for the planner. We use the additional predicates listed in
Algorithm 8 to fix the CNOT and 1q-gate positions. The
predicates (oneqg._gate ?g ?a) and (cnot_gate ?g
?a ?Db) define the positions of 1q gates and CNOT gates,
respectively. The predicate (done ?g) tracks whether a
gate ?g has been applied. We employ a total ordering based
on the input circuit to avoid partial orders in choosing the
1q gates. For any CNOT, 1q gates are applied first on con-
trol and then on target qubit before applying the CNOT. Let
cl and c2 be two CNOTs in the input circuit, if cl appears
before c2 in the input circuit, then c1 is also scheduled be-
fore c2. In the last layer, 1q gates are applied in the or-
der of qubit indices. To enforce ordering, we use the pred-
icate (depends ?prev_g ?cur.g) which is precom-
puted based on the input circuit. In Algorithm 9, we show
snippets of CNOT action in the rigid domain.

For the CNOT action, the precondition ensures that the
previous gate ?prev._g has been applied and the cur-
rent gate ?cur_g has not been applied yet. The predicate
(cnot_gate ?cur_g ?a ?b) ensures that the current
gate is a CNOT gate on qubits ?a and ?b. The predicate
(depends ?cur_g ?prev_g) ensures that the ordering
is maintained. The effect applies the tableau updates for the
corresponding gate and marks the current gate ?cur_g as
done. Since the number of CNOT gates are fixed, we set
their cost to 1. For 1q gates, we set similar costs as in the
costbased domain. The only additional action we have
here is 1 —gate for the identity gate, which has zero cost.
In the goal, we ensure that all gates are marked as done.
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Interestingly, since the CNOT structure is fixed, neither the
cx-count nor cx-depth is changed. Most preprocessing tech-
niques in major compilers (like Qiskit, Tket) do not provide
control over optimization metrics. Our 1q gate resynthesis
can be easily integrated with existing compilers to further
reduce 1q count without changing CNOT metrics.

4 Experiments and Results
We propose three experiments to address *:

* RQ1: How do planning approaches compare to existing
SAT encodings for cx-count optimization?

* RQ2: Can planning approaches improve upon 1q-count
compared to SAT encodings without changing cx-count?

* RQ3: Can SAT and planning approaches provide mean-
ingful results for practically relevant Clifford circuits?

4.1 El: CNOT Optimization via Normal-forms

To answer RQI1, we compare our normalform domain
with a SAT encoding for cx-count optimization in Q-Synth
(Shaik and van de Pol 2025). We use the random Clifford
circuits on 3-5 qubits from that paper. For a comparison, we
consider four different planners that handle conditional ef-
fects: Lama (Richter and Westphal 2010), Madagascar (Rin-
tanen 2014), Scorpion (Pozo and Seipp 2025) and Symk
(Speck and Helmert 2025). As baselines, we consider Lama
as available in FastDownward (Helmert, Roger, and Karpas
2011), and Madagascar, a state-of-the-art SAT based plan-
ner. While planners struggle with conditional effects, there
has been recent progress. Pozo and Seipp (2025) present ab-
straction heuristics that can handle conditional effects, im-
plemented in Scorpion planner. They considered the pure
CNOT synthesis planning domain (Shaik and van de Pol
2024) with conditional effects as a benchmark. The CNOT
synthesis planning domain has a single CNOT action simi-
lar to ours with conditional effects for (simpler) tableau up-
dates. Thus, we consider the best performing configuration
on the CNOT synthesis domain, Saturated Cost Partitioning
over Merge&Shrink heuristics, available in Scorpion plan-
ner. We also consider Symk, a symbolic planner, that effec-
tively handles conditional effects. For Q-Synth, we use the
default recommended options. For each circuit, we measure
time, cx- and 1g-count, given 1800s time and 8GB memory.

Results and Discussion. Table 3 shows the results for Ex-
periment 1. Clearly, existing SAT based approaches signifi-
cantly outperform planners with the normal form domain.
All planners can optimally solve 3-qubit instances but strug-
gle with 4 and 5-qubit instances. We expected that Mada-
gascar would perform well since the domain formulation
is close to the dedicated SAT encoding in Q-Synth. How-
ever, Madagascar could not solve any 4 or 5-qubit instances.
Scorpion and Symk could optimally solve one 4-qubit cir-
cuit each. Scorpion uses all the memory for other instances
whereas Symk results in time outs. Interestingly, Lama finds
optimal solutions for all 4-qubit instances, but it does not

“Full code, data and logs are available at https://doi.org/10.
5281/zenodo.18678724.



guarantee optimality. For 5-qubit instances, Lama provides
some solution within timelimit (often memory outs), but
far from optimal. For cx-count optimization, currently ded-
icated SAT encodings are the best performing approaches.
While constructing the normal form domain is very easy
and elegant, improvements in planners for conditional ef-
fects are clearly needed to be useful in practice.

4.2 [E2: 1q Optimization Beyond Normal-forms

To answer RQ2, we compare our costbased and rigid
domains with Q-Synth for 1g-count optimization without in-
creasing the cx-count. The costbased domain optimizes
both cx and 1q-counts while the rigid domain optimizes
only 1g-count. Thus, for rigid, we use cx-optimized cir-
cuits from Q-Synth as input circuits. We use the same bench-
marks and setup as El in Section 4.1, removing the Mada-
gascar planner since it does not support costs.

Results and Discussion. Table 4 shows the results for Ex-
periment 2. Similar to E1, planners struggle with 4 and 5-
qubit instances even for the costbased domain. However,
for 3-qubit instances, planners provide significant reductions
in 1g-count while also guaranteeing cx-count optimality. For
example, in 03q-99346, all three planners reduce 1g-count
from 17 to 3 while maintaining a cx-count of 4. Again, Lama
provides useful reductions even for 4-qubit instances. The
results from our rigid domain are even more interesting.
Since the CNOT structure is fixed, planners can optimize
the 1g-count even for 4-qubit instances. All three planners
provide optimal solutions for 3 and 4-qubit instances within
the time limit. Even for 5-qubit instances, Lama provides
reductions in 1q-count for all instances. As expected, re-
stricting the structure of CNOTs in rigid domain comes at
the cost of increased 1g-count. For example, in 03q-33936,
costbased domain has only 3 1q gates while the rigid
domain results in 9 1q gates.

4.3 E3: Better Circuits for Steane and Shor Codes

From E2, we observed that planners can reduce 1q count
without changing cx-count for small random Clifford cir-
cuits. The next natural question is whether these approaches
can provide meaningful results for relevant Clifford circuits.
To answer RQ3, we consider well-known quantum error cor-
recting codes (QECC) like Steane (Steane 1999) and Shor
codes (Shor 1995). For Steane code, the best known circuits
are achieved by manually applying equivalences (Mondal
and Parhi 2024). While, existing SAT encodings can fur-
ther optimize cx-count/depth metrics, they introduce many
1q gates. Our costbased domain is an option, however we
observed in E2 that it does not scale well beyond 4 qubits.
Thus, we investigate if SAT approaches together with the
rigid domain can provide better QECC circuits.

In addition to the standard 7-qubit Steane code, we also
consider the 11-qubit circuit implementing Shor code with
phase flip detection (IBM 2024) as benchmarks. First, we
use the SAT encoding from Q-Synth to optimize with two
combination metrics: (a) cx-cd: cx-count + cx-depth, and
(b) cx-dc: cx-depth + cx-count. For combination metrics, Q-
Synth first computes the optimal value for the first metric
and then optimizes the second metric without changing the
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Shor Code (11q)  Steane Code (7q)
Setting cx-¢c cx-d 1q cx-¢c cx-d lq
original 20 14 7 11 5 3
MP2024 - - - 10 7 3
Q (cx-cd) 11 5 10 9 8" 20
Q+R (cx-cd) 11 5 9 8" 3
Q (cx-dc) 14 4 35 10 4 25
Q+R (cx-dc) 14 4 5 10 4 3

Table 2: E3: Optimization of Shor and Steane code circuits.

first metric. Per combination and circuit we give 3 hours and
8 GB memory, resulting in four optimized circuits. For each
of them, we apply our rigid domain to further reduce 1q
gate count without changing the CNOT structure. We use all
three planners similar to E2, but now with 3 hours and 80
GB memory. The following table shows the metrics for rel-
evant optimization where Q is Q-Synth, Q+R is Q-Synth +
the rigid domain, and MP2024 are the best known results
from Mondal and Parhi (2024) for the Steane code.
Q-Synth was able to compute optimal circuits for 3 com-
binations out of 4. For cx-cd, Q-Synth could provide a cx-
count optimal circuit for the Steane code, but only with a
near-optimal cx-depth (marked *). Clearly, the SAT encod-
ings add many 1q gates for all variants. Our rigid domain
was able to significantly reduce the 1g-count for all four
benchmarks. Regarding various planners, Lama did not pro-
duce any solution within the time limit. Scorpion was able
to solve 3 out of 4 benchmarks optimally, while one instance
ran out of memory even with 80 GB. Symk, on the other
hand, could solve all benchmarks optimally within 1 hour
and 5 GB memory each. Since our optimal 1g-counts are
at most 5, we conjecture that having a low makespan sig-
nificantly helps Symk. Although the tableau size increases
quadratically with the qubit count, Symk (being a symbolic
planner) does not run into memory issues for more qubits.

5 Conclusion and Future Work

We presented the first approach to synthesize Clifford cir-
cuits with the minimal number of CNOT gates, and addition-
ally a minimal number of 1-qubit gates (using {H, S, v'X}).
This enables optimal circuits for interesting quantum error
correcting codes. We demonstrated the flexibility and ease
of PDDL planning domains for quantum circuit optimiza-
tion with complex cost specifications.

Interestingly, for the Steane code, we improve upon the
best known results from Mondal and Parhi (2024) in both
cx-count/cx-depth metrics. With cx-cd optimization, we re-
duce cx-count from 10 to 9 (provably optimal). With cx-dc
optimization, we reduce cx-depth from 7 to 4 (optimal) with
same cx-count (10) and 1g-count (3) as shown in Figure 5.

Interesting future work is to close the performance gap be-
tween SAT and planning encodings. The use of conditional
effects seems to block efficient tactics applied by performant
planners. Progress along the lines of Pozo and Seipp (2025)
and Speck and Helmert (2025) would be welcome.
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Figure 5: On the left: original unoptimized 7-qubit Steane code (cx-depth 5, cx-count 11). On the right: cx-depth+cx-count
provably optimal Steane code (cx-depth 4, cx-count 10) with optimal rigid domain post-processing (back to 3 1g-gates).

Original Q-Synth Lama Madagascar Scorpion Symk
benchmarks cx 1q cx 1q t cx 1q t cx 1q t cx 1q t cx Iq ¢t
03905306 4 14 4 14 0.2 4 18 1566 4 18 364 4 16 1.1 4 16 3.8
03q-33936 3 14 3 14 0.2 3 16 16.1 3 16 4.5 3 12 0.3 3 11 2.6
039q.50494 4 18 4 18 0.2 4 17 1551 4 17 390 4 15 1.1 4 14 34
03955125 3 20 3 20 0.2 3 14 159 3 14 2.0 3 14 0.3 3 14 2.6
039-99346 4 17 4 17 0.2 4 15 1561 4 16 394 4 17 1.1 4 12 34
04q-05306 6 23 6 23 05 6 23 MO - - TO - - MO - - TO
04q_33936 8 13 6 22 07 6 21 MO - - TO - - MO - - TO
04q-50494 7 20 7 20 0.8 7 25 MO - - TO - - MO - - TO
04q_55125 6 10 6 10 0.5 6 26 MO - - TO - - MO - - TO
04q-99346 7 16 5 21 05 5 21 MO - - TO 5 21 3823 5 21 5065
05q-05306 12 31 8 33 4.0 16 45 MO - - TO - - MO - - TO
05q-33936 13 22 9 37 138 15 48 MO - - TO - - MO - - TO
05q-50494 17 28 8 34 26 19 50 MO - - TO - - MO - - TO
059-55125 13 16 9 35 93 14 50 MO - - TO - - MO - - TO
05999346 11 26 7 25 1.7 9 33 MO - - TO - - MO - - TO

Table 3: El: cx-count optimization via normal forms, Q-Synth (SAT) vs planning; cx: CNOT count, 1q: 1q count, t: time in
seconds; MO: memory out, TO: time out; Every instance without TO/MO is solved optimally; Best results in bold.

costbased (cx+1g-count opt) rigid (1g-count opt)

Q-Synth Scorpion Symk Lama Scorpion Symk Lama
benchmarks cx 1q cx 1q t cx 1q t cX Iqg t Iqg t Iqg t Iqg t
03q.05306 4 14 4 6 9 4 6.6 4 6 235 6 07 6 38 6 08
03933936 3 14 3 4 07 3 4 36 3 4 41 6 04 6 24 6 04
03q.50494 4 18 4 5 8 4 5§ 62 4 5 165 6 06 6 32 6 25
03g.55125 3 20 3 6 1 3 6 36 3 6 437 6 05 6 24 6 05
03999346 4 17 4 3 8 4 3 6.1 4 3 126 9 06 9 8 9 1.1
04905306 6 23 - - MO - - TO 6 9 MO 17 134 17 324 17 421
04933936 6 22 - - MO - - TO 6 7 MO 12 238 12 104 12 106
04950494 7 20 - - MO - - TO 7 12 MO 8 42 8 99 8 86
04955125 6 10 - - MO - - TO 6 8§ MO 8 26 8 17 8 371
04999346 5 21 - - MO 5 7 1092 5 9 MO 13 101 13 518 13 83
05905306 8 33 - - MO - - TO 66 41 MO - MO - TO 19 1559
05933936 9 37 - - MO - - TO 107 60 MO - MO - TO 21 TO
05950494 8 34 - - MO - - TO 86 54 MO - MO - TO 20 TO
05955125 9 35 - - MO - - TO 12 16 MO - MO - TO 19 TO
05999346 7 25 - - MO - - TO 16 17 MO 15 453 15 311 15 111

Table 4: E2: optimization of cx+1q-count via costbased and 1q-count via rigid domain; cx: CNOT count, 1q: 1q count, t:
time in seconds; MO: memory out, TO: time out; Every instance without TO/MO is solved optimally; Best results in bold.
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