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Abstract

There are two prevalent model-based paradigms for com-
binatorial problems: 1) state-based representations, such as
heuristic search, dynamic programming (DP), and decision
diagrams, and 2) constraint and domain-based representa-
tions, such as constraint programming (CP), (mixed-)integer
programming, and Boolean satisfiability. In this paper, we
bridge the gap between the DP and CP paradigms by in-
tegrating constraint propagation into DP, enabling a DP
solver to prune states and transitions using constraint prop-
agation. To this end, we implement constraint propaga-
tion using a general-purpose CP solver in the Domain-
Independent Dynamic Programming framework and evalu-
ate using heuristic search on three combinatorial optimisa-
tion problems: Single Machine Scheduling with Time Win-
dows (1|ri, d:| > w;T;), the Resource-Constrained Project
Scheduling Problem (RCPSP), and the Travelling Salesper-
son Problem with Time Windows (TSPTW). Our evaluation
shows that constraint propagation significantly reduces the
number of state expansions, causing our approach to solve
more instances than a DP solver for 1|r;, d;| > w;T; and
RCPSP, and showing similar improvements for tightly con-
strained TSPTW instances. The runtime performance indi-
cates that the benefits of propagation outweigh the overhead
for constrained instances, but that further work into reduc-
ing propagation overhead could improve performance further.
Our work is a key step in understanding the value of con-
straint propagation in DP solvers, providing a model-based
approach to integrating DP and CP.

Code — https://doi.org/10.5281/zenodo.19051392
Experiments — https://doi.org/10.5281/zenodo.19051248
Appendices — https://arxiv.org/abs/2603.16648

1 Introduction

Combinatorial optimisation is key in Artificial Intelligence
(AI), encompassing problems such as planning, schedul-
ing, and variants of satisfiability. Within this field, Dynamic
Programming (DP) and Constraint Programming (CP) pro-
vide declarative model-based frameworks such as Domain-
Independent Dynamic Programming (Kuroiwa and Beck
2026) and MiniZinc (Nethercote et al. 2007; Stuckey et al.
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2014) that enable users to formulate representations of prob-
lems that can then be solved by generic solvers.

While solving the same problem, the techniques used by
solvers following these paradigms differ. DP solvers are
based on state-based problem representations, which facil-
itate duplicate/dominance detection techniques. While cer-
tain DP solvers, such as ddo (Gillard, Schaus, and Coppé
2020) and CODD (Michel and van Hoeve 2024) use deci-
sion diagram branch-and-bound (Bergman et al. 2016), in
this work, we focus on DP solvers using heuristic search by
Kuroiwa and Beck (2026). In contrast, CP solvers focus on
using depth-first search and inference techniques to prune
the search space by determining which values cannot be as-
signed to variables in a solution.

Previous works introduce constraint propagation in DP
approaches, but they either only used problem-specific prop-
agation (Fontaine, Dibangoye, and Solnon 2023; Brita,
van der Linden, and Demirovi¢ 2025), or did not use heuris-
tic search (Tanaka and Fujikuma 2012). Other, related but
orthogonal, work has focused on using dominance and
caching (Chu and Stuckey 2015; Chu, de la Banda, and
Stuckey 2010; Smith 2005) in a CP solver. To the best of our
knowledge, no work has been done on integrating generic
constraint propagation in a model-based DP framework.

To address this gap, we create a framework for integrat-
ing constraint propagation from CP with DP modelling and
implement our approach using general-purpose CP and DP
solvers, providing:

1. A dual view of the problem, using a state-based DP view
and an integer-based CP view, which provides:

e Dominance and duplicate detection, and heuristic
search using the DP view of the problem.

» Strong inference techniques for constraints using the
CP view of the problem, allowing pruning of states and
strengthening of the dual bound.

2. A generic model-based way of integrating heuristic
search with constraint propagation, allowing any form
of constraint propagation rather than only relying on
domain-specific inference techniques (though these tech-
niques are supported by our framework as well).

We evaluate our framework on three combinatorial
problems: Single Machine Scheduling with Time Win-
dows (1|r;, d;| > w;T;), the Resource-Constrained Project



Scheduling Problem (RCPSP), and the Travelling Sales-
person Problem with Time Windows (TSPTW). For these
problems, we show that constraint propagation significantly
reduces the number of state expansions, enabling our ap-
proach to solve more instances than a DP solver alone
for 1|r;, ;] > w;T; and RCPSP, and tightly constrained
TSPTW instances. The performance in terms of runtime in-
dicates that the benefits of propagation outweigh the over-
head for tightly constrained instances, but that further work
into reducing the propagation time is needed. In our in-depth
analysis, we vary 1|r;, ;| >~ w;T; and TSPTW instance con-
strainedness, demonstrating that propagation performs ex-
ceptionally well when instances are highly constrained.

This work provides a key step in ascertaining the useful-
ness of constraint propagation in DP solvers using heuristic
search, allowing us to better understand the complementary
strengths and weaknesses of the approaches.

2 Preliminaries

We introduce the necessary concepts related to dynamic
programming, the Domain-Independent Dynamic Program-
ming (DIDP) framework and its Rust interface, heuristic
search in DIDP, and constraint programming.

2.1 Domain-Independent Dynamic Programming

Dynamic Programming (DP) is a problem-solving method-
ology based on state-based representations. Domain-
Independent Dynamic Programming (DIDP) is a model-
based framework for solving combinatorial optimisation
problems formulated as DP models. One of its strengths is
that DIDP models can be solved using generic solvers, re-
moving the need to implement specialised algorithms for
each DP model. It has recently seen success on combi-
natorial problems, such as single machine scheduling and
TSPTW (Kuroiwa and Beck 2026).

A DIDP model is a state-transition system where a solu-
tion is created by starting with a target state S° and applying
a sequence of transitions until a base state is reached. A suc-
cessor state Sp,] is created from S by applying a possible
transition 7 € T(S) with weight w,(S). The cost of a solu-
tion is the sum of transition weights plus the cost of the base
state, where V(S) maps S to its optimal solution cost and
the dual bound is a lower (upper) bound on V(S) in minimi-
sation (maximisation) problems. Thus, the goal of a DIDP
solver is to compute V' (S?).

While the DIDP framework allows the user to solve
generic DP models, it is limited in its expressivity due to the
restrictions of its declarative modelling language, Dynamic
Programming Problem Description Language (DyPDL).
The Rust Programmable Interface for DIDP (RPID) defines
a DIDP model in terms of Rust functions, allowing the user
to define more complex dual bounds, state constraints and/or
state variables, while also providing a significant speedup
compared to DIDP (Kuroiwa and Beck 2025).

A RPID model uses three interfaces (called traits in Rust)
to describe a DP model: 1) Dp - TargetState() defines
the target state, IsBaseState(S) determines when S is a
base state with cost BaseCost(S), and GenSucc(S) gener-
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ates a set of successors Sy with transition weight w.(S),
2) Dominance - Dominates(S,S’) determines if S domi-
nates S’ to prevent exploring redundant states and 3) Bound
- Dual(S) returns the dual bound.

Using these functions, Equation (1) recursively defines
the value V(S) of a state (for a minimisation problem) as
the minimum value of the successor states and the transition
weight, where Inequality (2) specifies the dominance rela-
tionship and Inequality (3) the dual bound. Thus, solving
Equation (1) provides the optimal solution.

aseCost(S
V(S):{B Cost(S)

min
(w+(8), S[r])EGenSuce(S)

if IsBaseState(S)
wo(S) + V(Sprp) else

(D
2
3

Heuristic Search Heuristic search is a strategy for solving
problems, using a heuristic h(S) to influence which state to
expand. In this work, we use two heuristic search algorithms
implemented in RPID: A* (Hart, Nilsson, and Raphael
1968) and Complete Anytime Beam Search (CABS) (Zhang
1998). In RPID, both A* and CABS use the dual bound as
h(S) and the cost to a node g(S) to guide the search, ex-
panding the node with the minimum f(8S) = g(8) + h(S).
However, as opposed to A*, CABS stores at most b states
with minimum f(S) in each layer (storing at most O(n x b)
states at a time, where n is the branching factor), increasing
b until termination. CABS has shown superior memory use
and ability to prove optimality/infeasibility (Kuroiwa and
Beck 2026) while also providing intermediate solutions.

Pseudocode for heuristic search in DIDP can be seen in
Algorithm 1; it starts with the target state, (heuristically) se-
lecting a state to expand, and generating its successors while
avoiding dominated/redundant states, iterating this process
until a termination condition is met.

V(S) <V(S)
V(S) > Dual(S)

if Dominates(S,S’)

Algorithm 1: Simplified Heuristic Search in RPID

O <« {TargetState()}, £ «+ 0, Primal < oo
while —ShouldTerminate() do
S argmingcp f(S), O + O\ {S}
if IsBaseState(S) then
Primal < min{Primal, g(S)+BaseCost(S)}
continue
for (w-(S), S[r]) € GenSucc(S) do
h(S[[T]]) — Dual(S[[T]])
if f(S[r) < Primal A 38" € € sit.
Dominates(S’,Sfp) A g(S') < g(Sprp) then
O+ Insert(O,S[[Tﬂ), E+EU {S[[T]]}

2.2 Constraint Programming

Constraint Programming (CP) is a paradigm for solving
combinatorial problems in the form of a constraint satis-
faction problem (CSP), represented by the tuple (X,C, D),
where X is the set of variables, C is the set of constraints



specifying the relations between variables, and D is the do-
main which maps x € X to its possible values D(z) C Z.
The goal is to find a solution Z: a mapping of each variable
x € X to a value v, € D(z) which satisfies all constraints.

A CSP can be transformed into a constraint optimisation
problem (COP) by adding an objective function which maps
a solution 7 to a value: 0: Z — Z. The goal is then to find a
solution that minimises (or maximises) this value.

One strength of CP solvers is the use of inference tech-
niques, which prune values from the domains of variables
that cannot be part of a feasible solution. Concretely, con-
straints are represented in the CP solver by one or more
propagators. Thus, a propagator can be seen as a function
p: D +— D’ such that Vo € X : D(x) D D'(z), where a
propagator is at fixed-point if p(D) = D. We define LB(z)
(UB(x)) as the minimum (maximum) value that can be as-
signed to z € X in D. Importantly, propagators are applied
independently, but multiple propagators can be used together
to express complex relationships between variables.

In this work, we use two constraints and correspond-
ing propagation algorithms, which are implemented in CP
solvers such as Pumpkin (Flippo et al. 2024), Huub (Dekker
et al. 2025), and CP-SAT (Perron and Didier 2025):

The Disjunctive constraint (Carlier 1982), states that
a set of jobs should not overlap. Each job has a variable
starting time and a (variable) duration. The most prevalent
propagation algorithm is edge-finding (Vilim 2004), which
reasons over whether scheduling a job ¢ as early (late) as
possible is not possible due to another set of jobs €2 to infer
that 7 should be processed after (before) €2.

The Cumulative constraint (Aggoun and Beldiceanu
1992), states that the cumulative resource usage of a set of
tasks should not exceed the capacity at any time point. Each
task has a variable starting time, a duration, and resource
usage. The most common propagation algorithm is time-
table filtering (Beldiceanu and Carlsson 2002), which rea-
sons about when tasks are guaranteed to consume resources
to infer that another task cannot be processed at these times.

3 Related Work

Combining constraint propagation with dynamic program-
ming was discussed by Hooker and van Hoeve (2018), and
while there has been work in this area, a generic approach for
incorporating constraint propagation with heuristic search in
a model-based way has remained elusive.

Fontaine, Dibangoye, and Solnon (2023) apply propaga-
tion after each solution to tighten time windows when solv-
ing TSPTW using a variation of A* (Vadlamudi et al. 2012).
Additionally, pruning techniques for DP approaches play a
key role in reducing the search space for optimal decision
tree problems (Brita, van der Linden, and Demirovi¢ 2025).
While these approaches apply propagation within DP, their
approach, unlike ours, relies on problem-specific propaga-
tion in a non-model-based approach.

Generic propagation in a DP approach has been ap-
plied by Tanaka and Fujikuma (2012), making use of the
Disjunctive for the 1|r;, d;| > w;T; problem. Their ap-
proach uses the Lagrangian relaxation to generate tight
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bounds based on a network representation, pruning states by
propagating the Disjunctive constraint. However, as op-
posed to our work, they do not use a model-based approach,
limiting the transferability of their techniques.

From a CP perspective, the work by Chu, de la Banda,
and Stuckey (2010) proposes automatic identification and
exploitation of subproblem dominance/equivalence, which
can be used to prune states in a CP solver. In a similar
vein, Smith (2005) proposes to create a representation of a
key based on the (reduced) CP domains for caching. In our
work, rather than adjusting the CP solver by adding domi-
nance/equivalence constraints, we take the natural definition
of dominance/equivalence in a DP model and incorporate
propagation into this framework rather than the other way
around, which means that we are able to more easily inte-
grate with heuristic search using dual bounds.

Furthermore, the work of Perron (1999) transfers heuristic
search to a CP solver. However, they do not leverage the
dominance/duplication detection of the DP model.

Lastly, Fox, Sadeh, and Baykan (1989) proposed a model
for problem solving by combining constraint satisfaction
and heuristic search. However, the main difference between
our work and theirs is that we perform constraint propaga-
tion for search in a generic model-based framework.

4 DIDP with Constraint Propagation

We describe our framework for incorporating constraint
propagation, and, for three problems, we describe the DP
model and the incorporation of constraint propagation.

4.1 Framework

There are many possible architectures for combining
solvers. Part of this space has been explored by the devel-
opment of hybridisations of CP with fields such as Lin-
ear Programming (Beck and Refalo 2003; Laborie and
Rogerie 2016), Satisfiability (SAT) (Ohrimenko, Stuckey,
and Codish 2009; Feydy and Stuckey 2009), and Mixed-
Integer Programming (Hooker 2005). Additionally, there is
extensive work on hybridisation architectures in the con-
text of SAT Modulo Theories (Nieuwenhuis, Oliveras, and
Tinelli 2006). In our initial effort to develop a generic hy-
bridisation of DP and CP, we chose to develop the simplest
interface that would allow a DP solver to exploit the main
technology of CP: constraint propagation.

To this end, we utilise a generic CP solver implement-
ing constraint propagation to provide information to the DP
solver. An overview of the interactions between these two
components can be seen in Figure 1. At its core, the CP
solver provides two pieces of information: 1) when a state

S |
>
is Infeasibl
DP Solver 4 -- _SlsInfeasile CP Solver
. V(S) > DualCP(S)

Figure 1: An overview of the interactions in our framework.



S is infeasible, i.e., dynamically adding state/transition pre-
conditions, and 2) a dual bound DualCP(S). It should be
noted that this information can be determined by any ap-
proach (e.g., decision diagram solvers or linear programs).
To improve usability, we only modify the RPID model
and not the search, by replacing GenSucc(S) in Algorithm 1
with GenSuccPropagation(S, Primal) (Algorithm 2),
and Dual(Sy,7) with max{Dual(Sy,]),DualCP(Sy,, D)}
Algorithm 2 first creates the CP model, which is prop-
agated to obtain D’ and checked for infeasibility us-
ing IsInfeasible(S,D’) and DualCP(S,D’); one ben-
efit of using CP is that D’ can be used to strengthen
the dual bound. Next, successor infeasibility is checked in
IsSuccInfeasible(Sp.p,D’); since D' is valid for any
successor Sy, D' is used in IsSuccInfeasible(Sy.p, D’)
to avoid propagation. In practice, we only initialise X and C
for the target state, and adjust D to represent every state.

Algorithm 2: GenSuccPropagation(S, Primal)

(X,C,D) + CPModel(S)
D' + Propagate(X,C, D)
if IsInfeasible(S,D’) V ¢(S) 4 DualCP(S,D’) >
Primal then

return ()
Successors « ()
for (w-(S), S[r]) € GenSucc(S) do

if ~IsSuccInfeasible(S[,), D’) then

Successors + Successors U {(w(S),Sprp)}

return Successors

4.2 1|’I"i, 51| Z 'wiTi

The single-machine scheduling problem 1|r;, §;| > w;T; is
formulated as follows: given are n jobs J = {jo, - ,jn—1}
which need to be processed on a single machine without
overlapping. Each job ¢ € J has a duration p; € N7, a
release time 7; € N, a deadline d; € N, a weight w; € N,
and a latest possible finish time §; € N.

The goal is to assign a start time s; to each job such that

ri < s; < 8; + p; < §;, minimising the weighted tardiness
> icy wiTi, where T; = max{0,s; + p; — d;}.
DP Model The DP model (adapted from Abdul-Razaq,
Potts, and Van Wassenhove (1990)) schedules one job at a
time. We track the unscheduled jobs U/ and current time ¢ in
S = (U, t). Additionally, we define the next available time
after scheduling 7 as t'(t,7) = max{¢, r;} + p;, the set of
unscheduled jobs for which the time-window is not violated
when scheduled B = {i € U : t/(¢,i) < d;}, and the suc-
cessor state Sp;p = (U \ {i},t'(t,1)).

The Bellman equation is then defined as:

0 ifU =0
ifU # B
min;eg w; X T; + V(Spyp)  else

V(U,t*) <V (U, if t¢ < t® (5)
V(U,t) > > wi x max{0, max{r;, t} +p; — d;} (6)

V(U t) = @)

oo
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Equation (4) states that a state is infeasible if there are jobs
that cannot be scheduled due to time windows. Inequality (5)
states that state a dominates state b if state a schedules the
same jobs as state b but does so in less time. Inequality (6)
describes a dual bound as the sum of tardinesses if all un-
scheduled jobs were started at max{r;,t}.

Constraint Propagation The variables X and domains D
created in CPModel(S) are described in Definition (8); for
each unscheduled job %, a CP variable for the start time is
created, which starts after r; and all scheduled jobs.

The CP constraints C are then defined by Constraint (7),
which uses the Disjunctive to ensure that no jobs overlap.
Disjunctive([s; |1 € U], [p; | i € U]) )
$; € [max{r;, t}, 0; — pi Vield (8)

After Propagate(X,C, D), we use the reduced domains
D’ in DualCP(S,D’) as shown in Inequality (9), which
states a dual bound as the sum of tardinesses of all unsched-
uled jobs if started at LB(s;). Additionally, Equation (10) de-
scribes IsSuccInfeasible(S,, D), where a successor is
infeasible if 7 cannot be scheduled at ¢’ (¢, 7).

VU, t) > > wi x max{0,LB(s;) +p; — d;}
V(S[[T]}) =0

4.3 RCPSP

The Resource-Constrained Project Scheduling Problem can
be formulated as follows: given are n tasks 7 = {to,- -,
t,—1} and a set of resources R, where each resource r € R
has a capacity C,. € N'T. Each task has a duration p; € N'F,
and a resource usage u;,. € N per resource r € R.

The goal is to assign a start time s; € N to each task
such that 1) the cumulative resource usage never exceeds
any resource capacity, and 2) a set of precedence constraints
is respected, as shown in Inequalities (11)-(12) (where H =
Zi o7 Pi). We define the predecessors of task 7 as Pre;. The
objective is to minimise the makespan: max;c7 s; + p;.

> w, <C, Vtel0,H], reR (11)
1E€T 8, <t A s;+p;>t
Si +pi <85 V(i,j) eP (12)
DP Model We introduce a DP model based on scheduling
one task at a time. We keep track of the partial schedule P.S
mapping each scheduled task j to its scheduled start time
PS; (and each unscheduled task to L), and the current time
tin S = (PS,t). We define the set of scheduled tasks S =
{i|ieT:PS;# L} (@dlU="T\S9).

Equation (13) defines ¢'(¢,7) as the earliest time where
1) there is no resource conflict when scheduling 7 and 2)
all of the predecessors of 7 have finished. We then de-
fine the successor state as Sp.p = ((PS \ {(r,1)}) U
{(m,t'(t,7)},t'(t,7)); we also define Makespan(PS, )
max{max;cs{P5S; +p;}, max;cy {t +pi}}, and W(S, 1)
(Makespan(Sp,q,t'(t, 7)) — Makespan(S, t)).

minh € [t, H] s.t. fr € R :

Uy +Zies s 8i<h A si4ps>h Wir = Cy
APre; C{jlj€SNAsj+pj <h}

9)
ift'(t,7) ¢ D'(s,) (10)

t'(t,7) =

13)



The Bellman equation is then defined as:

V(PS.1) 0 itS="T
) = . :
ieugi&gsw(s’ )+ V(Sy) ifS#T
(14)

St =80 A tr <t A
V(8*) < V(8" if S Vi€ S:max(PSY,PSY)
+p; >t — PS* < PSP
(15)

itt'(t,7) +pr <t'(t,7") (16)

V(St1) < V(Sie1)

V(PS,t) > Length(CriticalPath(P,)) 17
Z‘Gu Uy X Di
P > == - 1
VS0 2y | S o

Inequality (15) describes dominance between states a and b;
if they have scheduled the same tasks but a has scheduled all
tasks sooner than b, then ¢ dominates b. Similarly, Inequal-
ity (16) describes a transition dominance using the left-shift
rule (Demeulemeester and Herroelen 1992); if there are two
transitions 7,7’ € T(S), then Sy dominates Sy, if we can
complete task 7 before starting 7'. Inequality (17) states that
V(S) is larger than the length of the longest path through
the precedence graph (i.e., the critical path). Inequality (18)
states an energy-based dual-bound.

Constraint Propagation The variables X and domains D
created in CPModel(S) are described in Definitions (22)-
(24); for each task i, a CP variable s; for the start time is
created, and a CP variable o for the objective is created.
The CP constraints C are defined as: Constraint (19) spec-
ifies the Cumulative which ensures the resource capacity is
not exceeded (where St = [s; | i € U], P = [p; | i € U],
and U, = [u;, | © € U]), Constraint (20) ensures that prece-
dences hold, and Constraint (21) defines the makespan.

Cumulative(St, P,U,,C,) Vr € R (19)
$; +pi <85 Y(i,7) € P (20)
s; +pi <o < Primal Vield (21)
s; = PS; Vje S (22)
s; € [t, H — p;] Viel (23)
o€ 0,H| (24)

After Propagate(X,C,D), we use the bounds D’ in
DualCP(S,D’) as described in 1) Inequality (25), which
specifies a lower-bound on the makespan based on the
earliest completion time (Vilim 2009), and 2) Inequal-
ity (26), which states that the makespan of a state is at
least as large as the maximum latest finish time of the
unscheduled tasks. Additionally, Equation (27) describes
IsSuccInfeasible(Sp.,D’), where a successor is not
feasible if task 7 cannot be scheduled at time ¢’ (¢, 7).

Cr minLB(s;)+ Y (wirXpi)
1€EQ ieQ

V(S) 2 max glg;g{ o } (25)
V(PS,t) > max;es{LB(s;) + pi } (26)
V(Sprp) = o0 it (t,7) ¢ D'(s,) (27)
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44 TSPTW

The Travelling Salesperson Problem with Time Windows
can be formulated as follows: given are n locations C =
{lo, -+ ,ln,—1} which need to be visited, with a travel time
¢;j € N between locations ¢ and j. Each location 7 needs to
be visited within [r;, 6;]; if the salesperson arrives at location
1 before r; then they wait until time r;. We define cjj as the
shortest travel time between location ¢ and j.

The goal is to determine the order in which to visit the
locations, starting and ending at the depot [y while visiting
each location besides the depot exactly once, such that the
total travel time is minimised (excluding waiting times).

DP Model The DP model (Kuroiwa and Beck 2026) is
based on visiting one location at a time. We track the unvis-
ited locations U, current location /, and current time £ in S =
(U,1,t). Additionally, we define ¢'(4, j) = max{t+c;;,r;},
Sy = UN{G} 5,1 (1,9), 0 ={j|j €U = t+cj; > 45,
MinTo(l) = min;ec:ix; cir, MinFrom(l) = min;ec.ij ciis
and R; = {] €U|t+cij < (Sj}
The Bellman equation is then defined as:

00 ifO#£0
V(S) =< cao ifU =0 (28)
minjeg, ¢j + V(S[[j]]) else

VU, te) < VU, tp)

MinTo(lp) + ;e MinTo(i)
MinFrom(l) + ), ., MinFrom(i)

ift, <ty (29)

vw¢w>{ (30)
Inequality (29) states that state ¢ dominates state b if 1) they
have visited the same locations, 2) are at the same current
location, and 3) the current time of state a is earlier than the
current time of state b. Inequality (30) uses the minimum
travel time fo an unvisited location ¢ from another location
and the minimum travel time from an unvisited location 7 to
another location to calculate a dual bound on S.

Constraint Propagation The variables X and domains D
created in CPModel(S) are described in Definitions (33)-
(35); for each unvisited location ¢, a CP variable s; for the
arrival time and time to next location p; is created, where the
bounds on p; can be tightened if 3j € ¢/ \ {i} : LB(s;) >
UB(s;), signifying that the depot cannot be visited from 4.
Additionally, a CP variable o for the objective is created.
The constraints C, a relaxation of TSPTW, are defined as
1) Constraint (31) stating that no locations can be visited si-
multaneously, and 2) Constraint (32) defining the objective.

Disjunctive([s; |[i € U U{l}],[p:i |t €U U{l}]) (31)
0= ZZ_GC p; < Primal (32)
s; € [max{t,r;},d;] VieUU{l} (33)
pi € {cijlj € UULlo}) \{i} Acij # 00} Viel Uéi];
(35)

After Propagate(X,C,D), we use the bounds D’ in
DualCP(S,D’) as described in Inequality (36), which states

o0 € [0, max;ecy 0; + cio



that a dual bound is the sum of the lower bounds of the
travel times inferred by constraint propagation. Additionally,
Equation (37) describes IsSuccInfeasible(S),D’),
where visiting 7 next is infeasible if its arrival time or the
travel time from the previous location is not possible.

V(Z/{, l> t) > Zieuul LB(pi) (36)
V(S[) =00 ift'(I,7) € D'(s;) Var ¢ D'(pr) (37)

S Experimentation

Our aim is to empirically show the impact of constraint prop-
agation on the number of state expansions and runtime when
integrated with a DP solver. For all three problems, we show
that constraint propagation reduces the search space. For
1lrs, 6;1 - w;T; and TSPTW, we show that it is especially
effective for tightly constrained instances.

5.1 Experimentation Setup

The experiments are run single threaded on an Intel Xeon
Gold 6248R 24C 3.0GHz processor (Delft High Perfor-
mance Computing Centre 2024) with a limit of 30 minutes
and 16GB of memory. We use the following benchmarks:

e 1|ri, 85| S, w;T; - We generate 900 instances according
to Davari et al. (2016). The instances contain 50 jobs with
duration p; € [1,10], release date r; € [0, 7P] (where P
is the sum of durations), deadline d; € [r; + p;, ; + p; +
pP), latest finish time 0; € [d;, d;+¢ P}, and weight w; €
[1,10]. We generate 10 instances for each combination
of 7 € {0,0.2,0.4,0.6,0.8,1}, p € {0.05,0.25,0.5},
¢ €{0.9,1.05,1.2,1.35,1.5}.

¢ RCPSP - We make use of the 480 J90 instances from
PSPLIB (Kolisch and Sprecher 1997).

e TSPTW - We consider instances used by Lopez-Ibafiez
et al. (2013), excluding too easy/difficult sets or sets with
fractional distances; resulting in 130 instances by Gen-
dreau et al. (1998) and 50 instances by Ascheuer (1996).

We use Pumpkin (Flippo et al. 2024) for propagation, and
CABS and A™ of RPID 0.3.1 for the DP-based approaches.
The code and models are in the supplements. We evaluate
the following approaches (only considering generic model-
based approaches, not problem-specific ones, to gauge the
benefit of propagation in general-purpose DP solvers):

* A*/CABS - The RPID model using A* or CABS.

* A*/CABS+CP - The RPID model using A* or CABS
with constraint propagation; the propagators are executed
once per state. We also considered fixed-point propaga-
tion, but the computational cost was too high to be able
to compete with other methods.

* ORT - Uses MiniZinc 2.9.2 with OR-Tools CP-SAT
9.12 as solver (using free search, causing the solver to
make use of a portfolio approach); included in the com-
parison as a reference state-of-the-art constraint-based
solver. The CP model descriptions are in Appendix B.
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(b) 1|ri,0;| > w;T; instances solved compared to time. Our ap-
proach solves the most instances.

Figure 2: Number of 1|r;, §;| > w;T; instances solved com-
pared to the number of state expansions and time.

Experimentation Summary Overall, constraint propaga-
tion significantly prunes the search space for all prob-
lems. For 1|r;, 6;] > w;T;, RCPSP, and tightly constrained
TSPTW problems, our approach solves more instances than
the DP approach while using considerably fewer states. The
runtime performance indicates that further work on reducing
propagation time is warranted.

5.2 1|’l“i, 61| szT’z

Starting with 1|r;, 0;] > w;T;, Figure 2a shows that our
approach solves significantly more instances using fewer
states than the baseline versions, exhibiting the effectiveness
of constraint propagation. This effectiveness is confirmed
by Appendix A.l, which shows that our approach guides
the search to better solutions in fewer expansions. While
A*+CP initially solves more instances, it plateaus sooner
than CABS+CP, ultimately solving fewer instances.

Looking at the number of instances solved over time,
Figure 2b shows that the best performing approach is
CABS+CP, which proves optimality for three more in-
stances and infeasibility (at the target state) on thirteen more
than CABS. Interestingly, CABS+CP only overtakes CABS
in the number of instances solved after 500 seconds, show-
ing the impact of propagation overhead. Moreover, the lack
of instances solved by OR-Tools indicates that it is our com-
bination of DP with propagation that works well.

Parameter Analysis An overview of the number of in-
stances solved across values of ¢ (where a lower value
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Figure 3: Number of 1|r;, d;| > w;T; instances solved over
¢. The marked parts are instances proven infeasible and the
unmarked parts are instances proven optimal. Our approach
solves the most instances when they are tightly constrained.

means that the instances have tighter latest finish times), can
be seen in Figure 3. It shows that CABS+CP outperforms
CABS on constrained instances where ¢ is small(er), indi-
cating that the constraint propagation prunes well when in-
stances are tightly constrained. Furthermore, the number of
solved instances decreases as ¢ increases for all approaches,
but the rate of decrease differs. Specifically, when ¢ < 1.05,
CABS+CP outperforms CABS in terms of instances proven
infeasible and optimal, but for instances where ¢ > 1.2,
CABS is equal to or outperforms CABS+CP.

5.3 RCPSP

Considering RCPSP, Figure 4a shows that constraint prop-
agation increases the number of instances solved per state
expansion considerably for CABS, exhibiting that constraint
propagation is crucial when using a state-based approach for
RCPSP. Appendix A.2 indicates that constraint propagation
provides the most benefit when proving optimality.

Additionally, Figure 4b shows that CABS+CP solves
more instances per second than CABS alone. Since A*(+CP)
rarely finds primal bounds, which are key for pruning, it
falls behind CABS(+CP). OR-Tools is the best-performing
solver, possibly due to its depth-first backtracking search be-
ing well-suited for the problem. Nonetheless, A*/CABS+CP
provide better primal and/or dual bounds than OR-Tools on
70 instances (as shown in Figure 11 of Appendix A.2).

5.4 TSPTW

Turning to TSPTW, Figure 5a shows that constraint propaga-
tion decreases the number of solved instances due to a lack
of pruning. This observation is demonstrated in the number
of solved instances per state expansion of both A*/A*+CP
and CABS/CABS+CP overlapping, likely due to instances
being too loosely constrained to make inferences. This ob-
servation is further corroborated by Appendix A.3.

This effect is also reflected by the number of instances
solved over time in Figure 5b, which shows that adding con-
straint propagation results in an increase in solving time.
However, the worst-performing approach is OR-Tools.

Parameter Analysis To determine the impact of in-
stance constrainedness, we investigate parameterised in-
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(b) RCPSP instances solved compared to time; our approach out-
performs the DP baseline, but the best-performing approach is CP.

Figure 4: Number of RCPSP instances solved compared to
the number of state expansions and time.
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Figure 5: Number of TSPTW instances solved compared to
the number of state expansions and time.
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Figure 6: Number of solved TSPTW Rifki and Sol-
non (2025) instances across «. The marked parts are in-
stances proven infeasible and the unmarked parts are in-
stances proven optimal. The lower plot uses an extended set
of instances to show 1.0 < a < 1.5. Our approach solves
the most instances when they are tightly constrained.

stances (not part of the previous set) introduced by Rifki
and Solnon (2025) where n = 31. For these instances,
a low « indicates that many locations need to be vis-
ited relative to the horizon, while a low [ means that
time windows are tight. We consider two sets: 1) a gen-
eral set of 135 instances where we select three instances
per combination of « € {1.0,1.5,2,2.5,3} and 8 €
{0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9, 1}, and 2) a set of 540
instances where we select ten instances per combination of
a€{1.0,1.1,1.2,1.3,1.4,1.5} and the same values of .
Figure 6, shows that for a« < 1.2, CABS+CP outper-
forms all other approaches. Examining Figure 7, shows that,
when 1.0 < a < 1.5, the number of instances solved per
state expansion is significantly increased compared to Fig-
ure 5a. This effect can be explained by CABS+CP reduc-
ing the number of states by orders of magnitude compared
to CABS (Figure 8), where especially infeasible instances
benefit from constraint propagation. Overall, the DP-based
methods solve fewer instances as « increases, but the rate of
decrease differs, causing CABS to outperform CABS+CP
when o > 1.2. Interestingly, OR-Tools proves optimality on
the most instances, likely due to 1) lower memory usage, and
2) stronger propagation (using Circuit (Lauriere 1978)).

6 Conclusions and Future Work

We have presented a framework that integrates constraint
propagation into a DP solver, and implemented it in the
modelling of DIDP. Our approach combines the strengths of
heuristic guidance and dominance/duplicate detection of DP
with the inference techniques of CP. Our evaluation on three
combinatorial optimisation problems shows that adding con-
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Figure 7: Number of solved TSPTW Rifki and Sol-
non (2025) instances (1.0 < o < 1.5) over state expansions.
Our approach solves the most instances per expansion.
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Figure 8: Comparison of state expansions on TSPTW Rifki
and Solnon (2025) instances (1.0 < « < 1.5). Our approach
reduces the number of expansions by orders of magnitude.

straint propagation significantly increases the number of in-
stances solved per state expansion, solving more instances
than a DP solver alone for 1|r;, ;| > w;T;, RCPSP, and
tightly constrained TSPTW instances. As for runtime, the
benefit of propagation outweighs the cost for tightly con-
strained instances, but work into reducing propagation time
could improve performance further. In our in-depth anal-
ysis, we vary 1|r;,0;] > w;T; and TSPTW instance con-
strainedness, showing that propagation performs well when
instances are highly constrained. Our work is a key step
in understanding the value of constraint propagation in DP
solvers, providing a model-based integration of DP and CP.

Our interface is generic, allowing future work to inves-
tigate the integration of DP solvers with other techniques
besides CP. Another strength of our framework is the sim-
plicity of the interface; similar to SAT Modulo Theories
architecture, the interface could be enriched to investigate
the impact of additional information on the DP solver. An-
other direction is to explore what is represented in the CP
model, e.g., the DP model could be a relaxation, while the
CP model contains the absent elements of the DP model. Fi-
nally, we experimented with reducing propagation overhead
but obtained inconclusive results, warranting further work
into, e.g., reducing redundant work introduced by jumping
between states, or by determining when to propagate.
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