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Abstract

Hierarchical Task Network planning is (in)famous for offer-
ing great modeling power but making plan existence undecid-
able. To lift the computational barrier, it is common to enforce
orders between all tasks, which allows for an EXPTIME com-
putation. We show that the opposite extreme, using no order-
ing constraints, reduces complexity further to PSPACE. This
unites benefits of STRIPS and HTN planning in a single for-
malism: It matches the complexity of STRIPS planning while
provably giving modelers more expressive power. We observe
the same benefit for more, partially new, planning formalisms
along the way to the main result. This motivates that these
formalisms have similar merit on their own.

1 Introduction

A planning formalism defines a format users can use to input
planning problems into a planner. Naturally, there are two
opposing perspectives: (1) The planner prefers a description
that is easy to solve. This is usually realized through strong
restrictions. A widely used example is STRIPS (Fikes and
Nilsson 1971). Here, actions are restricted to trivial condi-
tions and effects on propositional states. (2) Users desire
more flexibility to express a problem in a concise way. A
prominent example, providing more flexibility, is Hierarchi-
cal Task Network (HTN) planning (Erol, Hendler, and Nau
1996) which allows the user to constrain plans through a hi-
erarchical task structure.

HTN planning can be useful for encoding knowledge,
or problems, that are impossible or difficult to encode in
STRIPS planning (Wichlacz, Torralba, and Hoffmann 2019;
Jamakatel et al. 2023). But, its expressiveness comes at
a cost. Deciding if there exists a plan is undecidable for
HTN planning (Erol, Hendler, and Nau 1996), whereas it
is just PSPACE-complete for (propositional) STRIPS (By-
lander 1994). It is clearly desirable to have a formalism
that combines both benefits, i.e., it remains computation-
ally tractable while offering greater modeling flexibility. A
good example, showing that this is possible, is totally or-
dered HTN planning, which imposes an order between all
tasks. The restriction still allows modeling a meaningful hi-
erarchical structure, but drops the complexity of plan exis-
tence to EXPTIME (Erol, Hendler, and Nau 1996). The drop
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in complexity reflects in empirical results. E.g., the results of
the HTN track in the latest International Planning Competi-
tion (Taitler et al. 2024) show a clear gap between the ability
to solve totally ordered versus partially ordered problems.

In this paper, we consider the opposite extreme. We show
that unordered HTN planning, which does not allow any
ordering constraints, reduces the complexity of plan exis-
tence to PSPACE. To reach this result, we reconsider a frag-
ment of numerical planning for which Helmert (2002) es-
tablished decidability. We improve the result by showing
that plan existence in this fragment is PSPACE-complete.
To connect unordered HTN planning to the numerical plan-
ning fragment, we introduce three new planning formalisms
that add constraints on STRIPS plans through: (1) Linear
Constraints, (2) Presburger formulas and (3) Counting con-
straints over context-free grammars. They allow establish-
ing PSPACE membership by a chain of encodings from un-
ordered HTN planning through the formalisms (3) to (1),
ending in the numerical fragment. Hardness follows from
the fact that these formalisms extend STRIPS.

The decreased complexity is desirable for solving tasks,
but only guarantees that there is a problem representation
that captures one plan. A natural encoding, a modeler would
create to reflect the real world, would capture all plans. To
measure if all plans can be represented, we use a language
analysis (Holler et al. 2014; 2016; Lin and Bercher 2022).
Our results show that unordered HTN planning, as well as
the other four analyzed formalisms, can express classes of
problems that STRIPS cannot. Since finding a plan in these
formalisms remains in PSPACE, while allowing to model
more problems, they may serve as reasonable alternatives
when STRIPS is too restrictive. This motivates further re-
search on these formalisms, in particular on unordered HTN
planning, to better understand their advantages and how they
can be used effectively. We conclude with a discussion that
outlines why making use of these theoretical advantages ap-
pears feasible in practice.

2 Background

Numerical (and Classical) Planning We closely follow
Helmert (2002) to introduce numerical planning. We keep
the introduction to one fragment we coin bounded counter
(BC) numerical planning. Here, variables act as counters
that can be incremented/decremented by a constant. The



goal conditions can bound a variable with a constant, or
one other variable. But, there are no numerical precondi-
tions. In Helmert’s notation this would be the formalism
(C¢,3,E..) where C¢ := C. u C_ combines the rational
functions

C.={zrmz-clceQ}and C. = {(z1,22) » 1 — 22}

Definition 2.1 (Numerical Planning Problem). A BC nu-
merical planning problem 11 = (Vp,Vy, Init, Goal, Ops)
consists of: The propositional variables Vp and numerical
variables Vi, which are disjoint finite sets. The states .S are:

S={(a,B8) |a:Vp > {L,T}, B: VN > Q}.

For each state (v, 8) € S, s called propositional state. The
set of all propositional states is denoted by S,. [ is called
numerical state. The set of all numerical states is denoted by
Sa. Init = (it Bnat) 18 a state, called initial state.

A propositional condition is a propositional variable
v € Vp denoted by v = T. A numerical condition is
f(vy,...,v,) relop O where vy, ...,v, € Vi are numerical
variables, f € C¢, and relop € {=,<,<,>,>, #}.

A propositional effect is v < t for a propositional vari-
able v € Vp and a truth value t € {T,1}. A numerical ef-
fect is v < v + ¢ for a numerical variable v € Vjy and con-
stant ¢ € Q. Here v is called assigned variable. An opera-
tor o = (pre, eff ) consists of two finite sets pre and eff,
where: pre contains propositional conditions (and no numer-
ical conditions) and eff contains propositional effects effp
and numerical effects eff, with pairwise distinct assigned
variables. Ops is a finite set of operators. The goal condi-
tion Goal is a finite set containing propositional and numer-
ical conditions.

Note that propositional STRIPS (Bylander 1994) matches
BC numerical planning without numerical variables.

Definition 2.2 (STRIPS Planning). A BC numerical plan-
ning problem IT = (Vp, Vi, Init, Goal, Ops) with Vy = &
is called STRIPS planning. The set of all STRIPS planning
problems is STRZIPS.

We start to define propositional plans only, following the
standard notation by Hoffmann and Nebel (2001).

Definition 2.3 (Propositional Plans). For numerical plan-
ning problem IT = (Vp, Vv, Init, Goal, Ops), operator o =
(pre, eff ) € Ops is applicable in propositional state o € S,
iff a(v) = T for all conditions v € pre. In this case the propo-
sitional successor replaces the truth assignments of « by eff:

progr(a,0) ={v—tea|lv <t ceffp}ueffp

Otherwise progr(«, 0) is undefined.

The repeated application progr(progr(a,o01),...,0,)
of operator sequence w® = o01,...,0, is denoted by
progr(a, 01, ...,0, ). If w reaches o’ := progr(a, o1, ...,0p)
from Init = (a, ) so that o’(v) = T for all conditions
v € Goal, then 7 is a propositional plan. A propositional
plan for a STRIPS planning problem is also just called plan.

We now add the numerical progression for BC numerical
planning (Helmert 2002, Alg. 22). The result is computed
by accumulating all increments per variable.
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Definition 2.4 (BC Progression). Let a BC numerical plan-
ning problem II = (Vp, Vi, Init, Goal, Ops), an operator
sequence T = 01, ..., 0, applied in numerical state 3 reaches
numerical state progr(3, ) := 8’ defined as 5'(v) = B(v) +
Yief1,...,n} ey (0;) for v € Viy. Here, incr, (0) = c € Qif
operator o has an effect v < v + ¢, and 0 otherwise.

Let 7 be an operator sequence and 3" = progr(Smit, 7). ™
is a plan for 11 if it is a propositional plan and every numer-
ical goal condition f(v1,...,v,,) relop 0 € Goal is satisfied
in 3, ie., f(B'(v1),...,0 (vy)) relop 0 is true.

We define progr(s,m) = (progr(a, ), progr(8,m)) for
state s = («, 3). The set sol(IT) consists of all plans in II.

Unordered HTN Planning We introduce HTN planning
like Geier and Bercher (2011), but remove all ordering rela-
tions to make it unordered. In turn, our formalism does not
consider method preconditions. This fits: The IPC semantics
(Holler et al. 2020) define method preconditions through an
ordering relation at the beginning of a method’s task network

Definition 2.5 (Unordered HTN planning problem). An un-
ordered HTN planning problem 113, = (I1,H), consists of a
STRIPS planning problem IT = (Vp, Vi, Ops, Init, Goal)
and the hierarchy H = (¢nr, M,C) modeling hierarchical
restrictions to operator solutions. C is the finite set of com-
pound tasks. The finite set of operators Ops is also called
primitive tasks. A task network tn = (T,«) consists of a
finite set of task IDs T and amap a.: T' - Ops uC.

A method m = (c¢p,,tny,) can replace a compound task
¢m € C with the tasks from task network tn,,, = (T, ).
In particular, m defines a relation —,, between task net-
works. tny —,, tns holds for tny = (71, 1) and tno, iff
there exists a task identifier ¢id € T} such that ay (tid) = ¢y,
a bijection o : T,, — T’, where T" is a set of fresh task
identifiers not in T3, and ¢ns is constructed as:

tng = (Ty ~ {tid} o (), a1 N {tid = ¢y } U o toan)

M denotes the set of all methods in II,. The relation — x4
is the union of all relations —,, for m € M. Its transitive
closure is denoted by -’ ;. A task network (7', «) is called
primitive iff all of its tasks 7" are primitive. The solution set
of the hierarchy H are the primitive task networks that can
be derived by decomposition from the initial task network:

sol(H) := {tn | tn; =, tn,tn is primitive}

A linearization of a primitive task network is an arbitrar-
ily ordered sequence of all elements «(tid) for tid € T. A
solution to an unordered HTN planning problem is a primi-
tive task network obtained by decomposing tny, which has
a linearization that is a propositional plan, i.e.:

sol(Ily ) = {tn € sol(H) | Im € sol(II) :
7 is a linearization of ¢n}

HT Ny is the set of all unordered HTN planning problems.

Context-Free Grammars, Linear Constraints, and Pres-
burger Formula We now introduce what we will use in
the next section to express constraints on plans.



Definition 2.6 (Context-Free Grammar). A context-free
grammar (CFG) G = (N, X, S, R) consists of a finite set of
non-terminals N, a finite set terminals ¥, disjoint from N,
the start symbol S € N and a finite set of production rules
R. A production rule is of the form A - «; |...| o, Where
A € N is a non-terminal and all o, ..., € (N UX)* are
finite sequences of terminals and/or non-terminals.

The language of GG are all words derived by repeatedly
applying production rules until only terminals remain.

Definition 2.7 (Grammar Language). For a CFG G =
(N,X,S,R), a sequence s = $p81...8, € (N U X)* can
derive a sequence t € (N U X)*, denoted s = ¢, by re-
placing some symbol s; for i € {0, ...,n} with «; for some
j e {1,...,m} from a production rule s; > a1 | -+ | ap, in
R. The relation =" is the transitive closure of =. A word
(or string) is a sequence over X*. The language generated
by G, denoted L(G), is the set of all words derived from S

L(G)={weX"|S="w}.

We define linear constraints following Papadimitriou
(1981). In our notation N includes 0.

Definition 2.8. Linear constraints I = (M, v) are a com-
bination of a matrix M € Z"™ and a vector v € Z™. The
solution set of L is sol(LL) := {z e N” | Mz = v}.

We define existentially quantified Presburger formu-
las following Seidl et al. (2004) and Verma, Seidl, and
Schwentick (2005). Intuitively speaking, Presburger con-
straints are linear constraints extended with disjunctions,
where all constants are written in unary. E.g., 3is 1 +1 + 1.

Definition 2.9 (Presburger Formula). A Presburger formula
¢ over variables X = {x1, ..., x, } is a string derived from the
CFG with start symbol ¢ and production rules:

x>z | |xn, t-0]|1|2]|(+1),

on = (t=t) | (t<t) | (on AdN) [ (dn Vv oN) | (F2: dn)

Here, z, t, and ¢ are non-terminals, while all other sym-
bols are terminals. The derived string, i.e. the Presburger for-
mula ¢, expresses a first-order logic formula with constants
0, 1 and variables x1, ..., x, that can be interpreted over
the structure (N, <, +). Formally, variables are assigned val-
ues via a substitution o: X — N. If the resulting ground for-
mula is satisfied, we write o = ¢. The solution set sol(¢) :=
{0: X - N| o = ¢} contains all substitutions satisfying ¢.

3 New Planning Formalisms

We introduce new planning formalisms to step-wise trans-
form unordered HTN constraints to alternative plan con-
straints, until we reach BC numerical planning. All con-
straints are w.r.t. operator counts in a plan. This is motivated
by the fact that in unordered HTNs only the counts of tasks
in a task network matters. We count terminals in a word us-
ing Parikh (1966) vectors:

Definition 3.1. Let X be a finite set of terminals. The Parikh
vector W(w) of a sequence w = ejes...ep,| Over terminals
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% is a vector in NI¥I, where each entry ¥(w); at position
i€ {1,...,|X|} counts the occurrences of a terminal, i.e.:

wl (1, if id(e;) =i
<w<w)>i:2{1’ {id(e)

i1 10, otherwise

for some unique bijective mapping id : ¥ — {1, ..., |%|}. For
e € ¥ we represent (W(w))iq(e) With shorthand (¥ (w))e.

In the context of planning problems the terminals ¥ =
Ops are its operators. Thus, a Parikh vector contains one en-
try for the count of each operator. This matches the solution
vector of a linear constraint over operator counts. We use
this observation to introduce the first formalism.

Definition 3.2. A STRIPS planning problem with linear
constraints 11, = (II,1L) consists of a planning problem
IT = (Vp, Vy, Init, Goal, Ops) and an linear constraints L
with |Ops| columns. The plans for ITj, are:

sol(ITy,) := {m e sol(II) | ¥ () e sol(LL)}

The set of all STRIPS planning problems with linear con-
straints is denoted by LZN.

Linear constraints are closely related to the goal con-
straints in BC numerical planning. But it is cumbersome to
express disjunctions in linear constraints. Therefore, the next
planning formalism constrains operator counts by a Pres-
burger formula. We assign a variable to each operator, rep-
resenting its count.

Definition 3.3. A STRIPS planning problem with Pres-
burger constraints I1, = (II, ¢) consists of STRIPS planning
problem IT = (Vp, Vi, Init, Goal, Ops) and Presburger for-
mula ¢ over variables X 2 Ops. The plans for I are:

sol(I,) := {7 e sol(II) | 3o € sol(¢)
Yoe Ops: VU (m),=0(0)}

The set of all STRIPS planning problems with Presburger
constraints is denoted by PRESBURGER.

The last formalism constrains plans through terminal
counts in words derived from a CFG. Verma, Seidl, and
Schwentick (2005) show that these constraints can be ex-
pressed in Presburger Formulas. At the same time, gram-
mars are closely related to (unordered) HTNs (PantGckova,
Ondrc¢kova, and Bartak 2023; Lin et al. 2023).

Definition 3.4. A STRIPS planning problem with grammar
amount constraints Il = (II, G) consists of STRIPS plan-
ning problem IT = (Vp, Viy, Init, Goal, Ops) and context-
free grammar G with terminals Ops. The plans for I are:

sol(Tlg) :={mesol(Il) | AL € L(G) : ¥(x) = U(L)}

GAMOUN'T is the set of all STRIPS planning problems
with grammar amount constraints.

4 PSPACE-Completeness

In the following we prove PSPACE-completeness for the in-
troduced planning formalisms. Hardness is trivial as all for-
malisms extend STRIPS planning. We establish membership
by providing a PSPACE algorithm for a numerical planning
fragment and then creating an encoding chain that ends in
unordered HTN planning.



4.1 The Backbone: BC Numerical Planning

Helmert (2002) shows that plan existence in BC numeri-
cal planning is decidable'. The proof establishes an upper
bound on the plan length. In the following we adapt the proof
idea to establishing a tighter bound. The proof starts by con-
sidering a propositional plan which can be extended to a BC
numerical plan by inserting propositional cycles.

Propositional cycles capture action sequences that start
and end in the same propositional state. Simple propositional
cycles visit no propositional state twice.

Definition 4.1. A propositional cycle ¢ = («.,7m.) con-
sists of a propositional state . and an operator sequence
Te = 01,...,0p, SO that o, = progr(ag,m.). ¢ is called
simple propositional cycle if for all ¢ € {1,....n —1},j €
{i+1,...,n}:progr(a,o1,...,0;) # progr(c,o1,...,05).

We say c occurs in an operator sequence 7 if there are
(potentially empty) operator SEqUENCeS Ty fore, Tafter SO
that 7 = Tvefores Tes Tafter and pmg?"(aIm‘t» 71-befoa"e) = Q.
Let mpefore be the smallest operator sequence such that
T = Thefores Te, Tafter- We say that we remove c from «
resulting in 7’ = Tpe fore, Ta fter, Written as ™ © ¢ =: 7', Fur-
ther, we say that we insert c into 7’ resulting in 7, written as
' @ c = . If such Thefores Tafter dO NOL €XiSt, ¢ can not be
inserted in 7. If there is no cycle c¢ so that c occurs in 7, 7 is
acyclic. We denote the empty cycle for the empty operator
sequence € with ¢ = (arpit, €).

We now construct the propositional plan that is extended
to a BC numerical plan and make two additional observa-
tions. Addition (2.) bounds the plan length before inserting
cycles. Addition (3.) is needed to bound the number of cy-
cles insertions with linear constraints in the next proof step.

Lemma 4.2. [f there exists a plan 7 in BC numerical plan-
ning problem 11, there is a propositional plan 7' in 11 and
simple propositional cycles ¢, ..., cl, so that:

1. '®c&..oc, is a BC numerical plan

2.« consists of at most 2lVel 4 olVel . olVP| operators
3. Eachc} forie{1,...,n} can be (directly) inserted into 7’

Proof. We construct 7’ from 7 by removing simple propo-
sitional cycles and only reinserting removed cycles if they
visit a new state which is not visited before.

We start defining the removal: Let 7, ..., 7, be operator
sequences and cy, ..., ¢, simple propositional cycles so that:
mo = m, ™, is acyclic, and for ¢ € {1,....,n}: m; = m_1 ©
c;. This exists as any operator sequence is either acyclic, or
there occurs a simple cycle in the operator sequence.

We now define the reinsertion: Let wisits(o,m) =
{progr(a,opi,....,op;) | i €1,...,k}u{a} denote the propo-
sitional states operators sequence m = o0pi,...,0pk Visits
from propositional state «. Let 7],,..., 7, be a sequence
so that 71, = m, and for ¢ € {0,....,n - 1}: m, = 7}, if
visits(Qrnit, i) S visits(c;) and w) = 7w, 4 & ¢; other-
wise.

The insertion is always possible, as cycles are reinserted
in reverse order. This ensures that if one cycle was removed

'The result is stated for (C., @, Ex.) and (C-, @, Ex.), but the
proof directly applies to (C<, @, E..), i.e., BC numerical planning.
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from inside another, the outer cycle is added first, or another
cycle is added instead, which visits the insertion point.

We show that setting 7’ = 7, proves the claim.

7, is a propositional plan: 7, is created by only adding
and deleting propositional cycles from propositional plan 7.

7 consists of at most 2/V7! + 2IVel . 2lVrl operators: )
extends 7,,, which contains < 2!V operators as it is acyclic.
Each increase is by at most 2lVel operators, as it adds each
one simple propositional cycle. An increase occurs at most
2IVrl times (when ] # 7/_,), as there must be one of < 2/V7!
states that 7, visits but 7r,_; does not.

Choose ¢ = ¢; if 7 = m;_1 and ¢} = ¢, fori € {1,...,n}.
Then, 7* = 1 @& | &...®c}, is a BC numerical plan: 7* con-
tains the same operators as 7 as the cycles are either rein-
serted by the choice of ¢} or the construction of 7’. This
means 7 creates the same numerical state as 7, on top of it
being a propositional plan, making it a BC numerical plan.

¢t can € {1,...,n} can be inserted into 7’: ¢} occurs
in 7 and thus can be inserted in 7. As wvisits(qypit, T) =
visits(arnit, ) ), it can also be inserted in 7).

O

To make use of linear constraints, we additionally assume
that all goal states have variable values > 0, like solutions in
linear constraints.

Definition 4.3. We refer to BC'* numerical planning for the
subset BCNUM™ of BC numerical planning problems IT =
(Vp, VN, Init, Goal, Ops) where the goal Goal € {v > 0 |
v € Vi } forces all numerical values to be > 0 in a goal state.

We will now upper bound the plan length in BC* numer-
ical planning using Lem. 4.2.

Lemma 4.4. There exists a polynomial function p : N - N
so that for any solvable BC* numerical planning problem 11
with encoding size ||T1|| there is a plan consisting of at most
2p(I[TID) operators.

Proof. Letn’,c},n be defined as in Lem. 4.2. We prove that
there are choices for ¢, ..., ¢;, so that the number of distinct
cycles n. in ¢, ..., ¢!, and the number n,. of times each such
cycle is repeated are bounded by 2r' (M) for some polyno-
mial p’ : N > N. By Lem. 4.2 we know that there are at most
Vel 4 olVel. olVPl operators in 7', Further, there are at most
2lVrl operators in each simple propositional cycle . Le., the
plan length of 7’ @ ¢} ® ... ® ¢, is at most:

olVel 4 olVel olVel 4y .y . olVPI

Distinct Cycles (n.): Let ¢ = (ae,7.) and d = (ag, mq)
be propositional cycles that can be inserted in a sequence
of operators 7 so that my is a permutation of m.. Then,
progr(Q iz, ™ & 7e) = progr(Qp, ™ @ my), as the propo-
sitional part of the resulting state is ar,;; and permutations
lead to the same numerical state (addition is commutative).

Thus, w.l.o.g., we can assume that cf, ..., ¢j, contains no
¢ = (ae,mer) and c; = (Ckc;_,’frc;_) such that ¢} # c;» and 7/
is a permutation of e, (Otherwise we were able to replace

c;- with ¢;.) The number of operator sequences of length at



most 21V" 3 up to permutation, is upper bounded by the num-
ber of multisets over Ops with at most 2IV"I elements. That
is: n, < (21VP1)Ops| = 9lVelOps|,

Cycle Repetitions (n,.): To determine the maximum num-
ber of times a cycle needs to be repeated, we adapt the con-
straints used by Helmert (2002, Alg. 22, part 3). We deter-
mine the values 5'@) for all v € Vi for the state 3’ obtained
by applying 7’ @ ¢} ® ... ® ¢, to Bt as:

where 7’ = 04,...,0,,, we reuse the notation of Def. 2.4,
and extended it by A,(c) = Yicq1,. 5} inery(op;) to de-
note the change in variable v after applying propositional
cycle ¢ = (o, (op1, ..., 0px ) ). We consider 3'(v) for v e Viy
and z, fori € {1,...,n} as constraint variables and add nu-
merical goal constraints, over 5'(v). Helmert (2002) also
adds constraints z» > 0 for ¢ € {1,...,n}. We can omit
this constrain by Lem. 4.2 (3.). Thus, we only consider
< [V|+|Goal| constraints and < |Viy| +2/V7HOPsl constraint
variables that can be transformed into linear constraints. Pa-
padimitriou (1981) shows that all solution values, including
the cycle repetitions n,., are upper bounded by 2r' (M) for a
polynomial p’ : N — N. A detailed conversion and construc-
tion of p’ is provided in the Appendix (Lauer et al. 2026) for
completeness. 0

By upper-bounding plan length, we conclude that BC*
numerical planning is in PSPACE using guess and check?.

Proposition 4.5. Plan existence for BC* numerical plan-
ning problems is PSPACE-complete.

Proof. As we can explicitly construct the polynomial p from
Lem. 4.4, there is a an algorithm that computes 2P(ITD jn
PSPACE and then guesses an action and applies it to the
current state up to 2PUMD times. We accept if the current
state is the goal state. We only need to store one state at the
time and the numerical values do not exceed an exponential
number, thus the algorithm is NPSPACE = PSPACE.
PSPACE-hardness follows directly from STRIPS plan-
ning, which is PSPACE-complete (Bylander 1994) and a
subset of BC* numerical planning. O

Another way to view our result is that, if we relax PNP
(Dekker and Behnke 2024) by removing numerical pre-
conditions and allowing negative variable values in non-
goal states, the complexity drops from ACKERMANN-
complete to PSPACE-complete. Shleyfman, Gnad, and Jons-
son (2023) identify another PSPACE fragment for numerical
planning with a similar proof structure. But, their fragment
restrictions implicitly enforce |eff (0)| < 1 for operators o in-
crementing a numeric variable. This is unsuitable for our use
case, as we create |eff (0)| > 1 to count operator applications.

2Dekker and Behnke (2024) already claim this result in their
Table 3, citing Helmert (2002). While Helmert establishes decid-
ability, there is no PSPACE-completeness proof. To the best of our
knowledge, it also does not appear in other literature. We confirmed
this with the main author of Dekker and Behnke (2024). As no
proof appears in the literature, we provide it in our work.
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4.2 Encoding Chain for New Formalisms

We now start the encoding chain leading up to unordered
HTN planning. The first encoding is from STRIPS plan-
ning with linear constraints to BC* numerical planning. One
row in a linear constraint essentially represents the constraint
Myxqy + ... + Mpx, = v where x1,...,x, are variables and
My, ..., M, v are constants. Our encoding tracks the value
Myxzq + ... + M,x, in one numerical variable [hs which is
increased by M, when the i-th operator is applied.

Proposition 4.6. Plan existence for STRIPS planning prob-
lems with linear constraints is PSPACE-complete.

Proof. For membership, we encode a STRIPS planning
problem with linear constraints IT;, = (II,IL), where L. =
(M,v) and IT = (Vp,@, Init, Goal, Ops). We first as-
sume M has one row, i.e.,, M = (ci,...,c,) € QY™ and
v € Q, where n = |Ops|. We denote a solution vector as
x=(x1,...,2y). Le., L encodes Myxq + ... + M,x, = v.
We use one numerical variable lhAs that is initially as-
signed 0 via Init;gs = {lhs — 0}. To adjust lhs’ value,
we construct Ops’ = {0}, ...,0},} for Ops = {01,...,0,} s.t.

o) = (pre;, eff) and eff; = eff (0;) U {lhs > lhs + M;}

for each o; = (pre,, eff ;). We will enforce the constraint
required by L through Goaly = {lhs = v}. The final BC*
numerical planning problem is constructed as:

(Vp,{lhs}, Init U Init 5, Goal U Goaly, Ops")

For any state s = («a, 8) it holds that (lhs) = Mz +
...+ M, x,, where x; is the number of times the ¢-th operator
is applied. Thus the goal enforces Myxq + ... + M x, = v.

To encode linear constraints with multiple rows, we can
simply start to encode one line, rename the variables and
respective dependencies to not be called lhs,rhs anymore
and repeat until no constraint is left. PSPACE-hardness fol-
lows by reduction from STRIPS planning, using the linear
trivially satisfied constraint Ox = 0. O

We now encode a Presburger formula into a linear constraint.

Proposition 4.7. Plan existence for STRIPS planning prob-
lems with Presburger constraints is PSPACE-complete.

Proof. For membership, we follow Verma, Seidl, and
Schwentick (2005), to encode a Presburger formula ¢
into linear constraints. We use a non-deterministic trans-
formation that removes all disjunctions ¢1 VvV ¢2 by non-
deterministically choosing either ¢; or ¢o. Let ¢ be the re-
sulting formula after all such choices. Then, ¢’ contains only
conjunctions, atomic comparisons, and existential quanti-
fiers. We move all existential quantifiers to the front to get
a formula 3z : .32, : A, ¢; that is equivalent to ¢,
and all ; are quantifier-free and atomic formulas of shape
t1 =ty or t1 < to. This can be encoded in linear constraints
by a standard transformation. We provide the transformation
in the Appendix (Lauer et al. 2026) for completeness.

If ¢ is satisfiable by some plan, then for every disjunction
in the formula, at least one part must be satisfied. Any other
transformation we do preserves equivalence. Therefore, if



there exists a plan satisfying ¢, there is at least one such
transformation that results in satisfiable linear constraints.

Hardness is shown by reduction from STRIPS planning,
which is PSPACE-complete (Bylander 1994). We reduce a
STRIPS planning problem II to a STRIPS planning problem
with Presburger constraints I, = (II, ¢) with trivially true
formula ¢ = (0 < 1).

We now encode a Presburger formula to linear constraints.

Proposition 4.8. Plan existence for STRIPS planning prob-
lem with grammar amount constraints is PSPACE-complete.

Proof. For membership, we encode a STRIPS planning
problem with grammar amount constraints II¢ = (II, G)
into a STRIPS planning problem with Presburger constraints
IT, = (II, ¢). To construct ¢, we use the result from Verma,
Seidl, and Schwentick (2005), stating that there is a lin-
ear time construction that encodes a predicate matching the
Parikh vector of a CFG G into an (existential) Presburger
formula ¢. So, by Prop. 4.7 we can use the PSPACE verifier
for I14.

Hardness is shown by reduction from STRIPS planning
problem IT with operators Ops = {01, ..., 0, }. Consider the
context-free grammar G, where the start symbol S is the
only non-terminal, there is one production rule

S—>Soi]...|Sonle

and terminals are Ops. Then, in the planning problem with
grammar amounts (II, G), grammar amounts are arbitrary.
O

4.3 Reaching The End: Unordered HTN Planning

To conclude that plan existence for unordered HTN planning
is PSPACE-complete, we exploit the similarities between the
HTN structure and CFGs to complete the final link in the
chain of encodings.

Theorem 4.9. Plan Existence for unordered HTN planning
problems is PSPACE-complete.

Proof. For membership, we create a context-free grammar
with start symbol S and the following production rules:
There is one production rule for the initial task network
tny = (T, «) with task IDs T = {tidy, ..., tid, }:

S = a(tidy) ... a(tidy,)

And one production rule per method m € M to replace the
head of m = (¢, tn) with tn = (T, o), T = {tidy, ..., tid, }:

¢ - a(tidy) ... a(tid,)

The terminals are Ops and non-terminals C.

First observe that by our definition, of terminals and non-
terminals, each derived word only contains operators. Now,
we can inductively observe (starting with initial task net-
work, to n € N derivation steps) that each application of a
production rule mirrors the replacement by a method in a
way, so that the number of non-terminals, representing com-
pound tasks, and terminals, representing operators, are the
same as by the method replacement. This concludes that the
Parikh image of the HTN structure and constructed CFG
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are the same, allowing us to construct a STRIPS planning
problem with grammar amount constraints and exploit the
PSPACE-verifier from Prop. 4.8.

For hardness we use a reduction from STRIPS planning,
which is PSPACE-complete. To simulate a STRIPS planning
problem with HTN planning we slightly adapt the construc-
tion of Erol, Hendler, and Nau (1996, Sec. 3.3). This is to
have one compound task that can be decomposed into an ar-
bitrary operator, twice this compound task, or no task. We
do not enforce any ordering, thus this is an unordered HTN
planning problem. Any action sequence can be obtained as
linearization of a primitive task networks obtained by de-
composing the initial task. Thus, the solution set matches
exactly the one of the one of the STRIPS problem. O

Previous PSPACE fragments were obtained through
strong restrictions on the hierarchy (Alford, Bercher, and
Aha 2015; Zhang and Bercher 2025). Unordered HTNs al-
ready received some attention, e.g., for grounding (Behnke
et al. 2020) and computing heuristics (Holler, Bercher, and
Behnke 2020) when combined with the delete relaxation.
But also from a theoretical viewpoint, where so far, the fo-
cus was mostly towards plan verification (Behnke, Holler,
and Biundo 2015; Lauer, Lin, and Bercher 2025; Brand et al.
2025). However, the complexity of plan existence itself re-
mained open. By closing this gap, we show that unordered
HTN planning is, from a complexity standpoint, better than
total-order HTN planning. But, the lowered complexity also
tells us that there will be total-order problems that unordered
HTN planning can not express.

This naturally raises the question of how the model-
ing power of unordered HTN planning compares to other
PSPACE planning formalism. Thus, we addresses this ques-
tion in the next section. We show that unordered HTN in-
deed can model relevant tasks and more than the commonly
considered STRIPS planning formalism.

S Expressivity Analysis

The complexity of plan existence measures how hard it is
to find one plan. But, if a modeler encodes real world dy-
namics, they encode all plans. Encoding all plans is also a
requirement when learning planning models: The usual ob-
jective is to match all real-world plans (Gosgens, Jansen, and
Geffner 2025; Stern et al. 2025). In the following we mea-
sure how expressive a formalism is in this regard, by looking
at sets of plans that problems in the formalism entail.

5.1 The Measure for Expressivity

We start by defining the language a problem entails. Pre-
vious analyses (Holler et al. 2014; 2016; Lin and Bercher
2022) define this as plans where operators are represented
by arbitrary operator ids. To match this, we introduce ex-
change functions that map operators to arbitrary terminals.
This allows for a comparison independent of the operator
structure.

Definition 5.1 (Exchange Function). For operators Ops the
set exch(Ops) contains all bijections o : Ops — ¥ for any
terminals Y. We call its elements exchange functions. We
apply o to w =01, ...,0, € Ops as o(7) :=0(01),...,0(0p).



A language for a planning problems is a plan where each
operator is replaced using a fixed exchange function.

Definition 5.2. For P ¢ {STRIPS, PRESBURGER,
LIN, GAMOUNT, HT Ny, BENUM™} the set

L(P):={L,(I) | Il € P, € exch(Opsy)}

is the language class of P. Here Opsy; are the operators
of IT € P. And L,(II) is the language of II under o «
exch(Opsy). Le., for P+ HT Ny

L,(IT) := {o(m) | m € sol(II)}.
For P = HT Ny with IT = (IT', H) the language is:

Lo (II) = {o(m) | Itn e sol(H) :
7 € sol(IT) is a linearization of tn}

To contrast the matching complexity of STRIPS with bet-
ter expressiveness ,we ensure: (1) The formalism subsumes
STRIPS planning. (2) The formalism admits languages be-
yond the expressive power of STRIPS.

Definition 5.3. A set of planning problems P is significantly
more expressive than STRIPS if both:

(1) L(STRIPS) < L(P)
) {aa},{a"b" |neN}, {a"b"c" |neN} e L(P)

Here a, b, c are terminals.

This implicitly establishes L(STRIPS) ¢ L(P). The
reason is that the language class L(STRIPS) is a strict
subset of regular languages (Holler et al.2014; 2016). As
{a"b"c™ | n € N} and {a"b" | n € N} are not regular,
they are not in L(STRZIPS). {aa} is an example of a reg-
ular language that is not in L(STRZPS). The addition-
ally included languages are common examples for a regular,
context-free, and context-sensitive language, and thus serve
as a compact proxy to demonstrate that P likely includes
different types of languages. Intuitively, the languages cap-
ture the ability to count, which can be required in a planning
problem. E.g., consider the language represented by:

earny | ... | earnm, )" ( spend ... | spend, )"
1 l

modeling a finance problem where money-spending opera-
tors must be preceded by the same number of money-earning
operators. The solution space for this problem cannot be
captured by STRIPS. The solution space for this problem
cannot be captured by STRIPS. But, it is simple to extend
the following analysis, which considers less operators (a, b,
and ¢).

5.2 Analyzing Expressivity

We will close the section by establishing the property from
Def. 5.3 for all analyzed formalisms. To encode languages
like {a™b"c™ | n € N}, where all ¢ must precede all b, and all
b must precede all ¢ we construct a task gadget in which this
is always the case. It has three operators a, b, and ¢, which
must be applied in this order but may be repeated multiple
times, before switching to the next operator type.
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Definition 5.4 (Sequential Operator Gadget). The STRIPS
planning problem 1159 = (Vp,Vy, Init, Goal, Ops) en-
codes sequence constraints among operators a, b, and
c using: The set of propositional variables Vp =
{apply_a,apply_b, apply_c}. The empty set of numerical
variables Viy = @. An empty goal condition Goal = @. The
initial state Init = (a, 8), setting the propositional parts to
true, i.e., a(apply_a) = T, a(apply-b) = T,a(applyc) =T
and has an empty numerical part 8 = @. Finally, the operator
set Ops contains the following operators:

* Operator a = (pre,, eff ,):
pre, = {apply-a}, eff , = @
* Operator b = (prey, eff ,):
pre, = {apply-b}, eff, = {apply-a < 1}
* Operator ¢ = (pre, eff .):
pre. = {apply-c}, eff . = {apply-a < L, apply b < 1}
We will now use constraints on top of the task gadget to
establish the following result.

Theorem 5.5. LIN, PRESBURGER, GAMOUNT,
HTNy and BCNUM™ are significantly more expressive
than STRIPS.

Proof. 1t is easy to observe that any P € {GAMOUNT,
PRESBURGER, LIN, HTNy, BCNUM?'} fulfills
L(STRIPS) c L(P). In the hardness proofs of Prop. 4.5,
Prop. 4.6, Prop. 4.7, Prop. 4.8, and Thm. 4.9 respectively,
we provided formal arguments that the formalisms extend
STRIPS. This implies L(STRIPS) c L(P).

To prove that {a™b"c" | n € N}, {a"b™ | n € N} and {aa}
are included in L(P) we extend I15% from Def. 5.4 with
constraints. We start with 7 A7, and construct unordered
HTN planning problem II; = (II5%9,%). The hierarchy
H = (tny, M,C) contains one compound task, i.e., C = {S}
and the initial task network as tny = ({to}, {to — S}). We
define methods:

4 ™= 000
ma = (S, ({t1,t2,t3,t4}, {t1 = a,t2 = b,tg = C,t4 = S}))

my = (Sv ({}7 {}))

2
( ) ma = (57({t17t27t3}7{t1 = a7t2 = b7t3 ind S}))

(3) m = (57 ({tl,t2}7 {t1 = CL7t2 = a}))

In (1), every decomposition of S adds a, b, and ¢; making
it a”b™c™ for n € N decompositions. In (2), every decompo-
sition of S' adds a, b; making it a"b™ for n € N decomposi-
tions. (3) yields a task network with two a, matching aa.

Similarly, we construct a planning problem with linear
constraints IT;, = (II15%,1.), a planning problem with Pres-
burger constraints 114 = (I15%4, ¢), and a planning problem
with grammar amount constraints Il = (II5%9, G') with the
constructions listed in Figure 1. The constraints are differ-
ent syntactic expressions to enforce that: (1) a, b, c occur the
same number of times; (2) a, b occurs the same number of
times, but not c¢; and (3) only a occurs twice. This shows that
(1) {a™b"c" | n e N}, (2) {a™b" | n € N}, and (3) {aa} are
included in LZN, PRESBURGER, and GAMOUNT.

For BCNUM™, we need to add counters to the T15%9; We
extend the construction 119 = (Vp, Vi, Init, Goal, Ops)



(a) Linear Constraint L = (M, v):

a4 4[]

(b) Presburger Formula ¢:
(1) (2a = ) A (25 = 2)
@) (20 = @) A (2 = 0)
(3) (za = (1+1)) A (zp = 0) A (2 = 0)

[} 7

(1) S - Sabc | e
3)S —aa

0
1

Where nonterminal S is the start symbol.

J-+=[o]

(c) Production Rules of grammar G:
(2)S - Sab|e

1 0 0 2
(S)M—[O 1 0:|,v—|:():|
0 0 1 0

(d) Numerical Goal Goal’:
(1) {va —vp = 0,0y — v =0)
(2) {va —vp =0,v. =0}
(3) {va =2,v = 0,v. = 0}

Figure 1: Operator count constraints matching (1) a™b"c", (2) a™b", and (3) aa when combined with TI°¢9.

from Def. 5.4 to a BC* numerical planning problem ITy =
(Ve, Vi, Ops’, Init', Goal' U {v > 0 | v € V}). The nu-
meric variables V3, = {vg,vp,v.} track how often an op-
erator was applied. We initially set the counters to zero,
ie., Init' = («,) where « is the propositional state of
Init in 1159 and 8 = {v, = 0,vp = 0,v. + 0}. Finally,
operators Ops’ = {a’,b’,c'} extend the original operators
o€ Ops ={a,b,c} as:

o = (pre,, effh), eff. = eff , U {vo < v, + 1}

Each operator increases its count to track how often the op-
erator was applied. Thus, the numerical goal Goal’ from
Figure 1 (d) enforces constraints showing that BCNUM*
includes {a"b"c" | n € N}, {a"b" | n e N}, and {aa}. O

Note that the expressivity of SAS* (Bickstrom and Nebel
1995) and FDR (Helmert 2009), which are other commonly
used classical planning formalisms, is the same as that of
STRIPS. The same holds for commonly used lifted vari-
ants of STRIPS (Corréa et al. 2020, 2021, 2022; Lauer et al.
2021, 2025). Thus, this theorem shows that the novel for-
malisms are more expressive than many commonly used
classical planning variants.

6 Discussion

We discuss potential benefits of the analyzed formalisms
from different perspectives: Modeling, Solving, and Ex-
plainability.

Modeling Section 5.1 ends with an example that high-
lights the relevance of the gained expressive power proven in
Thm. 5.5. Revisiting the example with linear constraints, al-
lows us to additionally express the exact amounts w;, w; € Q
operators make or spend to ensure a profit:

wy-spendy +...+wy-spend; < wi-earny +...+w,, - earn,

Lauer (2025) motivates that such quantitative constraints are
an important form of knowledge that are easy to encode but
can significantly improve solver performance. This is an ad-
vantage linear constraints, Presburger formulas, and BC nu-
merical planning have over grammar amount constraints and
unordered HTN planning.

Solving Section 6 shows that, despite its name, unordered
HTN planning can represent plans with ordering dependen-
cies between operators. This suggests that, even if a user
defines an order between tasks, we may be able to com-
pile them away and take advantage of a PSPACE solver by
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a compilation to unordered HTN. Def. 5.4 is essentially an
example construction for orderings in primitive tasks.

To understand how we can benefit from the PSPACE re-
sults in practice, consider the language represented by:

(drive_toy | ... | drive_tom, )" load
(drive_backy | ... | drive_back,,)"™ unload

Here, a truck drives, loads a package, and returns. Encod-
ing this like a™b™ allows counting the remaining drive_back
(and wunload) operators in the task network after load, to
get the exact remaining plan length. But, there is no addi-
tional guidance to reach the load step. To provide that, one
can likely use techniques for STRIPS and other classical
planning formalisms (Hoffmann and Nebel 2001; Richter
and Westphal 2010; Seipp and Helmert 2018; Fiser, Tor-
ralba, and Hoffmann 2024), where the plan existence is also
PSPACE-complete.

Instead of counting tasks in a task network, one could
simply solve a linear equation to obtain the required num-
ber of plan steps. A similar argument could be made for the
constraints of the other analyzed formalisms. But, as there
are very performant solvers for linear constraints, they may
be the easiest to evaluate in practice. On top of that, linear
constraints are closely connected to planning, e.g., heuristics
that use ILP constraints over operator sequences (Imai and
Fukunaga 2014; Pommerening et al. 2014; Lauer and Fiser
2025) could benefit from the added linear constraints.

Explainability One application of HTN is providing more
concise explanations of plans (Seegebarth et al. 2012;
Bercher et al. 2014; Jamakatel et al. 2023). Here, one uses
the hierarchy to group actions together. In some cases, the
ordering might not be needed at all. Then, the advantage
canonically transfers to unordered HTN with the added ad-
vantage of having lower complexity to find a plan.

7 Conclusion

We have analyzed five planning formalisms that are signifi-
cantly more expressive than STRIPS, without increasing the
complexity of plan existence. Our results open new direc-
tions for modeling, both through the introduction of novel
formalisms and by highlighting the low complexity of un-
ordered HTN planning.The latter findings advocate for more
research on unordered HTN planning.
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