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Abstract

From housing allocation for households experiencing home-
lessness to triage in emergency departments, LLMs are in-
creasingly being considered as judges of consequential deci-
sions that require ranking people for scarce resources. Rank-
ing large groups simultaneously is cognitively demanding
and error-prone. A natural solution, drawing on decades of
social choice theory, elicits pairwise comparisons and ag-
gregates them into a total order. However, a fundamental
question remains when LLMs serve as the pairwise judge:
how can a practitioner tell, before committing to a ranking,
whether the LLM’s judgments are sufficiently consistent to
trust the result? We discuss two different ways of identi-
fying consistency. A classical diagnostic, the coefficient of
consistency (, originally developed to measure judge relia-
bility by counting circular triads in tournament graphs, pro-
vides a cheap, model-free measure of intra-run consistency.
Various standard measures of distance between rankings, for
example Kendall’s 7, can measure inter-run variability. We
show, in both theory and practice, that these measures are
independently valuable, and advocate for using both to as-
sess reliability of rankings. We demonstrate the practical im-
portance of our results across two high-stakes prioritization
tasks: homelessness service allocation and emergency depart-
ment triage. Three different leading LLMs have considerably
different performance profiles across these two axes of con-
sistency. We provide guidelines for how practitioners could
think about measuring and assessing consistency before com-
mitting to a model for ranking or prioritization.

1 Introduction

Ranking represents a ubiquitous challenge in high-stakes so-
cietal resource allocation settings. Caseworkers must pri-
oritize households for receiving emergency housing, and
triage nurses must prioritize patients in the emergency room,
for example. These frontline workers — caseworkers, triage
nurses, benefits administrators — typically apply professional
judgment guided by standardized instruments. In homeless
services, communities use different prioritization scores to
rank households for housing interventions (for many years,
they used the now-disfavored Vulnerability Index - Ser-
vice Prioritization Decision Assistance Tool (VI-SPDAT),
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for example (OrgCode Consulting Inc. and Community So-
Iutions 2015b,a; OrgCode Consulting Inc. et al. 2015)).
In emergency departments, the Emergency Severity Index
(ESI) (Wolf et al. 2023) structures nurse assessments into a
five-level acuity rating that determines who is seen first.

Interest in using large language models (LLMs) to as-
sist with prioritization decisions continues to grow as LLMs
demonstrate increasingly sophisticated reasoning capabili-
ties (Wan et al. 2025; Drobotowicz et al. 2026; Williams
et al. 2024). Interest aligns with the broader LLM-as-a-
judge paradigm, gaining traction for tasks that once re-
quired trained human evaluators (Chiang et al. 2024; Liu
et al. 2024). Recent work has examined LLM judgments
across domains, such as social-service interventions and
medical acuity, finding that while models can engage with
the task, their assessments are often inconsistent and unreli-
able (Pokharel et al. 2025; Williams et al. 2024; Haim et al.
2024; Lee et al. 2025). If LLMs are to inform prioritization
in such situations, how can a practitioner assess whether the
resulting rankings are sufficiently consistent to trust?

To begin answering this crucial question, we first examine
how LLMs are actually deployed in ranking tasks. It is well
known that LLM outputs are sensitive to presentation order,
list length, and prompt framing (Wang et al. 2024; Chiang
et al. 2024; Saito et al. 2023), making them fragile for rank-
ing a large number of cases at once. An alternative, grounded
in social-choice theory (Condorcet 1785; Kendall and Smith
1940), is to elicit pairwise comparisons. This involves ask-
ing a model to repeatedly prioritize one out of two cases
based on some criteria (e.g., urgency) and then aggregate the
responses into a total order. Pairwise elicitation simplifies
each judgment, controls context length, and allows princi-
pled aggregation methods such as Rank Centrality (Negah-
ban, Oh, and Shah 2017) or Borda Count (Emerson 2013).

Two broad approaches have been used in prior literature
to examine the reliability of such rankings. The first reviews
intra-run consistency in the rankings, which can be quan-
tified by a measure of transitivity violations (Kendall and
Smith 1940). The alternative examines some measure of sta-
bility or variance of the ranking outcome, typically when
the variance is over the subset of comparisons used in ag-
gregation (Ameli et al. 2025; Zeng et al. 2026). However,
to our knowledge, the empirical relationship between the
two methods of measuring consistency has not yet been ex-



plored. Moreover, we are unaware of research that examines
whether potential consistency or inconsistency in evaluation
has implications for the reliability and trustworthiness of Al
applications in high-stakes prioritization. These are the gaps
that this paper explores.

1.1 Background and Motivation

In principle, one can construct a ranking method that is al-
ways internally consistent (no transitivity violations), yet has
high variance. Consider a method that randomly permutes
the candidates and reports all pairwise comparisons consis-
tent with the chosen permutation. It is also possible that
a system with low intra-run consistency nevertheless pro-
duces low-variance outcomes. An example of this would be
any method that always outputs a fixed ranking (say, lexi-
cographic) on the whole set of choices but encodes an arbi-
trary number of triad transitivity violations into its pairwise
reporting. This makes clear that, at least in theory, intra-run
consistency (IC) and inter-run variance (IV) are independent
axes, necessitating a 2 x 2 taxonomy illustrated in Table 1.

Inter-run variance (IV)

Low High
§ E’ High | Borda, consistent Random-
520 triads permutation
S92 =
£Z -
= . .
=3 Low Fixed-cycle Noisy method,

inconsistent triads

Table 1: Ranking methods by intra-run consistency (IC) and
inter-run variance (IV).

The question we ask is where in this taxonomy a com-
bination of an LLM-based (or other) approach and real-
world data place us, and what factors drive intra-run consis-
tency and inter-run variance. To measure intra-run consis-
tency, we turn to the coefficient of consistency (. Introduced
by Kendall and Smith (1940), ¢ aims to measure judge reli-
ability by counting circular triads in tournament graphs. Cir-
cular triads, i.e., triples {a, b, ¢} for which a = b = ¢ > a,
are the minimal unit of intransitivity. These correspond to
the curl component of the Hodge decomposition of Jiang
etal. (2011);  is a scalar summary of its magnitude. We use
( rather than the full decomposition because it distills incon-
sistency into a singular scalar that a practitioner can compute
without specifying a generative model. We measure inter-
run variance using Kendall’s 7 across runs (Kendall 1938).!

1.2 Related Work

Pairwise Comparison and Rank Aggregation The prob-
lem of aggregating pairwise comparisons into a global rank-
ing has a long history in social choice and statistical decision
theory. It dates back at least to Condorcet (1785)’s study

'Our results are robust to the choice of a specific measure of
distance between rankings, as we show in the appendix (Pokharel
et al. 2026).
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of majority preferences. Classical approaches include po-
sitional voting rules, such as Borda count (Emerson 2013)
and probabilistic models for pairwise outcomes. In partic-
ular, Thurstone’s Case V model (Thurstone 1994) and the
Bradley-Terry-Luce model (Bradley and Terry 1952; Luce
1959) provide foundational frameworks in which each item
is associated with a latent score and pairwise choices are
generated based on score differences. More recent work has
developed scalable ranking algorithms for large pairwise-
comparison datasets, including spectral methods such as
Rank Centrality (Negahban, Oh, and Shah 2017). Rank Cen-
trality (RC) constructs a Markov chain from observed pair-
wise comparisons and estimates item rankings from its sta-
tionary distribution. This makes RC a natural fit for our set-
ting of pairwise prioritization judgments.

Consistency Diagnostics for Tournaments Kendall and
Smith (1940) introduced the circular triad count and the
coefficient of consistency ( as a test of judge reliability
in paired-comparison experiments; subsequent work devel-
oped distributional theory and extensions (David 1988; Al-
way 1962; Iida 2009). These classical diagnostics operate on
tournament graphs and require no generative model. A more
recent line of work takes a different approach. Jiang et al.
(2011) decomposes the space of pairwise comparison data
into three orthogonal components using the Hodge decom-
position on graphs: a gradient component (consistent with a
global ranking), a curl component (local cyclicity, the source
of circular triads), and a harmonic component (global incon-
sistencies that cannot be resolved locally). The Lo norm of
the curl component quantifies the total cyclicity in the data,
and in this sense ¢ can be understood as a scalar summary
of curl magnitude: a tournament with ¢ near 1 has negli-
gible curl, while one with ( near 0 has maximum. Perotti
(2025) study HodgeRank under noise, examining how the
decomposition behaves when pairwise data are corrupted.
We use ¢ because it can be easily computed from the tour-
nament adjacency matrix in closed form without solving an
optimization problem and can be used by any practitioner as
a summary diagnostic for inconsistency without depending
on the specifics of the generative model.

LLM-as-a-Judge — Reliability and Intransitivity As in-
terest grows in using LLMs for pairwise prioritization tasks
(Pokharel 2025), a parallel literature on the LLM-as-a-judge
paradigm (Chiang et al. 2024) has identified systematic fail-
ure modes in LLM pairwise judgments, including sensitivity
to presentation order (Wang et al. 2024; Chiang et al. 2024),
verbosity bias (Saito et al. 2023), and self-preference (Pan-
ickssery, Bowman, and Feng 2024). Beyond these biases, re-
cent work documents a subtler problem: LLM pairwise pref-
erences are frequently intransitive. Xu et al. (2025) find that
non-transitivity is more prevalent when the items being com-
pared are close in quality. Zeng et al. (2026) count circular
triads directly in passage-ranking tournaments (n = 100),
Gupta and Kumar (2026) and Qian et al. (2026) report di-
rected 3-cycle rates on text-evaluation tasks, and several
other studies measure related constructs using k-subset vio-
lation ratios (Wang et al. 2026), strongly connected compo-
nents (Yu et al. 2026), and intransitivity rates under various



aggregation schemes (Wang, Zhang, and Choi 2025). The
consistent finding is that intransitivity is common, varies be-
tween models and tasks, and worsens for weaker judges.
Crucially, however, all report consistency metrics and rank-
ing accuracy in separate tables. None frames the question in
terms of the two independent axes we identify here: intra-run
consistency and inter-run variance.

Al in High-Stakes Resource Allocation Many public ser-
vice allocation problems reduce to ranking under scarcity:
caseworkers must decide which households receive lim-
ited housing interventions, triage nurses determine which
patients are seen first, and child welfare workers choose
which families receive intensive services (Cheng et al.
2022; Kube, Das, and Fowler 2023; Persad, Wertheimer,
and Emanuel 2009). Standardized instruments, such as the
VI-SPDAT (OrgCode Consulting Inc. and Community So-
lutions 2015b,a; OrgCode Consulting Inc. et al. 2015) in
homelessness services and the Emergency Severity Index
(Wolf et al. 2023) in emergency departments, exist pre-
cisely to impose consistency on these rankings. However,
they have well-documented limitations, including racial bias
(Cronley 2022; Wilkey et al. 2019) and weak predictive
validity (Brown et al. 2018). Policies often mandate pri-
oritizing the most vulnerable (U.S. Department of Hous-
ing and Urban Development, Office of Community Plan-
ning and Development 2017), while the outcomes on which
workers are evaluated favor whoever would benefit most
from the intervention (Kube, Das, and Fowler 2023; Persad,
Wertheimer, and Emanuel 2009). Certainly, frontline work-
ers exercise professional discretion to navigate this tension
(Lipsky 1980; Pokharel, Das, and Fowler 2024). Algorith-
mic tools are increasingly deployed in these settings to assist
or replace human judgment (Angelova, Dobbie, and Yang
2026; Saxena and Guha 2024; Starke et al. 2022), raising
questions about whether automated rankings can be trusted
when the consequences are borne by vulnerable populations.
Recently, Pokharel et al. (2025) explicitly examined LLM
judgments in social service triage. They found that while
models can engage meaningfully with prioritization tasks,
their pairwise assessments are inconsistent and unreliable.
In this paper, rather than asking whether LLMs can replicate
expert rankings, we ask a more fundamental question: are
LLMs internally consistent (a basic requirement for trust-
worthiness) in their prioritization rankings? The diagnostic
framework we develop is domain-general, but the motivation
is grounded in these high-stakes settings where an unreliable
ranking could have direct consequences for people’s lives.
Although we study allocation settings where fairness is
a central concern, this work is not specifically about group
fairness: we do not measure disparities across protected
groups, and our diagnostics cannot detect a judge that is bi-
ased in a perfectly consistent way. The fairness concern our
results speak to is instead procedural. Consistency of treat-
ment is a canonical criterion of procedural justice (Leven-
thal 1980), and this procedural lens has been extended to
algorithmic decision-making (Grgi¢-Hlaca et al. 2018; Lee
et al. 2019). An individual whose priority is determined by
a judge riddled with circular triads receives a rank that de-
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pends on arbitrary features of how those contradictions hap-
pen to be resolved. Such arbitrariness becomes morally sig-
nificant precisely when a single system’s decisions are ap-
plied at scale (Creel and Hellman 2022). This harm can per-
sist even when standard group-fairness metrics are satisfied.

1.3 Contributions

We study the relationship between n, the number of candi-
dates; C, the Coefficient of Consistency (measuring intra-run
consistency); and 7, the rank distance (measuring inter-run
variability) in both theory and practice.

1. We theoretically characterize the behavior of ( as the
number of candidates n increases. Of particular inter-
est, we show that if the rate at which pairwise com-
parisons produce transitivity violations stays constant,
converges rapidly to a fixed floor and can be reliably es-
timated from small samples.

. In a common stylized model (synthetic tournaments gen-
erated from Bradley-Terry-Luce (BTL) models (Bradley
and Terry 1952; Luce 1959) with known ground-truth or-
derings), we empirically show that ( increases linearly
with n and tracks 7 in tight lockstep.

3. In the same model, we demonstrate a divergence in the
behaviors of 7 and ( when n is held constant, but the
sample size of comparisons available to the rank aggre-
gator changes. 7 increases with this sample size, while ¢
is, by definition, constant in expectation.

We show that empirical behavior on real data is markedly
different as a function of n. Across a range of datasets
that span three different populations experiencing home-
lessness, as well as patients in emergency rooms who
need triage, we show that ( stabilizes near its asymptotic
floor as n increases, while 7 continues to increase.

5. On these real-world datasets, we also show the differ-
ences between 3 major LLM models (LLaMA, Qwen,
and DeepSeek) in terms of their performance on the ¢
and 7 dimensions. We show that the models differ con-
siderably in terms of which is best on each of the two
dimensions — Llama always “winning” on ¢ while Qwen
wins on 7, while DeepSeek often lands in the middle on
both.

We discuss the implications of these results for real-
world use of LLMs in prioritization and triage. Our re-
sults demonstrate clearly that our taxonomy has signifi-
cant practical implications for measuring consistency and
reliability of ranking. Our main recommendation is to an-
alyze models carefully using both measures rather than
relying exclusively on one of ¢ or 7.

2 Preliminaries

Having introduced intra-run consistency and inter-run vari-
ance as independent axes of reliability in Table 1, we now
develop the formal machinery needed to measure each one.
For intra-run consistency, we need a measure that is com-
putable from tournament data alone and that does not require
external validation. The circular triad count and its normal-
ization into ¢ provide exactly this. For inter-run variance,



we use a standard measure of distance between rankings —
Kendall’s 7 (Kendall 1938).

2.1 Tournaments and Circular Triads

Given n items, a pairwise comparison procedure applied
to every pair produces a tournament: a complete graph in
which every pair of items is connected by exactly one di-
rected edge indicating the preferred item. We represent a
tournament by its adjacency matrix A € {0,1}"*"™, where
A;; = 1ifitem { is preferred to item j and A;; = 0 other-
wise, with 4;; + Aj; = 1 for all i # j. The out-degree of
item i is s; = >_,; Aij, the number of items it is preferred
to.

Definition 2.1 (Circular Triad). A circular triad in a tourna-
ment A is a triple {i, j, k} such that A;j = Aji, = A =1
or Aik = Akj = Aji =1

Circular triads are the minimal unit of intransitivity: three
pairwise preferences that admit no coherent ordering of the
triple. These arise naturally in voting data, in expert judg-
ment, and in any setting where preferences are not perfectly
transitive. Their presence indicates that the pairwise pref-
erence structure is not fully consistent with any single to-
tal order, and the more of them a tournament contains, the
less cleanly that tournament can be summarized by a rank-
ing. The total circular triad count in a tournament as defined
above admits a closed-form expression (Kendall and Smith
1940; Alway 1962):

n - S;
T, = — , 1
(5)-2() ®
with maximum value
1 [n(n?—1) ifnisodd,
Tmax = 57 (2)
24 | n(n?—4) ifniseven.

Definition 2.2 (Coefficient of Consistency). The coefficient
of consistency (Kendall and Smith 1940; Alway 1962) is

Tﬂ
=1- — ¢ |0, 1]. 3
C Tmax [ ] ( )
A value of ¢ = 1 indicates a perfectly transitive tourna-

ment (zero circular triads), while { = 0 indicates maximum
cyclicity. The intuition for why ( is a good measure of rank-
ing consistency is straightforward: any aggregation method
must resolve circular preferences, and the more such reso-
lutions it must make, the more the output depends on the
particular method of resolution rather than on a shared sig-
nal roughly consistent with a total order.

Crucially, ¢ can be computed from the tournament data
A alone. This is precisely what a practitioner needs: after
collecting pairwise comparisons and running an aggregator,
they have a ranking but no way to assess its quality. Comput-
ing ¢ from the same data that produced the ranking provides
a diagnostic that requires no additional comparisons and no
“ground truth” (in situations where that exists).
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Kendall’s 7 as a Measure of Inter-Run Variance To
measure the second axis of our taxonomy, inter-run vari-
ance, we need a way to quantify how much two rankings
of the same n items disagree. We use Kendall’s 7 distance
(Kendall 1938), which counts the number of pairwise dis-
agreements between two rankings. Given two rankings of
the same n items, a pair (7, 7) is concordant if both rank-
ings place ¢ and j in the same relative order, and discordant
otherwise. The normalized Kendall 7 is

(concordant pairs) — (discordant pairs)

n )

(3)
which takes on values in [—1, 1], with 7 = 1 indicating iden-
tical rankings, 7 —1 indicating reversed rankings, and
7 = 0 indicating no more agreement than would be ex-
pected by chance. In the context of our work, given two inde-
pendent runs of the same pairwise comparison and aggrega-
tion pipeline on the same set of items, 7 measures inter-run
agreement. A value near 1 indicates that the pipeline pro-
duces stable rankings regardless of which particular run is
observed; a value near 0 indicates that the rankings are es-
sentially unrelated across runs.

2.2 Size Dependence of

The definition of ¢ in Equation (3) combines two quantities
that behave differently as the number of items n changes: the
circular triad count T, which depends on the comparison
data, and the normalization constant 71, Which depends
only on n. To understand how ( evolves with n, it is use-
ful to decompose it into a data-dependent term and a purely
combinatorial term. This decomposition also has a practical
benefit: it yields a natural estimator of { from incomplete
tournament data, which we will need for our experiments.

Definition 2.3 (Inconsistency Rate). The inconsistency rate
of a tournament A on n items is

Ty

= “)
(5)
the fraction of all triplets that form circular triads.
Rewriting Equation (3) in terms of r gives
1. ) 5
C " Tmax ( )

This separates ¢ into two factors: the inconsistency rate 7,
which captures how intransitive the pairwise comparisons
are, and the scaling factor (g) /Timax,» which is a known
constant depending only on n. The inconsistency rate has
a clean interpretation: it is the probability that a uniformly
random triplet drawn from the tournament contains a circu-
lar triad. Substituting in Equation (2) and simplifying yields
the scaling factor in closed form:

)
) =2 s odd,
3) _4.] n+ 1 (6)
Tinax M if n is even.
n+2



Estimation of ( in sparse tournaments: The decompo-
sition in Equation (5) has an immediate practical bene-
fit. In many settings, not every pair of items can be com-
pared: either the number of pairs is too large, or compar-
isons are expensive. When each pair {i, j} is observed inde-
pendently with probability p, a triplet {, j, k} is fully ob-
served only if all three of its constituent pairs happen to
be selected, which occurs with probability p®. Because the
sampling mechanism is independent of the comparison out-
comes, the circular triad rate among fully observed triplets
is an unbiased estimate of r (and consequently of (). Let
0= {{z, J,k} : all three pairs observed} denote the set of
fully observed triplets, and let Ti,s be the number of circular
triads among them. Then
(3)

CA —1_ Tobs .
|O| Tmax

is an unbiased estimator of ¢. The ratio Tobs/|O| estimates
the inconsistency rate r, and the scaling factor (g‘) /Tmax 18
the same constant as before. The precision of the estimator
depends on |O|, which grows as (”) - p3; even at moder-
ate sparsity the number of fully observed triplets is typically
large enough for a reliable estimate.

The decomposition in Equation (5) also makes it clear
how ( depends on the number of items n. The scaling factor
(g) /Tmax 18 an increasing function of n that converges to
a finite limit, so the behavior of ( is governed by how the
inconsistency rate r changes with n.

(N

Proposition 1 (Asymptotic behavior of the scaling factor).
Both cases of Equation (6) converge monotonically to 4 from
below as n — oo.

Proof. The odd case can be writtenas 4 - (1 — 2)/(1+ 1);
the n terms vanish as n — oo and the ratio approaches 4. It
is strictly less than 4 for all finite n because n — 2 < n + 1.
The even case is analogous: 4 - (1 — 1)/(1+ 2) 4. O

Since the scaling factor increases toward 4, Equation (5)
shows that the trajectory of ¢ as n grows is entirely deter-
mined by the trajectory of r. Three regimes are possible:

Constant r: If the inconsistency rate does not depend on
n, then {(n) =1 —r - f(n) where f(n) = (%) /Tmax is in-
creasing in n. In this case ¢ decreases monotonically toward
the asymptote:

lim {(n,r)=1—4r.

n— oo

®)

Note that ( cannot become negative: since T,, < Tyax, the
inconsistency rate is bounded by r» < 1/f(n), which con-
verges to 1/4, so r - f(n) < 1 and ¢ € [0, 1] always. In-
creasing r: if r grows with n, both factors push ¢ downward;
this would happen if larger comparison sets introduced sys-
tematically harder distinctions.Decreasing r: If r decreases
with n, the two forces oppose. Whether ( falls, stays flat,
or rises depends on whether r decreases slower than, at the
same rate as, or faster than f(n) grows.

This three-way characterization frames a central empirical
question of the paper. The behavior of ( as a function of n is
not determined by the combinatorics of tournaments alone;
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it depends on the inconsistency rate, which is a property
of whatever process generates the pairwise comparisons.
Different comparison processes (different LLMs, different
noise models, different domains) may place the system in
different regimes. In Section 3, we instantiate this frame-
work with the Bradley-Terry-Luce model, where r can be
derived analytically as a function of the preference strength
parameter 3. In Section 4, we measure r across several
LLMs and datasets and identify each combination’s regime.

3 A Synthetic Model

Whatever the aggregator — Rank Centrality (RC) (Negah-
ban, Oh, and Shah 2017), Bradley-Terry maximum likeli-
hood (BT-MLE) (Hunter 2004), or simple win-rate aggrega-
tion — a practitioner ends up with a ranking in hand and no
way to assess its reliability. Theoretical guarantees, where
they exist, are stated in terms of population-level quantities
such as the spectral gap of a transition matrix (Negahban,
Oh, and Shah 2017; Shah et al. 2016), which are unavailable
from observed data. This section establishes the relationship
between ¢ and 7 under controlled conditions, using a stan-
dard generative model with a known ground-truth ranking
so that noise can be varied systematically.

3.1 Generative Model

We require a generative model for pairwise comparisons
with three properties: (1) a known true ranking against
which the aggregator’s output can be measured, (2) a single
tunable parameter that controls comparison noise, and (3)
rank-gap-dependent difficulty, so that close-in-rank items
are harder to distinguish than distant ones. The Bradley-
Terry-Luce (BTL) model (Bradley and Terry 1952; Luce
1959) satisfies the first and third requirements by construc-
tion: each item ¢ € [n] has a latent score w; > 0, and
the probability that item ¢ defeats item j is P(i > j) =
w; /(w; +wj) = o(6; — 0;), where 6; = log w; and o is the
logistic function. To satisfy the second requirement, we im-
pose a structure on the score vector that collapses the n — 1
free parameters into a single dimension.

Definition 3.1 (Equally-Spaced BTL Model). Fix n items

indexed 1,...,n in true ranking order. Assign log-scores

0; = B(n—1) fori =1,...,n, where 3 > 0 is the per-

position discriminability. The pairwise comparison proba-

bility is

B 1
1+exp(=(j—1)

B governs the entire noise structure. At 8 = 0, all compar-
isons are fair coin flips; as § — oo, all comparisons be-
come deterministic. The probability that two adjacent items
are ranked differently than in the true ranking is €(3)
1/(1 + €), which decreases monotonically in 3 and rep-
resents the hardest-case pair-level error rate. This model has
direct precedent in the original RC paper. In Negahban, Oh,
and Shah (2017), the authors generate synthetic BTL data
with geometric scores w; = b2*~1=7)/27 yielding a con-
stant log-score gap of (logb)/n between consecutive items.

P(i > j)=o(B(j — 1))

€))



Intra-run consistency vs. ranking accuracy and inter-run agreement

1.0 A 1.0 A
=
@)
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(a) Accuracy (b) Inter-run agreement

Figure 1: Intra-run consistency ({) vs. the two facets of
ranking quality under the synthetic BTL model, for n €
{20, 50, 100}. (a) ¢ vs. ranking accuracy (Kendall 7 against
the known ground-truth ordering). The relationship is mono-
tonically increasing and largely converges across tourna-
ment sizes at high ¢, with greater separation at low consis-
tency where smaller tournaments provide less information
per item. (b) ¢ vs. inter-run agreement (7¢ons, Kendall 7 be-
tween two independent RC rankings from the same genera-
tive model). The curves separate by n: at a given (, larger
tournaments yield higher inter-run agreement. This sepa-
ration shows that intra-run consistency alone does not de-
termine inter-run variance; the size of the comparison ma-
trix also matters. Error bars represent 1 standard deviation
across 100 trials.

This is the same one-parameter family as Definition 3.1 un-
der the identification 5 = (logb)/n. We prefer the /3 pa-
rameterization because it is directly interpretable: two ex-
periments with the same S but different n share the same
adjacent error rate () and local comparison difficulty.

3.2 Experimental Design

The mathematical analysis of Section 2.2 showed that the
behavior of { with n is governed by the inconsistency rate r,
which under the model defined in Definition 3.1 is a function
of both (8 and n. To disentangle the roles of these two param-
eters, we organize the synthetic experiments along two axes.

Results: Complete Tournaments In the first study, we
fix a grid of target ¢ values and, for each pair (¢*,n) with
n € {20, 50,100}, solve for the value of 3 that produces ex-
pected consistency (* at tournament size n. This inverts the
natural direction of the model: rather than fixing the noise
level and observing how consistent the resulting tournament
is, we fix the consistency level and ask what noise level is re-
quired to achieve it. For each (¢*, n) pair, we generate 100
independent complete tournaments from the BTL model at
the corresponding 3, aggregate each via Rank Centrality (we
show in Figure 6 in Appendix A.3 2 that these experiments
are robust to the specific choice of rank aggregator used),
and measure three quantities: the observed ( of each tour-
nament, the accuracy of the aggregated ranking (Kendall 7
against the known ground-truth ordering), and the inter-run

2Full paper on arXiv (Pokharel et al. 2026)

2110

Sparse observations on the synthetic model

1.0 4
0'90" \ ALl 1] 2081
e T 8
| ~
0.75 - 0.6 7
0.2 0.6 1.0 0.2 0.6 1.0

Fraction of edges (p)
(a)

Fraction of edges (p)
(b)

Figure 2: n = 30, § = 0.3, full-tournament ¢ =~ 0.859,

marked by the dashed line. (Left) The sparse estimator ¢
is unbiased across the full range of p; variance increases
at low p but the mean remains stable. (Right) Inter-run
agreement To,s increases monotonically with the observa-
tion fraction, from roughly 0.55 at p = 0.2 to perfect agree-
ment at p = 1.0. Each point averages 100 independent sub-
sampled tournaments. The contrast illustrates that ( mea-
sures the consistency of the comparison signal while T¢ong
reflects both consistency and quantity.

agreement (Kendall 7 between rankings produced by inde-
pendent runs of the same generative process, which we de-
NOte Teons)-

Figure 1a (left panel) shows that ( is a strong predictor of
ranking accuracy. The relationship is monotonically increas-
ing across all three tournament sizes: higher intra-run con-
sistency corresponds to higher agreement with the ground-
truth ordering. With increasing n, at the same level of consis-
tency (, we observe a higher value of 7,... Athigh { (> 0.8),
the three curves converge, indicating that when comparisons
are sufficiently clean, even a modest number of items yields
accurate rankings. Figure 1b (right panel) shows the rela-
tionship between ( and inter-run agreement Tcons. Here the
curves separate similarly by n: at any given level of intra-run
consistency, larger tournaments produce substantially more
stable rankings across independent runs. At { = 0.5, for in-
stance, Tcons ranges from roughly 0.55 at n = 20 to roughly
0.79 at n = 100. The explanation is that a complete tour-
nament on n items contains (g) comparisons, so each item
participates in n — 1 comparisons. Increasing n increases the
amount of data per item available to the aggregator, reduc-
ing estimation variance in the ranking even when the level
of intransitivity (as captured by () is unchanged.

These results show that, in this synthetic setting, intra-run
consistency and inter-run variance are correlated, but they
are not redundant: two tournaments with identical ¢ can have
very different levels of ranking stability depending on the
size of the comparison matrix.

Results: Sparse Observation In the second study, we fix
n = 30 and f = 0.3 (corresponding to { ~ 0.859 in
the full tournament) and vary the fraction of pairwise com-
parisons observed. For each observation probability p &
{0.2,0.3,...,1.0}, we subsample edges uniformly at ran-



dom, aggregate only the observed comparisons via RC, and
measure both é (using the sparse estimator from Equa-
tion (7)) and T.ons (between rankings from independent sub-
sampled runs). This isolates the effect of comparison bud-
get on inter-run variance while holding the underlying noise
process constant.

Figure 2a confirms that the sparse estimator é is unbiased
across the full range of observation probabilities. At every
value of p from 0.2 to 1.0, the mean of f falls on or near the
dashed line marking the full-tournament value { = 0.859.
The variance of the estimator increases at low p, as expected
given that fewer fully observed triplets are available, but
there is no systematic bias. Figure 2b, on the other hand,
tells a different story for inter-run agreement. 7o, increases
steadily from roughly 0.55 at p = 0.2 to 1.0 at p = 1.0.
When only 20% of pairs are observed, two independent sub-
sampled runs see largely different comparisons, and their ag-
gregated rankings diverge substantially. As the observation
fraction increases, the runs share more data and the rankings
converge. Taken together, Figure 2 provides a clean illustra-
tion of the distinction between our two axes. The underlying
comparison process is identical across all values of p: the
same (3, the same items, the same pairwise noise. The sparse
estimator correctly reports this, returning the same f regard-
less of how many comparisons are observed. But inter-run
variance depends not only on the consistency of the com-
parisons but on the quantity. A practitioner who observes
low T¢ons but high 5 can diagnose the problem as insufficient
comparison budget rather than unreliable judgments, and the
remedy is to elicit more comparisons rather than to distrust
the comparisons themselves.

4 Evaluating LLMs

Section 3 established that the two axes of our taxonomy are
correlated but not redundant even under controlled condi-
tions: ¢ captures comparison consistency independently of
how many comparisons are collected, while inter-run varia-
tion also depends on the comparison budget and aggregation
method. The question is whether real-world pairwise com-
parisons generated by LLMs respect this relationship, or de-
part from it in informative ways.

Proposition 2. Fix 5 > 0. In the equally-spaced BTL model
as defined in Definition 3.1, the expected number of circular

triads in a complete tournament satisfies E[T,] = O(n),
and Tyax = ©(n?). Hence:
E[T,) 1
El-¢ = —o(=).
=g =6 ()

Proof sketch. Foratriplet < j < k withrank gapsa = j—1
and b = k—j, the upset probability at gap d is gq = o(—Sd),
which decays exponentially in d. A circular triad requires ei-
ther one long-edge upset or two short-edge upsets, so the cy-
cle probability for a given triple is dominated by e—#(a+?)
Summing over all triples, the contribution from close neigh-
bors (small rank gaps) grow linearly in n, while contribu-
tions from distant items are exponentially suppressed. This
gives E[T,] = ©O(n). Since Thhax = O(n?), the ratio
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Figure 3: Expected inconsistency rate F[r| as a function of
n for several values of S in the equally-spaced BTL model.
For every fixed § > 0, the inconsistency rate decreases with
n, confirming Proposition 2.

vanishes as ©(1/n?). The full proof is in Appendix A.2
(Pokharel et al. 2026). O

Figure 3 confirms Proposition 2 visually. For every fixed f3,
the inconsistency rate E[r] decreases with n and approaches
zero. The intuition is that in the equally-spaced BTL model,
the vast majority of triples involve items that are far apart
in rank, and those comparisons are nearly deterministic: the
upset probability ¢4 = o(—pd) decays exponentially with
rank gap d. Circular triads then arise almost exclusively from
close neighbors, and the number of such close triples grows
only linearly in n, while the total number of triples grows
cubically. So 7 shrinks as ©(1/n?), driving ¢ toward 1.

In the language of Section 2.2, this places the BTL model
firmly in the decreasing-r regime, and the decrease is fast
enough that ¢ not only remains stable but actually increases.
However, we note that the scaling of ¢ with n in practice
may differ substantially from the stylized model. If LLM
pairwise comparisons behaved like this BTL process with
some fixed preference strength, we would expect ( to be very
high in the tournaments we study (n in the hundreds). As we
will soon see, this is not what we observe. The ( values in
our real-world experiments remain roughly constant across
different values of n, suggesting that the inconsistency rate r
is approximately constant rather than decreasing. Further, in
real prioritization tasks, asking an expensive method like an
LLM to perform the full (72’) comparisons may be infeasible.
‘We now evaluate the relationship between ¢ and the inter-run
variability Tcons.

Datasets We evaluate the diagnostic framework on real-
world prioritization tasks spanning two domains: homeless-
ness housing allocation and emergency department triage.

Homelessness housing allocation. We use household-level
vulnerability assessments from St. Louis coordinated en-
try records (2021-2024) (Pokharel et al. 2025). Three
population-specific instruments are treated as separate
datasets: VI-SPDAT for single adults (n = 325), VI-F-
SPDAT for families (n 698), and TAY-VI-SPDAT for
transition-age youth (n = 561). Each household has a to-
tal acuity score used in practice for prioritization and is as-
signed to a priority band (low, medium, high) based on es-
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Figure 4: Each panel shows the empirical distribution of 7.ons from 100 bootstrap subsamples of a single 30 x 30 complete
subtournament (at p = 0.4), with the full-pipeline and complete 30x30 tournament 7,5 overlaid (see legend). Rows correspond
to LLM judges (DeepSeek, LLaMA, Qwen); columns correspond to homelessness datasets (VI-SPDAT, VI-F-SPDAT, TAY-
VI-SPDAT). In every case, the full-pipeline 7,5 falls well to the right of the bootstrap distribution, illustrating the distinction
between our two reliability axes: the subtournament correctly estimates comparison quality ((, see Figure 5), but inter-run
agreement (7.ons, this Figure) depends on both the quality and the quantity of comparisons collected.

tablished scoring rubrics. For the Stage 1 subtournament, we
select m = 30 households per instrument with proportional
representation across priority bands.

Emergency department triage. We use ED visits from
MIMIC-IV (Johnson et al. 2024) (N = 180,057 total en-
counters), restricted to encounters with complete triage fea-
tures and valid acuity scores. Each visit is characterized by
vital signs, chief complaint, medication history, and demo-
graphics recorded at arrival. The ground-truth label is the
Emergency Severity Index (ESI), a five-level acuity score
assigned by the triage nurse (Wolf et al. 2023). For Stage 1,
we select m = 30 patients with proportional representa-
tion across ESI levels, matching the distribution in the full
dataset. For Stage 2, we sample n = 500 again matching
proportional representation across ESI levels from the eligi-
ble pool. Full inclusion criteria and feature definitions are in
Appendix B (Pokharel et al. 2026).

LLMs, Prompting and Implementation Details We
use three LLMs for our experiments: Meta-Llama-3-8B-
Instruct, DeepSeek-RI-Distill-Llama-8B, and Qwen2.5-7B-
Instruct. Due to the sensitive nature of the data, we deploy
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these open source models locally with weights downloaded
from Hugging-face. The prompts were iteratively designed
to try and achieve high consistency, and are provided in Ap-
pendix C (Pokharel et al. 2026). We ran these models on one
NVIDIA A100 GPU with 80 GB of memory and sampled
outputs with 0.1 temperature.

4.1 Experimental Results

Subtournament Evaluation For each dataset, we select
m = 30 representative items and run all (320) = 435 pair-
wise comparisons per LLM judge, forming a complete sub-
tournament. Item order in each comparison is chosen at ran-
dom. We compute ( exactly from the out-degree formula
(Equation 1) and measure self-consistency 7cons by run-
ning the aggregator on two independent sets of comparisons
drawn from the same judge. In addition, we apply the fol-
lowing bootstrap procedure. We repeatedly subsample 40%
of the edges of this subtournament. This matches the obser-
vation probability p = 0.4 in what we call the full pipeline,
where all nodes are known, 40% of edges are sampled, and
a full ranking constructed. For each run, we record ¢, and in
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Figure 5: Cycle ratio, ¢, and Rank Centrality (RC) Kendall 7 as functions of the number of nodes sampled in the subgraph. Each
model uses a consistent color across runs, while separate runs are distinguished by line style and marker. The two left columns

Tobs

show that r = 1 and ¢ computed from the comparison graphs corresponding to a sub-sample of items remain relatively
unchanged, making it a good estimator of LLM comparison consistency even with low comparison samples. The right column
shows the same cannot be stated for inter-rank consistency ( Kendall’s 7) between generated ranks using rank centrality from
same comparison graphs, making it a relatively poor estimator of consistency without sufficiently large sample size.

addition the (180) = 4,950 pairwise 7T¢ons values form an

empirical distribution of self-consistency.

Figure 4 shows the result of this experiment for inter-
run variability. In almost every case, the full-pipeline 7¢ops,
and the 7 from the Stage 1 fall well to the right of the
bootstrap distribution: the full pipeline is considerably more
self-consistent than the subtournament. Meanwhile, the sub-
tournament ( correctly estimates comparison quality (when
scaled appropriately by Equation 5), as in the synthetic
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sparse-observation experiment (Figure 2): CA is unbiased re-
gardless of observation budget. Figure 5 confirms this in the
real data: as the number of items grows, ¢ behaves as pre-
dicted by Equation (8) (the constant r regime) while T¢ons
increases steadily across all datasets and LLM judges. The
full pipeline observes more comparisons per item than any
single bootstrap subsample, so its rankings are more stable
even though the underlying comparison noise is the same.



DeepSeek LLaMA Qwen
Dataset 6 TCOHS 5 TCOHS é TCOHS
TAY-VI-SPDAT o - 4+ o - +
VI-F-SPDAT o o + - - +
VI-SPDAT - + o o +
MIMIC-IV o o + - - +

Table 2: Relative model ranking by average ¢ and Kendall
rank correlation (7.ons). + indicates best, o middle, and —
worst among the three models for that dataset and measure.

Full Sparse Pipeline: ¢ and 7,,; as Functions of n For
each dataset, we run the full pipeline on all n items with
edge sampling probability p 0.4. This is to keep the

number of calls to the LLM tractable. We estimate é from
the fully-observed triplets in the sparse data (Equation (7))
and measure self-consistency by running the pipeline twice
on independent edge samples. To estimate how our two
measures scale with n, for each dataset, we take the com-
parisons performed above, randomly sample fractions of
nodes € {0.1,0.325,0.55,0.775}, and construct a compar-
ison graph with only the edges that had been sampled. We
repeat this 100 times and empirically compute the expected
T,¢and r = Tlggb‘ . The results are provided in Figure 5.

As n increases, the inter-run variability of the ranks pro-
duced also decreases. This is because 7.ons depends on the
number of effective comparisons per item, which increases
as we get more nodes with the same sampling ratio of edges.
However, the expected inconsistency rate r remains approx-
imately constant across values of n, placing these datasets in
the constant-r regime of the decomposition in Equation (5).
This is qualitatively different from the BTL model, where
Proposition 2 predicts 7 = ©(1/n?) and ( — 1.

4.2 Consequences

The discussion above demonstrates in practice that ( and
Teons are different ways of measuring consistency of a rank-
ing method, and they can behave quite differently. Another
natural question is whether a method that is good along one
dimension is naturally also good along another. Our experi-
ments also allow us to examine this question in the context
of the three LLMs that we use. Table 2 shows which of the
models performs best/middle/worst along each of these di-
mensions across the four datasets we look at.> We find that
no model Pareto-dominates across both dimensions. In fact,
Qwen is reliably best in terms of inter-run variability, but
also reliably worse in terms of intra-run consistency! Mean-
while, LLaMA does best across all the datasets in terms of
intra-run consistency, but it is twice worst and twice in the
middle in terms of inter-run variability. DeepSeek typically
occupies the middle position along both axes. Which dimen-
sion is more important? This will of course come down to a
question of what a stakeholder values in a particular domain.
But our results illustrate clearly the value of evaluating rank-
ing along both these dimensions of consistency.

3For complete results see Appendix B.3 (Pokharel et al. 2026)
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5 Discussion

The central finding of this paper is that intra-run consistency
and inter-run variance are genuinely independent axes of
ranking reliability, not just in theory (Table 1) but in prac-
tice. The synthetic calibration shows that even under the
idealized BTL model, where a single parameter governs all
comparison noise, the two axes are correlated but not re-
dundant: tournaments with identical ¢ can have very differ-
ent 7.ons depending on the number of comparisons per item.
The real-world experiments sharpen this separation further.
The inconsistency rate r remains approximately constant as
n grows, placing all four datasets in the constant-r regime
of our decomposition and confirming that LLM comparison
noise does not have the rank-gap-dependent structure of the
BTL model (where Proposition 2 predicts r = ©(1/n?)).
Most strikingly, no LLM dominates across both dimensions:
Qwen produces the most stable rankings across runs but the
least internally consistent comparisons, while LLaMA ex-
hibits the opposite profile. This means that choosing a model
on the basis of only one diagnostic can be actively mislead-
ing. A practitioner who evaluated only inter-run variance
would select Qwen; one who evaluated only intra-run con-
sistency would select LLaMA. Neither choice is wrong, but
neither is complete.

Our results suggest a simple diagnostic protocol. First, run
a small complete subtournament and compute ¢ exactly; be-
cause ( is unbiased regardless of observation budget, this in-
expensive step reliably estimates comparison quality before
committing to the full pipeline. If { is low, the comparisons
themselves are inconsistent in the sense of transitivity, and
no amount of additional data will “fix” that issue. If { is high
but 7.ons is low, the comparisons are consistent but too few
have been collected, and the remedy is to increase the sam-
pling fraction rather than change the model. This diagnostic
separation between signal quality and signal quantity is the
practical payoff of the 2 x 2 taxonomy.
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