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Abstract

The prevalence of algorithmic bias in Machine Learning
(ML)-driven approaches has inspired growing research on
measuring and mitigating bias in the ML domain. Accord-
ingly, prior research studied how to measure fairness in re-
gression which is a complex problem. In particular, recent re-
search proposed to formulate it as a density-ratio estimation
problem and relied on a Logistic Regression-driven proba-
bilistic classifier-based approach to solve it. However, there
are several other methods to estimate a density ratio, and to
the best of our knowledge, prior work did not study the sensi-
tivity of such fairness measurement methods to the choice of
underlying density ratio estimation algorithm. To fill this gap,
this paper develops a set of fairness measurement methods
with various density-ratio estimation cores and thoroughly in-
vestigates how different cores would affect the achieved level
of fairness. Our experimental results show that the choice
of density-ratio estimation core could significantly affect the
outcome of fairness measurement method, and even, gener-
ate inconsistent results with respect to the relative fairness of
various algorithms. These observations suggest major issues
with density-ratio estimation based fairness measurement in
regression and a need for further research to enhance their
reliability.

Introduction
ML-driven systems have been incorporated into several ar-
eas (such as health care and financial sector) that directly
impacts different aspects of individual’s lives (Brynjolfsson
and Mitchell 2017). However, ML models, in some cases,
exhibit biases in their outcomes, which could inherent from
various sources such as data (Mehrabi et al. 2021). For ex-
ample, an ML model (COMPAS), which predicts whether
an offender would commit another crime was found to be
biased against African-Americans compared to Caucasian
offenders, which in turn, could affect this group’s chances
of being released (Larson et al. 2016). With the growth in
ML applications and the possibility of biases in their out-
come, effective measurement and mitigation of such bias is
more essential than ever (The White House 2023).
To effectively handle biases in these models, one must

first investigate whether a bias exists, and measure the level
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of bias. Fairness metrics are easy to measure in classifi-
cation, as it can be assessed using standard metrics de-
rived from a model’s confusion matrix (Verma and Rubin
2018). In contrast, measuring fairness in regression is com-
plex and computationally challenging (Steinberg, Reid, and
O’Callaghan 2020). The reason for this complexity is that
regression problems involves continuous target variables,
leading to significant variability in outcomes when the target
values change continuously (Calders et al. 2013).
Past literature has introduced various methods to approx-

imate fairness in regression (Agarwal, Dudı́k, and Wu 2019;
Berk et al. 2017; Shah et al. 2022; Steinberg, Reid, and
O’Callaghan 2020). In particular, recent work (Steinberg,
Reid, and O’Callaghan 2020; Baniecki et al. 2021) pro-
posed to use a density ratio approximation approach to es-
timate fairness in regression. However, this study primarily
focused on using a single density ratio method for the ap-
proximation task, leaving uncertainty about the sensitivity
of the results to different underlying density ratio estima-
tion models, beyond Logistic Regression-driven Probabilis-
tic Classification-based density ratio estimation. To address
this gap, we aim to explore the sensitivity of density ratio
estimation-based fairness measurement algorithms by exam-
ining how they are affected by the choice of the underlying
probabilistic classifier (in the Probabilistic Classification-
based method) and the choice of underlying density-ratio
estimation approach.
To this end, first, we focus on the Probabilistic

Classification-based density-ratio estimation approach to
fairness measurement (Steinberg, Reid, and O’Callaghan
2020). In particular, we investigate the impact of using al-
ternative probabilistic classifiers, such as Lasso, Ridge (Pe-
dregosa et al. 2011; Sugiyama et al. 2012), and Kernel Lo-
gistic Regression (Fontaine 2020), and compare their re-
sults with those of the original Logistic Regression classi-
fier to study how these alternative models affect the returned
fairness outcome. The experimental results reveal a signif-
icant inconsistency in approximated fairness values in cer-
tain circumstances. In particular, while the use of Logistic
Regression, Ridge, and Lasso results in a high correlation
between the measured fairness values (and achieved Spear-
man correlations of consistently above 0.85), the outcome
of these methods are not highly correlated with that of mod-
els relying on kernel-based probabilistic classifiers. For in-
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stance, the correlation between the output of Kernel Logis-
tic Regression-based method with Polynomial kernel and
Ridge-based method for measuring the Independence met-
ric are (0.15, -0.35, 0.13) across three regression problems,
which in turn, suggest a poor alignment between the fairness
values estimated by these methods. These show high sensi-
tivity of the Probabilistic Classification-based fairness mea-
surement methods to the choice of underlying probabilistic
classifier.
Next, inspired by these observations, we expand our study

to investigate how the returned fairness measures could
change if other density-ratio estimation approaches (other
than the Probabilistic Classification-based one) are used as
the core estimation algorithm for measuring fairness. To
investigate this matter, we utilize methods such as Least
Squares Importance Fitting (LSIF) and Unconstrained Least
Squares Importance Fitting (uLSIF) (Kanamori, Hido, and
Sugiyama 2009; Makiyama, Daigavane, and Mierzejew-
ski 2017) that are built on the ratio matching approach
(Sugiyama, Suzuki, and Kanamori 2010). As a result, sim-
ilar patterns emerge when using this group of density-ratio
estimation methods. In particular, the Spearman correlation
between the output of methods using LSIF and uLSIF (ω
= 0.75) for measuring Sufficiency are (0.1, 0.37, -0.19).
Additionally, their output does not necessarily align with
the Probabilistic Classification-based approach; for exam-
ple, the correlation show values of (-0.45*, -0.45*, -0.12) be-
tween LSIF and Logistic Regression across three regression
problems. These observed inconsistencies show high sensi-
tivity of density-ratio based fairness measurement methods.
In addition, we investigate potential reasons behind

such inconsistencies in the outcomes of Probabilistic
Classification-based approaches. To this end, we generate 40
synthetic datasets with varying data distributions for privi-
leged and unprivileged groups, and then, assess the fairness
outcomes returned by various fairness measurement meth-
ods. As a result, we observed that the level of inconsistency
among fairness measurement methods increases as the gap
between the two groups increases, which can occur due to
the high probabilities (e.g., values higher than 0.999) pre-
dicted by classifiers in case of large gaps. While the high
predicted probabilities along with gap between data distri-
butions of privileged and unprivileged groups could be one
potential reason, our analysis suggests that factors beyond
these might also contribute to the observed inconsistencies.
Such a sensitivity is a major problem as it can lead to con-

flicting conclusions about the fairness of ML models. For
instance, consider a model used in the healthcare sector to
diagnose patients with cancer (Dankwa-Mullan and Weer-
aratne 2022). While the model may appear fair based on
one fairness assessment approach, it could still exhibit bias
against certain group in practice. Thus, we strongly urge the
development of more robust and dependable methods for
quantifying fairness in regression, particularly across vari-
ous conditions and data distributions.

Literature Review
The need to ensure that ML models operate in a fair and eq-
uitable manner has grown as their use in decision-making

has expanded in recent years. To enforce fairness in ML
models, we must first detect and measure the bias in their
outcomes. There are three fundamental notions of fairness
commonly used to measure bias: Independence, Separation,
and Sufficiency (Caton and Haas 2024; Steinberg, Reid, and
O’Callaghan 2020). Independence measures the extent to
which the model’s prediction is dependent on a sensitive
feature (Steinberg, Reid, and O’Callaghan 2020). Separa-
tion extends Independence by considering the actual value
(Steinberg, Reid, and O’Callaghan 2020). Sufficiency, on the
other hand, evaluates the extent to which the actual value
is conditionally independent of the sensitive feature given
the model’s outcome. (Steinberg, Reid, and O’Callaghan
2020). Their mathematical representations can be shown
as follows: assuming that A, Ytrue, and Ypred refer to the
sensitive feature, ground-truth value, and a model’s pre-
diction (respectively), Independence, Separation, and Suf-
ficiency were defined as Ypred →→ A, Ypred →→ A|Ytrue,
and Ytrue →→ A|Ypred, respectively (Steinberg, Reid, and
O’Callaghan 2020).
Unfortunately, the computation of these metrics in regres-

sion (i.e., when Ypred and Ytrue are continuous) is highly
challenging, and intractable, as opposed to the classifica-
tion domain. To simplify the computation of fairness in re-
gression problems and overcome the difficulties of having
continuous target variables, one approach proposed apply-
ing discretization to convert the continuous variable into a
categorical variable with many categories (Agarwal, Dudı́k,
and Wu 2019). Another method involved comparing the
model’s output for pairs of similar instances across differ-
ent groups, adapted from fairness concepts in classification
(Berk et al. 2017). Furthermore, previous research proposed
a Kolmogorov-Smirnov distance based method to evaluate
fairness (Chzhen et al. 2020). Also, a novel fairness con-
cept called Monotonic Selective Risk (Shah et al. 2022) has
been introduced for selective regression problems, where the
model can abstain from making a prediction if its confidence
is low. This approach measured the risk for each subgroup
as coverage is reduced, ensuring that the reduction does not
result in an increase in mean squared error for any subgroup
(Shah et al. 2022). In particular, recent research proposed
a Probabilistic Classification-based density-ratio estimation
approach to measure fairness in regression (Steinberg, Reid,
and O’Callaghan 2020).
However, recent work (Almajed, Tabar, and Najafirad

2024) discovered that these methods for a specific fairness
metric do not necessarily exhibit consistent outcome regard-
ing the relative fairness of various ML models. To be more
specific, they developed several ML models, then measure
the fairness of their predictions in terms of a specific fairness
metric using various approximation algorithms, and finally,
evaluated the correlation between the outcome of each pair
of approximation methods. As a result, they found that the
density ratio estimation-based approach (Steinberg, Reid,
and O’Callaghan 2020) frequently demonstrated poor align-
ment and a higher level of inconsistency with all other fair-
ness estimation methods in regression. Unfortunately, those
studies (Steinberg, Reid, and O’Callaghan 2020; Almajed,
Tabar, and Najafirad 2024) have several limitations: (1) The
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exploration of density ratio approaches has been limited
to probabilistic classification, leaving other promising tech-
niques unexplored in this context, or (2) They only relied on
Logistic Regression as the core classifier, limiting our under-
standing of the method’s full capabilities and sensitivities.
To address these limitations, this study aims to com-

prehensively investigate the sensitivity of the density ra-
tio estimation-based fairness measurement method to the
choice of underlying classifiers and density ratio estima-
tion approaches. Primarily, this paper studies the sensitivity
of this approach by utilizing different probabilistic classi-
fiers, such as Ridge, Lasso (Pedregosa et al. 2011; Sugiyama
et al. 2012) and Kernel Logistic Regression (Fontaine 2020),
along with other density ratio estimation methods, such as
LSIF and uLSIF (Kanamori, Hido, and Sugiyama 2009). By
testing these different approaches, this study aims to provide
a more clear understanding of the behavior of density ratio
estimation-based fairness measurement method under vari-
ous conditions, which lead to a better understanding of its
strengths or limitations.

Problem Formulation
In this section, we provide a formal definition of the Proba-
bilistic Classification-based approach for fairness measure-
ment in regression. According to (Steinberg, Reid, and
O’Callaghan 2020), the Independence, Separation and Suf-
ficiency fairness metrics can be formulated as P (Ypred|A=1)

P (Ypred|A=0) ,
P (Ypred|Ytrue,A=1)
P (Ypred|Ytrue,A=0) , and

P (Ytrue|Ypred,A=1)
P (Ytrue|Ypred,A=0) density ratios, respec-

tively. In theory, there are several ways to approximate
such density ratios (Sugiyama, Suzuki, and Kanamori 2012).
One way is to use Probabilistic Classification-based estima-
tion method, similar to (Steinberg, Reid, and O’Callaghan
2020). In fact, that method first applies the Bayes rule
on all probability functions in nominators and denom-
inators (e.g., P (Ypred|A=1)

P (Ypred|A=0) would become equivalent to
P (A=1|Ypred)·P (A=0)
P (A=0|Ypred)·P (A=1) ), and then, uses a probabilistic classi-
fier (such as Logistic Regression) to estimate P (A = 1 |
Ypred), and accordingly P (A = 0 | Ypred) (Steinberg, Reid,
and O’Callaghan 2020).
However, there are several probabilistic classifiers that

can be used to approximate P (A = 1 | Ypred), and in
this study, we investigate how the choice of classifier could
impact the outcome of fairness measurement methods. In
addition to the aforementioned Probabilistic Classification-
based approach, there are other density-ratio density estima-
tion approaches, such as ratio matching (Sugiyama, Suzuki,
and Kanamori 2010), that can approximate original ratios di-
rectly from the available samples, and this paper studies how
different choices for density ratio estimation would impact
the outcome of fairness measurement methods.

Datasets
In this study, we mainly utilize three publicly available
datasets that are chosen for their relevance and frequent use
in fairness-related studies, such as (Almajed, Tabar, and Na-
jafirad 2024).

1. The Law School dataset (Wightman 1998): This dataset,
containing around 20,000 records, includes information
about law school admissions, GPAs, and personal demo-
graphic details. The task is to predict the student’s GPA.

2. The Communities and Crime dataset (Redmond 2009):
This dataset, containing around 2,000 records, provides
socio-economic and demographic information about var-
ious communities along with crime levels. The goal is
predict the percentage of crime in the each community.

3. The Insurance dataset (Lantz 2019): This dataset, which
contains around 1,300 records, includes personal and
health-related information, and costs of medical charges.
The goal is to predict the cost of insurance for a patient.

Sensitivity of Fairness Measurements to the
Choice of Probabilistic Classifier

In this paper, first, we explore the impact of probabilistic
classifier on the output of the Probabilistic Classification-
driven density ratio estimation based approaches. In fact,
prior work (Steinberg, Reid, and O’Callaghan 2020; Ban-
iecki et al. 2021) relies on only one probabilistic classifier,
such as Logistic Regression, as the underlying classifier in
their framework for estimating fairness metrics in regres-
sion. However, as previously noted, the sensitivity of this
approach to the choice of classifier has not been thoroughly
examined. This lack of testing raises concerns about the re-
liability and robustness of the approximation approach, and
whether the use of alternative classifiers could lead to vary-
ing interpretations of the fairness of ML models.

Methodology
To address this gap, our study replaces the Logistic Re-
gression core (Steinberg, Reid, and O’Callaghan 2020; Ban-
iecki et al. 2021) with a range of alternative probabilistic
classifiers, including Ridge, Lasso (Wang, Chawla, and Liu
2013; Pedregosa et al. 2011), and Kernel Logistic Regres-
sion (Tanaka 2015). Then, it follows the same methodol-
ogy as in (Almajed, Tabar, and Najafirad 2024) to maintain
consistency with existing literature, and here, we provide a
summary for completeness. The study employs 22 diverse
ML models, ranging from traditional algorithms to neural
networks applied to three distinct datasets (namely, Law
School (Wightman 1998), Communities and Crime (Red-
mond 2009), and Insurance (Lantz 2019) datasets) sepa-
rately, and then, the prediction of those ML models serves
as an input of fairness measurement methods. This approach
enables a thorough analysis of fairness metrics across vari-
ous methods and contexts.
We then conduct a comparative analysis of the results,

assessing the sensitivity of the fairness measurement meth-
ods across each pair of methods with different core classi-
fiers to identify any variations in the method’s behavior. This
comparison helps us understand whether the use of various
classifiers could lead to significant changes in fairness out-
comes and contributes to better understanding the sensitivity
of fairness estimation approaches. To be more specific, we
use Spearman correlation to assess the relationships between
the output of each pair of fairness measurement methods (we
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Fairness Metric Logistic Regression Ridge Lasso KLR Gaussian KLR Polynomial
Independence Logistic Regression - (1.00*, 1.00*, 1.00*) (1.00*, 0.93*, 0.94*) (0.84*, 0.11, -0.49*) (0.15, -0.35, 0.13

Ridge (1.00*, 1.00*, 1.00*) - (1.00*, 0.93*, 0.94*) (0.84*, 0.11, -0.49*) (0.15, -0.35, 0.13)
Lasso (1.00*, 0.93*, 0.94*) (1.00*, 0.93*, 0.94*) - (0.85*, 0.02, -0.4) (0.15, -0.31, 0.19)
KLR Gaussian (0.84*, 0.11, -0.49*) (0.84*, 0.11, -0.49*) (0.85*, 0.02, -0.40) - (0.10, -0.58*, -0.67*)
KLR Polynomial (0.15, -0.35, 0.13) (0.15, -0.35, 0.13) (0.15, -0.31, 0.19) (0.1, -0.58*, -0.67*) -

Separation Logistic Regression - (1.00*, 1.00*, 1.00*) (1.00*, 0.94*, 0.93*) (0.89*, 0.12, -0.4) (0.39, -0.07, -0.02)
Ridge (1.00*, 1.00*, 1.00*) - (1.00*, 0.94*, 0.93*) (0.89*, 0.12, -0.4) (0.39, -0.07, -0.02)
Lasso (1.00*, 0.94*, 0.93*) (1.00*, 0.94*, 0.93*) - (0.89*, 0.05, -0.34) (0.39, -0.1, 0.0)
KLR Gaussian (0.89*, 0.12, -0.4) (0.89*, 0.12, -0.4) (0.89*, 0.05, -0.34) - (0.34, 0.59*, -0.59*)
KLR Polynomial (0.39, -0.07, -0.02) (0.39, -0.07, -0.02) (0.39, -0.1, 0.0) (0.34, 0.59*, -0.59*) -

Sufficiency Logistic Regression - (1.00*, 1.00*, 1.00*) (0.99*, 1.00*, 0.87*) (0.60*, 0.60*, 0.07) (-0.36, -0.19, -0.37)
Ridge (1.00*, 1.00*, 1.00*) - (0.99*, 1.00*, 0.87*) (0.60*, 0.60*, 0.07) (-0.36, -0.19, -0.37)
Lasso (0.99*, 1.00*, 0.87*) (0.99*, 1.00*, 0.87*) - (0.59*, 0.60*, -0.01) (-0.35, -0.19, -0.32)
KLR Gaussian (0.60*, 0.60*, 0.07) (0.60*, 0.60*, 0.07) (0.59*, 0.60*, -0.01) - (-0.66*, -0.42, -0.70*)
KLR Polynomial (-0.36, -0.19, -0.37) (-0.36, -0.19, -0.37) (-0.35, -0.19, -0.32) (-0.66*, -0.42, -0.70*) -

Table 1: Spearman correlations between the output of pairs of fairness measurement methods with various underlying prob-
abilistic classifiers when measuring Independence, Separation and Sufficiency (shown in each column/row). Results are pre-
sented across Law School, Communities and Crime, and Insurance datasets, respectively.

also computed Kendall correlation and provided the results
in the appendix section in the GitHub repository at https://
github.com/wahab1412/Fairness measurement)1. Addition-
ally, we utilize plots to visually represent the correlations
between different measurement methods for similar fairness
metrics. Our code base is available at project’s GitHub page.

Experimental Results
Table 1 presents the obtained Spearman correlation values
for the fairness metrics of Independence, Separation, and
Sufficiency. In particular, it shows the Spearman correla-
tions (across three datasets) between the outcome of each
pair of fairness measurement methods that employ different
classifiers within the Probabilistic Classification-based den-
sity ratio estimation framework. The analysis of Spearman
correlation values shows a mixed result regarding the cor-
relation of obtained fairness values. In fact, the use of non-
kernel based classifiers (such as Logistic Regression, Lasso,
and Ridge) consistently results in strong correlations among
the estimated fairness values, with Spearman ranging from
0.87 to 1 across all metrics and datasets. However, Ridge and
Kernel Logistic Regression (with Polynomial kernel) show
Spearman values of (-0.36, -0.19, -0.37), when being used to
measure the Sufficiency metric. Similarly, for measuring In-
dependence, the Spearman correlations between the output
of models relying on kernel-based Logistic Regression are
(0.1, -0.58*, -0.67). These observations suggest high sensi-
tivity of Probabilistic Classification-based density ratio esti-
mation fairness measurement methods to the choice of un-
derlying classifier.
To obtain further insights, we visualize the output of var-

ious fairness measurement methods. Figure 1 illustrates two
cases: (1) The right plot shows the fairness values for In-
dependence approximated by two methods: Logistic Re-
gression and Ridge. This plot exhibits a positive and lin-
ear trend where an increase in fairness value in one model
corresponds to an increase in the other model. However,
this behavior is not consistent across all classifiers. (2) The

1Statistically significant with p-value of 0.05 are indicated with
an asterisk (*).

Figure 1: Scatter plots between KLR with Gaussian ker-
nel and Lasso methods approximating Separation (left), and
LR and Ridge methods approximating Independence (right).
Blue circles, orange crosses, and green squares represent
Law School, Crime, and Insurance datasets respectively.

left plot shows the estimated Separation values returned by
methods using Kernel Logistic Regression (with Gaussian
kernel) and Lasso. We observe various anomalies where the
fairness metric increases in one model but decreases in the
other. This discrepancy is more obvious in the Law School
dataset, where fairness metrics initially correlate but then be-
gin to show inverse correlation in certain cases.
The high correlation of fairness values returned by meth-

ods with non-kernel-based classifier cores (i.e., Logistic Re-
gression, Lasso, and Ridge) is reasonable because (1) the in-
put of these classifiers is either a vectors of length one (cor-
responding to Ypred for measuring Independence) or a vec-
tor of length two (corresponding to Ypred and Ytrue for mea-
suring Separation/Sufficiency), and (2) Lasso/Ridge only in-
troduce a regularizer (L1/L2) to Logistic Regression, and
given that the number of parameters to be learned are al-
ready small (because of small number of inputs), the use of
regularization (which mainly aims to reduce the number of
parameters) could result in intangible change in the resulted
linear classifier.
Additionally, the low correlation between the fairness val-

ues returned by kernel-based classifiers and non-kernel ones
could be justified as follows: kernel-trick technically helps
converting those inherently linear classifiers to find non-
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Corr. Metric Fairness Measurement Logistic Regression KLR Polynomial LSIF uLSIF ω = 0.25 uLSIF ω = 0.5 uLSIF ω = 0.75 uLSIF ω = 1

Independence Logistic Regression - (0.04, -0.65*, 0.23) (0.51*, 0.28, 0.08) (0.63*, 0.17, -0.12) (0.52*, 0.04, -0.37) (0.32, 0.33, 0.33) (-0.44*, 0.33, -0.0)
KLR Polynomial (0.04, -0.65*, 0.23) - (0.09, -0.26, 0.54*) (0.04, -0.36, 0.31) (0.34, -0.06, 0.28) (0.36, -0.33, 0.36) (0.05, -0.33, 0.5*)
LSIF (0.51*, 0.28, 0.08) (0.09, -0.26, 0.54*) - (0.76*, 0.26, 0.02) (0.46*, -0.02, -0.02) (0.26, 0.37, 0.05) (-0.28, 0.37, 0.08)
uLSIF ω = 0.25 (0.63*, 0.17, -0.12) (0.04, -0.36, 0.31) (0.76*, 0.26, 0.02) - (0.77*, 0.29, 0.51*) (0.3, 0.72*, 0.35) (-0.18, 0.72*, 0.27)
uLSIF ω = 0.5 (0.52*, 0.04, -0.37) (0.34, -0.06, 0.28) (0.46*, -0.02, -0.02) (0.77*, 0.29, 0.51*) - (0.45*, 0.49*, 0.39) (-0.02, 0.49*, 0.42)
uLSIF ω = 0.75 (0.32, 0.33, 0.33) (0.36, -0.33, 0.36) (0.26, 0.37, 0.05) (0.3, 0.72*, 0.35) (0.45*, 0.49*, 0.39) - (-0.18, 1.0*, 0.72*)
uLSIF ω = 1 (-0.44*, 0.33, -0.0) (0.05, -0.33, 0.5*) (-0.28, 0.37, 0.08) (-0.18, 0.72*, 0.27) (-0.02, 0.49*, 0.42) (-0.18, 1.0*, 0.72*) -

Separation Logistic Regression - (0.28, 0.69*, -0.01) (0.82*, nan, 0.4) (0.61*, nan, -0.07) (0.39, nan, -0.35) (0.34, nan, 0.33) (0.1, nan, nan)
KLR Polynomial (0.28, 0.69*, -0.01) - (0.03, nan, 0.3) (0.53*, nan, 0.49*) (0.48*, nan, 0.02) (0.5*, nan, -0.33) (0.07, nan, nan)
LSIF (0.82*, nan, 0.4) (0.03, nan, 0.3) - (0.36, nan, 0.19) (0.31, nan, 0.04) (0.14, nan, 0.33) (-0.21, nan, nan)
uLSIF ω = 0.25 (0.61*, nan, -0.07) (0.53*, nan, 0.49*) (0.36, nan, 0.19) - (0.7*, nan, 0.33) (0.53*, nan, 0.12) (0.1, nan, nan)
uLSIF ω = 0.5 (0.39, nan, -0.35) (0.48*, nan, 0.02) (0.31, nan, 0.04) (0.7*, nan, 0.33) - (0.3, nan, -0.2) (-0.06, nan, nan)
uLSIF ω = 0.75 (0.34, nan, 0.33) (0.5*, nan, -0.33) (0.14, nan, 0.33) (0.53*, nan, 0.12) (0.3, nan, -0.2) - (0.15, nan, nan)
uLSIF ω = 1 (0.1, nan, nan) (0.07, nan, nan) (-0.21, nan, nan) (0.1, nan, nan) (-0.06, nan, nan) (0.15, nan, nan) -

Sufficiency Logistic Regression - (-0.38, -0.53*, -0.32) (-0.45*, -0.45*, -0.12) (-0.68*, -0.12, -0.51*) (-0.60*, -0.26, -0.62*) (-0.52*, -0.33, -0.21) (0.01, -0.33, -0.26)
KLR Polynomial (-0.38, -0.53*, -0.32) - (0.69*, 0.16, -0.2) (0.4, 0.19, 0.25) (0.44*, 0.29, -0.04) (0.21, 0.26, 0.07) (0.43*, 0.26, -0.26)
LSIF (-0.45*, -0.45*, -0.12) (0.69*, 0.16, -0.2) - (0.64*, 0.24, 0.11) (0.51*, 0.17, -0.06) (0.1, 0.37, -0.19) (0.26, 0.37, -0.05)
uLSIF ω = 0.25 (-0.68*, -0.12, -0.51*) (0.4, 0.19, 0.25) (0.64*, 0.24, 0.11) - (0.74*, 0.27, 0.49*) (0.51*, 0.72*, -0.28) (-0.07, 0.72*, -0.33)
uLSIF ω = 0.5 (-0.60*, -0.26, -0.62*) (0.44*, 0.29, -0.04) (0.51*, 0.17, -0.06) (0.74*, 0.27, 0.49*) - (0.42, 0.44*, 0.15) (0.12, 0.44*, 0.22)
uLSIF ω = 0.75 (-0.52*, -0.33, -0.21) (0.21, 0.26, 0.07) (0.1, 0.37, -0.19) (0.51*, 0.72*, -0.28) (0.42, 0.44*, 0.15) - (0.03, 1.0*, 0.72*)
uLSIF ω = 1 (0.01, -0.33, -0.26) (0.43*, 0.26, -0.26) (0.26, 0.37, -0.05) (-0.07, 0.72*, -0.33) (0.12, 0.44*, 0.22) (0.03, 1.0*, 0.72*) -

Table 2: Spearman correlations between the output of pairs of fairness measurement methods with various density ratio estima-
tion approaches when measuring Independence, Separation and Sufficiency (shown in each column/row). Results are presented
across Law School, Communities and Crime, and Insurance datasets, respectively.

linear classification boundaries, perhaps this could result in
different output probability than the linear ones. Accord-
ingly, these differences could change the measurement of
fairness metrics relying on such approaches.

Sensitivity of Fairness Measurements to the
Choice of Density Ratio Estimation Approach
The concerning results in the previous section have inspired
us to expand the range of density ratio estimation methods
for comprehensive sensitivity evaluation. In particular, we
investigate the sensitivity of fairness measurement methods
when other density ratio estimation approaches (other than
the Probabilistic Classification-based ones) are used and
how the choice of density ratio estimation method affects
the resulting fairness values. Next sub-sections describe de-
tails of our methodology and obtained results.

Methodology
We follow the same technical steps as mentioned in the pre-
vious section. However, we implement several ratio match-
ing approaches (rather than the probabilistic classifiers), in-
cluding Least-Squares Importance Fitting (LSIF) and its
variant, i.e., unconstrained Least-Squares Importance Fitting
(uLSIF) (Kanamori, Hido, and Sugiyama 2009), to examine
the impact of replacing the proposed Probabilistic Classifi-
cation approach with these methods on measuring Indepen-
dence, Separation, and Sufficiency fairness metrics. These
methods estimate the density ratio directly by framing it as a
least-squares function fitting problem; especially, the uLSIF
variant offers improvements such as enhanced numerical
stability and computational efficiency, particularly in model
selection scenarios (Kanamori, Hido, and Sugiyama 2009).
Our code base is available at https://github.com/wahab1412/
Fairness measurement.

Experimental Results
Table 2 shows the results of our evaluations for Inde-
pendence, Separation, and Sufficiency metrics. The re-

sults show a generally low correlation when comparing
the ratio matching-based approach with the Probabilistic
Classification-based ones. For example, the Spearman cor-
relation between the outcome of methods relying on Logis-
tic Regression and uLSIF ω=1 are (-0.30, 0.38, 0.02). These
confirm the sensitivity of density ratio-based fairness mea-
surement methods to the choice of density ratio estimation
approach.
Additionally, the output of ratio matching approaches

seem to show a low level of correlation in some cases. For
example, the correlation between the output of methods re-
lying on LSIF and uLSIF ω=1 are (-0.28, 0.37, 0.08) and
(0.26, 0.37, -0.05) when approximating Independence and
Sufficiency, respectively. Notably, there is significant vari-
ation in correlation values across datasets, even within the
same methods. For example, when measuring Sufficiency,
Spearman correlations between the fairness values returned
by methods with uLSIF ω = 1 and uLSIF ω = 0.25 cores are
(-0.07, 0.72*, -0.33), which show a large variability across
the three datasets. Similarly, the correlation between the Suf-
ficiency values estimated by methods that have uLSIF ω = 1
and uLSIF ω = 0.75 as their core algorithm is (0.03, 1.00*,
0.72*), which show significant variation as well.
Visual representation of the results further supports these

observations. Figure 2 compares LSIF and uLISF ω = 0.75
for measuring Sufficiency metric and demonstrates no clear
trend or correlation, reinforcing the inconsistencies in fair-
ness measurements across different estimation methods,
which is in line with the findings of the previous section and
(Almajed, Tabar, and Najafirad 2024).
In summary, this compressive analysis shows that approx-

imating fairness metrics through density ratio estimation
methods is highly sensitive, depending heavily on the chosen
approach and classifier within the probabilistic classifica-
tion framework. As a result, these methods with various ap-
proximation cores may yield contradictory insights regard-
ing the relative fairness of machine learning models, similar
to (Almajed, Tabar, and Najafirad 2024). Such inconsisten-
cies could have a profound effect on fair regression research
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Figure 2: A scatter plot between two output of two fairness
measurement methods relying on LSIF and uLISF ω = 0.75
(when approximating the Sufficiency fairness metric across
three datasets).

and its practical applications as fairness measurement in a
primary step in ensuring fairness. For example, ML mod-
els may produce inaccurate low-risk assessments for patients
from marginalized communities or predict higher probabil-
ities of loan default for certain demographic groups. There-
fore, similar to recent research (Almajed, Tabar, and Najafi-
rad 2024), we also emphasize the need for further research
to develop better methods for assessing fairness metrics in
the regression problem domains and address the discovered
sensitivity and inconsistency issues.

Potential Reason of Inconsistencies
The results of our experiments, in particular the Probabilis-
tic Classification-based approaches, show that relative fair-
ness of various ML models can change significantly when
we replace the core probabilistic classifier, and these incon-
sistencies can differ across datasets. One potential factor that
may attribute to these observations could be the sensitivity of
these approaches to the high probability values predicted by
the underlying classifier. For example, as mentioned before,
Independence is defined as P (A=1|Ypred)·P (A=0)

P (A=0|Ypred)·P (A=1) (Stein-
berg, Reid, and O’Callaghan 2020), in which the nominator
(P (A = 1 | Ypred)) is approximated using a probabilistic
classifier (such as Logistic Regression), and the denomina-
tor value is derived from the nominator value as follows:
P (A = 0 | Ypred) = 1 ↑ P (A = 1 | Ypred). Then, assum-
ing the same size for privileged and unprivileged groups, if
the classifier’s predicted probability for P (A = 1 | Ypred)
changes from 0.9990 to 0.9999 for a particular data point,
that ratio will increase from 999 to 9999 (which is an ap-
proximately 10 times increase). Such sudden changes of ra-
tios for just a few data points could significantly affect the
overall Independence value (computed through averaging
such ratios across all data points in a dataset), and accord-
ingly, the consistency of fairness values returned by various
approximation methods.
To be more specific, we observe high predicted probabil-

Figure 3: A histogram of probabilities predicted by Logistic
Regression for computing the Independence fairness metric
for the Ridge regression algorithm on the Communities and
Crime dataset.

ities for P (A = 1 | Ypred) in our real-world datasets. Fig-
ure 3 shows the distribution of Logistic Regression’s pre-
dicted probabilities when computing Independence fairness
on the Communities and Crime dataset. This figure shows
that, for many data points, the predicted probability is high;
for example, for 112 datapoints, the predicted probability is
above 0.999. In this situation, the estimated Independence
value is 79.78. However, when we impose a threshold on the
number of decimal points for the predicted probability (as a
post-processing step), the Independence values change sig-
nificantly; for example, the Independence values will change
to 46.17, 8.19, and 0.94 when setting the maximum thresh-
old to 0.999, 0.99, and 0.9, respectively. This could show
the extent to which these fairness measurement methods are
sensitive to a minor variations in the high probability values
predicted by the underlying probabilistic classifiers.
One potential factor behind such high probabilities is the

distribution of privileged and unprivileged groups and their
level of overlaps. In particular, when there is a large gap be-
tween samples of these two classes, it is highly likely that
the underlying probabilistic classifier predicts a high proba-
bility for certain samples belonging to the privileged group,
which could significantly affect the fairness values accord-
ingly. In those cases, most likely, high inconsistencies would
be observed among the fairness values computed through
using various core probabilistic classifiers. We validate this
hypothesis by generating synthetic datasets in which levels
of overlap among samples of privileged and unprivileged
classes varies across datasets.
To evaluate the impact of data distribution on fairness val-

ues, we created 40 synthetic datasets each containing 1,000
data points evenly split between the privileged and unpriv-
ileged classes. To control the data distribution, samples for
the unprivileged group are generated from a normal distri-
bution with a mean of 0 and a standard deviation of 1. These
samples are then combined with samples generated for the
privileged class to form a single dataset with one feature
(Feature 1). For the privileged class, we iteratively gener-
ated samples with the same standard deviation of 1 but an
incrementally increasing mean. Starting with a mean of 0,
we increased the mean by 0.1 for each subsequent dataset.
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Mean Interval Fairness Measurement Logistic Regression Ridge Lasso KLR Gaussian KLR Polynomial
0 - 0.9 Logistic Regression - 1.00 1.00 0.85 0.94

Ridge 1.00 - 0.99 0.85 0.94
Lasso 1.00 0.99 - 0.84 0.93
KLR Gaussian 0.85 0.85 0.84 - 0.70
KLR Polynomial 0.94 0.94 0.93 0.70 -

1 - 1.9 Logistic Regression - 1.00 1.00 0.96 0.88
Ridge 1.00 - 1.00 0.96 0.88
Lasso 1.00 1.00 - 0.96 0.88
KLR Gaussian 0.96 0.96 0.96 - 0.92
KLR Polynomial 0.88 0.88 0.88 0.92 -

2 - 2.9 Logistic Regression - 0.99 1.00 0.92 0.64
Ridge 0.99 - 0.99 0.87 0.62
Lasso 1.00 0.99 - 0.92 0.64
KLR Gaussian 0.92 0.87 0.92 - 0.55
KLR Polynomial 0.64 0.62 0.64 0.55 -

3 - 3.9 Logistic Regression - 0.89 0.99 0.82 -0.12
Ridge 0.89 - 0.94 0.54 0.21
Lasso 0.99 0.94 - 0.77 -0.05
KLR Gaussian 0.82 0.54 0.77 - -0.35
KLR Polynomial -0.12 0.21 -0.05 -0.35 -

Table 3: Spearman correlations between pairs of methods approximating the Independence fairness metric at different mean
intervals.

This approach allowed us to gradually vary the degree of
overlap between the two classes across datasets. For ex-
ample, in the first dataset, both classes are sampled from
the same distribution (normal distribution with mean of 0
and standard deviation of 1), resulting in equal probabili-
ties for each data point belonging to either class. However,
as the mean of the privileged class increased while keeping
the mean of the unprivileged class constant to 0, the over-
lap between the two groups is reduced, creating datasets
with distinct probabilities for each point belonging to ei-
ther group. Moreover, examining how data distribution af-
fects Separation fairness metrics requires two-dimensional
data (predicted versus ground-truth values). In our synthetic
data generation process, we have already created Feature 1
with varying degrees of overlap. For Feature 2, both classes
were sampled from a normal distribution with a mean of 0
and a standard deviation of 1. Figure 4 provides scatter plots
illustrating the data distributions at different mean values. In
the left plot (mean = 0), the classes overlap entirely. As the
mean increases to 2 (middle plot), overlap decreases, mak-
ing the classes more separable. At a mean of 3.9 (right plot),
there is minimal overlap between the two classes. Through
this process, we created 40 datasets with varying degrees of
class overlap to analyze how classifiers respond to different
distributions and levels of class overlap.
After generating the synthetic datasets, we proceed to

our experiments, which consist of two main steps. In the
first step, we compute the Spearman correlations between
fairness values generated by various fairness measurement
methods relying on different classifiers to investigate the
consistency of various fairness measurement methods under
different data distribution. Then, the second step involves
imposing a threshold on high predicted probabilities pro-
duced by these classifiers, and then, comparing the corre-
lation values before and after thresholding to determine its

Figure 4: Scatter plots at mean values (0, 2, 3.9) showing
class separability. Blue dots represent protected group (Tar-
get 0), red dots represent privileged group (Target 1)

impact on the consistency of fairness measurement methods.
The outcomes of these two experimental steps are detailed
in the following sub-sections.

Step 1. Evaluation of the Consistency of Fairness
Measurement Methods on Synthetic Data
In this step, the fairness metrics were calculated for each of
the 40 datasets using different fairness measurement meth-
ods with various underlying core classifiers. This resulted in
40 fairness values per each fairness measurement method.
To analyze the results, we aggregated the fairness values
computed for 10 synthetic datasets within specific mean in-
tervals of the privileged class distribution. This grouping re-
sulted in four mean intervals: [0–0.9], [1–1.9], [2–2.9], and
[3–3.9], covering the total 40 datasets. Then, for each inter-
val, we calculated the Spearman correlation of the fairness
values for each pair of methods.
Table 3 summarizes the results of this experiment, where

we computed the correlation values for each pair of fairness
measurements (relying on different classifiers) across dif-
ferent ranges of mean intervals. The overall trend suggests
that as the mean value increases (reducing overlap between
the two classes), the correlation between fairness values pro-
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duced by different classifiers decreases. For example, within
the mean interval of [0–0.9], the fairness values exhibit con-
sistently high correlations across all classifiers. In particu-
lar, Logistic Regression, Ridge, and Lasso showed a perfect
correlation of 1. KLR Polynomial demonstrated a high cor-
relation of 0.94 with Logistic Regression, Ridge, and Lasso,
and KLR Gaussian exhibited a correlation of 0.85 with these
classifiers, except for KLR Polynomial, where the correla-
tion value was 0.7. However, as the mean interval increases,
the correlations tends to show an opposite trend. For in-
stance, the correlation between KLR Polynomial and Lo-
gistic Regression dropped from 0.94 to -0.12, while the cor-
relation between KLR Polynomial and KLR Gaussian de-
creased from 0.70 to -0.35 between the first and last mean
intervals. Similarly, KLR Gaussian exhibited a correlation
of 0.54 with Ridge at the last interval. These findings suggest
that as the overlap between the two classes (privileged and
unprivileged) decreases, the consistency of fairness mea-
surements across different classifiers could diminish.
Moreover, when we analyze the output of these classifiers

more closely, we observe a trend similar to our findings in
the real dataset. In some cases, classifiers assign very high
probabilities to many data points. Generally, when the mean
value for the sampled data in the synthetic datasets is low
(indicating significant overlap between classes), most classi-
fiers tend to produce probabilities concentrated around 0.5.
This outcome is expected because both the privileged and
unprivileged groups are drawn from closely overlapping dis-
tributions, making it difficult for the models to distinguish
between them. As the mean for the privileged group distri-
bution increases, the overlap diminishes, and a broader range
of probability values emerges.
Figure 5 illustrates the predicted probability distributions

for Lasso (top row) and Kernel Logistic Regression with a
Polynomial kernel (bottom row) across three different mean
values: 0, 2, and 3.9. In the leftmost plots, where the mean
is 0, the probabilities cluster around 0.5 because of the high
degree of overlap between the two groups, which hinders
classification. In contrast, the middle plots (mean = 2) show
that around 50 data points are predicted with probabilities
exceeding 0.9, indicating increased classifier probability as
overlap decreases. Finally, when the mean value is raised
to 3.9 (rightmost plots), the distributions concentrate near
the edges, indicating that many data points receive very high
predicted probabilities due to minimal overlap between the
two privileged and unprivileged groups.
Furthermore, using this synthetic data generation ap-

proach we can calculate the actual fairness value for Inde-
pendence because exact probability density functions (PDF)
for the nominator and denominator is known. This allows
us to compare the actual fairness of the dataset with the
fairness results produced by various classifiers, providing a
benchmark for evaluating fairness estimation methods’ per-
formance. Table 4 shows the Spearman correlations between
the actual fairness values and a Probabilistic Classification-
based one with different core classifiers across different
ranges of mean intervals. According to the results, inconsis-
tencies increase as the mean value rises. For example, when
the mean interval range is [0–0.9], the average correlation is

Mean Interval Logistic Regression Ridge Lasso KLR Gaussian KLR Polynomial
0-0.9 0.98 0.98 0.98 0.81 0.95
1-1.9 1.00 1.00 1.00 0.96 0.88
2-3.9 0.98 0.99 0.98 0.88 0.65
3-3.9 0.96 0.78 0.93 0.85 -0.21

Table 4: Spearman correlations between actual and esti-
mated Independence metric (with various core probabilistic
classifiers) across various mean intervals.

0.94; however, this correlation decreases to 0.66 when the
mean interval range reaches [3–3.9].
Overall, the correlation values tend to be high when class

overlap is significant. Table 5 displays the Spearman correla-
tion values among classifiers approximating the Separation
metric across different mean intervals. For example, during
the lower mean intervals ([0–0.99] and [1–1.9]), correlation
values among all classifiers exceed 0.84, indicating strong
agreement. However, as the mean interval increases, the cor-
relations decreases significantly. In the interval of [3–3.9],
the Spearman correlation between Kernel Logistic Regres-
sion with a Polynomial kernel and other classifiers–such as
Logistic Regression, Ridge, Lasso, and Kernel Logistic Re-
gression with a Gaussian kernel–drops to 0.09, 0.47, 0.18,
and –0.35, respectively. These results highlight how varying
degrees of class overlap in data distributions can substan-
tially influence correlation values when evaluating the Sep-
aration fairness metric.

Step 2. Investigating the Impact of Thresholding
Because this fairness measurement method tend to be highly
sensitive to extreme predictions, the distribution of predicted
probabilities plays a critical role in determining the overall
fairness score. We noticed that some classifiers produce ex-
ceptionally high probabilities, which can disproportionately
skew fairness values and, in turn, influence the correlation
among the fairness measurement methods. To address this
issue, we investigate the effect of imposing a threshold on
predicted probabilities by comparing the correlation values
among methods relying on different classifiers before and
after applying the threshold.
We apply a threshold of 0.99 to all probabilities predicted

by each classifier, then recompute the Independence fairness
metric. Next, we calculate the Spearman correlation values
among the classifiers to observe how thresholding influences
their correlations, particularly within the mean interval of
[3–3.9], which exhibited the lowest correlation values prior
to thresholding. Table 6 presents the Spearman correlation
values before and after thresholding, revealing that corre-
lations generally improve across all pairs of methods, es-
pecially those involving Kernel Logistic Regression (KLR).
For instance, the correlation between Lasso and KLR with
Gaussian kernel increases from 0.54 to 0.90, and from 0.21
to 0.98 with the Polynomial kernel. Likewise, the correla-
tion between the two KLR classifiers rises from -0.35 to
0.95. These findings suggest that thresholding can help re-
duce inconsistencies in synthetic datasets when measuring
the Independence fairness metric.
We also investigate the impact of applying a threshold of

0.99 to predicted probabilities used in calculating the Sepa-
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Figure 5: Histograms of the predicted probabilities from Lasso (top row) and Kernel Logistic Regression with a Polynomial
kernel (bottom row), evaluated on synthetic datasets with different mean values (0, 2, and 3.9).

Mean Interval Fairness Measurement Logistic Regression Ridge Lasso KLR Gaussian KLR Polynomial
0 - 0.9 Logistic Regression - 1.00 1.00 0.84 0.92

Ridge 1.00 - 1.00 0.84 0.93
Lasso 1.00 1.00 - 0.84 0.93
KLR Gaussian 0.84 0.84 0.84 - 0.84
KLR Polynomial 0.92 0.93 0.93 0.84 -

1 - 1.9 Logistic Regression - 1.00 1.00 0.99 0.89
Ridge 1.00 - 1.00 0.99 0.89
Lasso 1.00 1.00 - 0.99 0.89
KLR Gaussian 0.99 0.99 0.99 - 0.88
KLR Polynomial 0.89 0.89 0.89 0.88 -

2 - 2.9 Logistic Regression - 0.99 1.00 0.95 0.48
Ridge 0.99 - 0.99 0.94 0.56
Lasso 1.00 0.99 - 0.95 0.48
KLR Gaussian 0.95 0.94 0.95 - 0.54
KLR Polynomial 0.48 0.56 0.48 0.54 -

3 - 3.9 Logistic Regression - 0.89 0.99 0.76 0.09
Ridge 0.89 - 0.94 0.49 0.47
Lasso 0.99 0.94 - 0.72 0.18
KLR Gaussian 0.76 0.49 0.72 - -0.35
KLR Polynomial 0.09 0.47 0.18 -0.35 -

Table 5: Spearman correlations between pairs of methods approximating the Separation fairness metric at different mean inter-
vals.

ration fairness metric. The results suggest that thresholding
generally enhances correlation values between these types
of fairness measurement methods. Similarly, we focus on
the mean interval of [3–3.9], as it showed the lowest corre-
lation values before thresholding was applied. Table 7 com-
pares Spearman correlation values before and after thresh-
olding. As the results show, notable improvements are ob-
served even when the initial correlation values are very low.
For example, the correlation between Kernel Logistic Re-
gression with Gaussian and Polynomial kernels increases
significantly from -0.35 to 0.47 after thresholding. High cor-

relations also experience improvement; the correlation be-
tween Logistic Regression and Ridge classifiers rises from
0.89 to 1.00. The findings from the experiments conducted
on synthetic datasets underline that applying a threshold can
effectively improve correlation values in evaluating the Sep-
aration fairness metric, thereby mitigating the influence of
extreme predicted probabilities.

After observing that imposing a threshold on synthetic
data improves overall consistency, we now examine its im-
pact on our real-world datasets–specifically, the Law School,
Communities and Crime, and Insurance datasets. We apply
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Corr. Metric Logistic Regression Ridge Lasso KLR Gaussian KLR Polynomial
Spearman Logistic Regression - 0.89 0.99 0.82 -0.12
(before thresholding) Ridge 0.89 - 0.94 0.54 0.21

Lasso 0.99 0.94 - 0.77 -0.05
KLR Gaussian 0.82 0.54 0.77 - -0.35
KLR Polynomial -0.12 0.21 -0.05 -0.35 -

Spearman Logistic Regression - 1.00 1.00 0.90 0.98
(after thresholding) Ridge 1.00 - 1.00 0.90 0.98

Lasso 1.00 1.00 - 0.90 0.98
KLR Gaussian 0.90 0.90 0.90 - 0.95
KLR Polynomial 0.98 0.98 0.98 0.95 -

Table 6: Spearman correlations for the Independence fairness metric, computed using various measurement methods (relying
on different classifiers), before (top) and after (bottom) thresholding their predicted probabilities.

Corr. Metric Logistic Regression Ridge Lasso KLR Gaussian KLR Polynomial
Spearman Logistic Regression - 0.89 0.99 0.76 0.09
(before thresholding) Ridge 0.89 - 0.94 0.49 0.47

Lasso 0.99 0.94 - 0.72 0.18
KLR Gaussian 0.76 0.49 0.72 - -0.35
KLR Polynomial 0.09 0.47 0.18 -0.35 -

Spearman Logistic Regression - 1.00 1.00 0.88 0.71
(after thresholding) Ridge 1.00 - 1.00 0.88 0.71

Lasso 1.00 1.00 - 0.88 0.71
KLR Gaussian 0.88 0.88 0.88 - 0.47
KLR Polynomial 0.71 0.71 0.71 0.47 -

Table 7: Spearman correlations for the Separation fairness metric, computed using various measurement methods (relying on
different classifiers), before (top) and after (bottom) thresholding their predicted probabilities.

a threshold of 0.99 to predicted probabilities and calculate
correlation values before and after thresholding. The results
present a mixed picture, with thresholding improving cor-
relations in some cases while leaving them unchanged or
even reducing them in others. For instance, Spearman cor-
relation values between Logistic Regression with Gaussian
and Polynomial kernels, measuring the Independence fair-
ness metric, initially stand at (0.1, -0.58, -0.67) for Law
School, Communities and Crime, and Insurance datasets, re-
spectively. After thresholding, these correlations change to
(-0.21, -0.58, -0.67), showing no change for the Commu-
nities and Crime and Insurance datasets, but indicating a
negative effect for the Law School dataset, where the cor-
relation drops from 0.1 to -0.21. In contrast, thresholding
can also lead to improvements. For example, the correla-
tion between Lasso and Kernel Logistic Regression with a
Gaussian kernel improves from 0.53 to 0.64 for the Com-
munities and Crime dataset, while remaining unchanged for
the other datasets. These results from experiments on real-
world datasets suggest that imposing thresholds to predicted
probabilities can occasionally (not always) reduce observed
inconsistencies, which in turn, suggests that factors beyond
high probability values may contribute to inconsistencies,
requiring further investigation.
In summary, the results of our analysis on the real-world

and synthetic data show that the fairness metrics computed
through Probabilistic Classification-based approach could
be highly sensitive to the performance of the underlying

classifier, which in turn, could be affected by the data distri-
bution. Particularly, a major gap between some data points
of privileged and unprivileged groups could affect the con-
sistency of the outcome of various fairness estimation ap-
proaches with different underlying probabilistic classifiers.

Conclusion
This paper seeks to address the gap in investigating the sen-
sitivity of density-ratio estimation approaches for approx-
imating fairness notions through analyzing the impact of
changing the underlying density-ratio estimation approaches
(such as various Probabilistic Classification-based ones and
ratio matching approaches) on the output fairness measures.
The findings reveal that the choice of underlying density-
ratio estimation could significantly impact the fairness mea-
surement results, and even, result in contradictory results
with respect to the relative fairness of ML models. This vari-
ation is clearly demonstrated in our analysis of LSIF and
uLSIF (ω = 0.5) approaches, which showed different corre-
lation values of (0.46, -0.02, -0.02) across three regression
tasks. Furthermore, this paper provides insights on the po-
tential reasons of some inconsistencies through generating
and analyzing synthetic data with various distributions. The
empirical results suggest that the distribution of privileged
and unprivileged samples and their overlap could affect the
fairness estimation process and consistency of the outcome
of various fairness measurement methods in regression.
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