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Abstract

Causal discovery is the task of learning causal models, encod-
ing causal relationships, from a source of information, such
as a dataset containing observational data. While many algo-
rithms have been developed to discover causal models under
varied sets of assumptions, the case in which the dataset is
affected by missing data remains significantly underexplored.
Naively applying standard causal discovery algorithms to list-
wise, test-wise, or regression-wise deleted datasets, or im-
puting the missing data, can introduce spurious associations
between variables and bias function estimation in functional
causal models. This issue arises when the data is missing at
random or not at random. It ultimately invalidates the the-
oretical guarantees of these algorithms and prevents finding
the true underlying causal model, even in the large-sample
limit. An established family of causal models is the Linear
Non-Gaussian Acyclic Model (LiNGAM), which assumes
linear functional relationships and non-Gaussian independent
noise terms. We propose a new causal discovery algorithm for
LiNGAM, capable of recovering the underlying causal struc-
ture and providing unbiased estimates of the model’s param-
eters, even when the data is affected by MNAR missingness.

Preliminaries
Representing missingness. Missingess can be repre-
sented using graphical models called missingness graph (m-
graph) (Mohan, Pearl, and Tian 2013). An m-graph is a
causal Directed Acyclic Graph (DAG) G = (V,E) where V
corresponds to the set of variables and can be partitioned as
follows: V = Vo∪Vm∪U∪V∗∪R where Vo contains all
variables that are fully observed, and Vm contains partially
observed variables, i.e. variables affected by missing data.
For each variable X ∈ Vm there exists a corresponding bi-
nary variable called missingness mechanism RX ∈ R and
a proxy variable X∗ ∈ V∗ such that X∗ := X if RX = 0
and X∗ := m if RX = 1, where m is a special value in-
dicating missingness. U is the set of latent variables. The
columns in a dataset generated by G correspond to variables
in Vo and V∗, and the values of R follow from those of
V∗. Variables in Vm and U are unobserved. The type of
missingness can be read from the independence relations en-
coded in the m-graph: it is Missing Completely At Random
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Figure 1: An m-graph entailing MAR missingness. Vo =
{X,Z},Vm = {Y },U = ∅,R = {RY },V∗ = {Y ∗}.
The red dashed edge is not part of the m-graph, it highlights
that naive handling of the missingness problem (e.g. listwise
deletion: RY = 0) induces collider bias between X and Y ,
since RY is a child of the collider Z.

(MCAR) if Vm∪Vo∪U ⊥⊥ R, Missing At Random (MAR)
if Vm∪U ⊥⊥ R | Vo, and Missing Not At Random (MNAR)
otherwise (Mohan and Pearl 2021). Figure 1 shows an exam-
ple of an m-graph with MAR missingness.

LiNGAM and LiM. Given continuous random variables
{Xi}ni=1, a causal order i ∈ {1, . . . , n} 7→ k(i), and in-
dependent non-Gaussian error terms {Ei}ni=1, the LiNGAM
model (Shimizu et al. 2006) assumes the data is generated
according to the following assignments:

xi =
∑

k(j)<k(i)

bijxj + ei, ei ∼ Non-Gaussian(·) (1)

where B = {bij}ni,j=1 is the weight matrix, corresponding
to the adjacency matrix of the causal DAG.
The Linear Mixed model (LiM) (Zeng et al. 2022) is an ex-
tension of LiNGAM that handles both continuos and binary
data. In this setting the set of variables X can be partitioned
in X = Xcon ∪ Xdis where Xcon is the set of continuous
variables and Xdis is the set of discrete (binary) variables.
Given a causal order i ∈ {1, . . . , n} 7→ k(i), Xcon follow
the same assignments as in Equation 1 while Xdis follow:

xi = 1J
∑

k(j)<k(i)

bijxj + ei > 0K, ei ∼ Logistic(0, 1) (2)

Here, 1J·K denotes the Iverson bracket, which evaluates to 1
if the condition inside holds and 0 otherwise. Both models
are identifiable from observational data.
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Missingness-LiNGAM
We denote the set of parents of X as PaX and the set of
ancestors of X as AncX .
Definition 1. Given an m-graph G = (V,E), a
Missingness-LiNGAM (m-LiNGAM) is a causal model over
V = Vo ∪ Vm ∪ U ∪ V∗ ∪ R where the variables in the
induced subgraph G[Vo ∪Vm] follow a LiNGAM.
Note that the definition above implies that there is no la-
tent confounding involving Vo ∪Vm, and that missingness
mechanisms cannot be ancestors of of these variables.
We also make the following assumptions:
A1. No causal interactions between missingness mecha-
nisms, i.e. ∀Ri, Rj ∈ R. Ri ̸∈ Pa(Rj).
A2. No self-masking (∀X ∈ Vm, X ̸∈ Pa(RX)).
Even if self-masking is not allowed, indirect self-masking
is: a variable X ∈ Vm may be an indirect cause of its own
missingness mechanism RX , i.e. X can be in AncRX

.
A3. The missingness mechanisms follow Equation 2.
This implies that G[Vo∪Vm∪R] forms a LiM. Since every
missingness mechanism Ri ∈ R corresponds to a partially
observed variable, it follows that P (Ri = 1) > 0, and since,
according to A3, each Ri is generated using Equation 2, as
the support of the logistic distribution is R, it also follows
that P (Ri = 1) < 1.
Consider the following identifiability result:
Theorem 1. Let X be a p× n matrix of observational data
over Vo ∪ V∗ generated from an m-LiNGAM with graph
G = (V,E) where p = |Vo ∪V∗| and n is the sample size.
If Assumptions A1-3 are satisfied, in the large-sample limit
the partition V = Vo ∪Vm ∪U ∪V∗ ∪R, the structure
of the causal graph E, and the parameters B of the LiM on
G[Vo ∪Vm ∪R] can be identified from X .

Proof. (Sketch of proof) In the large-sample limit, the
columns of X can be mapped to the sets in the partition V:
columns corresponding to fully observed variables belong
to Vo, columns with missing data correspond to V∗, and for
each proxy V ∗

i ∈ V∗ there is a partially observed variable
Vi ∈ Vm and a missingness mechanism Ri ∈ R. We can
completely reconstruct the values of R for every observa-
tion because ∀Ri ∈ R if the corresponding V ∗

i ∈ V∗ takes
value m then Ri = 1 and Ri = 0 otherwise.
Let PaoRi

:= PaRi
∩Vo and PamRi

:= PaRi
∩Vm. Then,

for each Ri we can estimate P (Ri | Vo,Vm) since by A1
it is equal to P (Ri = ri | PaoRi

, PamRi
, Rpam

Ri
= 0). Let

Vi ∈ Vm be the partially observable node corresponding
to Ri, by A2 Vi /∈ PamRi

∪ PaoRi
, where PamRi

⊆ Vm,
PaoRi

⊆ Vo are the parents of Ri. Using A3, in the large-
sample limit we are guaranteed to identify the parent set for
each Ri and also have samples to estimate P (Ri = ri |
PaoRi

, PamRi
, Rpam

Ri
= 0) for both ri = 0 and ri = 1.

Next, given A1, A2, and U = ∅ it is possible to apply Theo-
rem 2 in (Mohan, Pearl, and Tian 2013) and thus rewrite the
joint distribution of Vo,Vm as follows:

P (Vo,Vm) =
P (Vo,V

∗,R = 0)∏
i P (Ri = 0 | PaoRi

, PamRi
, RPam

Ri
= 0)

(3)

Since the terms on the r.h.s. are known, we can reconstruct
the joint distribution of Vo,Vm. From LiNGAM identifia-
bility results (Shimizu et al. 2011), we can then reconstruct
the subgraph G[Vo,Vm] and estimate the parameters.
As we know the parent set of each Ri ∈ R and the exact
functional relation of each V ∗

i ∈ V∗, we can reconstruct the
remaining part of the graph.

n LD-LiNGAM RD-LiNGAM m-LiNGAM

50 4.30±1.92 3.52±2.02 3.13±1.93
100 2.26±1.95 1.61±1.48 1.58±1.49
300 1.28±1.27 1.35±1.53 0.95±1.45
500 1.55±1.49 1.18±1.20 0.69±0.99

1000 1.63±1.23 1.40±1.50 0.79±1.20
3000 2.37±1.43 2.01±1.72 0.79±1.10
5000 2.69±1.46 2.40±1.82 0.59±1.02

Table 1: Comparison of m-LiNGAM and DirectLiNGAM
using SHD across different sample sizes (n).

Experiments
Baseline. We compare the performance of m-LiNGAM with
DirectLiNGAM (Shimizu et al. 2011) on 100 Erdős–Rényi
graphs with five variables and a sparsity parameter of 0.3.
Two variables in each graph are affected by missingness,
with their missingness categories assigned randomly,
resulting on average in 30% MNAR, 46% MAR, and 24%
MCAR. Since DirectLiNGAM can only be applied to
datasets without missing values, we consider two variants:
one using listwise deletion and another using regression-
wise deletion, in which we remove only the rows that have
missing values for the variables involved in each regression.

Metric. To evaluate the algorithms, we measure the
Structural Hamming Distance (SHD) between the true and
estimated adjacency matrices. SHD quantifies structural
discrepancies between two graphs as the total number of
missing, extra, and reversed edges. A smaller SHD indicates
that the estimated graph more closely matches the true one.

Results. The results (Table 1) indicate that ignoring missing-
ness leads to biased estimates, while m-LiNGAM achieves
higher accuracy even with small sample sizes. Notably,
as the sample size increases, the error for DirectLiNGAM
grows because the bias induced by missingness becomes
more pronounced and detectable in the observed data.

Conclusions
We introduced missingness-LiNGAM, a family of causal
models for settings with missing data based on LiNGAM.
We formulated assumptions enabling identification of the
causal graph and unbiased parameter estimation from ob-
servational data under MCAR, MAR, or MNAR missing-
ness. This work provides a foundation for future extensions
to nonlinear models and for enabling more robust causal dis-
covery in real-world datasets with missing values.
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