The Fortieth AAAI Conference on Artificial Intelligence (AAAI-26)

Intrinsic Barriers and Practical Pathways for Human-AI Alignment: An
Agreement-Based Complexity Analysis

Aran Nayebi

Machine Learning Department and Neuroscience & Robotics Institutes,
School of Computer Science, Carnegie Mellon University
anayebi@cs.cmu.edu

Abstract

We formalize Al alignment as a multi-objective optimiza-
tion problem called (M, N, e, 0)-agreement, in which a set
of N agents (including humans) must reach approximate ()
agreement across M candidate objectives, with probability at
least 1 — J. Analyzing communication complexity, we prove
an information-theoretic lower bound showing that once ei-
ther M or N is large enough, no amount of computational
power or rationality can avoid intrinsic alignment overheads.
This establishes rigorous limits to alignment itself, not merely
to particular methods, clarifying a “No-Free-Lunch” princi-
ple: encoding “all human values” is inherently intractable and
must be managed through consensus-driven reduction or pri-
oritization of objectives. Complementing this impossibility
result, we construct explicit algorithms as achievability cer-
tificates for alignment under both unbounded and bounded ra-
tionality with noisy communication. Even in these best-case
regimes, our bounded-agent and sampling analysis shows that
with large task spaces (D) and finite samples, reward hack-
ing is globally inevitable: rare high-loss states are systemati-
cally under-covered, implying scalable oversight must target
safety-critical slices rather than uniform coverage. Together,
these results identify fundamental complexity barriers—tasks
(M), agents (N), and state-space size (D)—and offer princi-
ples for more scalable human-Al collaboration.

Extended version — https://arxiv.org/abs/2502.05934

1 Introduction

Rapid progress in artificial intelligence (AI) technologies,
increasingly deployed across critical economic and societal
domains, underscores the importance of ensuring these sys-
tems align with human intentions and values—a challenge
known as the value alignment problem (Russell, Dewey, and
Tegmark 2015; Amodei et al. 2016; Soares 2018). Current
alignment research frequently addresses immediate prac-
tical concerns, such as preventing jailbreaks in large lan-
guage models (Ji et al. 2023; Guan et al. 2024; Hubinger
et al. 2024). While essential, these approaches largely fo-
cus on specific Al architectures and lack general, theoreti-
cally proven guarantees for alignment as systems approach
human-level general capability.
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Existing theoretical frameworks, notably Al Safety via
Debate (Irving, Christiano, and Amodei 2018; Brown-
Cohen, Irving, and Piliouras 2023, 2025) and Cooper-
ative Inverse Reinforcement Learning (CIRL) (Hadfield-
Menell et al. 2016), have significantly advanced our un-
derstanding by providing formal guarantees of alignment
in specific scenarios. Debate effectively leverages interac-
tive proofs to isolate misalignment through zero-sum de-
bate games, though it relies critically on exact verification
by a correct and unbiased human judge and computational
tractability constraints. CIRL successfully formulates align-
ment as a cooperative partial-information game reducible
to a POMDP, allowing an elegant characterization of opti-
mal joint policies under shared uncertainty (Hadfield-Menell
et al. 2016). However, CIRL implicitly assumes common
priors and employs a Markovian assumption, potentially
limiting agents’ ability to leverage richer historical contexts
for alignment. While these methods represent important
theoretical progress, their simplifying assumptions restrict
broader applicability and leave open questions about align-
ment scenarios involving diverse knowledge states, richer
agent interactions, or more complex objectives. This un-
derscores a crucial theoretical gap: no unified framework
currently addresses alignment under minimal assumptions
while rigorously identifying intrinsic barriers independent
of specific modeling choices. We propose that prior align-
ment approaches implicitly rely on underlying conceptual
foundations involving iterative reasoning, mutual updating,
common knowledge, and convergence under shared frame-
works.

To bridge this gap, we explicitly formalize these elements
within an assumption-light framework called (M, N, ¢, §)-
agreement (§3), which models alignment as a multi-
objective optimization problem involving minimally capa-
ble agents and allows us to rigorously analyze alignment in
highly general contexts. In (M, N, €, §)-agreement, a group
of agents (including humans) must achieve approximate
consensus across multiple objectives with high probability.
We show in Table 1 that our framework generalizes previous
alignment approaches by relaxing their strong assumptions,
thus enabling analysis under a broad set of conditions.

We then rigorously establish intrinsic, method-
independent complexity-theoretic barriers to alignment,
formalizing a fundamental “No-Free-Lunch” principle
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Figure 1: Mapping our (M, N, ¢, §)-agreement to current RLHF/DPO/Constitutional Al pipelines.
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Table 1: Positive capabilities (v') across frameworks. No-CPA: no common-prior assumption (CPA); Approx: allows
e-approximate agreement; Multi-)/ / Multi-N: supports multiple tasks / many agents; Hist.: handles rich (non-Markovian)
histories; Bnd.: works for computationally bounded agents; Asym.: tolerates asymmetric evaluation or interaction costs; Noise:
robust to noisy messages or judgments; Upper: provides explicit upper bounds (algorithms)—these can be useful as achiev-
ability certificates rather than prescriptions; Lower: proves lower bounds. Our (M, N, €, §)-agreement satisfies every criterion.

in Proposition 1: attempting to encode all human values
inevitably incurs alignment overheads, regardless of agent
computational power or rationality. Complementing this
impossibility result, we also provide explicit algorithms
in §5, not as prescriptions, but as achievability certificates
for both computationally unbounded and bounded rational
agents, alongside closely matching lower bounds in §4.
Taken together, our results yield guidelines (§6) clarifying
the overall landscape of alignment and providing practical
pathways for more scalable human-AlI collaboration.

2 Related Work

We summarize the key assumptions and features of previous
alignment and agreement frameworks in Table 1, positioning
our (M, N, ¢, §)-agreement framework within the literature.
Where earlier methods typically require common priors, ex-
act agreement, single-objective settings, or Markovian dy-
namics, our framework drops these assumptions, scales to
many tasks and agents, tolerates noisy non-Markovian ex-
changes, and supports bounded, cost-asymmetric partici-
pants. Because it operates at the scalar-reward level that
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dominates real-world Al-safety work, it can absorb any
previous protocol—including two-agent, no-common-prior
schemes such as Collina et al. (2025)—and lift them to our
more general multi-task, multi-agent, asymmetric, noisy set-
ting, obtaining universal lower bounds and closely matching
upper bounds for broad classes of natural protocols.

3 (M, N,e,d)-Agreement Framework

Setup. For M tasks [M] := {1,...,M} and N agents
(humans and Als) [N] := {1,..., N}, each task j € [M]
has finite state-space S; with |Sj| = D;, bounded' objective
fj + Sj — [0,1], and probability simplex A(S;) C RPi.

Each agent i € [N] begins with an individual prior P}
over S;; we do not assume a common prior (CPA). The
prior distance, as introduced by Hellman (2013), is:

min

. 1 = plly + llz2 = plla (1)
(ml,mrz}EIF’}xIP’f, PEA(S;)

Vj:

measures disagreement between any pair of priors; v; = 0

'Since S; is finite, note that any f; : S; — R can be rescaled
to [0, 1].



iff a true common prior exists. Note by the triangle inequal-
ity, v; > |[PY — P¥||, if these priors are sets of prior dis-
tributions per agent, and holds with equality for the typical
setting of single prior distributions per agent. This notion of
prior distance captures the smallest change in beliefs needed
for agents to share a common prior—a measure of how close
the agents already are to agreement.

Information flow. At round ¢{ > 0 each agent 7 holds

C.i’,f} of S;. Each cell

a knowledge partition Hj’t = { J
C’;,ﬁ C S, is a set of states, so Hé’t(sj) is the set of states
in S; that agent ¢ finds possible at time ¢, given that the
true state of the world is s; € S;. Agents broadcast real-
valued messages m;’t € [0,1] and refine their partitions:
Hj-’tH C H;i’t, and update their posterior belief distribu-
tions T; ot giving rise to the type profile across the N agents
T (le’t, ...7"1). All knowledge partitions are common
knowledge, ensuring the standard Aumann (1976, 1999) up-
date semantics, but without assuming CPA. Please see Ap-
pendix §B for full details.

(M,N,e,d)-Agreement  Criterion. Fix  tolerances
€j,0; € (0,1). After T rounds, the agents (M, N,¢,0)-
agree if:

Pr(|Ep [f; 17| = Bor £ 1TS7]| < 25) > 10,
Vi,k € [N] Vj € [M].
@)
Exact agreement is the special case ; = J; = 0.
Why this “best-case” model matters. (M, N, e, d) sub-

sumes classical exact (and inexact) agreement results and all
prior alignment formalisms that we examine in Table 1 (vi-
sualized in Figure 1). If alignment is hard even here—with
fully rational and computationally unbounded agents, ideal
message delivery, and no exogenous adversary—then prac-
tical settings with bounded rationality, noisy channels, or
strategic misreporting can only be harder (therefore we want
to avoid them). §5.2 quantifies exactly how much harder.

Notation. Let D := max;c[ys D; when used in the con-
text of upper bounds (and D := min;cps D; for lower
bounds), let € := min;¢c[ps €5, and write P, E for prob-
ability and expectation. The power-set function is Z?(-).
All omitted proofs and implementation details—e.g. explicit
message formats, the spanning-tree protocol for refinement,
and the LP procedure CONSTRUCTCOMMONPRIOR used in
§5.2—are provided in the extended version’s Appendix.

4 Lower Bounds

Below is the best lower bound we can prove for
(M, N, e, §)-agreement, across all possible communication
protocols:

Proposition 1 (General Lower Bound). There exist func-
tions f;, input sets S;, and prior distributions {IP’;-}’E[N]
for all j € [M], such that any protocol among N agents
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needs to exchange (M N? log (1/¢)) bits® to achieve
(M, N,e,6)-agreement on { f;} e, for € bounded below
by Hlinje[]w] Ej.

Thus, by Proposition 1, there does not exist any
(M, N,e,d)-agreement protocol (deterministic or random-
ized) that can exchange less than 2 (M N2 log (1/5)) bits
for all f;, S;, and prior distributions {P} }*<IV. For if it did,
then we would reach a contradiction for the particular con-
struction in Proposition 1. Note that the linear dependence
on M can mean an exponential number of bits in the lower
bound if we have that many distinct tasks (or agents), e.g. if
M = O(D) for alarge task state space D.

By considering the natural subclass of smooth pro-
focols—where agents’ posterior beliefs at (M, N, e,0)-
agreement time must not diverge more than their initial
priors, measured in total variation distance—we obtain a
strictly improved lower bound:

Proposition 2 (“Smooth” Protocol Lower Bound). Let the
number of tasks M > 2, and for each task j € [M], let
the task state space size D; > 2, ¢ < g5, §; < v/2, and
0 < v < 1. Furthermore, assume the protocol is smooth
in that the total variation distance of the posteriors of the
agents once (M, N, e, 6)-agreement is reached is < cv for
c < %
prior distributions {P;}ie[N] with prior distance v; > v,
such that any smooth protocol among N agents needs to ex-
change:

— %. There exist functions f;, input sets S;, and

Q (M N? (v +log (1/¢)))
bits to achieve (M, N, ¢, §)-agreement on { f;} jc[m)-

Both lower bounds in Propositions 1 and 2 demonstrate
that gaining consensus on a small list of M values that we
want Al systems to have, will be essential for scalable align-
ment.

Finally, we consider a related smoothness condi-
tion—namely, the broad class of bounded-Bayes-factor
(BBF) protocols—in which each message bit alters message
likelihoods by at most a constant multiplicative factor. This
assumption naturally captures realistic message-passing be-
havior, since rational and bounded agents typically update
their beliefs incrementally rather than abruptly shifting pos-
terior distributions after receiving a single message. Under
this mild condition, we examine a natural setting: agents ini-
tially separated by prior distance v first establish a common
prior by satisfying the canonical equalities of Hellman and
Samet (2012) (displayed in Algorithm 2 in Appendix §G.3),
and subsequently condition on this shared prior to achieve
(M, N, e, §)-agreement. They showed that for tight and con-
nected knowledge partitions (defined below), these canon-
ical equalities are automatically preserved under standard

Note, unlike our upper bounds in Theorem 1 and Proposition 4,
we use bits in the lower bound in order to apply to all possible pro-
tocols (continuous or discrete), regardless of how many bits are
encoded per message. The upper bounds have to use messages
(rounds) to describe either a continuous protocol (potentially in-
finitely many bits) as in Theorem 1, or a discrete protocol as in
Proposition 4.



Bayesian updating; hence, our construction needs no further
behavioral constraints beyond standard Bayesian rationality.

Under these reasonable conditions, our lower bound
strengthens to include an extra multiplicative factor of D :=
min; D;, the smallest state-space size across the M tasks.
Thus, this refined lower bound more closely matches the
general upper-bound results from §5 (cf. Algorithm 1) for
this protocol class within an additive polynomial term in
M, N,e,and 6.

Proposition 3 (Canonical-Equality BBF Protocol Lower
Bound). Let M > 2 be the number of tasks and let each
task j have a finite state-space S; with size D; > 2. For
every j, let the initial knowledge profiles of the N agents,

1,0 N0
(I, ST, be

1. connected: the alternation graph on states is connected,
ie M\, H;’O = {'Sj }, so every two states are linked by an
alternating chain of states; and

2. tight: that graph becomes disconnected if any edge is re-
moved (unique chain property).

Assume the message-passing protocol is BBF (B) for some
B > 1: every b-bit message m;’t satisfies B0 < Pr[m;’»’t |
55, Hj’til(sj)]/ Pr[m;’t | s, H;-’tfl(s;)] < Y. Then there
exist payoff functions f; : S; —[0,1] and priors {P;}ie[N]
with pairwise distance v; > v, 0 < v < 1, such that any
BBF(B) protocol attaining (M, N, e, d)-agreement via the
canonical equalities of Hellman and Samet (2012) must ex-
change at least

Q (M N?[Dv +1log(1/e)]),  D:= min Dy,

JE[M]

bits in the worst case (implicit constant = 1/log f3), where
the accuracy parameter 0 < e < ¢g; < L.

5 Convergence of (M, N, ¢, §)-agreement

Given these lower bounds, a natural question is whether
(M, N,e,d)-agreement is achievable at all—especially
since the agents begin without a common prior. In this sec-
tion, we demonstrate that it is indeed achievable, providing
explicit algorithms and upper bounds on convergence not
only for idealized, unbounded agents but also under realis-
tic constraints such as message discretization and computa-
tional boundedness. Here we prove the general upper bound:

Theorem 1. N rational agents will (M, N, €, §)-agree with
overall failure probability ¢ across M tasks, as defined in
M3N7
), after T = O (MNQD + 262) messages, where
€
D :=max;cp Dj and € := minca €5

For an explicit algorithm, see Algorithm 1—we detail the
reasoning behind this algorithm below.

First, we need to figure out at most how many messages
need to be exchanged to guarantee at least one proper refine-
ment. To do so, we will have the N agents communicate us-
ing the “spanning-tree” protocol of Aaronson (2005, §3.3),
which we generalize to the multi-task, no common prior, set-
ting below:

Algorithm 1: (M, N, e, §)-Agreement

Require: N agents with initial partitions {H;’O N, for
each task j € [M]; protocol P; CONSTRUCTCOMMON-
PRIOR defined in Algorithm 2; (e, §)-agreement proto-
col A

Ensure: Agents reach (g5, d;)-agreement for all M tasks

1: for j < 1to M do

2: t+0

3:  repeat

4 t—t+1

5 for all agent i € [N] do

6: send m;-’t via P

7 IT;* + REFINEPARTITION (IT;' ™1, m ")

8 end for ‘

9: CP; + CONSTRUCTCOMMONPRIOR({IT;*} Y,
.

10: {T; fvzl)

11:  until CP; # INFEASIBLE

12:  Condition all agents on CP;

13:  RUNCPAGREEMENT (A, P,CPy, f;,€;,0;)
14: end for

Lemma 1 (Proper Refinement Message Mapping Lemma).
If N agents communicate via a spanning-tree protocol for
task j, where g; € N is the diameter of the chosen spanning
trees, then as long as they have not yet reached agreement,
it takes O(g;) = O(N) messages before at least one agent’s
knowledge partition is properly refined.

Proof. Let G; be a strongly connected directed graph with
vertices v € [N] (one per agent), enabling communication
of expectations E;-’t along edges. (We need the strongly con-
nected requirement on G, since otherwise the agents may
not reach agreement for trivial reasons if they cannot reach
one another.) Without loss of generality, let S P; and S P?
be minimum-diameter spanning trees of G;, each rooted at
agent 1, with SP} pointing outward from agent 1 and SP?
inward toward agent 1, each of diameter at most g;.

Define orderings O} (resp. O7) of edges in SP; (resp.
S P?) so each edge (i — k) appears only after edges
(¢ — 1), except when ¢ is the root (or leaf, in inward trees).
Construct AgentOrdering; by cycling through (’)Jl», (9]2, cees
where in each round ¢ the tail agent of AgentOrdering;(t)
sends its current expectation. Thus, every block of O(g;)
transmissions forwards each agent’s updated message along
both trees, reaching all others.

Consequently, disagreement between any agents ¢ and k
leads to at least one agent receiving a “surprising” message
within these O(g;) transmissions (worst-case occurs when
i, k are on opposite ends of G;), causing a partition refine-
ment. Thus, without agreement, at least one refinement oc-
curs every O(g;) messages.

Note g; = O(N) if G; is a worst-case ring topology;
more favorable topologies yield g; < N, but we assume
worst-case generality to subsume any specific cases. O



Next, we prove an important (for our purposes) lemma,
which is an extension of Hellman (2013, Theorem 2)’s re-
sult on almost common priors to our M-function message
setting:

Lemma 2 (Common Prior Lemma). If N agents have prior
distance vj, as defined in (3), for a task j € [M) with task
state space S;, then after O (N 2Dj) messages, they will
have a common prior CIP; with probability 1 over their type
profiles.

Once the agents reach a common prior CP;, they can then
condition on that for the rest of their conversation to reach
the desired 1 — §; ¢;-agreement threshold (cf. Step 12 of
Algorithm 1). We assume this is O(1) to compute for now
as the agents are computationally unbounded, but we will
remove this assumption in §5.2, and instead use Algorithm 2
(Appendix §G.3) for an efficient explicit construction via LP
feasibility of posterior belief ratios.

Therefore, for each task j, we have reduced the problem
now to Aaronson’s (¢, d)-agreement framework (Aaronson
2005), and as he shows, the subsequent steps conditioning
on a common prior become unbiased random walks with
step size roughly ;. With some slight modifications, this
allows us to give a worst-case bound on the number of re-
maining steps in our (M, N, €, §)-agreement setting:

Lemma 3. For all f; and CP;, the N agents will globally
(¢j,0,)-agree after O (N7/(5jsj)2> additional messages.

Proof. By Aaronson (2005, Theorem 10), the IV agents will
pairwise (€, 6 ;)-agree after O ((Ngf) /(6j5j)2) messages
when they condition on CP;, where g; is the diameter of
the spanning-tree protocol they use. Furthermore, we will
need to have them (g;, §; /N?)-agree pairwise so that they
globally (g;,6;)-agree. Taking g; = O(N) for the worst-
case ring topology gives us the above bound. O

By Lemmas 2 and 3, for each j €

7
o <N2Dj +

[M], we need

5 > messages for the [V agents to reach

(9j¢;
(M =1,N,¢;,6;)-agreement. Next, select a uniform ¢
such that §; < §/M, for all j € [M]. Therefore, by a union
bound, we get the full upper bound in Theorem 1 with to-
tal probability > 1 — §, across all M tasks, by maximiz-
ing the bound above by taking D := max;e s D; and
€ 1= minje(p €5, and scaling by M.

5.1 Discretized Extension

A natural extension of Theorem 1 is if the agents do not
communicate their full real-valued expectation (which may
require infinitely many bits), but a discretized version of the
current expectation, corresponding to whether it is above
or below a given threshold (defined below), e.g. “High”,
“Medium”, or “Low” (requiring only 2 bits). We prove con-
vergence in this case, and show that the bound from The-
orem 1 remains unchanged in this setting. Discretization is
important to show convergence and complexity analysis for,
since this most closely matches real-world constraints (e.g.
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LLM agents use discrete, real-valued tokens), as opposed to
infinite-bit real valued messages.

Proposition 4 (Discretized Extension). If N agents
only communicate their discretized expectations, then
they will (M, N,e,d)-agree with overall failure prob-
ability 0 across M tasks as defined in (2), after

3NTT
T = O(MN2D+MN =

€242
max;e(py) Dj and € := minjep €5

) messages, where D

Our discretized three-bucket protocol itself is general and
imposes no BBF constraint—in Appendix §F we show it can
be made BBF(3)-compliant with small overhead. Thus, by
the lower bound from Proposition 3, for the broad and nat-
ural class of canonical-equality BBF protocols, our upper
bound in Proposition 4 is tight up to an additive polynomial
term after converting from messages to bits.

5.2 Computationally Bounded Agents

Thus far, we analyzed computationally unbounded agents,
implicitly assuming O(1) time for constructing and sending
messages, finding common priors, and sampling distribu-
tions. Even under these idealized conditions, the linear scal-
ing in Theorem 1 becomes significant if the task space D or
number of tasks M is exponentially large.

However, realistic agents, such as current LLMs, are com-
putationally bounded, and message passing may be noisy,
e.g., due to obfuscated intent (Barnes and Christiano 2020).
Thus, we now analyze the complexity of N computationally
bounded rational agents. Moreover, since querying humans
typically costs more than querying Al agents, we differenti-
ate between ¢ humans (each taking Ty time steps) and N —q
Al agents (each taking T4 time steps), encompassing recent
multi-step reasoning models (Jaech et al. 2024; DeepMind
2024). Without loss of generality, we assume uniform times
within these two groups and analyze complexity based on
two basic subroutines:

Requirement 1 (Basic Capabilities of Bounded Agents).
We expect the agents to be able to:

1. Evaluation: The N agents can each evaluate f;(s;) for

any state s; € S5;, taking time Tiya,, steps for a €

{H, AI}.

. Sampling: The N agents can sample from the uncondi-
tional distribution of any other agent, such as their prior

]P’;-, taking time Tyample,q steps for a € {H, AI}.

We treat these subroutines as black boxes: agents
lack explicit descriptions of f; and distributions, learning
about them solely through these operations. Analogous to
CIRL (Hadfield-Menell et al. 2016), this setup captures re-
alistic alignment scenarios where the correctness of a task
outcome can be verified without specifying each interme-
diate step. Consequently, our complexity results are broadly
applicable, expressed in terms of Tevar, 77, Tevat, A1 Tsample, 75
and Tsample,AI'

These minimal subroutines enable agents to estimate each
other’s expectations, an essential capability for alignment.
Importantly, exact computation is unnecessary; probabilistic
evaluation in polynomial time suffices (as will become clear



in the proof of Theorem 2, due to the exponential blow-up).
The sampling subroutine further serves as a bounded version
of the standard assumption that agents know each other’s
knowledge partitions through shared states (Aumann 1976,
1999). This corresponds to agents possessing a bounded
“theory of mind” (Ho, Saxe, and Cushman 2022) about one
another.

Finally, as we can no longer assume O(1) time com-
plexity for constructing a common prior (unlike in the un-
bounded agent setting), we introduce an explicit randomized
polynomial-time algorithm for doing so with high probabil-
ity, Algorithm 2. We refer the reader to Appendix §G.3 for
proofs related to Algorithm 2. Specifically, Lemma 7 (cor-
rectness), Lemma 8 (runtime analysis), and Lemma 9 (inex-
act posterior access setting).

In what follows, define

TN,q = quample,H + (N - Q) Tsample,AI
+ qTeval,H + (N - Q) Teval,AI-

The above considerations lead to the following theorem in
the bounded agent setting:

Theorem 2 (Bounded Agents Eventually Agree). Let there
be N computationally bounded rational agents (consisting
of 1 < q < N humans and N — q > 1 Al agents), with
the capabilities in Requirement 1. The agents pass mes-
sages according to the sampling tree protocol (detailed in
Appendix §G.2) with branching factor of B > 1/«, and
added triangular noise of width < 2«, where /50 < o <
£/40. Let 6™4-CP be the maximal failure probability of the
agents to find a task-specific common prior across all M
tasks, and let 6%"CP be the maximal failure probability
of the agents to come to (M, N, e, d)-agreement across all
M tasks once they condition on a common prior, where
§findCP y sagreeCP 5 For the N computationally bounded
agents to (M, N, e, 0)-agree with total probability > 1 — 0,
takes time

N2D1n(6ﬁ"d’CP/(3]\/IN2D)) om2NT
O MTN’q B — mm(/a) + B (5agreeCP )2 )

In other words, just in the first term alone, exponential in
the task space size D and number of agents N (and expo-
nential in the number of tasks M in the second term). So if
the task space size is in turn exponential in the input size,
then this would already be doubly exponential in the input
size!

We now clarify why we let B be a parameter, and give a
concrete example of how bad this exponential dependence
can be. Intuitively, we can think of B as a “gauge” on
how distinguishable the bounded agents are from “true” un-
bounded Bayesians, and will allow us to give an explicit de-
sired value for B. Recognizing the issue of computational
boundedness of agents in the real world, Hanson (2003) in-
troduced the notion of Bayesian wannabes: agents who es-
timate expectations as if they had sufficient computational
resources. He showed that disagreement among Bayesian
wannabes stems from computational limitations rather than
differing information. Extending this idea, Aaronson (2005)
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proposed a protocol ensuring that bounded agents appear
statistically indistinguishable from true Bayesians to an ex-
ternal referee—effectively a “Bayesian Turing Test” (Turing
1950) for rationality. Thus, B explicitly quantifies this no-
tion of bounded Bayesian indistinguishability.

We consider the M -function, N-agent generalization of
this requirement (and without common priors (CPA)), which
we call a “fotal Bayesian wannabe”:

Definition 1 (Total Bayesian Wannabe). Let the N agents
have the capabilities in Requirement 1. For each task j €
[M], let the transcript of 7' messages exchanged between N
agents be denoted as T'; := <mj1, ...,m]’). Let their initial,
task-specific priors be denoted by {P}}*€INl. Let B(s;) be
the distribution over message transcripts if the /N agents are
unbounded Bayesians, and the current task state is s; € 5.
Analogously, let W(s;) be the distribution over message
transcripts if the /N agents are “total Bayesian wannabes”,
and the current task state is s; € .S;. Then we require for all
Boolean functions® ®(s;,T';),
Pr; ew(s,)[®(s5, ;) = 1]
5, €5

— Prens)[®(s;,T5) = 1]
Sj Eyj 1

S Pjs V] € [M]v

where . := {P/};c[n]. We can set p; € R as arbitrarily
small as preferred, and it will be convenient to only consider
a single p := min;¢ [y p; Without loss of generality (corre-
sponding to the most “stringent” task j).

We will show in Appendix §G.3 that matching this re-
quirement amounts to picking a large enough value for B,
giving rise to the following corollary to Theorem 2:

Corollary 1 (Total Bayesian Wannabes Agree). Let there be
N total Bayesian wannabes, according to Definition 1 (e.g.
consisting of 1 < q < N humans and N —q > 1 Al agents).
Let the branching factor of the sampling tree protocol be
the same as before, B > 1/, with added triangular noise
of width < 2a, where /50 < a < £/40. Let §M4-CP pe
the maximal failure probability of the agents to find a task-
specific common prior across all M tasks, and let §%87¢-CP
be the maximal failure probability of the agents to come to
(M, N, e, §)-agreement across all M tasks once they con-
dition on a common prior, where §"4-CP  §agree-CP 5,
For the N “total Bayesian wannabes” to (M, N, €, 6)-agree
with total probability > 1 — §, takes time

1n( 6/nd-CP /(3 N2 D
( /( ))

O(M T (BN P= e —

729M6 N21 18M2NT7 )

+ (ll/a) (5agree-CP )6 p— (508reeCP )2 )

In other words, exponential time in the task space D, and by
(18), and with a large base in the second term if the “total
Bayesian wannabe” threshold p is made small.

Sharing a common prior amounts to removing the first
term, yielding upper bounds that are still exponential in €

and 6.

3Without loss of generality, we assume that the current task
state s; and message transcript I'; are encoded as binary strings.



The proofs of Theorem 2 and Corollary 1 are quite tech-
nical (spanning 7 pages), so we defer them to Appendix
§G for clarity. The primary takeaway here is that computa-
tional boundedness can result in a severely exponential time
slowdown in the agreement time, and especially so if you
want the bounded agents to be statistically indistinguishable
in their interactions with each other from true unbounded
Bayesians.

For example, even for N = 2 agents with a common prior
and liberal agreement threshold of ¢ = § = 1/2 and “total
Bayesian wannabe” threshold of p = 1/2 on one task (M =
1), then « > 1/100, the number of subroutine calls (not
even total runtime) would be around:

(1100)
o) <2304> ~0 (101013.27979) 7
(1/2)a/a?

would already far exceed the estimated (Munafo 2013, pg.
19) number of atoms in the universe (~ 4.8 x 107%)! This
illustrates the power of the unbounded Bayesians we consid-
ered earlier in §4, and why the lower bounds there are worth
paying attention to in practice.

Finally, note that in general under a sampling tree proto-
col, this exponential blow-up in task state space size D is
unavoidable (e.g. for rare, potentially unsafe, events):

Proposition 5 (Needle-in-a-Haystack Sampling Tree Lower
Bound). Let TN,q,sample = quample,H + (N -
q)T. sample, A1. For any sampling-tree protocol, a single task
and a single pair of agents can be instantiated so that the two
agents’ priors differ by prior distance > v, yet the protocol
must pre-compute at least ) (1/_1) unconditional samples
before the first online message. Consequently, for a partic-
ular “needle” prior construction of v = © (e‘D ), we get
lower bounds that are exponential in the task state space
size D, needing §2 (M TN g sample el ) wall-clock time.

6 Discussion

Why study a “Bayesian best-case’ at all? One may ob-
ject that real Al systems—and certainly humans—are not
perfectly Bayesian reasoners, nor do they interact through
ideal, lossless channels. That is precisely the point: our
results constitute an ideal benchmark, before we build
and deploy capable agents. If alignment is information- or
communication-theoretically hard even for computationally
unbounded, rational Bayesians exchanging noiseless mes-
sages, then relaxing rationality and unboundedness assump-
tions, adding noise, strategic behavior, or adversarial tam-
pering can exacerbate the difficulty, as we showed in §5.2.
Our takeaways for Al safety are:

1. Too many alignment values drives alignment cost.
Our matched lower and upper bounds (tight up
to polynomial terms in M, N,e,J) demonstrate a
“No-Free-Lunch” principle: encoding an exponentially
large or high-entropy set of human values forces at least
exponential communication even for unbounded agents.
As a result, progress on value alignment / preference
modeling should prioritize objective compression, dele-
gation, or progressive disclosure rather than attempting
one-shot, full-coverage specification.

2. Reward hacking is globally inevitable. Proposition 5
shows that in large state spaces and with bounded agents,
reward hacking arises unavoidably from finite sampling.
By Proposition 3, this even happens for unbounded
agents in large state spaces who communicate finite bits
and update their expectations smoothly. Scalable over-
sight is therefore not about uniform alignment, but about
focusing on the parts of the state space that matter most.
The engineering task ahead of us then is the mechanism
design problem of benchmarks and interactive proto-
cols that target these safety-critical slices—via adversar-
ial sampling, objective compression, and per-slice (¢, §)
budgets—to certify coverage where it counts.

3. Robustness depends on bounded rationality, mem-
ory, and theory of mind. Introducing bounded agents
or even mild triangular noise can exponentially increase
costs when protocols cannot exploit additional structure
or restrict the task state space (Ball and Haupt 2025); yet
these assumptions were necessary to prove any alignment
guarantees at all. Robust alignment must account for im-
perfect agents and noisy or obfuscated channels—but as
we show in §5.2, real-world agents with these three prop-
erties can degrade gracefully rather than catastrophically.

4. Tight bounds inform governance thresholds. For
broad and natural protocol classes, our lower bounds are
closely matched (up to polynomial terms) by constructive
algorithms, enabling principled risk thresholds.

Limitations and future work. Our results justify cautious
optimism: alignment is tractable in principle, yet only when
we restrain objectives and exploit task structure with care.
“No-Free-Lunch” does not preclude lunch—it simply forces
wise menu choices. At least three directions stand out:

1. Minimal value sets. Our lower bounds imply that having
too many objectives is the surest route to inefficiency. A
key open question is which small, consensus-worthy util-
ity families guarantee high-probability safety. In concur-
rent follow-up work (Nayebi 2025), we identify such a
small value set for corrigibility as defined by Soares et al.
(2015), which was open for a decade.

2. Structure-exploiting interaction protocols. Design
multi-turn agent interaction protocols (beyond single-
shot RLHF) and evaluation benchmarks that stress-test
the portions of state space most relevant for safety during
deployment. This can also be done at the post-training
stage, and can augment existing RLHF pipelines.

3. Beyond expectations under noise. (i) Can agreement on
specific risk measures cut communication costs relative
to full-expectation alignment? We note that agreement
on full expectations is not always required; given a task-
specific utility function U}, our framework already cov-
ers agreement on optimal actions, arg max, E[U;(a)] by
having f; be the optimal action indicator. Our framework
also models rare events (Appendix §C). (ii) We found
bounded derivative in the noise model was crucial for
convergence (e.g. uniform noise does not suffice). Study-
ing richer obfuscation (e.g. learned steganography) will
be essential for informing other robust safety thresholds.
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