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Abstract

TSP is a classic and extensively studied problem with numer-
ous real-world applications in artificial intelligence and oper-
ations research. It is well-known that TSP admits a constant
approximation ratio on metric graphs but becomes NP-hard to
approximate within any computable function f(n) on general
graphs. This disparity highlights a significant gap between the
results on metric graphs and general graphs. Recent research
has introduced some parameters to measure the “distance” of
general graphs from being metric and explored FPT approx-
imation algorithms parameterized by these parameters. Two
commonly studied parameters are p, the number of vertices
in triangles violating the triangle inequality, and ¢, the min-
imum number of vertices whose removal results in a metric
graph. In this paper, we present improved FPT approxima-
tion algorithms with respect to these two parameters. For p,
we propose an FPT algorithm with a 1.5-approximation ratio,
improving upon the previous ratio of 2.5. For ¢, we signifi-
cantly enhance the approximation ratio from 11 to 3, advanc-
ing the state of the art in both cases.

Introduction

The Traveling Salesman Problem (TSP) is a well-known
optimization problem with numerous real-world applica-
tions (Applegate 2006), including logistics, genetics, manu-
facturing, and telecommunications. Given an edge-weighted
complete graph G = (V, E,w) with n vertices and a non-
negative edge weight function w : E — R, the objec-
tive is to find a minimum-weight TSP tour (i.e., Hamilto-
nian cycle) that visits each vertex exactly once. Due to its
NP-hardness (Garey and Johnson 1979), TSP and its vari-
ants have been extensively studied in the context of approx-
imation algorithms (Saller, Koehler, and Karrenbauer 2025;
Traub and Vygen 2025).

While TSP on general graphs is NP-hard to approximate
within any computable function f(n) (Sahni and Gonza-
lez 1976), its widely-used variant on metric graphs (met-
ric TSP), where the weight function satisfies the triangle
inequality, admits a constant approximation ratio. Notably,
Christofides (2022) and Serdyukov (1978) independently
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proposed the famous 1.5-approximation algorithm for met-
ric TSP. Later, Karlin et al. (2021; 2023) improved the ratio
to 1.5 — 10736,

Given the significant gap between the results on general
graphs and metric graphs, many approximation algorithms
have been developed for graphs that are “nearly” metric,
aiming to measure the “distance” from approximability. In
the literature, two main research directions are explored. The
first direction relaxes the condition for the triangle inequality
to hold, for instance, by satisfying the 7-triangle inequality:
7 (w(a,b) + w(b,c)) > w(a,c) for all a,b,c € V. The
second direction relaxes the scope of the triangle inequality,
where it is only required to hold for a subset of the vertices.

For the first direction, a comprehensive research frame-
work has been established (see the survey (Klasing and
Momke 2018)). Andreae and Bandelt (1995) gave a
(372 4 7)/2-approximation algorithm for TSP. Bender and
Chekuri (2000) improved this ratio to 47 when 7 > 7/3, and
Momke (2015) further improved the ratio to 3(72 + 7)/4
for small 7. More improvements can be found in (Andreae
2001; Bockenhauer et al. 2002).

For the second direction, two lines of research have made
explorations. First, for a graph where the vertex set can
be partitioned into two subsets V; and V5 such that both
G[V1] and G[V3] are metric, Mohan (2017) proposed a 3.5-
approximation algorithm. Further, when the vertex set is
partitioned into k groups and the tour must visit vertices
within each group consecutively, the problem is known as
Subgroup Path Planning. In this problem, the triangle in-
equality w(a, b) + w(b,c) > w(a,c) may be violated only
when vertices a and c belong to the same group while b
belongs to a different one. This problem has applications
in Al, such as for polishing robots (Safilian et al. 2016).
Sumita et al. (2017) first proposed a 3-approximation algo-
rithm, which was recently improved to 2.167 (Zhao et al.
2025). Moreover, when each group has a size of at most
2, the problem reduces to Subpath Planning (Safilian et al.
2016), which has applications in electronic printing and ad-
mits a 1.5-approximation ratio (Sumita et al. 2017).

In fact, a natural direction for relaxing the scope of the
triangle inequality is to consider graphs where only a small
number of vertices are involved in triangles that violate the
inequality. A practical example is urban tour bus routing.
Operators design TSP tours to visit landmarks, but exclusive



express routes between certain high-profile landmarks cre-
ate shortcuts that violate the triangle inequality. These viola-
tions are typically caused by a limited number of landmarks,
meaning the metric property could be restored by removing
just a few critical nodes.

Recently, this direction has been investigated using tech-
niques from parameterized complexity. For a minimiza-
tion problem, an algorithm is called an Fixed-Parameter
Tractable (FPT) p-approximation algorithm if, for any in-
stance Z with a parameter k, it runs in O(f(k)) - poly(|Z|)
time and returns a p-approximate solution, where f(k) is
a computable function of k. Such algorithms are particu-
larly useful when k£ is small (Cygan et al. 2015). Follow-
ing this line, Zhou et al. (2022; 2025) introduced two nat-
ural parameters: the number of triangles p’ that violate the
triangle inequality, and the minimum number of vertices g
whose removal results in a metric graph. For TSP param-
eterized by p/, they presented an FPT 3-approximation al-
gorithm, which was recently improved to 2.5 by Bampis et
al. (2024). For TSP parameterized by g, they gave an FPT
11-approximation algorithm.

Our research follows this line to study FPT approximation
algorithms for TSP with respect to the parameters p and g,
where p denotes the number of vertices involved in triangles
that violate the triangle inequality. Although p’ = £2(p), ex-
isting FPT approximation algorithms for TSP with respect to
p’ also extend directly to p, as noted by Bampis er al. (2024).
Moreover, FPT approximation algorithms with respect to the
parameters p and ¢ have also been studied for several loca-
tion problems (Zhou et al. 2025).

Our results

In this paper, we present improved FPT approximation algo-
rithms for TSP with respect to the parameters p and ¢, ad-
dressing the question raised in (Bampis, Escoffier, and Xef-
teris 2024) regarding the potential for further improvement
in the approximation ratio. Let o denote the approximation
ratio for metric TSP. Now, o = 1.5 — 10~3% (Karlin, Klein,
and Gharan 2023). Our results are summarized as follows.

For the parameter p, we first introduce a simple (« + 1)-
approximation algorithm with runtime 29®) + n©M)_ This
improves the previous 2.5-approximation algorithm with
runtime 20 1ogp) . nO() (Bampis, Escoffier, and Xefteris
2024). Then, we propose a more refined 1.5-approximation
algorithm with runtime 20 ®logp) . npO),

For the parameter g, we propose an FPT 3-approximation
algorithm, which significantly improves the previous FPT
11-approximation algorithm (Zhou, Zhang, and Guo 2025).
Both algorithms run in 2°0(21°89).,0(1) time. Our result also
matches the approximation ratio of an earlier algorithm with
a non-FPT runtime of n®(4+1) (Zhou, Li, and Guo 2022).

A summary of the previous and our results is provided
in Table 1. Our improvements arise from the application of
novel techniques for handling non-metric graphs, which may
also prove valuable for tackling other related problems.

Due to limited space, the proofs of lemmas and theorems
marked with “*”” were omitted, and they can be found in the
full version of this paper (Zhao, Sheng, and Xiao 2025).
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Param. | Approx. Runtime Reference

3 20(plogp) . nO)  Zhou et al. (2022)
» 2.5 20(logp) . nOM)  Bampis et al. (2024)
o+l 200 1 O :
1.5 920(plogp) . ,O(1) This paper
3 nOat1) Zhou et al. (2022)
q 11 20(qlogq) . nOM)  Zhou et al. (2025)
3 20(glogq) . O This paper

Table 1: A summary of the previous and our results on ap-
proximation algorithms for TSP parameterized by p and q.

Preliminary

Let G = (V, E,w) be a complete input graph with |V| =n
and edge weights w : E — Rx(. For any subset E/ C E,
define the total weight as w(E") Y ecr w(e). We say
that GG is a metric graph if, for all a, b, ¢ € V, the following
conditions hold: w(a,a) = 0, w(a,b) = w(b,a), and the
triangle inequality w(a, b) < w(a,c) + w(c, b).

Although the input graph contains no multiple edges,
some operations (e.g., union of two graphs) may introduce
multi-edges. Hence, we allow multi-edge graphs throughout
the paper. For any V/ C V, let G[V’] denote the subgraph
of G induced by V. For any subgraph G’ C G, let V(G’)
and F(G’) denote its vertex and edge sets, respectively.

A spanning t-forest F in G is a set of t vertex-disjoint
trees that together cover all vertices in V. A matching M in
G is a set of vertex-disjoint edges such that V(M) = V.

A triangle on three distinct vertices a, b, and c is denoted
by A(a, b, c). We say that a triangle is violating if it violates
the triangle inequality. A subset V' C V is called a violating
set (VS) if removing V' from G results in a metric subgraph
G[V \ V']. Let p be the number of vertices involved in vio-
lating triangles, and ¢ the size of a minimum VS.

For any (multi-)graph G’ = (V' E’,w'), the degree of a
vertex is the number of incident edges. Let Odd(G’) denote
the set of odd-degree vertices. Then, G’ is Eulerian if it is
connected and Odd(G') = (. A tour T = 103 ...0; in
G’ is a sequence of vertices (allowing repetitions), inducing
the edge set E'(T) = {vjva,vavs,...,vs01}, and weight
w'(T) == w'(E'(T)). Moreover,

» T isasimple tour if it has no repeated vertices, and a TSP
tour if it further satisfies |E'(T)| = |V'];

* T is an Eulerian tour if E'(T) is exactly the set of all
edges in G'. We may use G’ to refer to its Eulerian tour.

Given a tour 7' = 7zyz..., removing y yields a new tour
~.xz..., called shortcutting the vertex y (or edges xy and
yz), or taking a shortcut on T'. A simple tour U103...05 in G’
defines an s-path A = wvyvsy...v,, consisting of s—1 edges
in E'(A) = {viva,v203, ..., vs_10s }. A 1-path is a single
vertex, and a |V’|-path in G’ is called a TSP path. A path is
also referred to as a chain.

Throughout the paper, let 7* denote an optimal TSP tour
in the graph G, and let OPT denote its weight.

In our algorithms, the term “guess” refers to enumerating
all possible candidates and selecting the best found solution.



Algorithm 1: ALG.1

Algorithm 2: ALG.2

Input: An instance G = (V =V, U V;, E, w).
Output: A feasible solution.
1: Arbitrarily select a good vertex o € V.
2: Compute an optimal TSP tour T3 in G[V4 U {0}] using the DP
method (Bellman 1962).
3: Compute an a-approximate TSP tour Ty, in G[Vy] by applying
an a-approximation algorithm for metric TSP.
4: Take a shortcut on T, U T to obtain a TSP tour 77 in G.

For convenience, we may regard a set of edges as a graph and
a set of trees as the union of their edge sets. We interpret such
combinations as the graph formed by all involved edges.

TSP Parameterized by p

We first define some notations. A vertex is bad if it appears
in a violating triangle, and good otherwise. Let V' = V, UV,
where V;, (resp., V) denotes the set of bad (resp., good) ver-
tices. Note that |V3| = p. We assume min{|V,|, |V3|} > 3,
as otherwise one can easily obtain an FPT a-approximation
algorithm with runtime 2°®) + W (details are provided
in the full version).
By definition, we have the following property.

Property 1. Every triangle containing a good vertex satis-
fies the triangle inequality.

The first algorithm

In this subsection, we give an FPT (« + 1)-approximation
algorithm (ALG.1) with runtime 2°(®) 4 pO1),

Our ALG.1 is simple. First, it arbitrarily selects a good
vertex o. Then, it computes an optimal TSP tour T} in G[V;,U
{0}] using the DP method (Bellman 1962; Held and Karp
1962). Next, it computes an c-approximate TSP tour T} in
G|V, by applying an a-approximation algorithm for metric
TSP. Finally, it constructs a TSP tour 7} in G by taking a
shortcut on Tj, U T§,.

The TSP tour T}, in ALG.1 contains exactly one good ver-
tex. This trick enables us to take a shortcut on T}, U T} to
obtain a TSP tour in G without increasing the weight.

Our ALG.1 is described in Algorithm 1.

Lemma 1 (*). It holds that OPT > w(Ty) and OPT >
w(T;), where Ty (resp., T,) denotes an optimal TSP tour

in G[V, U {o}] (resp., G[V,)).

Theorem 1. For TSP parameterized by p, ALG.I achieves
an FPT (« + 1)-approximation with runtime 2°®) 4+ 1)

Proof. First, we analyze the solution quality of ALG.1.
Since T is obtained by taking a shortcut on T;, UT},, we as-
sume that T = ouy...up01...Up—p—1, Where Tp, = ouq..u,
and T, = ovy...v,_p—1. Since o is a good vertex, the tri-
angle A(o,v1, u,) satisfies the triangle inequality by Prop-
erty 1, which implies w(uy,0) + w(o,v1) > w(up,vy).
Thus, we have w(T}) +w(Ty) > w(Ty). Since Ty, (resp., Ty)
is an optimal (resp., a-approximate) TSP tour in G[V,U{o}]
(resp., G[V,]), by Lemma 1, we have (a+1)-OPT > w(T7).
Next, we analyze the runtime of ALG.1.
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Input: An instance G = (V =V, U W, E, w).
Output: A feasible solution.
1: Guess the set of bad chains A in 7. ~
2: Construct a complete graph G = (V4 U V4, E,w) by con-
tracting each A € A into a vertex uwa, where V4 is the
set of contracted vertices, and w is defined as follows: (1)
w(ua,v) = min{w(u,v),w(u’,v)} forany A = u..u’ € A
and v € Vg (2) w(v,v’) = w(v,v") for any v,v’ € Vg; (3)
w(ua,us ) = +ooforany A, A’ € A.

3: Find a minimum spanning tree F" in G, and obtain the corre-
sponding set of edge F' in G with w(F) = w(F).

4: Let F)4 = F'U A, which forms a CST in G.

5: Construct a complete graph G’ = (V' = Odd(F4), E',w’):
For any u,u’ € V', setw’(u,u’) = w(A) ifu..’ = A € A,
and w'(u,u’) = w(u, u’) otherwise.

6: Find a minimum matching M4 in G’, and obtain the corre-
sponding set of edges M 4 in G with w(M4) = w'(MY}).

7: Obtain a TSP tour 7% in GG (see Lemma 3).

Steps 1, 3, and 4 take polynomial time, i.e., nP®)  while

Step 2 is dominated by the computation of an optimal TSP
tour. Since |Vp|+1 = p+1, the optimal TSP tour can be com-
puted in 2€(P) time using the DP method (Bellman 1962).
Thus, the overall runtime is 29®) + p©@), O

By Theorem 1, using the (1.5 — 10~36)-approximation
algorithm (Karlin, Klein, and Gharan 2021) for metric TSP,
ALG.1 achieves an FPT approximation ratio of 2.5 — 10736,
improving the algorithm in (Bampis, Escoffier, and Xefteris
2024) in both approximation ratio and runtime.

The second algorithm

In this subsection, we give an FPT 1.5-approximation algo-
rithm (ALG.2) with runtime 2€(®1ogp) . ,O1)

ALG.2 proceeds as follows. To handle bad vertices, it first
guesses the subgraph T*[V}], i.e., the subgraph of the opti-
mal TSP tour 7 induced by V},. This forms a set of paths on
bad vertices, called bad chains A.

ALG.2 then augments .4 into a TSP tour in G. It first con-
structs a minimum constrained spanning tree (CST) F 4 in
G, i.e., a tree such that E(A) C E(F4), each i-degree ver-
tex in A is incident to exactly 4 bad vertices in F 4, and each
2-degree vertex in .A remains of degree 2 in F 4. It then adds
a set of edges M 4 to fix the parity of Odd(F 4) and com-
putes a TSP tour 75 in G by shortcutting on F 4 U M 4.

Algorithm 2 gives full details, with an example in Fig. 1.!

We first compare our ALG.2 with previous algorithms.

The previous FPT 3-approximation algorithm (Zhou, Li,
and Guo 2022) and 2.5-approximation algorithm (Bampis,
Escoffier, and Xefteris 2024) follow a similar framework:
they guess the set of bad chains A, extract a set V; of end-
point vertices from .A, and then find a minimum spanning

!Strictly speaking, Steps 2-7 are conceptually nested within
Step 1, as they depend on the guessed set A in Step 1. That is,
the algorithm enumerates all possible choices of A, and for each
choice, it executes Steps 2-7. However, for clarity and conciseness,
we present the algorithm in a sequential manner.
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(a) F4 = FU A. b)Y FaU M4y,
(©) T4 (d) Tz.

Figure 1: An illustration of our ALG.2, where each black
(resp., white) node denotes a bad (resp., good) vertex. In (a),
the edges in E(F) (resp., E(.A)) are shown in red (resp.,
black); In (b), the edges in M 4 are shown in blue; In (c),
4 is obtained by shortcutting repeated edges on the paths in
AN A’ (see Lemma 3), with the new edges shown in purple;
In (d), the TSP tour 75 is obtained by taking shortcuts on ’7:21
(see Lemma 3), with the new edges also shown in purple.

| A|-forest F in G[V,] UV, ] (Khachay and Neznakhina 2016),
where each vertex b; € V}/ lies in a different tree. By adding
a set of edges E’, they then form a TSP tour on V,. The
algorithm in (Zhou, Li, and Guo 2022) takes shortcuts on
AU E" U 2F for a 3-approximation, while the algorithm
in (Bampis, Escoffier, and Xefteris 2024) uses a matching
Mon Odd(AU E"U F) to shortcut AU E' UF UM to
achieve a 2.5-approximation.

In contrast, ALG.2 computes a CST F 4 in G, avoiding the
need for E’. However, G[Odd(F 4)] may be non-metric, so
we cannot simply use a minimum matching (Lawler 1976).
We build an auxiliary graph G’ (Step 5) and find a matching

', in G, then shortcut on F4 U M 4 to obtain a TSP tour,
where M 4 is the corresponding set of edges in G.

Hence, ALG.2 introduces key differences and new ideas,
requiring refined analysis for the final approximation ratio.

Lemma 2 (*). ALG.2 computes a CST F 4 with w(F4) <
OPT, and a set of edges M 4 with w(M ) < 3 - OPT.

Lemma 3. In Step 6 of ALG.2, a TSP tour Ts in G can be
found in O(n) time with weight at most 3 - OPT.

Proof. Clearly, F 4 UM 4 forms an Eulerian graph G 4 with
V(G4) =V and O(n) edges. Hence, an Eulerian tour T 4
can be computed in O(n) time (Cormen et al. 2022).

Note that w(T'4) = w(Fa)+w(M4) < 3-OPT. To prove
the lemma, it suffices to show how to compute in O(n) time
a TSP tour 75 in G with weight at most 7'4.

We first observe that

(1) the edges between bad vertices in E(F4) are exactly
those in E(A);
(2) the edges between bad vertices in E(M 4) form a set of
vertex-disjoint paths A’ since M’ is a matching in G”.
By Step 5 of ALG.2, we further know that

(3) foreach path A € A', either A € A, or A is edge-disjoint
from all paths in A.

Thus, the edges on the paths in AN.A’ (resp., A\ .A’) appear
exactly twice (resp., once) in T4 (see (b) in Fig.1).

Next, we shortcut the repeated edges on the paths in A N
A’. Consider any path ab...b'a’ € AN A’. By (1), (2), and
(3), in V,, there is only one vertex b (resp., b’) adjacent to a
(resp., a'). Since G 4 is also Eulerian, G 4 is connected and
both a and a’ have even degree. So, either a or @/, say a, must
be adjacent to at least two good vertices. Thus, we can use
a good neighbor of a to shortcut the repeated edges on the
path ab...b'a’ without increasing the weight by Property 1.

Denote the new Eulerian tour by 7";. We know that

(4) each edge between bad vertices appears once, and each
bad vertex is incident to at most two bad vertices (see (c)
in Fig.1).

Then, we shortcut the repeated bad vertices in 77. Sup-
pose a bad vertex a appears at least twice in 7. By (4), each
appearance of a, except for one, must be adjacent to at least
one good vertex. Thus, each of these can be shortcut via a
good neighbor without increasing the weight by Property 1.

Last, repeated good vertices can clearly be shortcut with-
out increasing the weight. So, given 74, a TSP tour 75 in G
can be found with weight at most w(74) in O(n) time. O

Theorem 2 (*). For TSP parameterized by p, ALG.2 has an
FPT 1.5-approximation ratio with runtime 2°®1087) . O(1),

TSP Parameterized by ¢

In this section, we consider the parameter q. It is NP-hard to
compute ¢. In our algorithm, we first compute a minimum
violating set (VS) Vj, in O(39n3) time by using the algorithm
in (Zhou, Li, and Guo 2022). Let V;, =V \ Vj. Vertices in
V} are called bad, and vertices in V; are called good. Now
[Vu| = g. We assume that min{|V,|, |V3|} > 1. Next, we
first define some notations.

In T, edges between bad vertices form the set of bad
chains A; edges between a bad and a good vertex form the
set I3, where each such edge is a limb; and edges between
good vertices form the set of good chains R. Note that

OPT = w(A)+w(B)+w(R) and |A| =2|B| = |R|. (1)

Let Vgi denote the set of vertices in V; that are incident to ¢
bad vertices in T, where i € {0,1,2}. The vertices in V)
(resp., V) UV,?) are called internal vertices (resp., anchors).
An anchor is a single anchor if it is in V2 and a pair anchor
otherwise. Let V, = V, UV2 be the set of all anchors. Then,

1
Al =3Bl =IRI<q and [Vi|<20 @)
An illustration of these notations can be found in Fig.2.

The algorithm

In this subsection, we propose an FPT 3-approximation al-
gorithm (ALG.3) with runtime 2°(21089) . nO(1),

The high-level idea of ALG.3 is as follows. Since a trian-
gle containing one bad vertex and two good vertices may
violate the triangle inequality, Property 1 in the previous
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Figure 2: An illustration of our notations: the cycle denotes
T*; black, white, and green nodes denote bad vertices, in-
ternal vertices, and anchors, respectively. The sets are as fol-
lows: A = {x1...24, T526, 27}, B = {x4y1, ..., ysT1}, R =
{y1..-Y4, Y5, Yey7ys }. Note that x7 € A is a 1-path.

Algorithm 3: ALG.3

Input: An instance G = (V =V, U V;, E, w).
Qutput: A feasible solution.

Guess the set of bad chains A in 7.

Find a minimum spanning |.A|-forest F in G[V{].

Guess a set of limbs B’ by calling LIMB.

Guess a set of edges R’ by calling CONNECT.

Find a set of edges M = UFE]—' Mg, where Mg is a mini-
mum matching in G[Odd(G4) NV (F)|and G4 = AUB' U
R'UF foreach F' € F.

: Obtain a TSP tour 73 in G using SHORTCUT.

AE

section does not hold. Thus, only guessing A may not be
enough to obtain a constant FPT approximation ratio. Since
|Vy| can also be arbitrarily larger than ¢, we cannot guess
B directly. To address these issues, we use an idea in (Zhou,
Zhang, and Guo 2025) to guess a set of limbs 3’ in FPT time
by finding a minimum spanning |.A|-forest F in G[V,] and
then guessing a set of anchors in a subset of V' (F), where 5’
is not necessarily equals to B but it satisfies w(B') < w(B).
Clearly,

[Fl<q and w(F) <w(R). 3)

Then, we augment AU B’ U F into an Eulerian graph. The
set of good chains R ensures the existence of a set of edges
R’ with w(R') < w(R) suchthat G4 = AUB'UR'UF is
a connected graph and |Odd(G_4) N V(F)]| is even for each
F € F. Thus, we can find a minimum matching Mg in
G[Odd(G 4)NV (F)] for each F' € F to fix the parity of the
odd-degree vertices in G 4. We will also prove w(Mp) <
w(F'). Let M = |Jpc » Mp. Finally, we obtain an Eulerian
graph G', = AUB'UR'UFUM, and then we take shortcuts
on G’, to obtain a TSP tour without increasing the weight.
Thus, by (1), the tour has weight at most

w(G'y) <w(A) +w(B') + w(R') + w(F) + w(M)
<w(A)+w(B)+w(R) 4+ 2w(R) < 3-OPT

ALG.3 is described in Algorithm 3, where LIMB, CON-
NECT, and SHORTCUT are sub-algorithms explained later.
An illustration of our ALG.3 can be found in Fig. 3.

We remark that, instead of guessing a set of limbs ', the
previous FPT 11-approximation algorithm (Zhou, Zhang,
and Guo 2025) mainly uses the spanning |.A|-forest F to
guess a set of edges E’ such that A U E’ forms a TSP
tour in G[V, U V(E’)]. Then, it constructs a special span-
ning forest ' and obtains a TSP tour by taking shortcuts on
AUE’'U2F, similar to the FPT 3-approximation algorithm
for TSP parameterized by p, as mentioned earlier.
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(e) The guessed edges in R'.

(f) The edges in M.

Figure 3: An illustration of our ALG.3. Black (resp., white)
nodes denote bad (resp., internal) vertices; green nodes are
anchors. Each ellipse denotes a tree F' € F, with the upper
part indicating its potential set V. In (a), the edges in E(A)
(resp., limbs in B) are shown in black (resp., red); In (b),
the guessed limbs in B’ are shown in red, and the white and
green nodes incident to red edges denote guessed anchors; In
(c), the edges in E(R) are shown in blue; In (d), the edges in
E(R*) are shown in blue; In (e), the guessed edges in R’ are
shown in blue; In (f), the edges in M are shown in purple.

Next, we show the sub-algorithms LIMB and CONNECT
in Steps 3 and 4, the property of M in Step 5, and the sub-
algorithm SHORTCUT in Step 6, respectively.

The sub-algorithm: LIMB Given A and F, we assume
that 7™ = ay...b1...a  4)...b| 4--., Where a;...b; € A for each
t. Denote the number of anchors between b; and a;4; in T*
by fi, where f; € {1,2}. For each tree F' € F, initialize a
potential (vertex) set Vi := (). LIMB works as follows.

First, we guess the values of f1, ..., f| 4|, which specify the
number of anchors between each pair (b;, a;4+1) in T*. This
allows us to determine the total number and relative posi-
tions of anchors in the ordering a;...bs...a|4.--b) 4;.... For
each such anchor, we can determine whether it is a single or
pair anchor and how many bad vertices it connects to in 7.
However, we do not know the exact identity of each anchor,
i.e., which specific good vertex it corresponds to.

For example, consider the T in Fig. 1. If we correctly
guess f1 = 2, fo = 1, and f3 = 2, then we know that the
anchors, in order, are pair, pair, single, pair, and pair. The
corresponding sets of bad vertices incident to them are {x4},
{zs}, {6, 27}, {z7}, {1}, respectively.

Next, for each anchor x, we guess the tree F, € F with
x € V(F), select a set of potential vertices V,, C V(F,),
and update the potential set by setting Vp, = Vi, UV,. We




Algorithm 4: LIMB

Algorithm 5: CONNECT

Input: An instance G = (V =V, UV, E,w), A, and F.
Output: A set of limbs B'.
1: Initialize Vr := () for each F' € F, and B’ = 0;
2: Guess the values of f1, ..., f|4].
3: for each anchor x € V, in order a1...b1...a|4)...b 4... dO
4: Guess the unique tree F,, € F with x € V(F%), and let
ng = min{2q, |V (F%)|}. > We do not know the identity of z.

5: if = is a single anchor then > This can be determined by
the f; w.r.t. .
6: Let y and z be the bad vertices incident to z in 7.
7: Obtain a set of n, vertices V,, by selecting 2’ € V (Fy)
in the increasing order of w(z’, y) + w(z’, 2).
8: else
9: Let y be the unique bad vertex incident to x in 7.
10: Obtain a set of n,, vertices V,, by selecting ' € V (F})
in the increasing order of w(z’, y).
11: end if
12: Update Vg, == Vi, U V.
13: end for
14: for each anchor x € V, in order al...bl...a‘A‘ ...b‘A|... do
15: Guess z by enumerating a vertex x’ € Vg, .
16: if z is a single anchor then
17: Let y and 2 be the bad vertices incident to z in 7.
18: Update B’ := B' U {z'y,2'2}. >z'yandz'z are the
limbs w.r.t. x’.
19: else
20: Let y be the unique bad vertices incident to  in 7.
21: Update B’ .= B’ U {z'y}. > 2y is the limb w.rt. z'.
22: end if
23: end for

will show that the size of each final potential set is O(¢?),

and then, by guessing anchors in these potential vertex sets,

we can obtain a set of limbs B’ with desirable properties.
The details are put in Algorithm 1.

Lemma 4 (*). There exists a configuration for the guessed
anchors such that

1. the guessed anchors are pair-wise distinct;

2. for each anchor x € V,, the guessed anchor x' for x sat-
isfies t/ = x if v € Vg, and &' € V,, C Vg, otherwise;

3. the set of all limbs B’ w.r.t. the guessed anchors satisfies

w(B") < w(B).

Moreover, LIMB can compute such a configuration in O (24 -
4. (4¢%)?%) guesses, where each guess takes n®") time.

The sub-algorithm: CONNECT The graph AU B’ U F
may be disconnected. For example, any tree F' € F with
V(F) NV, = (0 must form a component (see (b) in Fig.3).

We introduce the sub-algorithm CONNECT, which aug-
ments A U B’ U F into a connected graph AUB' UR' UF
by guessing a set of edges R'.

It is easy to verify that adding the full set of good chains
R to AU B’ U F yields a connected graph. However, since
[V(R)| = |Vy| = n— g, enumerating all of R is not feasible
in FPT time. Therefore, in CONNECT, we instead guess the
subset of trees Fr C F connected by each R € R, as | F| <

g by (3). Note that this approach leads to 20(a*) guesses.

Input: An instance G = (V =V, UV, E,w), A, B, and F.
Output: A set of edges R'.
1: Initialize R’ = 0. L
2: Obtain a complete graph G = (V, E, w) by contracting each
F € Finto a vertex ur, where w is defined as in (4).
3 SetVa ={ur | F € F,V(F)NVa C V7, V(F)\Va # 0}
4: Guess the partition of V,,V = {Va=NV, | R* € R*}, where

Vi = {up | F € Fg+}, Fre is the set of trees in F con-
nected by R*, and R" is obtained by shortcutting the internal

vertices of R € R, ensuring that each vertex in V, appears in
only one of the paths in R* = {R* | R € R, |V(R)| > 2}.

5: for each good chain R € R with V(R) > 2 (in order T) do

6: Denote the pair anchors w.r.t. R by z and 2. > We do not
know z and =’ but we know F, and F}/ by B’.

7: SCtVR* = (VR* ﬂV)U{uFi,uF ,}

8: Usmg the DP (Bellman 1962), find a minimum TSP tour in
G|Vg+] if F, = F,/, and a minimum TSP path between u,
and up , in G[Vg~] otherwise.

9: Let E'r be the corresponding set of edges in G w.r.t. the
obtained tour or path.

10: Update R’ := R’ U Ekg.
11: end for

To improve efficiency, we refine the strategy to reduce the
number of guesses to 2°0(71089)

First, we construct a complete graph G = (TN/, E, w) by
contracting each tree F' € F into a vertex ur, and define the
weight between ur and u g as

~ . /
W(up,upr) = Uev(Fr)I}vl,neV(F,)w(v,v )- “)

For each chain R € R, we obtain a minimal chain R,,
connecting all trees in Fr by shortcutting its internal ver-
tices. Then, we obtain a new chain R* by shortcutting the
internal vertices, ensuring that each vertex in V, = {up |
FeF,V(F)NV, C V2 V(F)\V, # 0} appears in only
one path in R* := {R* | R € R,|V(R)| > 2}. It can be
verified that the graph AU B’ U R* U F remains connected.

Let Fr~ denote the set of trees in F connected by R*,
and define VR* = {up | F € Fgr~}. Then, the collection

= {Vg- NV, | R* € R*} forms a partition of V,,, which
can be guessed in 2°(41°29) times, since V is determined
from BB and satisfies |V,| < | F| < ¢ by (3).

Once V is guessed, we obtain IN/R* N I7a foreach R € R
with |V (R)| > 2. Moreover, since V- \ V, corresponds to
trees in J containing the anchors of R*, it is also determined
by B’. So, we obtain Vi as Vge = (VR* ﬂVa) U (VR* \‘7a)

We then compute an optimal TSP path or tour in G [VR*]
using the DP method (Bellman 1962), which yields a set of
edges in G, denoted by E'r, connecting all trees in F g~ (see
(e) in Fig.3). By construction, w(Egr) < w(R*) < w(R).

Finally, we define R' = Jpcr Er, Where Ep = 0 if
V(R)| = 1.

The details are described in Algorithm 5.

Lemma 5 (*). CONNECT can compute R, a set of edges
between good vertices, in 2°(9°89) gyesses such that



1. AUB' ' UR' U F forms a connected graph G 4;
2. |0dd(G 4) NV (F)| is even for each F' € F;

3. Odd(GA) NV, =0;

4. w(R') <w(R).

Moreover, each guess takes O(q? - 27) - n°W) time.

The sub-algorithm: SHORTCUT Given G4 = AUB'U
R'UF, Step 5 of ALG.3 constructs an Eulerian graph G/, =
AUB' UR'UFUM by using M to fix the degree parity of
the vertices in Odd(G 4). By Lemma 5, this step is feasible.

To analyze the quality of M, we use the following lemma.

Lemma 6 (*). It holds that w(M) < w(F).

Since G;‘ is Eulerian, we use the sub-algorithm SHORT-
CUT to take shortcuts on G’4 to obtain a TSP tour 75 in G
with a non-increasing weight.

In G’,, each guessed single anchor connects exactly two
bad chains. Since a triangle containing one bad vertex may
violate the triangle inequality, in SHORTCUT, we first con-
struct a new Eulerian graph G’; by deleting some edges in
MU F and duplicating some guessed single anchors. Then,
we can use a similar idea in Lemma 3 to take shortcuts on

"} to obtain T3 with a non-increasing weight.

The graph G’} is constructed as follows. For each F' € F
where V' (F') includes a guessed single anchor, we consider
two cases.

Case 1: If V(F') consists only of guessed single anchors,
then it contains neither internal vertices nor pair anchors,
implying that no edge in R’ connects to F'. In this case, we
simply delete all edges in E(F) UM, which does not affect
connectivity. Each guessed single anchor is then labeled as
a marked bad vertex (which is still a good vertex).

Case 2: If V(F') contains at least one internal vertex or
pair anchor, then there exists an edge in R’ or a limb in B’
connecting F. For each guessed single anchor z € V(F),
let its associated limbs be xy and xz, where y, z are bad
vertices. We create a copy x’ of x, remove zy and zz, and
add x'y and 2’ z. We refer to x’ as a marked bad vertex.

These two cases are illustrated in Fig. 4 and the detailed
procedure is given in Algorithm 6.

Lemma 7 (*). Given G'}, there is an O(n?)-time algorithm
to obtain a TSP tour T in G with weight at most w(G"} ).

Theorem 3 (*). For TSP parameterized by q, ALG.3 has an
FPT 3-approximation ratio with runtime 2°(41°849) . nO1),

Conclusion

Many problems admit good approximation algorithms on
metric graphs but become hard to approximate on general
graphs. In practice, due to measurement errors in data or the
intrinsic nature of certain problems, graphs that are origi-
nally metric may locally violate the triangle inequality. Al-
though such violations are typically rare, they may render al-
gorithms designed for metric graphs inapplicable. Recently,
there has been growing interest in characterizing “distance”
parameters between general and metric graphs, and in lever-
aging these parameters to develop parameterized algorithms.

We investigate FPT approximation algorithms for the
classic TSP problem under two parameters, p and q. By
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(a) V(F) consists only of guessed single anchors.

y Z 2 4
.

(b) V(F) contains one guessed single anchor and at least one in-

Q
C
ternal vertex or pair anchor.

Figure 4: An illustration of the two cases. Each black node
denotes a bad vertex, each green or white node denotes a
good vertex, each blue node denotes a marked bad vertex;
the edges in E(F') are shown in black, the edges in M are
shown in purple, and the limbs are shown in red. In (a), the
black and purple edges are deleted; In (b), 2’ is a copy of x.

Algorithm 6: SHORTCUT
Input: G = (V =V, UV, E,w), A, B', R, F, and M.
Output: A TSP tour 75 in G.

1: for each F' € F such that V(F') contains one guessed single
anchor do

2: if V(F") consists only of guessed single anchors then
3: Delete all edges in E(F')UMF, and refer to all guessed
single anchors as marked bad vertices.

4: else

5: for each guessed single anchor x € V(F') do

6: Denote the limbs w.r.t. by zy and xz.

7: Create a marked bad vertex '

8: Replace edges zy and zz with z'y and ' .
9: end for
10: end if
11: end for
12: Denote the above graph by G’.
13: Obtain a TSP tour 75 in G (see Lemma 7).

introducing new techniques, we significantly improve upon
the best-known FPT approximation algorithms for both pa-
rameters. Our methods also show promise for extension to
related problems parameterized by p and ¢, such as the
asymmetric TSP (Traub and Vygen 2022) and the prize-
collecting TSP (Blauth and Négele 2023).

Several directions are worthy of further investigation:

. When the parameter p (or g) is close to zero, our current
approximation guarantees do not match the approxima-
tion ratio « achievable for metric TSP. Can this gap be
closed? More generally, for the parameter g, is it possi-
ble to design a constant-factor approximation algorithm
with runtime 20(@) . p1)9

. It would also be valuable to explore additional parame-
ters that quantify the “distance” from a general graph to
a metric one, potentially enabling better algorithms for
handling near-metric graphs.
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