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Abstract

The MOEA/D is the most popular decomposition-based evo-
lutionary algorithm to solve multi-objective optimization
problems. However, among the two common decomposition
approaches, weighted-sum and Tchebycheff, the existing the-
oretical research almost exclusively focuses on the latter one.
In this first complete mathematical runtime analysis for the
MOEA/D using the original weighted-sum decomposition,
we show that this variant of the algorithm solves the clas-
sic ONEMINMAX benchmark considerably faster than both
the MOEA/D with Tchebycheff decomposition and many
other classic algorithms such as the NSGA-II, NSGA-III,
SMS-EMOA, and SPEA2. More precisely, we show that
already a logarithmic number of subproblems suffices for
the algorithm to be efficient, and then typically O(n log2 n)
function evaluations suffice to compute the full Pareto front.
This beats the other algorithms by a factor of Θ(n/ log n).
For a second benchmark, the ONEJUMPZEROJUMP problem,
we show a speed-up by a factor of Θ(n). Overall, this work
shows that a further development of the weighted-sum ap-
proach might be fruitful.

Introduction
Multi-objective evolutionary algorithms (MOEAs) have
been widely used for solving optimization problems with
multiple conflicting objectives. Among the decomposition-
based MOEAs, the multi-objective evolutionary algorithm
based on decomposition (MOEA/D) proposed by Zhang
and Li (2007) is the most popular one. This algorithm de-
composes the multi-objective problem into multiple single-
objective subproblems, and then co-evolutionarily solves
them. The weighted-sum and Tchebycheff approach are two
common decomposition strategies.

The first runtime analysis of the MOEA/D was conducted
by Li et al. (2016). They proved that with Tchebycheff de-
composition, the algorithm (with standard bitwise mutation
and no crossover) will cover the full Pareto front for the
COCZ problem in expected O(n2 log n) fitness evaluations.
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For the LPTNO problem, using the Tchebycheff decompo-
sition with a modified set of weight vectors will result in
an expected runtime of O(n3). Huang et al. (2019) proved
that with the Tchebycheff decomposition, the usage of the
crossover will reduce the needed size of the subproblems
into 3, and thus will result in the better runtime of O(n log n)
for COCZ and O(n2) for LPTNO. Still considering the
Tchebycheff decomposition, Huang and Zhou (2020) con-
sidered to replace the standard bitwise mutation by the so-
matic contiguous hypermutation operators from the com-
munity of artificial immune systems, and proved that for
this replacement (also without crossover), the same runtime
O(n2 log n) is reached for COCZ but a better runtime of
O(n2 log n) for LPTNO, compared with the standard bit-
wise mutation. Further, Corus, Oliveto, and Yazdani (2025)
proposed a fast contiguous somatic hypermutation opera-
tor, and proved that this variant (with the Tchebycheff de-
composition) further achieves a better runtime of O(n log n)
for COCZ and maintains the runtime of O(n2 log n) for
LPTNO. Doerr, Krejca, and Weeks (2024) proved that un-
der the assumption that the subproblems spread uniformly
across the Pareto front, the MOEA/D with the Tcheby-
cheff decomposition and N + 1 subproblems will cover
the full Pareto front for OMM in expected runtime of
O(nN log n + nn/(2N)N log n) for standard bit mutation,
and O(nN log n + nβ log n) for power-law mutation with
exponent β ∈ (1, 2). Zheng (2024) proved the expected run-
time of O(max{k, 1}n log n) for cover the Pareto front of
the OMM variant with conflict degree of k.

There are only two runtime results for the MOEA/D
with other decomposition approaches. The weighted-sum,
Tchebycheff, and penalty-based boundary intersection de-
composition approaches are discussed in Huang et al. (2021)
for solving many-objective optimization problem mCOCZ
and mLOTZ. Instead of analyzing the runtime to cover the
full Pareto front, they only obtained the expected runtime
for the algorithm to reach the optimum of any given sub-
problem. Since it is not answered whether the Pareto front
can be covered by the construction of the subproblems or by
the optimization process in solving these subproblems, this
runtime is not complete, and cannot be transferred to de-
rive the rigorous runtime for the coverage of the full Pareto
front. A special variant of the weighted-sum decomposition
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approach was discussed in Do et al. (2023) and tailored for
the multi-objective minimum weight base problem. They
proved that it finds all extreme points within expected fixed-
parameter polynomial time. In summary, the majority of the
runtime results for the MOEA/D are for the Tchebycheff de-
composition, and have given rise to fruitful results for the
effect of crossover, other mutation strategies, etc. Although
some theoretical works tried to analyze the weighted-sum
approach, the runtime they obtained was incomplete or the
weighted-sum approach was modified. Till now, it is still an
open problem about the complete runtime for the MOEA/D
using the original weighted-sum decomposition.

Our contributions: This paper will conduct the first
complete runtime analysis of MOEA/D using the original
weight-sum decomposition. Following the analysis for the
first runtime results for the MOEA/D using the Tchebycheff
decomposition (Li et al. 2016), and for other MOEAs (like
NSGA-II (Zheng, Liu, and Doerr 2022; Zheng and Doerr
2023a), NSGA-III (Wietheger and Doerr 2023; Opris et al.
2024), SMS-EMOA (Bian et al. 2023; Zheng and Doerr
2024), SPEA2 (Ren et al. 2024; Alghouass et al. 2025)),
we only consider the (standard bitwise) mutation as the only
variation operator (the crossover is not employed) for the
MOEA/D via the weighted-sum decomposition, and com-
pare its runtime also with other MOEAs that also employ the
standard bitwise mutation only. The effect of the crossover
and the performance of other mutation operators will be our
interesting future work. For the classic ONEMINMAX prob-
lem with size n, we will prove that although the weighted-
sum decomposition cannot ensure every Pareto front point
mapped to the optimum of a certain subproblem, the event
that the whole Pareto front is covered when all subproblems
reach their optimum for the first time, happens with proba-
bility at least 1− n−Ω(1), if the number of the subproblems
is Ω(log n) (see Lemmas 3 and 5). Thus, we will obtain an
expected runtime of O(n log2 n) (see Theorem 6). We note
that the runtime of the MOEA/D with the original Tcheby-
cheff decomposition (Li et al. 2016) and of other origi-
nal MOEAs with standard bitwise mutation only, like the
GSEMO (Giel and Lehre 2010), NSGA-II (Zheng and Doerr
2023a), NSGA-III (setting m = 2 for mOMM in (Opris
et al. 2024)), SMS-EMOA (Zheng and Doerr 2024), SPEA2
(setting m = 2 for mOMM in (Ren et al. 2024)), is
O(n2 log n). Hence the weighted-sum decomposition ob-
tains a Θ(n/ log n) speed-up.

We will also extend our analysis to the popular multi-
modal ONEJUMPZEROJUMP benchmark, and will show that
conditional on a similar event to the one for ONEMINMAX,
which happens with probability 1 − n−Ω(1), the weighted-
sum decomposition has the expected runtime of O(nk)
to cover the full Pareto front (See Theorem 11). In con-
trast to the runtime of O(nk+1) for the Tchebycheff de-
composition (proved in Corollary 15), and for other origi-
nal MOEAs with standard bitwise mutation only, like the
GSEMO (Zheng and Doerr 2023b), NSGA-II (Doerr and
Qu 2023), SMS-EMOA (Bian et al. 2023), NSGA-III (Opris
2025), SPEA2 (setting m = 2 for mOJZJ in (Ren et al.
2024)), we see a speed-up by a factor of Θ(n).

Preliminaries
Bi-Objective Optimization Problem
Formally, a pseudo-Boolean bi-objective optimization prob-
lem is to maximize f = (f1, f2) : {0, 1}n → R2, where n ∈
N is the problem size. For any x, y ∈ {0, 1}n, we say that
x weakly dominates y, denoted as x ⪰ y, if f1(x) ≥ f1(y)
and f2(x) ≥ f2(y). If at least one of inequalities is strict,
that is, f1(x) > f1(y) or f2(x) > f2(y), then we say that x
dominates y, denoted as x ≻ y. A solution x ∈ {0, 1}n is
called Pareto optimal if there exists no solution y ∈ {0, 1}n
such that y ≻ x. The set of all Pareto optimal solutions is
called the Pareto set, and the corresponding set of objective
function values is Pareto front.

Following the theory community of MOEAs (like (Lau-
manns et al. 2002; Laumanns, Thiele, and Zitzler 2004; Giel
and Lehre 2010; Zheng and Doerr 2023a; Bian et al. 2023;
Wietheger and Doerr 2023; Opris et al. 2024)), the runtime
in this paper refers to the number of function evaluations
required to cover the full Pareto front. Additionally, in this
paper, we use [a, b] to denote the set {a, a + 1, . . . , b} for
a ≤ b and a, b ∈ N, and for any x ∈ {0, 1}n, we use
|x|1 =

∑n
i=1 xi to denote the number of ones in x, and

|x|0 = n− |x|1 for the number of zeros in x.

The MOEA/D
The MOEA/D (Zhang and Li 2007) first decomposes a
multi-objective problem into H + 1 single-objective op-
timization subproblems. The weighted-sum and Tcheby-
cheff are two common decomposition approaches. Let λi =
(λi

1, λ
i
2), i = 0, ...,H be weight vectors with λi

1, λ
i
2 ≥ 0 and

λi
1 + λi

2 = 1. As in (Zhang and Li 2007), usually λi
1 = i

H

and λi
2 = 1− i

H . Then for the maximization of f = (f1, f2),
the i-th subproblem (i = 0, ..., H) via weighted-sum decom-
position is to maximize

gi(x) = λi
1f1(x) + λi

2f2(x), (1)

and the i-th subproblem via Tchebycheff decomposition is
to minimize

gi(x|z∗) = max{λi
1|f1(x)− z∗1 |, λi

2|f2(x)− z∗2 |}, (2)

where z∗ = (z∗1 , z
∗
2) denotes the reference point, which

is calculated as z∗1 = max{f1(x) | x ∈ S} and z∗2 =
max{f2(x) | x ∈ S} for S the set of all solutions gener-
ated so far.

After the decomposition, the MOEA/D will solve the sub-
problems in a co-evolutionary manner, where the solutions
for T closest neighbor subproblems will join in the update
of the solution w.r.t. the current subproblem (Zhang and
Li 2007). Following all existing theoretical analyses of the
MOEA/D (e.g. (Li et al. 2016; Doerr, Krejca, and Weeks
2024)), in this work, we also set T = 1. In each iteration,
each subproblem i ∈ [0..H ] will generate a new solution y
from the current solution xi. For the Tchebycheff decom-
position, the reference point z∗ is updated accordingly, and
the update of z∗ is skipped for the weighted-sum decom-
position. For the Tchebycheff decomposition, the new solu-
tion y will replace xi as the solution for the i-th subprob-
lem only when y has a smaller or equal value of gi, and for
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Algorithm 1: The MOEA/D maximizing a bi-objective prob-
lem f : {0, 1}n → R2.

Input: A parameter H , weight vectors {λ0, λ1, ..., λH},
subproblems {gi}i∈[0..H], a mutation operator:
{0, 1}n → {0, 1}n, a stopping criterion.

Output: A set P usually containing non-dominated solu-
tions.

1: Initialization: P = ∅. Decompose f into H + 1
scalar subproblems according to the weight vectors
{λ0, λ1, ..., λH}. Generate solution xi ∈ {0, 1}n
uniformly at random for each gi and set z∗1 =
maxi∈[0..H] f1(xi), z∗2 = maxi∈[0..H] f2(xi). For all
i ∈ [0..H ], if xi is not dominated by any element in
P , remove all elements in P that are weakly dominated
by xi from P and add xi into P .

2: while stopping criterion is not met do
3: for each subproblem i ∈ [0..H ] do
4: Mutation: y ← mut (xi);
5: Update z∗: set z∗1 ← max(z∗1 , f1(y)), z∗2 ←

max(z∗2 , f2(y));
6: Update xi: if gi(y|z∗) ≤ gi(xi|z∗), then xi ← y;
7: Update P : If y is not dominated by any element in

P , remove all elements in P that are weakly dominated
by y from P and add y into P ;

8: end for
9: end while

the weighted-sum decomposition, the new solution y will re-
place xi only when y has a larger or equal value of gi. No
matter y replaces xi or not, it will be considered for the up-
date of P . If no element in P dominates y, then all weakly
dominated solutions (by y) in P will be removed and y will
be added into P . See Algorithm 1 for the whole procedure.

Following the previous theoretical (Li et al. 2016; Doerr,
Krejca, and Weeks 2024), we do not set the termination cri-
terion, and calculate the first time when P covers the full
Pareto front w.r.t. f . Also, we only consider standard bit-
wise mutation, where each bit of any solution x ∈ {0, 1}n
is independently flipped with a probability of 1/n, as in (Li
et al. 2016; Doerr, Krejca, and Weeks 2024).

Θ(n/ log n) Runtime Speed-up on
ONEMINMAX

This section will analyze the runtime of the MOEA/D
with the weighted-sum decomposition on ONEMINMAX
(OMM for short), and prove a runtime speed-up by a fac-
tor of Θ(n/ log n), compared with the existing results of the
MOEA/D with the Tchebycheff decomposition, and other
MOEAs. Note that the above comparisons are made for all
algorithms with standard bitwise mutation as the only vari-
ation operator, as we discussed in section Introduction. The
effect of crossover and other mutation strategies will be our
interesting future work.

OMM and Decomposed Subproblems
The OMM (Giel and Lehre 2010) is a classic bi-objective
counterpart of the ONEMAX benchmark, where the first ob-
jective is to maximize the number of zeros, while the sec-
ond one is to maximize the number of ones. In this paper,
we swap the first and second objectives to align with the
ONEJUMPZEROJUMP problem discussed in the next section
(see Definition 1). This change is purely notational and does
not affect the essence of the problem.
Definition 1 ((Giel and Lehre 2010)). For any x ∈ {0, 1}n,
the bi-objective OMM f = (f1, f2) : {0, 1}n → R2 is
defined by:

f(x) = (f1(x), f2(x)) = (|x|1, |x|0).
For the maximization of the OMM problem, every solu-

tion is Pareto optimal (that is, the Pareto set is {x | x ∈
{0, 1}n}), and the Pareto front is {(j, n− j) | j ∈ [0..n]}.

Recalling the weighted-sum decomposition discussed be-
fore (see (1) in the previous section), we obtain the following
results for the decomposed subproblems and the correspond-
ing optimal sets. Due to the limited space, all our proofs are
omitted.
Lemma 2. Via the weighted-sum decomposition with H+1
subproblems, the i-th (i ∈ [0..H ]) subproblem for the maxi-
mization of OMM is to maximize

gi(x) =

(
2i

H
− 1

)
|x|1 +

(
1− i

H

)
n.

The optimal set Si of the i-th subproblem is

Si =


{x | |x|1 = 0}, if i < H

2 ,

{x | |x|1 = [0..n]}, if H is even and i = H
2 ,

{x | |x|1 = n}, if i > H
2 .

Recalling the Pareto front of {(j, n − j) | j ∈ [0..n]},
we see that not any Pareto front point (like (j, n − j) with
j ∈ [1..n − 1]) can be mapped to the optimum for a cer-
tain subproblem (like when H is odd). It is widely regarded
as a drawback of the weighted-sum decomposition, like
in (Zhang and Li 2007). However, in the following subsec-
tion, we will show that this “drawback” does not prevent the
MOEA/D from covering the full Pareto front (that is, for P
to satisfy {f(P )} ⊇ {(j, n− j) | j ∈ [0..n]}).

O(n log2 n) Runtime on OMM
Before we establish the runtime of the MOEA/D with
weighted-sum decomposition, we first give the following
lemma that discusses the population in the initial iteration,
which holds for all multi-objective problems defined in the
binary space {0, 1}n, and is independent of the used decom-
position approach. We believe that it will be useful for future
analysis on the MOEA/D as well, when the initial state of P
is required.
Lemma 3. Let n ≥ 8. Consider the MOEA/D decomposes
the multiobjective f into H + 1 subproblems. For the ini-
tial iteration (step 1 in Algorithm 1), let N0 = |{xi |
|xi|1 ∈ [ 12n,

3
4n], i < 1

2H}| and N1 = |{xi | |xi|1 ∈
[ 14n,

1
2n], i > 1

2H}|. Then Pr[min{N0, N1} > 1
32H] ≥

1− 2 exp(− 1
128H).
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We note that H + 1 subproblems are solved in the proce-
dure of the MOEA/D, and technically, we need to estimate
the first time when all subproblems reach their optimum.
The expectation of this random variable is naturally upper
bounded by summing up H + 1 random variables, each of
which denotes the first time when the optimum of a specific
subproblem is reached. The following lemma establishes a
general tool for a tighter estimate for such expectation. This
result was implicitly used in some previous work, and we
now put it as a general tool, as we believe that it will facili-
tate future analysis as well.

Lemma 4. Let m,n ∈ N, a > 1 and m ≤ na−1. Let
X1, ..., Xn, Xn+1, ..., X2n, ..., X(m−1)n+1, ..., Xmn be in-
dependent geometric random variables with success proba-
bilities p1, ..., pmn. Assume that there is a number C ≤ 1
such that p(j−1)n+i ≥ C i

n for all i ∈ [1..n] and j ∈
[1..m]. Let Yj =

∑jn
i=(j−1)n+1 Xi, j = 1, ...,m. Then

E[max{Y1, ..., Ym}] ≤ 1
C (1 + a lnn)n.

Now we start to analyze the number of function eval-
uations (which is obtained by multiplying the number of
iterations by the number of subproblems H + 1) needed
by the MOEA/D with the weighted-sum decomposition to
cover the full Pareto front for OMM. Technically, recalling
the “drawback” mentioned in the previous subsection, we
know that one cannot simply use the time when all subprob-
lems reach their optimum to represent the total runtime to
cover the full Pareto front, as the full coverage is not un-
known. Note that it is quite different from the analysis of
the Tchebycheff decomposition (with the standard bitwise
mutation only as the variation operator) (Li et al. 2016).

The key idea to establish the runtime is to prove that
with high probability, the whole Pareto front is covered by
P for the first time when the optima are obtained for cer-
tain (almost all) subproblems. Specifically, the Pareto front
points (j, n − j) for all j ∈ [0, 1

2n] are obtained when
the first half of subproblems (that is, the i-th subproblem
with i ∈ [0, 1

2H)) (starting from initial solutions xi with
|xi|1 ≥ 1

2n) are all successfully solved. Analogously, the
Pareto front points (j, n− j) for all j ∈ [ 12n, n] are expected
to be discovered in the second half subproblems (that is, the
i-th subproblem with i ∈ (12H,H]) (starting from initial so-
lutions xi with |xi|1 ≤ 1

2n). From Lemma 3, we know that
with high probability, the algorithm for Θ(H) subproblems
will start with the desired solutions. The following lemma
will show that conditional on this initial state, when the num-
ber of subproblems H + 1 is at least of logarithmic order,
with high probability 1−nΩ(−1), P will cover the full Pareto
front when specific subproblems have obtained their opti-
mum.

Lemma 5. Let n ≥ 8, c > 500
3 and H ≥ c lnn. Consider

using MOEA/D with weighted-sum decomposition and stan-
dard bitwise mutation to maximize OMM. Let N0 and N1 be
defined as in Lemma 3 and assume min{N0, N1} > 1

32H .
Let T0 denote the first time when x0, ..., xH satisfy xi = 1n

for i > 1
2H and xi = 0n for i < 1

2H . Then with probabil-
ity at least 1 − n−( 3

500 c−1), the whole Pareto front, that is,

{(j, n − j) | j ∈ [0..n]}, is covered by P within T0 itera-
tions.

Combining Lemmas 3 and 5, we obtain the following the-
orem for the runtime of the MOEA/D via weighted-sum de-
composition on OMM.

Theorem 6. Let n ≥ 8, c > 500
3 , a > 1 and c lnn ≤

H ≤ na−1−1. Consider using MOEA/D with weighted-sum
decomposition and standard bitwise mutation to maximize
OMM. Conditional on an event that happens with probabil-
ity at least 1−3n−( 3

500 c−1), P covers the whole Pareto front
of OMM within e(1 + a lnn)n expected iterations, that is,
within e(H+1)(1+a lnn)n expected function evaluations.

From Theorem 6, we know that when using the weighted-
sum decomposition with Θ(log n) subproblems, the set P
covers the full Pareto front typically (conditional on an
event that happens with high probability 1− n−Ω(1)) in ex-
pected O(n log2 n) number of function evaluations. We note
here the expected runtime is O(n2 log n) for the MOEA/D
with the Tchebycheff decomposition (using the standard
bitwise mutation as the only variation operator) (Li et al.
2016), and for other classical MOEAs that adopt standard
bitwise mutation, such as GSEMO (Giel and Lehre 2010),
NSGA-II (Zheng, Liu, and Doerr 2022; Zheng and Doerr
2023a), NSGA-II (setting m = 2 for the mOMM in (Opris
et al. 2024)), SMS-EMOA (Zheng and Doerr 2024), and
SPEA2 (setting m = 2 for the mOMM in (Ren et al. 2024)).
Therefore, the weighted-sum decomposition demonstrates
strong performance and achieves an improvement by a fac-
tor of Θ(n/ log n).

Θ(n) Runtime Speed-up on
ONEJUMPZEROJUMP

In the previous section, we have shown that the weighted-
sum decomposition achieves at least a factor of Θ(n/ log n)
improvement in optimizing the OMM problem. Here,
we further investigate its performance on another popular
ONEJUMPZEROJUMP (OJZJ for short) problem, to see how
the weighted-sum decomposition performs for the multi-
modal problem. Since there is no analysis on the MOEA/D
with Tchbycheff decomposition either, we will in this sec-
tion also consider its runtime for a good comparison with
the weighted-sum decomposition.

OJZJ and Decomposed Subproblems

The OJZJ benchmark (Doerr and Zheng 2021) is a bi-
objective counterpart of the classical multimodal JUMP
problem with a gap size k (Droste, Jansen, and Wegener
2002), where the first objective is the standard JUMP func-
tion (w.r.t. the number of ones in the bitstring), and the sec-
ond one is structurally identical, but w.r.t. the number of ze-
ros in the bitstring (see Definition 7).

Definition 7 ((Doerr and Zheng 2021)). Let k ∈ [1..n/2].
For any x ∈ {0, 1}n, the bi-objective problem OJZJ f =
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Figure 1: The values of two objectives in OJZJ with respect
to |x|1.

(f1, f2) : {0, 1}n → R2 is defined by

f1(x) =

{
k + |x|1, if |x|1 ≤ n− k or x = 1n,

n− |x|1, else,

f2(x) =

{
k + |x|0, if |x|0 ≤ n− k or x = 0n,

n− |x|0, else.

In the OJZJ problem, the Pareto set is {x | |x|1 ∈ [k..n−
k] ∪ {0, n}}, and the Pareto front is {(k + j, n + k − j) |
j ∈ [k..n − k] ∪ {0, n}}. Figure 1 gives an illustrative plot
of this function with problem size n = 50 and gap size k =
10. We clearly see that the Pareto front contains an inner
part and two extreme points of (k, n + k) and (n + k, k).
Now we calculate the subproblems and the optimal set of
these subproblems under weighted-sum decomposition and
Tchebycheff decomposition, respectively. With (1) and (2),
we have the following lemmas.

Lemma 8. Via the weighted-sum decomposition with H+1
subproblems, the i-th (i ∈ [0..H ]) subproblem for the maxi-
mization of OJZJ is to maximize

gi(x) =



(2 i
H − 1)|x|1 + k + (1− i

H )n,

if |x|1 ∈ [k..n− k] ∪ {0, n},
|x|1 + i

H k,

if |x|1 ∈ [1..k − 1],

−|x|1 + n+ (1− i
H )k,

if |x|1 ∈ [n− k + 1..n− 1].

The optimal set Si of the i-th subproblem is

Si =


{x | |x|1 = 0}, if i < H

2 ,

{x | |x|1 = [k..n− k] ∪ {0, n}}, if i = H
2 ,

{x | |x|1 = n}, if i > H
2 .

Lemma 9. Let the reference point z∗ = (n + k, n + k)
and ci = i

Hn − ⌊ i
Hn⌋ ∈ [0, 1) for i ∈ [0..H ]. Via the

Tchebycheff decomposition with H + 1 subproblems, the i-
th (i ∈ [0..H ]) subproblem for the maximization of OJZJ is

to minimize

gi(x|z∗) =



max{ i
H (n− |x|1), (1− i

H )|x|1},
if |x|1 ∈ [k..n− k] ∪ {0, n},

max{ i
H (n− |x|1), (1− i

H )(n+ k − |x|1)},
if |x|1 ∈ [1..k − 1],

max{ i
H (k + |x|1), (1− i

H )|x|1},
if |x|1 ∈ [n− k + 1..n− 1].

The optimal set Si of the i-th subproblem is

Si =



{x | |x|1 = 0}, if 0 ≤ i < kH
n+k

,

{x | |x|1 ∈ {0, k}}, if kH
n+k

∈ N, i = kH
n+k

,

{x | |x|1 = k}, if kH
n+k

< i < kH
n
,

{x | |x|1 = ⌊ i
H
n⌋}, if kH

n
≤ i ≤ (n−k)H

n

and i < (1− ci)H ,
{x | |x|1 ∈ {⌊ i

H
n⌋, ⌈ i

H
n⌉}}, if kH

n
≤ i ≤ (n−k)H

n

and i = (1− ci)H ,
{x | |x|1 = ⌈ i

H
n⌉}, if kH

n
≤ i ≤ (n−k)H

n

and i > (1− ci)H ,
{x | |x|1 = n− k}, if (n−k)H

n
< i < nH

n+k
,

{x | |x|1 ∈ {n− k, n}}, if nH
n+k

∈ N, i = nH
n+k

,

{x | |x|1 = n}, if nH
n+k

< i ≤ H.

Recalling the Pareto front of {(k + j, n + k − j) | j ∈
[k..n− k] ∪ {0, n}}, we see that through the weighted-sum
decomposition of the OJZJ problem, similar to OMM, some
Pareto front points (like (k+j, n+k−j) with j ∈ [k..n−k])
cannot be mapped to the optimum of any subproblem (like
when H is odd). However, for the Tchebycheff decomposi-
tion with H = n, we see that each Pareto front point can be
mapped to the optimum of a certain subproblem. Although
not all Pareto front points can be mapped in this way for
H < n, the middle subproblems with i ∈ [kHn , (n−k)H

n ]
have their optima uniformly distributed along the Pareto
front. To have an illustrative feeling, Figure 2 shows the ex-
ample plots between gi(x) (via the weighted-sum decompo-
sition) and |x|1 for two representative cases i < 1

2H and
i > 1

2H , and Figure 3 for the representative case for the
Tchebycheff decomposition.

In the following two subsections, we will analyze the run-
time of the MOEA/D with the weighted-sum decomposi-
tion and the Tchebycheff decomposition (for a wide range of
subproblem sizes), respectively. We will also show that de-
spite this similar “drawback” of the subproblem construction
as seen for OMM, the weighted-sum decomposition beats
the Tchebycheff via a factor of Θ(n) on OJZJ.

O(nk) Runtime for Weighted-Sum
In this subsection, we will analyze the number of function
evaluations for the MOEA/D using weighted-sum decom-
position on OJZJ. We divide the process into two phases. In
the first phase, we consider the situation when certain (al-
most all) subproblems reach one of the desired local optima.
Similar to the analysis for OMM, the key idea to establish
the runtime is to prove that, with high probability, the en-
tire inner part of the Pareto front is covered by the set P for
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Via the Weighted-Sum Decomposition

Figure 2: The function values of gi(x) (via the weighted-
sum decomposition) with respect to |x|1 when H is odd
(Top: i < 1

2H; Bottom: i > 1
2H).

the first time when the local optima of all these certain sub-
problems are obtained. Specifically, the Pareto front points
(k + j, n + k − j) for all j ∈ [k, 1

2n] are obtained when
the first half of subproblems (that is, the i-th subproblem
with i ∈ [0, 1

2H)) (starting from initial solutions xi with
|xi|1 ∈ [ 12n,

3
4n]) are successfully solved. Analogously, the

Pareto points (k + j, n + k − j) for all j ∈ [12n, n − k]
are expected to be discovered in the second half subprob-
lems (that is, the i-th subproblem with i ∈ (12H,H]) (start-
ing from initial solutions xi with |xi|1 ∈ [ 14n,

1
2n]). From

Lemma 3, with high probability, Θ(H) subproblems start
with desired solutions, and conditioned on this, the follow-
ing lemma shows that if H + 1 is at least logarithmic, then
with probability 1−nΩ(−1), P covers all inner Pareto points
(k + j, n + k − j) for j ∈ [k..n − k] when all certain sub-
problems reach their desired local optimum.

Lemma 10. Let n ≥ 8, c > 500
3 and H ≥ c lnn. Consider

using MOEA/D with weighted-sum decomposition and stan-
dard bitwise mutation to maximize OJZJ. Let N0 and N1

Via the Tchebycheff Decomposition

Figure 3: The function values of gi(x|z∗) (via the Tcheby-
cheff decomposition) with respect to |x|1. The orange curve
represents the function h(w) = max{ i

H (n−w), (1− i
H )w},

where w ∈ [k, n− k].

be defined in Lemma 3 and assume min{N0, N1} > 1
32H .

Let T0 denote the first time when x0, ..., xH satisfy xi ∈ {x |
|x|1 ∈ {n−k, n}} for i > 1

2H and xi ∈ {x | |x|1 ∈ {0, k}}
for i < 1

2H . Then with probability at least 1 − n−( 3
500 c−1),

the inner part of the Pareto front, that is, {(k+j, n+k−j) |
j ∈ [k..n− k]}, is covered by P within T0 iterations.

Combining Lemmas 3 and 10, and considering the possi-
ble additional runtime to cover two extreme points, we ob-
tain the following theorem for the runtime of the MOEA/D
via weighted-sum decomposition on OJZJ.

Theorem 11. Let n ≥ 8, c > 500
3 , a > 1 and c lnn ≤

H ≤ na−1 − 1. Consider using MOEA/D with weighted-
sum decomposition and standard bit mutation to maximize
OJZJ. Conditional on an event that happens with probabil-
ity at least 1−3n−( 3

500 c−1), P covers the whole Pareto front
of OJZJ within e(1 + a lnn)n + 4enk

H + 2 expected itera-

tions, that is, within (H + 1)
(
e(1 + a lnn)n+ 4enk

H + 2
)

expected function evaluations.

O(nk+1) Runtime for Tchebycheff
Since there is no runtime of the MOEA/D via the Tcheby-
cheff decomposition on OJZJ, this subsection will establish
it, also for the comparison with the weighted-sum decompo-
sition. Note that as discussed before, the analyzed MOEA/D
with the Tchebycheff decomposition considers the standard
bitwise mutation as the only variation operator, also for the
fair comparison with the weighted-sum one. Other mutation
strategies and the usage of the crossover will be our interest-
ing future work.

Here we consider a general setting of H , instead of as-
suming the same size of the subproblem as the Pareto front
or as the maximal size of incomparable solutions, like as
in (Li et al. 2016). From Lemma 9, we know that the set of
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optimal solutions obtained by all subproblems may not fully
cover the entire Pareto front (like H < n). Hence, we need
an additional analysis after all subproblems find their opti-
mal solutions. Together with the evolving of the reference
points, we divide the whole process into three phases, the
first time for the reference point to be (n + k, n + k), the
first time when the optima of all subproblems are reached,
and the remaining time to cover the remaining Pareto front
points.

Firstly, we present the runtime required to reach the refer-
ence point z∗ = (n+ k, n+ k).

Lemma 12. Consider using MOEA/D with the Tchebycheff
decomposition and H + 1 subproblems to maximize OJZJ.
Then z∗ = (n+k, n+k) is reached within 2en lnn+2enk

expected iterations, that is, within (H+1)(2en lnn+2enk)
expected function evaluations.

It is not difficult to see that once the reference point z∗
value of (n + k, n + k) is reached, z∗ will stay at this
value. The following lemma shows the runtime required to
find the optimal solution for each middle subproblem with
i ∈ [ kH

n+k ,
nH
n+k ] when z∗ = (n+ k, n+ k).

Lemma 13. Let a > 1, H ≤ na−1 − 1 and suppose z∗ =
(n+k, n+k). Consider using MOEA/D with the Tchebycheff
decomposition and H + 1 subproblems to maximize OJZJ.
For all i ∈ [ kH

n+k ,
nH
n+k ], i-th subproblem reaches its optimal

solution within e(H + 1)(n lnn+ 2kk) expected iterations,
that is, within e(H + 1)2(n lnn + 2kk) expected function
evaluations.

Finally, we analyze the runtime required to cover the re-
maining Pareto front points of OJZJ.

Lemma 14. Let a > 1, H ≤ na−1 − 1 and suppose z∗ =
(n + k, n + k). Let A denote ( kH

n+k ,
kH
n ] ∩ N ̸= ∅, A for

( kH
n+k ,

kH
n ] ∩ N = ∅, and

b =


⌈ n
2H + 1

2⌉, if A or (A,H ≥ n),

⌈ nH ⌉, if (A,H < n ≤ (k + 1)H),

⌈ n
2H + k+1

2 ⌉, if (A,n > (k + 1)H).

Consider using MOEA/D with the Tchebycheff decomposi-
tion and H+1 subproblems to maximize OJZJ. Assume that
in the current iteration, for all i ∈ [ kH

n+k ,
nH
n+k ]∪{0,H}, i-th

subproblem reaches its optimal solution. Then P covers the
remaining Pareto front of OJZJ within additional

2enb ln b+
4enb

ln(H + 1)

expected iterations, that is, within additional

e(H + 1)

(
2nb ln b+

4nb

ln(H + 1)

)
expected function evaluations.

Combining the runtime of the three lemmas above, we ob-
tain the following corollary for the runtime of the MOEA/D
via Tchebycheff decomposition on OJZJ.

Corollary 15. Let a > 1, H ≤ na−1 − 1. Let A denote
( kH
n+k ,

kH
n ] ∩ N ̸= ∅, A for ( kH

n+k ,
kH
n ] ∩ N = ∅, and

b =


⌈ n
2H + 1

2⌉, if A or (A,H ≥ n),

⌈ nH ⌉, if (A,H < n ≤ (k + 1)H),

⌈ n
2H + k+1

2 ⌉, if (A,n > (k + 1)H).

Consider using MOEA/D with the Tchebycheff decomposi-
tion and H + 1 subproblems to maximize OJZJ. Then P
covers the whole Pareto front of OJZJ within

2en lnn+2enk + e(H + 1)(n lnn+ 2kk)

+ 2enb ln b+
4enb

ln(H + 1)

expected iterations, that is, within

e(H + 1)

(
2n lnn+ 2nk + (H + 1)(n lnn+ 2kk)

+ 2nb ln b+
4nb

ln(H + 1)

)
expected function evaluations.

From Theorem 11, we know that with the weighted-sum
decomposition, the expected runtime (the number of func-
tion evaluations) remains O(nk) for all considerable num-
bers of the subproblems. For the MOEA/D via Tcheby-
cheff decomposition, from Corollary 15, we know that the
expected runtime is O(Hnk) for H ≥ n, and roughly
O(Hmax{nn/H ln(n/H), nk}) (which will become quite
large for small value of H) for H < n. Thus, for the specific
setting of H = n as in (Li et al. 2016), we obtain an expected
runtime of O(nk+1) for the Tchebycheff decomposition. We
also note that this expected runtime of O(nk+1) was also
proved for other classical MOEAs using only standard bit-
wise mutation, such as GSEMO (Zheng and Doerr 2023b),
NSGA-II (Doerr and Qu 2023), SMS-EMOA (Bian et al.
2023), NSGA-III (Opris 2025), and SPEA2 (setting m = 2
for mOJZJ in (Ren et al. 2024)). Therefore, we see that the
MOEA/D via the weighted-sum decomposition beats these
algorithms by a factor of Θ(n) on OJZJ.

Conclusion
Different from the existing theoretical research of the
MOEA/D that almost exclusively focused on the Tcheby-
cheff decomposition, this paper presented the first complete
runtime analysis for the original weighted-sum decompo-
sition. We proved that the MOEA/D using the weighted-
sum decomposition typically (conditional on an event that
happens with 1 − n−Ω(1) probability) solves the classic
OMM benchmark within O(n log2 n) expected function
evaluations, which beats other original MOEAs (like the
MOEA/D with the Tchebycheff decomposition, GSEMO,
NSGA-II, NSGA-III, SMS-EMOA, SPEA2) by a factor of
Θ(n/ log n). The superior runtime of the MOEA/D using
the weighted-sum decomposition also holds for the popu-
lar OJZJ benchmark, and a speed-up by a factor of Θ(n)
was proved. Our results indicate a further development of
the weighted-sum approach might be fruitful.
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