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Abstract

Recent advancements in bidirectional heuristic search have
yielded significant theoretical insights and novel algorithms.
While most previous work has concentrated on optimal
search methods, this paper focuses on bounded-suboptimal
bidirectional search, where a bound on the suboptimality
of the solution cost is specified. We build upon the state-
of-the-art optimal bidirectional search algorithm, BAE*, de-
signed for consistent heuristics, and introduce several variants
of BAE* specifically tailored for the bounded-suboptimal
context. Through experimental evaluation, we compare the
performance of these new variants against other bounded-
suboptimal bidirectional algorithms as well as the standard
weighted A* algorithm. Our results demonstrate that each
algorithm excels under distinct conditions, highlighting the
strengths and weaknesses of each approach.

Code — https://github.com/SPL-BGU/Bounded-
Suboptimal-BAE

Extended version — https://arxiv.org/abs/2511.10272

1 Introduction
In optimal search, the task is to find the least-cost path be-
tween two vertices, start and goal, in a given graph. Ad-
missible Unidirectional Heuristic Search (UHS) algorithms
like A* (Hart, Nilsson, and Raphael 1968), which priori-
tize nodes by f(n) = g(n) + h(n), return an optimal solu-
tion (Dechter and Pearl 1985) (of cost C∗) if h is admissible
(never overestimating).

In many cases, finding optimal solutions is infeasible due
to the immense computation required. Bounded-suboptimal
search (BSS) is a paradigm that trades the quality of the
solution for faster running time. In BSS, we are given a
bound W ≥ 1, and are required to find a solution with
cost ≤ W · C∗. A classical BSS algorithm is Weighted
A* (WA*) (Pohl 1970), which expands nodes n according
to f(n) = g(n) + W · h(n). Given an admissible heuris-
tic, WA* is guaranteed to return a bounded-suboptimal so-
lution. Other BSS algorithms include Dynamic Potential
Search (DPS) (Gilon, Felner, and Stern 2016), Explicit Es-
timation Search (EES) (Thayer and Ruml 2011), XDP and
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XUP (Chen and Sturtevant 2019, 2021), and improved ver-
sions of these algorithms (Fickert, Gu, and Ruml 2022).

Bidirectional heuristic search (BiHS) is an alternative to
UHS that progresses simultaneously from start (forward)
and goal (backward) until the two frontiers meet. Recent
line of work presented theoretical study and practical ways
for using BiHS with tremendous achievements (Barker and
Korf 2015; Holte et al. 2017; Eckerle et al. 2017; Shaham
et al. 2017; Chen et al. 2017; Shperberg et al. 2019a,b, 2021;
Alcázar, Riddle, and Barley 2020; Alcázar 2021; Siag et al.
2023b). Yet, while unidirectional BSS was broadly studied,
bidirectional BSS has received limited attention.

BAE∗ (Sadhukhan 2013) (and the identical DIBBS algo-
rithm (Sewell and Jacobson 2021)), is a BiHS optimal al-
gorithm designed for consistent heuristics. BAE∗ prioritizes
nodes in the open lists according to b(n) = g(n) + h(n) +
d(n) with d(n) representing a lower bound on the heuristic
error of paths discovered on the opposite search that passes
through n. BAE∗ is considered the state-of-the-art optimal
BiHS algorithm, with several studies highlighting its superi-
ority (Alcázar, Riddle, and Barley 2020; Siag et al. 2023b).

In this work, we introduce a family of algorithms, called
WBAE∗, that adapt BAE∗ into the BSS paradigm by incor-
porating the basic idea of WA*, inflating h by W . Mem-
bers of this family differ in how they treat d. We prove that
multiplying d by any real number λ ≤ W results in a BSS
solution. Additionally, we discuss two methods that achieve
tighter lower bounds for WBAE∗ (as well as for other algo-
rithms) and allow earlier termination, albeit sometimes at the
cost of additional time overhead. We analyze the impact of
λ and the tighter bounds, offering recommendations on how
to set λ and choose the most effective termination condition.

2 Bidirectional Heuristic Search: Definitions
In BiHS, the aim is to find a least-cost path, of cost C∗,
between start and goal in a given graph G. c(x, y) de-
notes the cost of the cheapest path between x and y, so
c(start, goal) = C∗. BiHS executes a forward search (F)
from start and a backward search (B) from goal until the
two searches meet. BiHS algorithms typically maintain two
open lists OPENF and OPENB for the forward and backward
searches, respectively. Each node has a g-value, an h-value,
and an f -value (gF , hF , fF and gB , hB , fB for the forward
and backward searches, correspondingly). For a direction D
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Algorithm 1: BiHS General Framework
1 U ←∞; LB ← ComputeLowerBound();
2 while OPENF ̸= ∅ ∧ OPENB ̸= ∅ ∧ U > LB do
3 D ← ChooseDirection();
4 n← ChooseNode(D);
5 Expand(n,D); // Also updates U
6 LB ← ComputeLowerBound()

7 return U

(F or B), fD, gD, and hD represent the f -, g-, and h-values
in that direction. We use xMinD to denote the minimal x
value in OPEND, e.g., gMinF represents the minimal g-
value in OPENF. Most BiHS algorithms consider the two
front-to-end heuristic functions (Kaindl and Kainz 1997)
hF (s) and hB(s) which respectively estimate c(s, goal) and
c(start, s) for all s ∈ G. hF is forward admissible iff
hF (s) ≤ c(s, goal) for all s in G and is forward consistent
iff hF (s) ≤ c(s, s′)+hF (s

′) for all s and s′ in G. Backward
admissibility and consistency are defined analogously.

BiHS algorithms differ primarily in their direction and
node selection strategies, and in their termination criteria.
A general BiHS framework is presented in Algorithm 1. U
represents the cost of the incumbent solution and is returned
if U ≤ LB, where LB is a lower bound on the cost of
the desired solution (either optimal or bounded suboptimal).
During each expansion cycle, the algorithm chooses a direc-
tion D, then selects a node to expand from that direction.
New nodes are matched against the opposite frontier, and if
a better solution is found, U is updated. Subsequently, LB is
updated as the content of OPEND has changed. BiHS algo-
rithms vary in how they choose the direction, select nodes,
and compute LB. A common direction choosing policy is
the alternate policy, which chooses to expand from OPENF
and OPENB in a round-robin fashion. Unless stated other-
wise, all algorithms in this paper use this policy.

3 Background: BiHS Algorithms
We review several optimal and suboptimal BiHS algorithms.

3.1 WA* and Bidirectional WA*
A key BSS algorithm is weighted A* (WA*) (Pohl 1970),
which replaces A*’s f(n) = g(n) + h(n) (Hart, Nilsson,
and Raphael 1968) priority function with fW (n) = g(n) +
W · h(n), inflating the heuristic by a user-defined W ≥ 1.
This guarantees a solution with cost of at most W · C∗.

BHPA (Pohl 1971), or Bidirectional A* (BiA∗), directly
generalizes A* to BiHS. BiA∗ orders nodes in OPEND ac-
cording to fD(n) = gD(n)+hD(n). Köll and Kaindl (1993)
extend BiA∗ to BSS by applying the WA* approach to both
search frontiers, a variant denoted here as Bidirectional WA*
(WBiA∗). WBiA∗ prioritizes nodes in OPEND according to:

prWD
(n) = gD(n) +W · hD(n)

WBiA∗ detects solutions by locating the same state on
both open lists and terminates once U ≤ LBW , where

LBW = max(prWMinF , prWMinB) (1)
In this definition, prWMinF and prWMinB are the min-

imal prW -values in OPENF and OPENB, respectively. Köll

and Kaindl (1993) did not provide proof for its suboptimal-
ity. For completeness, we provide it in Appendix A (avail-
able in the extended version).

3.2 Meet in the Middle (MM) and WMM
The Meet in the middle (MM) algorithm (Holte et al. 2017)
is a notable BiHS that ensures that the search frontiers meet
in the middle (i.e., no node n is expanded with g(n) >
C∗/2). In MM, nodes n in OPEND are prioritized by:

prD(n) = max(fD(n), 2gD(n))

MM expands the node with minimal priority, PrMin,
among all nodes in OPENF and OPENB.

Weighted MM. Recently, MM was generalized to a BSS
version called WMM (Atzmon et al. 2023). The main idea is
to follow the WA* approach and inflate the heuristic by W .
Several variants were proposed, and the best one prioritizes
nodes in OPEND using the following formula:

prD(n) = gD(n) + max (gD(n),W · hD(n))

WMM is W-restrained, i.e. the forward search never ex-
pands a node n with gF (n) > W/2 · C∗ and the backward
search never expands a node n with gB(n) > W/2 · C∗.

3.3 BS* and Its BSS Variant
All previously discussed algorithms assume an admissible
heuristic. In contrast, BS∗ (Kwa 1989) also requires con-
sistency and improves upon BiA∗ by leveraging this prop-
erty for tighter lower bounds and pruning via “nipping” and
“trimming.” It uses Pohl’s cardinality criterion (Pohl 1971),
expanding from the side with fewer open nodes. Köll and
Kaindl (1993) proposed WBS∗, a bounded-suboptimal vari-
ant of BS∗. Like WBiA∗, it uses fW (n) = g(n) +W · h(n)
and applies BS∗’s enhancements to fW instead of f .

3.4 BAE*
BAE∗ (Sadhukhan 2013) and the equivalent, DIBBS (Sewell
and Jacobson 2021), are more recent BiHS algorithms that,
like BS∗, assume heuristic consistency. However, BAE∗ and
DIBBS exploit this consistency more effectively than BS∗,
leading to improved search performance.

Let dF (n) = gF (n)− hB(n), the difference between the
actual forward cost of n (from start) and its heuristic esti-
mation to start. This indicates the heuristic error for node
n (as hB(n) is a possibly inaccurate estimation of gF (n)).
Likewise, dB(m) = gB(m) − hF (m). BAE∗ orders nodes
in OPEND according to:
bD(n) = gD(n) + hD(n) + (gD(n)− hD(n)) = fD(n) + dD(n)

where hD is the heuristic in the direction opposite of D.
bD(n) adds the heuristic error dD(n) to fD(n) to account
for the underestimation by hD(n). During each expansion
cycle, BAE∗ chooses a search direction D and expands a
node with minimal bD-value. Additionally, BAE∗ detects so-
lutions by locating the same state on both open lists and ter-
minates once U ≤ LBB , where

LBB = (bMinF + bMinB)/2 (2)
in which bMinD is the minimal b-value in OPEND.
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Given a consistent heuristic, BAE∗ was proven to re-
turn optimal solutions. Its informed priority function b(n)
helps it significantly outperform common UHS and BiHS
algorithms, with improvements of up to an order of magni-
tude (Alcázar, Riddle, and Barley 2020; Siag et al. 2023a).
Therefore, BAE∗ is considered a state-of-the-art BiHS algo-
rithm for consistent heuristics. In this paper, we develop and
study BSS variants of BAE∗.

Other BSS BiHS algorithms have been proposed. A*-
connect (Islam, Narayanan, and Likhachev 2016), designed
for motion planning, extends BiA∗ using an additional in-
admissible heuristic to quickly connect the frontiers. As our
approach does not rely on such heuristics, A*-connect is not
a direct competitor. Similarly, R2R (Rice and Tsotras 2012)
is an additive BSS algorithm with guarantees of C∗ + W ,
whereas we focus on multiplicative bounds (W · C∗), mak-
ing R2R incomparable in scope.

4 Weighted BAE*
We now introduce WBAE∗, a BSS variant of BAE∗ that
adopts the WA* idea of inflating h by a factor W ≥ 1, guar-
anteeing a solution within W ·C∗. Recall the BAE∗ priority:

bD(n) = gD(n) + hD(n) + dD(n)

In WA*, the h-value is scaled by W to guide the search
while preserving suboptimality bounds—a strategy we re-
tain. The key challenge is handling the heuristic error dD(n),
which has not been addressed in BSS settings.

We define the WBAE∗ priority function as:
bWD

(n) = gD(n) +W · hD(n) + λ · dD(n) (3)
Here, λ ≤ W controls the impact of the error term. Spe-

cial cases include: λ = 0, yielding a WBiA∗-like function;
λ = W , fully incorporating dF (n) into the heuristic; and in-
termediate values, which balance between the two. WBAE∗

detects solutions by locating the same state on both open
lists and terminates once U ≤ LBWB , where

LBWB = (bWMinF + bWMinB)/2 (4)
and bWMinD is the minimal bWD

-value in OPEND.
Notably, BAE* guarantees optimality only when given

consistent heuristics, due to the nature of the error-correction
term dD. Consequently, WBAE* requires heuristic consis-
tency to ensure bounded suboptimality. Throughout the re-
mainder of the paper, we therefore assume that the given
heuristic h is consistent.

4.1 Theoretical Analysis
We first show that WBAE∗ is bounded-suboptimal. We then
discuss the role of λ and provide guidelines for selecting
values for λ. To prove that WBAE∗ is bounded-suboptimal,
we start by proving the following lemma.

Lemma 1. For every node n and any λ ≤ W , it holds that
bWD

(n) ≤W · bD(n).

Proof. Let n be a node discovered during the search in di-
rection D. We want to show that bWD

(n) ≤ W · bD(n). By
using the definitions of bWD

and bD, we get:
bWD

(n) = gD(n) +W · hD(n) + λ · (gD(n)− hD(n))

and similarly,
W · bD(n) = W · (gD(n) + hD(n) + (gD(n)− hD(n)))

Substituting these into the inequality in Lemma 1,
bWD

(n) ≤W · bD(n), we now need to prove that:
gD(n) +W · hD(n) + λ · (gD(n)− hD(n)) ≤

W · gD(n) +W · hD(n) +W · (gD(n)− hD(n))

By eliminating W · hD(n) from both sides and simplify-
ing, the inequality that we need to prove becomes:

(W − λ)hD(n) ≤ (2W − λ− 1)gD(n) (5)
Since W ≥ λ and W ≥ 1 by definition, it follows that

(2W − λ − 1) ≥ 0. Additionally, because the heuristic is
admissible, we have 0 ≤ hD(n) ≤ gD(n). Consequently,
(2W − λ − 1)hD(n) ≤ (2W − λ − 1)gD(n). To prove
Inequality 5, it is therefore sufficient to demonstrate that:

(W − λ)hD(n) ≤ (2W − λ− 1)hD(n) (6)
By simplifying the inequality, we get:

(1−W )hD(n) ≤ 0 (7)
For hD(n) = 0, inequality 7 holds trivially. For hD(n) >

0, the inequality holds when W ≥ 1, which holds by
definition. Therefore, the inequality holds and bWD

(n) ≤
W · bD(n) for all nodes n.

We proceed by proving the bounded-suboptimality of
WBAE∗ by making use of Lemma 1.
Theorem 2. WBAE∗ is bounded-suboptimal.

Proof. Previous analysis of BAE* (Sadhukhan 2013) shows
that when the heuristic function is consistent, it holds that
bMinF+bMinB

2 ≤ C∗ throughout the search. Conse-
quently, it is sufficient to show that throughout the search,
bWMinF+bWMinB

2 ≤ W · bMinF+bMinB
2 , as this

would imply that bWMinF+bWMinB
2 ≤W · C∗.

Let nf and nb be the nodes with the minimal bF (bMinF )
and bB (bMinB) values, respectively, at some arbitrary it-
eration during the search. From Lemma 1, we know that
bWF

(nf ) ≤W · bF (nf ) and bWB
(nb) ≤W · bB(nb). Thus,

bWMinF+bWMinB
2 ≤ bWF

(nf )+bWB
(nb)

2

≤W · bF (nf )+bB(nb)
2

= W · bMinF+bMinB
2 ≤W · C∗.

Since WBAE∗ terminates only when a solution is found
with cost≤ bWMinF+bWMinB

2 , it is guaranteed to return
a solution with a cost ≤ W · C∗ (BSS) This ensures that
WBAE∗ is a bounded-suboptimal algorithm.

Finally, we show that similar to WA*, WBAE∗ can avoid
node re-expansions when given consistent heuristics.
Theorem 3. Given consistent heuristics, WBAE∗ finds a
bounded-suboptimal solution without re-expanding nodes.

Proof. Due to the priority function of WBAE∗, every node n
in direction D that undergoes expansion is ensured to have
been reached through a bounded suboptimal path, specifi-
cally satisfying, gD(n) ≤ W · c(start, n). For a more de-
tailed proof, refer to Appendix B.
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4.2 The Role of λ
In this section, we discuss the role of λ and provide guide-
lines for selecting an appropriate value for it.

In heuristic search, algorithms must perform two paral-
lel tasks. The first task is to find and refine solutions, which
corresponds to lowering the upper bound (U ). The second
task is proving the (sub)optimality of solutions, correspond-
ing to increasing the lower bound (LB). Search algorithms
can only terminate when U ≤ LB, making both tasks es-
sential. However, the approaches for tackling each task of-
ten contradict one another. For example, the DVCBS algo-
rithm (Shperberg et al. 2019b) excels at increasing LB but
often finds solutions slower than other algorithms, whereas
Greedy Best-First Search (Doran and Michie 1966), which
prioritizes nodes solely by their h-values, is good at finding
solutions, but is not concerned with proving optimality.

We next show that while incorporating the heuristic error
d supports the task of proving solution suboptimality (the
second task), it can hinder the process of finding a solution
(the first task). Given two nodes, n1 and n2, in direction D
with gD(n1)+W ·hD(n1) = gD(n2)+W ·hD(n2), WBAE∗

with λ > 0 delays the expansion of the node with the higher
heuristic error d. By definition, d(n) = gD(n)−hD(n). Due
to admissibility, gD(n) ≥ hD(n) ≥ 0. Thus, for every node
n, d(n) ≤ gD(n). Consequently, nodes with higher g-values
tend to have higher d values, and their expansion is often
delayed by WBAE∗. Expanding nodes with high g-values
is essential for finding solutions. Therefore, WBAE∗ is ex-
pected to be less efficient than WBiA∗ in finding solutions.
Nonetheless, d offers a more accurate estimate of the lower
bound on solution cost, making a larger λ more effective for
establishing the (sub)optimality of solutions.

Due to the trade-off between increasing LB and decreas-
ing U , different approaches are required based on the spe-
cific challenge of each task. At one extreme, if the initial
heuristic yields a sufficiently high lower bound to guaran-
tee (sub)optimality upon finding a solution, the focus should
be on finding a solution—favoring a small (or zero) λ, es-
pecially when valid solutions are rare. Conversely, when
many (sub)optimal solutions exist but proving their quality
requires extensive search, the emphasis should be on raising
LB, implying a large λ. In general, we expect the task of in-
creasing LB to be dominant when: (i) the heuristic is weak,
significantly underestimating the shortest paths from many
states, and (ii) W is small, as the effort to prove suboptimal-
ity increases. Thus, we propose the following hypothesis:

Hypothesis on the role of λ: Larger values of λ are more
effective when the heuristic is weak and the suboptimality
bound W is small. Smaller values of λ are preferable when
the heuristic is more accurate or when W is large.

Figure 1 presents a small example illustrating how differ-
ent values of λ affect node expansions during search. The
top displays a problem instance with heuristic values and
edge costs. We consider WBAE∗ with W = 1.1 and W = 5,
and two λ-values, λ = W and λ = W−2; priorities for each
configuration are given inside the table (excluding nodes s
and g, which are expanded first regardless).

All algorithms first expand s and g. Now, consider w =

𝒖 𝒗 𝒈𝒔

𝑔𝐹: 2
ℎ𝐹: 0
ℎ𝐵: 0

𝑔𝐹: 0
ℎ𝐹: 0
ℎ𝐵: 0

𝑔𝐵: 2
ℎ𝐵: 1.7
ℎ𝐹: 0

𝑔𝐵: 0
ℎ𝐵: 0
ℎ𝐹: 0

𝒙
𝑔𝐹: 3
ℎ𝐹: 0.6
ℎ𝐵: 2.5

3 2 21

State Dir. W = 1.1 W = 5
λ = W λ = W−2 λ = W λ = W−2

u F 4.20 3.65 12.0 2.08
x F 4.21 4.07 8.5 6.02
v B 6.07 5.52 20.5 10.58

Figure 1: An example demonstrating the role of λ

1.1. With both values of λ, u is expanded, yielding a solu-
tion of cost 5. For λ = W , the search can terminate: the
lowest priority in the backward direction is 6.07, and in the
forward direction, it is at most the priority of x, which is
4.21. Hence, the lower bound (6.07 + 4.21)/2 = 5.14 ex-
ceeds 5. In contrast, with λ = W−2, after u is expanded,
the minimal forward priority is at most that of x, giving a
lower bound of (5.52+ 4.07)/2 = 4.795, which is less than
5, requiring the expansion of x. For w = 5 and λ = W−2,
u is expanded and the search terminates. With λ = W , x is
expanded even before u, leading to more node expansions.

This example supports our hypothesis above. For small
values of w (w = 1.1) larger values of λ (λ = W ) perform
better than smaller values (λ = W−2). For large values of
W (W = 5) small values of λ (λ = W−2) perform better
than larger values (λ = W ).

5 Obtaining Stronger Lower Bounds
In this section, we examine two methods to tighten lower
bounds throughout the search, potentially reducing the effort
needed by BSS algorithms to return a suboptimal solution.

5.1 Alternative Termination Criteria
Algorithms in the WA* family typically terminate based on
the minimum values of their priority, which multiply the
heuristic h (but not the cost g) by W . For example, WBiA∗

terminates when U ≤ max(prWMinF , prWMinB), where
U is the cost of the incumbent solution, and prWMinF ,
prWMinB are the minimal prW -values in the open lists.

Nonetheless, fMinF and fMinB are still lower bounds
on C∗. Consequently, W ·max(fMinF , fMinB) ≤W ·C∗,
and therefore U ≤W ·max(fMinF , fMinB) is an alterna-
tive termination condition that still maintains the bounded-
suboptimality guarantees. Moreover, let n be the node with
the minimal f -value in direction D. It holds that,

W ·fMinD = W ·gD(n) +W ·hD(n) ≥ gD(n) +W ·hD(n)

≥ prWD
(n) ≥ prWMinD

This means that the alternative lower bound (denoted
ALB) is tighter than the original lower bound, which can
result in fewer expansions during the search.

The above ALB was defined based on fMin. Nonethe-
less, a similar ALB can be defined for all algorithms in the
WA* family by taking the bounds of their corresponding
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Algorithm ToH DAO Mazes Pancake STP

WA* 697K 1,585K 2,024K 56K 524K
WBiA∗ 601K 1,466K 1,694K 76K 502K
WMM 589K 845K 606K 75K 400K
WBS∗ 644K 1,564K 1,985K 67K 497K

WBAE∗ 1
W 2 607K 1,447K 1,603K 66K 465K

WBAE∗ 1
W 540K 1,447K 1,646K 66K 450K

WBAE∗ 1 534K 1,468K 1,717K 65K 428K
WBAE∗ W 523K 1,464K 1,667K 61K 336K
WBAE∗ λ 478K 1,454K 1,709K 60K 430K

Table 1: Expansions/sec averaged across all weights W .

optimal variant and multiplying them by W . For WBAE∗,
ALB will therefore halt the search when U ≤W · LBB .

Nevertheless, using ALB incurs extra overhead as it
maintains both priorities (e.g., prWMinD and fMinD for
WBiA∗, or bWMinD and bMinD for WBAE∗). This might
require storing two open lists for each frontier. We analyze
the improvement resulting from ALB, as well as the compu-
tational overhead, in our empirical evaluation below.

5.2 Utilizing Information on Edge Costs
Alcázar, Riddle, and Barley (2020) demonstrated how edge
cost information can tighten lower bounds on C∗throughout
the search. They assumed the algorithm knows the greatest
common denominator (GCD) of all edge costs, ι, and used it
to redefine BAE∗’s termination condition:

LBB =
⌈
(bMinF+bMinB)/2

ι

⌉
· ι

this is a lower bound on C∗, as solutions can only increase
in GCD increments. Thus, if a lower bound suggests a so-
lution not divisible by ι, it can be rounded up to the near-
est ι increment. For example, if ι = 3 and the lower-bound
LB = 14, ⌈14/3⌉ · 3 = 15 can be used as a tighter lower
bound. A similar approach could apply to A*’s lower bound,
but typically, fMin = g(n) + h(n) is already divisible by ι
since g(n) is always divisible by ι, and h(n) is often as well.

This alteration to the lower bound formula can also be
applied to the BSS variants of BAE∗ as follows:

LBWB =
⌈
(bWMinF+bWMinB)/2

ι·W

⌉
· ι ·W

Let nf and nb be the nodes with the minimal b-
value in OPENF and OPENB, respectively, at some
arbitrary iteration during the search. This formula-
tion of LBWB still yields bounded solutions, since:⌈
(bWMinF+bWMinB)/2

ι·W

⌉
· ι ·W ≤

⌈
(bWF

(nf )+bWF
(nB))/2

ι·W

⌉
· ι ·W

≤
⌈
(W ·(bF (nf )+bF (nB))/2

ι·W

⌉
· ι ·W

=
⌈
W ·(bMinF+bMinB)/2

ι·W

⌉
· ι ·W

=
⌈
(bMinF+bMinB)/2

ι

⌉
· ι ·W ≤ C∗ ·W

Similar adjustments can be applied to all WA*-family al-
gorithms. Notably, for W > 1, this revised formulation can
benefit WBiA∗ (and also WA*), as fMin = g(n)+W ·h(n)
is not guaranteed to be divisible by W . Moreover, unlike
ALB, which requires maintaining multiple open lists that
incur additional computational overhead, the GCD improve-
ment adds no computational cost.

6 Empirical Evaluation
We now present an empirical evaluation comparing BiHS
BSS algorithms, including our newly introduced WBAE∗.
This evaluation also tests our hypothesis on the role of λ and
assesses the impact of the alternative termination conditions.
Baselines. We compare all existing BiHS BSS algorithms:
WBiA∗, WBS∗, WMM, and WBAE∗, as well as WA* as a
representative UniHS BSS algorithm. For WBAE∗, we eval-
uate several values of λ ∈ {0, 1

W 2 ,
1
W , 1,W} to examine its

impact on performance. Since WBAE∗ with λ = 0 uses the
same priority rule as WBiA∗, we omit it from the results. All
algorithms break ties in favor of higher g-values.

In addition, we report results for a tuned λ value, denoted
λ∗, selected separately for each domain and each W . To de-
termine λ∗, we used the Optuna (Akiba et al. 2019) hyperpa-
rameter optimization framework. Optuna performed 50 tri-
als; in each, it selected a λ value and ran WBAE∗ on an addi-
tional set of 100 domain-specific instances disjoint from the
test set. The value with the best overall tuning performance
was used for testing (listed in Appendix F).
Domains. We experimented on five domains: (1) 100 in-
stances of the 12-disk 4-peg Towers of Hanoi problem (ToH)
with (10+2), (8+4), and (6+6) additive Pattern Databases
(PDBs) (Felner et al. 2004). (2) The standard 100 instances
of the 15 puzzle problem (STP) (Korf 1985) using the Man-
hattan distance heuristic. (3) 100 instances of the 18-pancake
puzzle with the GAP heuristic (Helmert 2010). To explore
different heuristic strengths, we also used GAP-n heuris-
tics (for n = 1, 2) where the n smallest pancakes are
excluded from the heuristic computation. We also experi-
mented on the following Grid-based pathfinding maps from
the MovingAI repository (Sturtevant 2012) using octile dis-
tance as a heuristic and 1.5 cost for diagonal edges: (4)
156 maps from Dragon Age Origins (DAO), each with dif-
ferent start and goal points (totaling 3149 instances), and
(5) mazes with varying widths (1200 instances). Heuristic
values for states were set to the maximum of the heuris-
tic function’s estimate and 1, the minimum edge cost (com-
monly referred to as ϵ). Throughout the evaluation, we ex-
plore various values of W ranging from 1 to 10, specifically
W ∈ {1, 1.1, 1.2, 1.5, 1.7, 2, 3, 5, 10}.
Runtime. The different priority functions and the GCD en-
hancement had a small impact on the constant time per
node. Table 1 presents the average node expansions per sec-
ond for each algorithm (including the GCD enhancement)
across various domains. Although there are some variations
between domains, the overall overhead of node expansions
is comparable, and the trends observed below in node ex-
pansions are largely preserved when considering runtime
as well. Comprehensive runtime results, broken down by
heuristic and weight, can be found in Appendix C.

The ALB enhancement adds computational overhead and
is not always time-efficient. Thus, the initial experiments in-
clude the GCD improvement but exclude ALB, as this com-
bination was generally the most efficient. The impact of both
GCD and ALB—especially on CPU time—is analyzed later.
ToH Results. Table 2 shows the average number of node
expansions in the ToH domain using (10+2), (8+4), and

37165



Algorithm ToH-12 (10+2) ToH-12 (8+4) ToH-12 (6+6)
1 1.1 1.2 1.5 1.7 2 3 5 10 1 1.1 1.2 1.5 1.7 2 3 5 10 1 1.1 1.2 1.5 1.7 2 3 5 10

WA* 279K 137K 54K 4K 2K 1K 417 433 441 2M 2M 1M 486K 318K 278K 26K 13K 20K 3M 3M 3M 2M 2M 1M 1M 863K 331K
WBiA∗ 236K 106K 40K 3K 1K 627 374 343 347 1M 806K 558K 186K 109K 39K 11K 5K 4K 2M 2M 1M 682K 439K 266K 117K 72K 43K
WMM 337K 164K 60K 3K 2K 2K 5K 4K 556 1M 863K 707K 269K 157K 56K 15K 10K 8K 964K 1M 1M 842K 600K 395K 251K 121K 64K
WBS∗ 179K 82K 33K 3K 1K 649 377 349 353 924K 656K 466K 167K 94K 35K 11K 6K 4K 2M 1M 1M 584K 390K 248K 115K 76K 49K

WBAE∗ 1
W 2 48K 30K 17K 5K 3K 1K 394 353 343 189K 182K 162K 105K 74K 34K 12K 5K 4K 382K 403K 402K 358K 320K 221K 119K 71K 45K

WBAE∗ 1
W 48K 28K 18K 7K 4K 1K 405 364 343 189K 162K 137K 97K 76K 42K 14K 6K 4K 382K 362K 342K 310K 284K 227K 130K 77K 47K

WBAE∗ 1 48K 28K 20K 9K 6K 3K 536 380 357 189K 148K 130K 105K 92K 69K 22K 9K 5K 382K 333K 317K 301K 292K 263K 176K 111K 68K
WBAE∗ W 48K 29K 23K 13K 11K 7K 3K 2K 1K 189K 143K 131K 109K 102K 88K 71K 56K 41K 382K 318K 306K 282K 273K 252K 227K 202K 186K
WBAE∗ λ∗ 48K 28K 17K 3K 2K 789 394 356 342 191K 144K 132K 98K 72K 32K 11K 5K 4K 386K 319K 309K 309K 284K 223K 121K 71K 45K

Table 2: Average number of node expansions on the 12-disks ToH domain, with (10 + 2), (8 + 4), and (6 + 6) PDBs

Algorithm STP Mazes DAO
1 1.1 1.2 1.5 1.7 2 3 5 10 1 1.1 1.2 1.5 1.7 2 3 5 10 1 1.1 1.2 1.5 1.7 2 3 5 10

WA* 16M 10M 3M 320K 103K 41K 12K 5K 4K 99K 98K 96K 92K 90K 86K 76K 65K 56K 5K 5K 4K 4K 3K 3K 2K 2K 2K
WBiA∗ 19M 4M 658K 78K 50K 29K 11K 5K 4K 100K 99K 98K 95K 92K 89K 77K 66K 59K 7K 6K 5K 4K 4K 3K 3K 3K 2K
WMM 15M 4M 861K 162K 160K 270K 2M 3M 47K 85K 85K 85K 84K 84K 84K 80K 70K 60K 8K 7K 6K 5K 5K 4K 3K 3K 2K
WBS∗ 12M 3M 486K 76K 49K 29K 11K 5K 4K 88K 87K 86K 83K 82K 78K 69K 60K 56K 6K 5K 5K 4K 4K 3K 3K 3K 3K

WBAE∗ 1
W 2 3M 1M 449K 143K 80K 34K 12K 5K 3K 81K 85K 88K 90K 90K 87K 77K 66K 59K 7K 6K 6K 5K 4K 4K 3K 3K 2K

WBAE∗ 1
W 3M 1M 586K 202K 139K 57K 16K 6K 3K 81K 83K 84K 85K 84K 83K 76K 66K 59K 7K 6K 6K 5K 4K 4K 3K 3K 2K

WBAE∗ 1 3M 1M 763K 337K 250K 171K 40K 11K 5K 81K 80K 80K 79K 78K 77K 74K 69K 62K 7K 6K 6K 5K 5K 4K 3K 3K 2K
WBAE∗ W 3M 1M 950K 688K 617K 553K 1M 831K 575K 81K 80K 80K 80K 79K 79K 78K 77K 77K 7K 6K 6K 5K 5K 5K 4K 4K 4K
WBAE∗ λ∗ 3M 1M 368K 89K 60K 33K 12K 5K 3K 81K 80K 80K 79K 78K 77K 73K 66K 59K 7K 6K 5K 4K 4K 3K 3K 3K 2K

Table 3: Average number of node expansions on the STP, Mazes, and DAO domains

(6+6) additive PDB heuristics. In ToH, for optimal search
(W = 1), WBAE∗ (effectively BAE∗) significantly outper-
forms the other algorithms, and in particular, it outperforms
WA* (effectively A*) by a factor of 6 to 10, depending on
the heuristic. This demonstrates the importance of using the
heuristic error d, when available, for proving the optimality
of solutions. However, in accordance with our hypothesis,
as W increases, the focus of the search shifts from proving
optimality to finding a solution. Thus, the heuristic error d
becomes less important, and can even hinder the search. For
example, with the (10+2) PDB, λ = W is never the best pol-
icy for W > 1 among all the examined values. For W = 1.1,
we observe that λ = 1 and λ = 1

W have roughly the same
performance (28K expansions), but for W = 1.2, a lower
value of λ = 1

W 2 yields the best results. For W ≥ 1.5, it is
better to ignore d altogether and use λ = 0 (= WBiA∗).

For the weaker heuristics, (8+4) and (6+6), the trends are
similar, although the transition point between the best val-
ues of λ is different. For example, with the (8+4) heuristic,
λ = W is best performing up to W = 1.1, while with the
(6+6) heuristic, λ = W is better up to W = 2. This ob-
servation is also in agreement with our hypothesis, as we
see that when the heuristic gets weaker, higher values of λ
tend to work better. Notably, in this domain, WA* was never
the best choice, although the advantage of the BiHS algo-
rithm diminishes as W increases. Moreover, neither WMM
nor WBS∗ emerged as the best algorithms. WBiA∗ (simi-
lar to WBAE∗ with λ = 0) outperformed all other variants
in some configurations with larger values of W , particularly
when using the stronger heuristic (10+2). However, it strug-
gled with smaller values of W , especially when combined
with weaker heuristics (8+4 and 6+6). This pattern aligns
with our hypothesis: when heuristics are strong and W is

large, less effort is needed to validate (sub)optimality, di-
minishing the impact of λ. Notably, the tuned λ values, λ∗,
achieved the best average performance across weights, often
matching or outperforming the best fixed λ configurations.
STP, Mazes, and DAO. Table 3 shows the results for STP,
Mazes, and DAO. For W = 1, WBAE∗ outperforms WA*
(and all other algorithms) by a factor of 5. However, as W in-
creases, the importance of d diminishes, and lower λ values
become more effective. Notably, a small value of λ = 1

W 2

performs well even for small W , due to the relatively strong
MD heuristic. To test this effect with a weaker heuristic,
we repeated the experiment using MD-4 (ignoring four cen-
tral tiles, like gap-4). Full results are in Appendix E. Here,
larger λ values performed better; for instance, with MD-4
and W = 1.2, λ = 1 led to fewer expansions than λ = 1

W 2 ,
supporting our hypothesis.

For W ≥ 1.5, WBiA∗—which does not use d—becomes
the most effective algorithm, until W = 10, where λ = 1

W

and λ = 1
W 2 slightly outperform it. We also evaluated the

heavy STP variant, a non-unit-cost domain where tile move-
ment cost equals the tile’s label. Results (see Appendix D)
follow similar trends; however, in this case, WBAE∗ main-
tains a clear advantage over WA* even at large W , reducing
node expansions by a factor of 5 when W = 10.

For Mazes and DAO, all algorithms perform similarly, es-
pecially as W increases. This is likely due to their polyno-
mial state space, which diminishes algorithmic differences,
unlike in (the other) exponential domains. Nonetheless, the
λ trend (supporting our hypothesis) persists in Mazes: larger
λ (W , 1) are better at W = 1.1, while smaller λ ( 1

W 2 , 0)
excel at W = 5 and W = 10.

In these domains as well, the tuned values λ∗ consistently
yielded strong performance, often matching or exceeding
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Algorithm GAP GAP-1 GAP-2
1 1.1 1.2 1.5 1.7 2 3 5 10 1 1.1 1.2 1.5 1.7 2 3 5 10 1 1.1 1.2 1.5 1.7 2 3 5 10

WA* 194 147 51 28 26 23 23 23 23 42K 25K 3K 271 146 62 46 42 42 5M 5M 1M 77K 21K 4K 1K 1K 1K
WBiA∗ 225 100 60 41 40 37 37 37 37 61K 5K 893 59 49 43 42 42 42 8M 2M 194K 5K 1K 349 180 164 167
WMM 417 245 312 2K 5K 19K 5K 55 37 43K 4K 1K 2K 4K 10K 103K 665 54 3M 510K 90K 12K 5K 16K 134K 46K 437
WBS∗ 203 106 62 41 40 37 37 37 37 33K 4K 884 51 48 43 42 42 42 4M 1M 126K 4K 527 254 175 164 167

WBAE∗ 1
W 2 205 111 78 43 41 37 36 36 36 2K 596 386 75 59 48 43 42 42 145K 48K 9K 3K 1K 540 180 176 180

WBAE∗ 1
W 205 114 80 46 42 37 36 36 36 2K 637 511 120 71 50 43 42 42 145K 38K 8K 7K 2K 818 176 176 180

WBAE∗ 1 205 116 80 48 43 38 36 36 36 2K 687 580 164 117 60 45 42 42 145K 37K 11K 12K 9K 2K 336 197 192
WBAE∗ W 205 115 83 57 55 44 47 55 47 2K 742 873 2K 1K 845 385 216 178 145K 37K 17K 71K 132K 393K 85K 44K 26K
WBAE∗ λ∗ 205 114 66 42 40 37 36 36 36 2K 583 283 75 60 50 43 42 42 134K 35K 8K 2K 1K 540 196 172 201

Table 4: Average number of node expansions on 18 Pancakes domain, with GAP to GAP-2 heuristics
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Figure 2: Comparison of the methods for strengthening the lower bound on STP

the best fixed λ configurations in terms of average results.
18-pancake. Table 4 presents the results for the 18-pancake.
Here, WA* shows superior performance for GAP, where the
heuristic is highly accurate, as well as for large values of W
across all heuristics. Nevertheless, the observed trend in the
choice of λ remains consistent: the best-performing value of
λ tends to decrease as heuristic accuracy increases and as W
becomes larger. Specifically, for GAP and GAP-1, smaller
values such as λ = 1

W 2 and λ = 0 perform as well as or
better than all other λ settings across all values of W . In
contrast, for GAP-2, a weaker heuristic, larger values, such
as λ = W and λ = 1, are more effective when W is small.
Solution Quality. All algorithms produced solutions well
within bounds. Even for W = 10, average costs never ex-
ceeded 2.3 · C∗. Full results are available in Appendix C.

6.1 Analysis of the Stronger Lower Bounds
Figures 2a and 2b illustrate the ratio in node expansions
achieved by GCD and ALB, respectively, relative to a variant
that does not use them (the 1.0 line). Additionally, the im-
pact of ALB on the overall runtime is presented in Figure 2c.
These are representative results for the 15-puzzle (15-STP);
other domains showed similar trends. Notably, the GCD im-
provement imposes minimal computational overhead, so the
reduction in node expansions directly corresponds to a de-
crease in runtime. Both methods show the most significant
reduction in nodes for small values of W . For example,
for W ∈ {1.1, 1.2}, GCD expanded approximately 85% of

the nodes for WBiA∗, WBS∗, and WMM (again, at no ex-
tra CPU cost). ALB at W = 1.2 achieves a reduction to
40% nodes for WBiA∗ and almost 50% for WBS∗. How-
ever, the reduction is minor for other algorithms and be-
comes negligible when W > 3. This trend highlights the
diminishing complexity of proving solution optimality as W
increases. Importantly, ALB only improves the overall run-
time (indicated by being below the 1.0 line in Figure 2c) for
W ∈ {1.1, 1.2} for WBS∗ and when W = 1.2 for WBiA∗;
in all other scenarios, it adversely affects performance.

7 Summary and Conclusions

We integrated the core concept of Weighted A* (WA*) into
BAE∗, showing how the choice of λ, which weights the
heuristic error d, affects performance. We proposed tighter
lower bound methods and showed that with a well-chosen
λ, WBAE∗ outperforms related algorithms in many cases.
We also provided practical guidelines for using WBAE∗ and
selecting λ, and conducted experiments with tuned λ values.

Future work could develop BiHS and BSS algorithms in-
spired by strategies beyond WA*, such as DPS (Gilon, Fel-
ner, and Stern 2016), EES (Thayer and Ruml 2011), and XD-
P/XUP (Chen and Sturtevant 2021). WBAE∗ could also be
extended to use separate λ values for forward and backward
search, which may be beneficial with asymmetric heuristics.
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