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Abstract

Greedy search methods such as Greedy Best-First Search
(GBFS) and Enforced Hill-Climbing (EHC) often struggle
when faced with Uninformed Heuristic Regions (UHRs) like
heuristic local minima or plateaus. In this work, we theoret-
ically and empirically compare two popular methods for es-
caping UHRs: breadth-first search (BrFS) and restarting ran-
dom walks (RRWs). First, we derive the expected runtime of
escaping a UHR using BrFS and RRWs, based on proper-
ties of the UHR and the random walk procedure, and then use
these results to identify when RRWs will be faster in expecta-
tion than BrFS. Next, we evaluate these methods for escaping
UHRs by comparing standard EHC, which uses BrFS to es-
cape UHRs, to variants of EHC called EHC-RRW, which use
RRWs for that purpose. EHC-RRW is shown to have strong
expected runtime guarantees in cases where EHC has previ-
ously been shown to be effective. Finally, we run experiments
with these approaches on PDDL planning benchmarks to bet-
ter understand their relative effectiveness for escaping UHRs.

1 Introduction
When given a reasonably accurate heuristic function, greedy
algorithms like Greedy Best First Search (GBFS) (Doran
and Michie 1966) and Enforced Hill-Climbing (EHC) (Hoff-
mann and Nebel 2001) can be effective at solving planning
problems. However, when using a flawed heuristic func-
tion, these methods can become stalled due to Uninformative
Heuristic Regions (UHRs) in which the heuristic provides no
or flawed guidance. Notably, EHC is explicitly designed to
perform a Breadth-First Search (BrFS) to find a way out of
UHRs. When GBFS gets stuck in a plateau — which is a
UHR in which all states have the same heuristic value — it
too will degenerate into BrFS when using low-g tiebreaking.

Restarting Random Walks (RRW) have also been effec-
tively used to escape UHRs. In GBFS, RRWs have been
initiated when the search stops seeing improvement in the
heuristic values of the states encountered (Xie, Müller, and
Holte 2014). Alternatively, Arvand is an EHC-like local
search that uses RRWs to progress through the state-space
(Nakhost and Müller 2009, 2013).

*Work done while at Toronto Metropolitan University.
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In practice, BrFS-based approaches are more effective on
some problems and RRW-based are more effective on oth-
ers. However, more work is needed to improve our under-
standing of why these differences occur or when we would
expect either method to be the better option. This work aims
to help address this gap, with the goal of making it clearer
when RRWs should be deployed, or when they should be
used alongside BrFS in an algorithm portfolio. To that end,
we make the following contributions:

1. We identify expected runtimes for BrFS and constant-
depth RRWs for escaping a UHR with uniformly dis-
tributed exits. These results are given in terms of the
size of the UHR and the success probability, which is the
probability that a single random walk escapes the UHR.

2. Where the goal depth is the depth of the shallowest es-
cape state, we show that RRWs will be faster in expecta-
tion than BrFS if the success probability is proportional
to the ratio of the number of states at the goal depth to
the number of states shallower than the goal depth. For
unbiased random walks on directed trees, we also find a
lower bound on the number of escape states required at
the goal depth to guarantee RRWs are faster than BrFS.

3. We compare variants of EHC that use constant-depth
RRWs or the popular Luby restart policy (Luby, Sinclair,
and Zuckerman 1993) instead of BrFS to escape UHRs.
We show that these methods have strong expected run-
time guarantees in cases where EHC is known to be com-
plete or have a polynomial runtime for STRIPS planning.

4. We empirically compare EHC with the RRW variants on
PDDL problems to show how our theoretical results ap-
ply in practice, and how different state-space topological
features relatively influence EHC and the RRW variants.

2 Preliminaries
In this section, we introduce our terminology and notation,
and describe the algorithms and methods analyzed below.

2.1 Search Tasks and State-Space Topologies
A state-space search task T is defined by the tuple T =
⟨S, sI ,∆,Γ⟩, where S is a finite set of states, sI is the initial
state, ∆ : S → 2S is the state transition function, and Γ :
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Algorithm 1: Enforced Hill-Climbing
1: Input: task ⟨S, sI ,∆,Γ⟩, heuristic h
2: P ← ⟨sI⟩, s← sI
3: while True do
4: T ′ ← ⟨S, s,∆,Γh

s ⟩
5: P ′ ← brFS(T ′)
6: if P ′ = ⟨⟩ then
7: return ⟨⟩ % solution not found
8: end if
9: P ← P + P ′, s← last(P ′)

10: if Γ(last(P )) = True then
11: return P
12: end if
13: end while
14: return ⟨⟩ % No solution found

S → {True,False} is the goal test function. If s′ is in ∆(s),
we refer to s′ as a successor of s. When ∆ is used to find the
successors of s, we say those successors are generated.

A path P = ⟨s0, . . . , sk⟩ is a sequence of states where
si ∈ ∆(si−1) for every 0 < i ≤ k. The objective of a given
task T is to find a solution path, where s0 = sI and sk is a
goal state (ie. Γ(sk) = True). As our focus is on satisficing
search — in which we want to find any solution regardless of
cost — we ignore transition costs in this work. In addition,
we let last(P ) denote the last state on P (ie. last(P ) = sk).
If P ′ = ⟨s′0, . . . , s′j⟩, then P + P ′ is the concatenation of
the paths P and P ′. For brevity, we abuse notation and let
P + P ′ = ⟨s0, ..., sk−1, s

′
0, . . . s

′
j⟩ if the last state on P is

the same as the first state on P ′ (ie. sk = s′0).
We now define several important state-space properties.

For any s ∈ S, the depth of s is the number of transitions in
the shortest path from sI to s. For example, sI has a depth
of 0, any state in ∆(sI) has a depth of 1, and so on. A state s
is called a dead end if no goal state is reachable from s. The
goal depth d∗ of a task T is defined as the minimum depth
of any goal state. We also denote the set of unique states
with a depth strictly less than d∗ as S<d∗ ⊆ S, and the set of
unique states with a depth exactly equal to d∗ as Sd∗ ⊆ S.

A state-space topology is a pair ⟨T , h⟩, where T is a
search task and h : S → Z≥0 ∪ {∞} is a heuristic func-
tion. Below, we assume that h never incorrectly identifies
a state as a dead end, meaning if h(s) = ∞, then no goal
state is reachable from s. While h will ideally provide useful
search guidance, Uninformative Heuristic Regions (UHRs)
do occur. A UHR around any state s ∈ S is the set of states
reachable from s along any path P such that for any s′ ∈ P ,
h(s′) ≥ h(s). That is, no “heuristic progress” occurs while
in a UHR. A state se in a UHR is called an exit if se has
a successor s′′ for which h(s′′) < h(se). We refer to any
such “improving” successor s′′ of se as an escape state. The
length of the shortest path from s to any exit is also referred
to as the exit distance of the UHR.

2.2 Search Algorithms and Methods
We now briefly describe the search methods of focus below.

Breadth-First Search (BrFS). We assume the reader’s
familiarity with BrFS, though pseudocode is given in Ap-

Algorithm 2: Restarting Random-Walks
1: Input: task ⟨S, sI ,∆,Γ⟩
2: if Γ(sI) = True then
3: return ⟨sI⟩ % Single state path is solution
4: end if
5: while True do
6: P ← ⟨sI⟩, s← sI , ℓ← getDepth(), d← 0
7: while d < ℓ and |∆(s)| > 0 do
8: s′ ← state sampled from ∆(s)
9: P ← P + ⟨s′⟩

10: if Γ(s′) = True then
11: return P
12: end if
13: s← s′, d← d+ 1
14: end while
15: end while

pendix A of the technical report associated with this work
(Platnick et al. 2025). Notably, we define BrFS as a best-first
search where a state’s priority is given by its depth. BrFS is
also defined to perform a goal test on a state s when it is
generated, not when s is selected for expansion. BrFS will
still find the shortest path when modified in this way.

Enforced Hill-Climbing (EHC). This local search
method was originally used in the FF planner (Hoffmann
and Nebel 2001). Given a state-space topology ⟨T , h⟩, EHC
performs a sequence of BrFSs, each aiming to escape the
current UHR (see Algorithm 1). Importantly, instead of
using the goal test Γ given for the overall task, each BrFS
uses the following goal test function instead:

Γh
s (s

′) =

{
True, if Γ(s′) or h(s′) < h(s)

False, otherwise
(1)

Γh
s succeeds when either a goal state according to Γ is found,

or an escape state is found for the current UHR (ie. “heuristic
progress” is made). Thus, EHC searches for a sequence of
escape states until a goal state is reached.

Restarting Random Walks (RRWs). A random walk is a
single path through a state-space that is generated stochas-
tically (lines 5 to 12 of Algorithm 2). At every step of the
walk, a successor of the last state is sampled and added to the
current path. A random walk terminates when either a goal
state is found, a state without any successors is encountered,
or a maximum depth threshold is reached. A random walk is
said to be unbiased if the states are sampled uniformly over
the set of possible successors. We also let 0 ≤ pg ≤ 1 de-
note the success probability that the random walk will reach
a goal. Note that pg may depend on the structure of the state-
space (ie. the distribution of goals) or the way successors are
sampled for the random walk (ie. unbiased or biased).

A restarting random walk (RRW) performs a sequence of
random walks, each starting from sI (see Algorithm 2). An
RRW terminates when any random walk reaches a goal state.
The maximum length of each random walk is determined
by a call to getDepth() (line 6). When using constant-
depth RRWs — denoted as RRWC

ℓ — getDepth() always
returns the same integer constant ℓ > 0.
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The Luby Restart Policy. This strategy, which alters the
depth limit from walk to walk, was originally defined for a
general class of stochastic algorithms (Luby, Sinclair, and
Zuckerman 1993). In the context of random walks, Luby,
Sinclair, and Zuckerman showed that for any random walk
procedure, there exists a constant ℓ∗ > 0, such that always
restarting after ℓ∗ steps has the minimum expected runtime
over all possible non-adaptive restart policies. This means
random walks are independent, and the restart policy does
not change based on what is encountered during these walks.

Unfortunately, determining ℓ∗ for a given task requires
full knowledge of the runtime distribution of a single in-
finite length random walk on that problem. As this is
not known prior to search, Luby, Sinclair, and Zuckerman
introduced a general restart policy for unknown runtime
distributions. We omit the full details of the policy, but
note that it is based on a sequence whose first 15 values
are ⟨1, 1, 2, 1, 1, 2, 4, 1, 1, 2, 1, 1, 2, 4, 8, . . . ⟩. The resulting
Luby restart policy is used for RRWs by having the length
of the i-th random walk be the i-th value in the sequence.
We refer to this algorithm as RRWL. Importantly, Luby, Sin-
clair, and Zuckerman showed that if T ∗ is the expected run-
time when always restarting after ℓ∗ steps, then the expected
runtime when using the Luby sequence is O(T ∗ log T ∗).

Intuitively, this approach performs longer and longer ran-
dom walks to allow the search to reach deep goals if needed,
while continually performing short walks to ensure shallow
goals are not missed. In practice it is common to multiply all
values in the sequence by some integer constant m ≥ 1 to
reach larger depths faster. This approach has the same run-
time guarantees as when using the original sequence.

3 Expected Runtime Analysis
In this section, we characterize the expected runtime of BrFS
and RRWC

ℓ in terms of task size and random walk proper-
ties. We then find sufficient conditions that guarantee that
RRWC

ℓ will be faster in expectation than BrFS. This result
is further refined in the case of unbiased random walks on a
directed tree. We conclude the section with a discussion of
the implications and limitations of this analysis.

We note that our results are given in terms of solving a
search task, not just escaping a UHR. However, they also
cover this case because the problem of escaping a UHR start-
ing at state s can be modeled as a search task whose objec-
tive is to find a state with a lower heuristic value than h(s)
(ie. by using the goal test function in Equation 1).

Below, we use B(T ) and RC
ℓ (T ) for the random variables

(RVs) of the runtime of BrFS and RRWC
ℓ , respectively. We

measure runtime in terms of the number of goal tests per-
formed or equivalently, the number of states generated.

3.1 General Runtime Analysis for BrFS
We begin with the following result for BrFS when the goal
states are uniformly distributed at the goal depth:

Theorem 3.1. If T has g ≥ 1 goal states uniformly dis-
tributed among the |Sd∗ | states at the goal depth, then

E[B(T )] = |S<d∗ |+ (|Sd∗ |+ 1)/(g + 1)

Proof. Let X be the number of goal tests that BrFS per-
forms on states at depth d∗. Since BrFS examines all states
shallower than d∗ and none deeper than d∗, it follows that
B(T ) = |S<d∗ | + X . Thus E[B(T )] = |S<d∗ | + E[X]
since |S<d∗ | is a constant. Clearly 1 ≤ X ≤ |Sd∗ | even
if the goals are not uniformly distributed, since at least one
state at the goal depth will be tested, and at worst all states
at depth d∗ will be tested. This means that

|S<d∗ |+ 1 ≤ B(T ) ≤ |S<d∗ |+ |Sd∗ | (2)
If the goal states are uniformly distributed at the goal

depth, E[X] is equivalent to the expected number of selec-
tions needed when randomly picking states from the goal
depth without replacement, until one of the g goal states is
picked. Where si is any one of the (|Sd∗ | − g) non-goal
states in Sd∗ , let Zi be an indicator RV for the event that
si is picked before any of the g goals. Therefore, E[X] =
E[Z1 + ... + Z|Sd∗ |−g] + 1 since X is the number of non-
goal states tested plus one for the selected goal state. Now
notice that the next time that either one of the g goal states
or si is generated, any of these g + 1 states is equally likely
to be generated first. As such, P[Zi] = 1/(g + 1), and the
following holds:

E[X] = 1 + E[
|Sd∗ |−g∑

i=1

Zi] = 1 +

|Sd∗ |−g∑
i=1

E[Zi] (3)

= 1 + (|Sd∗ | − g)/(g + 1) = (|Sd∗ |+ 1)/(g + 1) (4)
Line 4 holds since the Zi’s are indicator variables and so
E[Zi] = P[Zi], and because we are summing over (|Sd∗ |−g)
of RVs that all have the same expectation. Adding this to
|S<d∗ | yields the desired result.

The theorem shows that the expected runtime decreases
as the density of goals at depth d∗ (ie. g/|Sd∗ |) increases,
since fewer states in Sd∗ will likely need to be tested. How-
ever, regardless of this density, BrFS must still exhaustively
examine all states shallower than d∗ (see Equation 2).

3.2 General Runtime Analysis for RRWs
We now turn to characterizing the expected runtime of
RRWC

ℓ in the general case in terms of the success probabil-
ity of any individual random walk. If the success probabil-
ity of a single random walk is pg = 0 (ie. ℓ < d∗), then
E[RC

ℓ (T )] = ∞. Otherwise, we can say the following:
Theorem 3.2. If the success probability of a random walk
to depth ℓ on search task T is pg > 0, then

E[RC
ℓ (T )] ≤ ℓ/pg + 1

Proof. Let Y be the RV for the number of random walks it
takes to find a goal when using RRWC

ℓ , L be the RV for the
length of some random walk given that the walk reaches a
goal, and L̄ be the RV for the length of some random walk
given it does not reach a goal. RRWC

ℓ will perform (Y − 1)
walks of length L̄ and one random walk of length L, and so

E[RC
ℓ (T )] = E[(Y − 1)L̄+ L+ 1] (5)

= E[Y − 1]E[L̄] + E[L] + 1 (6)

= (1/pg − 1)E[L̄] + E[L] + 1 (7)
≤ ℓ/pg + 1 (8)
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The additional 1 in line 5 comes from the single goal test of
sI on line 2 of Algorithm 2. The random walks themselves
are independent and identically distributed (IID), and so the
length of each walk that does not reach a goal is independent
of the number performed. As such, Y and L̄ are independent
and Line 6 holds. The IID property also means that Y fol-
lows the geometric distribution, and so E[Y ] = 1/pg (line
7). The final line holds because all walks have a length of at
most ℓ and so E[L] and E[L̄] are both at most ℓ.

Runtime on constant branching factor trees. To better
understand Theorems 3.1 and 3.2, consider a search task Tb
on a directed tree with constant branching factor b ≥ 2,
and g ≥ 1 goals uniformly distributed at depth d∗. There
are bd states at every depth d ≥ 0 of such a tree, meaning
that |Sd∗ | = bd

∗
and |S<d∗ | = b0 + b1 + ... + bd

∗−1 =
(bd

∗ − 1)/(b − 1). If we are using unbiased random walks
length ℓ ≥ d∗ on such a tree, then pg = g/bd

∗
. Therefore,

Theorems 3.1, and 3.2 imply the following

E[B(Tb)] = (bd
∗
− 1)/(b− 1) + (bd

∗
+ 1)/(g + 1) (9)

E[RC
ℓ (Tb)] ≤ ℓbd

∗
/g + 1 (10)

Figure 1a shows the expected runtime of BrFS and
RRWC

ℓ with unbiased walks on such a tree — as calculated
using equations 9 and 10 — with a constant branching fac-
tor b = 4, d∗ = 6, and different numbers of goals uni-
formly distributed among the 4096 states at depth 6. BrFS
is significantly faster when there are very few goals, but
RRWC

ℓ quickly catches up as the number of goals increases,
depending on ℓ. Intuitively, this is because BrFS must exam-
ine all states in S<d∗ — shown as the dotted line — regard-
less of the goal density. RRWC

ℓ has no such requirement,
as its runtime converges to d∗ (ie. the task is solved with the
first random walk) as g increases to |Sd∗ |. In the next section,
we formalize a more general version of this relationship.

3.3 Comparative Runtime Analysis
We now use Theorems 3.1 and 3.2 to identify different suf-
ficient conditions for which RRWs have a lower expected
runtime than BrFS. For certain results, the full proofs can be
found in a technical report associated with this work (Plat-
nick et al. 2025).

We begin by finding a lower bound on the success proba-
bility pg that leads to RRWs being faster than BrFS:

Theorem 3.3. Let T be a search task. Then E[RC
ℓ (T )] ≤

E[B(T )] if for the success probability pg of any single ran-
dom walk, it holds that pg ≥ ℓ/|S<d∗ |.

Proof. Starting with the assumption on pg above, the result
follows from the derivation below.

pg ≥ ℓ/|S<d∗ | (11)
1/pg ≤ |S<d∗ |/ℓ (12)

ℓ/pg + 1 ≤ |S<d∗ |+ 1 (13)

E[RC
ℓ (T )] ≤ E[B(Ts)] (14)

Line 12 simple takes the inverse of the previous line. Line
follows by multiplying both sides by ℓ and then adding 1 to

both sides. The final line holds by Theorem 3.2, and by the
fact that since BrFS must always expand at least one state at
the goal depth, it holds that E[B(Ts)] ≥ |S<d∗ |+ 1.

If we assume that the goal states are uniformly distributed
at the goal depth, then we can refine this result as follows:

Theorem 3.4. Let T be a search task with g ≥ 1 goal states
uniformly distributed among the |Sd∗ | states at goal depth
d∗ ≥ 1. Then E[RC

ℓ (T )] ≤ E[B(T )] if the success proba-
bility pg of any single random walk satisfies

pg ≥ ℓ

|S<d∗ |+ (|Sd∗ |+ 1)/(g + 1)− 1

The proof is almost identical to that given for Theorem
3.3 above, except it uses the bound for E[B(Ts)] given by
Theorem 3.4. The full proof appears in Appendix B of the
technical report.

Next, we consider the case where the state-space has the
structure of a directed tree and the random walks are unbi-
ased. Notably, we do not assume a constant branching factor,
and some states in the tree may not even have any succes-
sors. To handle this, let pd∗ ≥ 0 be the probability of any
single random walk reaching the goal depth. Here, pg ≤ pd∗

and pg > 0 since the walks are unbiased. In this scenario,
we can provide the following lower bound on the number of
goals at the goal depth needed to guarantee that RRWC

ℓ is at
least as fast in expectation as BrFS.

Theorem 3.5. Let T be a search task on a tree with goal
depth d∗ ≥ 2 and 1 ≤ g < |Sd∗ | goals at depth d∗.
Let pd∗ be the probability of an unbiased random walk of
length ℓ reaching the goal depth, where 0 < pd∗ ≤ 1. Then
E[B(Tb)] ≥ E[RC

ℓ (Tb)] if the number of goals g at the goal
depth satisfies g ≥ ℓ|Sd∗ |/ [pd∗ |S<d∗ |], and those goals are
uniformly distributed among all the states at the goal depth.

Proof. In this case, pg ≥ pd∗g/|Sd∗ |, because the proba-
bility of reaching the goal depth is pd∗ , and the probability
of visiting a goal state given that we have reached depth
d∗ is g/|Sd∗ |. This is formally proven in Appendix B of
the technical report. Thus, if the number of goals satisfies
g ≥ ℓ|Sd∗ |/ [pd∗ |S<d∗ |], then

pg ≥ pd∗g/|Sd∗ | ≥ pd∗
ℓ|Sd∗ |

pd∗ |S<d∗ |
/|Sd∗ | ≥ ℓ/|S<d∗ | (15)

The result thus follows by Theorem 3.3.

By appealing to Theorem 3.3 instead of Theorem 3.4, this
proof is implicitly using 1 as a lower bound on the num-
ber of states BrFS sees at the goal depth. When there are
uniformly distributed goals, this will underestimate the ac-
tual expected number of states seen at depth d∗, which is
(|Sd∗ |+1)/(g+1) (Theorem 3.1). As a result, the bound on
g given in Theorem 3.5 can overestimate the actual needed
number of goals. A more accurate bound is given in Ap-
pendix B of the technical report, which uses a correction
term to better account for the work that BrFS does at the
goal depth. However, we focus on the simpler bound in The-
orem 3.5 since the improvement in accuracy is marginal and
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(a) Expected runtime for different num-
bers of goals where d∗ = 6.

(b) The goal crossover point for different
goal depths.

(c) The goal density crossover point for
different goal depths.

Figure 1: BrFS and RRWC
ℓ with unbiased random walks on a directed tree with a branching factor of 4.

this simpler bound already captures the main properties af-
fecting the relative performance of BrFS and RRWs.

Two other notable cases are formalized in Appendix B of
the technical report. First, we show that RRWC

ℓ is usually
faster than BrFS if all states in Sd∗ are goals. This holds
because the first random walk to reach the goal depth will
succeed, while BrFS must still examine all states in S<d∗ .
Next, we show that if the goal depth is 1, then BrFS is usu-
ally faster than RRWC

ℓ using unbiased random walks. Intu-
itively, this is because BrFS examines the states in Sd∗ one-
by-one in turn, while RRWC

ℓ will sample these states with
replacement through the random walks.

3.4 Understanding the Theory
In this section, we consider the practical implications and
the limitations of the runtime analysis given above.

The crossover point. Intuitively, Theorem 3.5 indicates
that the number of goals needed for RRWC

ℓ to outperform
BrFS on a directed tree — which we call the goal crossover
point — largely depends on the ratio of the number states at
the goal depth, |Sd∗ |, to the number of states shallower than
the goal depth, |S<d∗ |. Implicitly, it also depends on d∗ since
ℓ ≥ d∗. For example, again consider a task on a directed tree
with constant branching factor b and uniformly distributed
goals. On such problems, |S<d∗ | = (bd − 1)/(b − 1) and
|Sd∗ | = bd. It also holds that pd∗ = 1.0, since all states have
at least one successor. Thus, Theorem 3.5 states that the goal
crossover point is ℓ(b−1)bd/(bd−1). This is seen in Figure
1b, which shows the goal crossover point when b = 4, as
a function of goal depth and “ℓ error”. That is, we assume
ℓ = (1.0+ e)d∗, meaning each line corresponds to overesti-
mating d∗ by the same constant factor.

While the goal crossover point increases linearly with the
goal depth, the density g/|Sd∗ | of goals at the goal depth
needed for RRWC

ℓ to outperform BrFS actually decreases
with d∗. This is seen in Figure 1c, which shows the goal
density crossover (ie. the goal crossover divided by |Sd∗ |)
on a directed tree with constant branching factor of 4.

Deeper goals and transpositions. While Theorem 3.5
captures the importance of the relationship between goal
density and the ratio of |Sd∗ |/|S<d∗ |, practical performance
when escaping UHRs may differ for several reasons. First,

RRWC
ℓ can benefit from goals (ie. escape states) at depths

between d∗ and ℓ, as these goals will increase the success
probability. BrFS does not benefit from such goals, since it
never generates states deeper than depth d∗. However, BrFS
will be much better at handling transpositions. Transposi-
tions refers to the existence of multiple paths between dif-
ferent pairs of states. These do not significantly impact the
performance of BrFS, since that algorithm uses duplicate de-
tection to avoid ever expanding a state more than once.

In contrast, RRWC
ℓ does not keep track of what parts of

the state-space it has already visited, and so a single ran-
dom walk may return to a state it has already visited. As
such, when there are many transpositions, RRWC

ℓ is effec-
tively searching on a larger search tree than BrFS, mean-
ing RRWC

ℓ will likely struggle in a similar manner as IDA∗

(Korf 1985) does on such problems. Along with the above
observations about the goal density crossover, we would
therefore expect RRWC

ℓ to more quickly escape UHRs in
large combinatorial state-spaces, and BrFS to better handle
cases with very few escape states or many transpositions.

Wall-clock time and memory. RRWC
ℓ may also have an

advantage in terms of wall-clock time since it does not have
the overhead of maintaining open and closed lists as needed
for duplicate checking and other operations. In PDDL plan-
ning, this overhead is likely minimal since runtime is domi-
nated by heuristic calculation. However, the use of open and
closed lists do mean the worst-case memory requirements of
BrFS is O(BD), while it is only O(ℓ) for RRWC

ℓ since only
a single random walk is in memory at any one time. This can
make RRWC

ℓ especially useful in low-memory scenarios.

Uniformly distributed goals. Several of the results above
rely on the assumption that the goals are uniformly dis-
tributed at the goal depth. In the case of BrFS, this assump-
tion is used to calculate the expected number of states gen-
erated at the goal depth. When goals are not uniformly dis-
tributed, the accuracy of Theorems 3.1 and 3.4 will depend
on how well (|Sd∗ | + 1)/(g + 1) estimates the number of
goals seen at the goal depth. For example, Theorems 3.1 and
3.4 still hold if unbiased random tiebreaking is used to pick
the order that states are expanded at within the same level,
even without uniformly distributed goals. However, if some
static tiebreaking is used that is well (or poorly) suited for
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the given problem’s goal distribution, these bounds would
overestimate (underestimate) the expected runtime.

In the case of Theorem 3.5, the role of this assumption is
that it is used to show the success probability pg is at least as
large as ℓpd∗g/|Sd∗ |. If the goal distribution is not uniform,
the accuracy of this crossover point will therefore depend on
how much pg deviates from this value.

4 Enforced Hill-Climbing with RRWs
Recall that EHC breaks the search into a sequence of UHRs,
where BrFS is used to find an escape state for each. Thus,
we can study the relative effectiveness of BrFS and RRWs
for escaping UHRs by comparing standard EHC to vari-
ants that use RRWs instead of BrFS to escape the UHRs.
To that end, we introduce EHC-RRWC

ℓ and EHC-RRWL,
which only differ from EHC in that they call RRWC

ℓ and
RRWL, respectively, instead of BrFS on line 5 of Algorithm
1. In this section, we identify several formal properties for
these variants, and evaluate them on PDDL problems.

4.1 Properties of EHC and EHC-RRW Variants
We now consider the EHC-RRW variants, and how their the-
oretical properties compare to the original EHC algorithm.

Relationship to Arvand. We first note that these EHC-
RRW variants have a strong connection to Arvand (Nakhost
and Müller 2009, 2013) which also performs an RRW-based
local search. However, instead of committing to the first es-
cape state found, Arvand commits to the state with the low-
est heuristic value found after a fixed number of walks. Ar-
vand also only calculates the heuristic value of the last state
along every random walk, restarts the entire search back to
sI when progress stalls, and incorporates a number of other
planning enhancements. While this makes Arvand a power-
ful planner, these features make it unsuitable for isolating
and studying the effectiveness of using RRWs to escape ran-
dom walks. Thus, this work focuses on the simpler EHC-
RRW variants introduced above.

Termination guarantees. We will now consider problems
on which EHC is known to be complete, and show that the
EHC-RRW variants have a finite expected runtime on such
problems. Our analysis is based on that of Hoffmann (2005)
who outlined a domain taxonomy — originally for the delete
relaxation h+ heuristic — that categorizes domains accord-
ing to their topological characteristics. The first main prop-
erty considered in this taxonomy relates to dead-ends. A do-
main either has no dead-ends, recognized dead-ends (ie. s is
a dead-end if and only if h(s) = ∞), or unrecognized dead-
ends (∃s ∈ S such that s is a dead-end and h(s) < ∞).
Hoffmann showed that EHC is complete on a state-space
topology ⟨T , h⟩ if T has no dead-end states, or all dead-end
states are recognized by h. This is because a UHR in any
such T must have a finite exit distance, where recognized
dead-ends are treated as states with no successors. As such,
there is some maximum exit distance D(T ) over all UHRs
in T . If B is the maximum number of successors of any state
in T , then |S<d∗ | ∈ O(BD(T )) and |Sd∗ | ∈ O(BD(T )+1),
where the extra “plus one” is because the shallowest escape

is one step deeper than the shallowest exit. Thus, the run-
time for each BrFS to escape a UHR will be O(BD(T )+1) by
Equation 2. Since h only returns non-negative integer values,
there are at most h(sI) UHRs, and so the runtime of EHC is
O(h(sI)B

D(T )+1). Thus, EHC is complete on such state-
space topologies, which we call EHC-complete. Domains
with unrecognized dead ends are then EHC-incomplete.

Recall that an algorithm A is complete on a problem if
there exists some constant k ≥ 0, such that A always ter-
minates on that problem in at most k steps. As the EHC-
RRW variants are stochastic, no such constant exists for
these methods. That said, the EHC-RRW variants using un-
biased random walks can be shown to have a finite expected
runtime on EHC-complete problems. To see why, consider
using EHC-RRWC

ℓ where ℓ ≥ D(T ) + 1. In this case,
pg ≥ 1/BD(T )+1 since at least one path with depth at most
D(T ) + 1 will reach an escape. Thus, the expected run-
time to escape any UHR will be O(ℓBD(T )+1) by Theo-
rem 3.2, and the expected runtime to solve the problem is
O(h(sI)ℓB

D(T )+1) by the same argument as EHC.
Since the expected runtime of using RRWL to escape a

UHR will be no worse than a log-factor more than the opti-
mal restart policy on that UHR (Luby, Sinclair, and Zucker-
man 1993), the expected runtime of EHC-RRWL is at most a
log-factor worse than EHC-RRWC

ℓ with ℓ = D, by a similar
argument as above. As such, EHC-RRWC

ℓ has a finite ex-
pected runtime if ℓ ≥ D and EHC-RRWL will always have
a finite expected runtime on EHC-complete problems.

Bounded-UHR Problems. Next we consider problems on
which EHC has polynomial runtime. Such problems were
also identified in Hoffmann’s taxonomy, which further di-
vides the EHC-complete domains by UHR size. In bounded-
UHR domains, there exists an integer D > 0 such that the
exit distance of every UHR in every problem in the do-
main is at most D. In contrast, the exit distance of UHRs
in unbounded-UHR domains can grow arbitrarily with prob-
lem size even for problems within the same domain.

To see the importance of bounded-UHRs, consider solv-
ing STRIPS planning problems — where the set of operators
O is given as input — when using the h+ heuristic. Here,
|O| = B, and since no operator in O can be included more
than once in the optimal delete relaxed plan to a problem,
h+(sI) ≤ B. Thus, because D is independent of the prob-
lem input, EHC has a polynomial runtime of O(B · BD+1)
on problems from bounded-UHR domains.

By a similar analysis as above, EHC-RRWC
ℓ will clearly

have a polynomial expected runtime of O(ℓBD+1) on such
STRIPS planning problems if ℓ ≥ D, and EHC-RRWL will
always have a polynomial expected runtime in this case.

4.2 Empirical Evaluation

In this section, we evaluate EHC and EHC-RRW on PDDL
planning problems to better understand the relative effec-
tiveness of BrFS and RRWs for escaping UHRs. Where
noted, additional details and results can be found in the tech-
nical report (Platnick et al. 2025) associated with this paper.
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EHC-RRWC
ℓ EHC-RRWL

Autoscale Suite Domain Classification EHC ℓ = 10 ℓ = 25 ℓ = 50 m = 1 m = 2 m = 4

Optimal Track
UHR-Bounded Total (180) 180.0 180.0 180.0 180.0 180.0 180.0 180.0
UHR-Unbounded Total (240) 219.6 196.0 218.4 223.0 222.6 223.0 223.8
Incomplete Total (90) 41.6 24.2 25.0 25.0 35.8 34.6 28.8

Agile Track
UHR-Bounded Total (153) 103.6 99.6 99.6 98.0 97.2 97.4 96.4
UHR-Unbounded Total (220) 97.2 80.2 100.8 101.4 107.8 107.8 107.0
Incomplete Total (90) 25.0 17.8 15.6 14.2 21.6 19.8 19.8

Table 1: A summary of the coverage of EHC and the EHC-RRW variants on different types of problems.

Experimental Setup. We tested all methods in Fast
Downward (Helmert 2006). EHC was re-implemented since
the existing version deviated from the original description
in several important ways. Early experiments suggested our
version outperforms the existing one. The details of our im-
plementation and how it differed from the existing one can
be found in Appendix C of the technical report.

The problems used for testing came from the optimal
and agile Autoscale benchmark suites (Torralba, Seipp, and
Sievers 2021). In particular, we used the 17 domains that
have been previously categorized for h+ according to the
taxonomy described in Section 4.1 (Hoffmann 2005). The
categorization of these 17 domains according to the h+ tax-
onomy can be found in Appendix D of the technical report.

All algorithms were tested using the unit-cost FF heuristic
(Hoffmann and Nebel 2001). While FF only approximates
h+, it has previously been shown empirically that the same
taxonomy holds for FF on the 17 domains in question (Hoff-
mann 2001). In addition, if h+ recognizes dead-ends in a
domain, then provably so too will the FF heuristic, meaning
completeness is not impacted by using FF (Hoffmann 2005).

Finally, all experiments were run on a VMware Virtual
Platform using an 8-core Intel Xeon Gold 6226R CPU @
2.90GHz with a 16 KB L1 cache, with a 10 minute time limit
and a 3.5 GB memory limit per problem. Results were aver-
aged over 5 runs per problem, including for EHC which was
implemented to use random tie-breaking. EHC-RRWC

ℓ and
EHC-RRWL were each tested with three different values for
the walk length ℓ and the base multiplier m, respectively.

Coverage Results. Table 1 summarizes the coverage re-
sults of the different methods on the different test suites
used. Full per-domain results can be seen in Appendix D
of the technical report. The number of problems per cate-
gory is shown in parentheses. The technical report also con-
tains plots that show how coverage changes with the number
of evaluations and time. While Autoscale contains 30 prob-
lems, Fast Downward was unable to translate some problems
in the agile track from PDDL to SAS+ in the given 3.5 GB
memory limit. We omit these from the test set.

Next, we consider each taxonomy category individually to
better understand how different topological state-space fea-
tures impact performance.

Bounded-UHR Domains. All optimal track problems in
bounded-UHR domains were solved by all tested methods.
This is consistent with the strong expected runtime guaran-

Figure 2: Per-problem runtime comparison between EHC
and EHC-RRWL on the EHC-complete agile problems.

tees we have for EHC and the EHC-RRW variants. However,
the large size of the agile track problems meant they still re-
main challenging for EHC-based approaches. For example,
the logistics domain — which has a maximum exit dis-
tance of 1 — has such a high branching factor that only tens
of states were being expanded per second.

A comparison of per-problem heuristic evaluations (ie.
runtime) of one run of each of EHC and EHC-RRWL with
m = 1 on the complete Agile track domains is shown in Fig-
ure 2. The bounded-UHR problems are shown as red dots.
For these runs, the two variants performed about equal in
terms of runtime, with EHC having slightly better cover-
age. This is consistent with our theory which suggests a high
goal density is needed for RRWC

ℓ to be faster if the escapes
are shallow (ie. see Figure 1c). The figure also shows there
is significant correlation between the performance of these
methods, which we verified by calculating the Pearson cor-
relation of the logarithm of these evaluation counts. The cor-
relation on problems solved by both methods was 0.81.

Unbounded-UHR Domains. EHC-RRWL has the best
coverage in these domains, but this is largely due to the two
pipesworld domains (see full results in the technical re-
port). As seen in Figure 2 (unbounded-UHR problems are
shown in blue), EHC-RRWL also showed improved runtime
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Figure 3: Memory usage comparison between EHC and the
EHC-RRW variants on the EHC-complete agile problems.

and was faster or the only one able to solve 70.3% of the
unbounded problems when compared to EHC on the agile
track problems. Given our theoretical results, this suggests
the goal density is not dropping dramatically as the exit dis-
tance increases. EHC-RRWC

ℓ can show strong coverage, but
is very sensitive to the selection of ℓ.

The Pearson correlation between EHC-RRWL and EHC
on unbounded-UHR problems was 0.62. While this is lower
than on bounded-UHR problems, it is still reasonably high.

EHC-Incomplete Domains. Table 1 shows the EHC-
based approaches struggle the most on domains with unrec-
ognized dead ends. EHC has the best performance, albeit on
only 3 domains. In such domains, it is not only important
to escape UHRs as quickly as possible, but to find a “good”
escape that does not lead to a dead end region of the state-
space. We hypothesize that when using h+-based heuristics
on such problems, the use of BrFS to find shallowest escapes
may have an advantage. This is because delete relaxation
based methods do not recognize when resources (like fuel)
are exhausted by an action, but shallower escapes may mean
less resources are being used up, and thus EHC is less likely
to find an escape leading to a dead end. However, further
investigation is needed on this topic.

Memory Usage. Figure 3 shows how coverage relates to
memory for the tested methods on the agile EHC-complete
domains. For readability, we only include m = 1 for EHC-
RRWL since all values had very similar behaviour, and the
best and worst performing values of ℓ for EHC-RRWC

ℓ . The
EHC-RRW variants show clear advantages in this evalua-
tion, which aligns with the fact that RRWs do not need to
maintain open and closed lists like BrFS. Notably, none of
the tested methods ran out of memory on any problem.

5 Related Work
Nakhost and Müller (2014) formally analyzed the expected
runtime of a single random walk and RRWs on classes of

undirected graphs characterized by the probability of the
child of any vertex being closer or farther from a goal than
its parent. Their model for RRWs assumed a constant restart
probability at every step. In contrast, we assume the walks
all restart at a constant restart depth, and our expected run-
time results are given in terms of this restart depth, the goal
depth, and either the probability that a single random walk
reaches the goal, or the density of goals at the goal depth.

Everitt and Hutter (2015) theoretically compared BrFS
to depth-first search on bounded depth-trees. Their analysis
does not include RRWs, which are better suited for escaping
UHRs than depth-first search. They also make different as-
sumptions on the distribution of the goals in the tree. Under-
standing the applicability of their goal distribution models to
escaping UHRs and RRWs remains as future work.

Arvand-LS (Xie, Müller, and Holte 2014) is similar to Ar-
vand, but it uses local GBFSs augmented with random walks
to escape each UHR. Local best-first searches have also been
useful for escaping UHRs in best-first search-based planners
(Xie, Müller, and Holte 2015). Our results supplement this
research by furthering our understanding of the differences
between these competing ways to escape UHRs.

6 Conclusion
In this work, we theoretically and empirically analyzed two
different methods for escaping UHRs: BrFS and RRWs.
First, we characterized the expected runtime of these ap-
proaches for finding goals in a given search task, since for
any UHR, we can always define a corresponding search task
where finding a goal is equivalent to escaping from that
UHR. In particular, we showed that RRWs will outperform
BrFS in expectation if the success probability of a single ran-
dom walk is proportional to the ratio of the number of states
at the goal depth to the number of states shallower than the
goal depth. In the case of trees, we refined this result by
providing a lower bound on the density of goals at the goal
depth for which RRWs are faster than BrFS.

Next, we considered RRW-based variants of EHC in order
to compare the use of BrFS and RRWs for escaping UHRs in
planning problems. We first showed that the existing worst-
case runtime results for EHC can be extended to these RRW-
based variants in the form of expected runtime guarantees.
We then empirically compared EHC and the RRW-based
variants on domains with different topological properties as
a way to study the relative effectiveness of BrFS and RRWs
for escaping UHRs. EHC was generally found to be better
on bounded-UHR problems, while the RRW-based variants
had better performance for unbounded-UHR domains.
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