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Abstract

We study the ordinal secretary problem, where a sequence of
candidates arrives in uniformly random order, and the goal
is to select the best candidate using only pairwise compar-
isons. We consider a learning-augmented setting that incor-
porates potentially erroneous predictions about the best can-
didate’s position. Our goal is to design online algorithms
that balance robustness against poor predictions while hav-
ing high performance when predictions are accurate. Using
an optimization-based framework, we develop deterministic
and randomized algorithms that extend classical strategies
and explicitly model the trade-off between consistency and
robustness. Also, we show the flexibility of our approach by
applying it to multiple secretary problem variants, including
multiple-choice and rehiring.

1 Introduction

We study the secretary problem, a classical model of on-
line decision-making under uncertainty, where the goal is to
select the best candidate from a sequence of N candidates
arriving in uniformly random order. The decision-maker ob-
serves candidates sequentially and must decide immediately
and irrevocably whether to accept or reject each one. As a
fundamental model in online decision-making and optimal
stopping theory, the secretary problem has broad applica-
tions in online algorithms, multi-agent systems, and mech-
anism design, and has consequently inspired a rich body of
work spanning theoretical computer science, artificial intel-
ligence, economics, and operations research.

Depending on the decision-maker’s knowledge of candi-
date valuations, the secretary problem is typically studied in
either the cardinal or ordinal setting. In the cardinal sec-
retary problem, the decision-maker observes a scalar value
for each candidate and aims to maximize the total value ob-
tained from the selection (Kesselheim et al. 2013). For ex-
ample, in online selection or hiring scenarios (Jiang et al.
2021), a candidate’s value may represent their qualification,
and the goal is to choose the candidate with the highest qual-
ification. In the ordinal setting, the decision-maker does not
observe numerical values and instead only receives ordinal
information, such as how the current candidate ranks rela-
tive to those previously seen. In the absence of value infor-
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mation, a natural objective is to maximize the probability
of selecting the top-ranked candidate. This variant is com-
monly referred to as the ordinal secretary problem (Gilbert
and Mosteller 2006; Gravin, Sun, and Tang 2023; Soto,
Turkieltaub, and Verdugo 2021; Bérczi et al. 2025; Hoefer
and Kodric 2017). Surprisingly, both versions of the secre-
tary problem admit an optimal algorithm based on the well-
known % rule, which achieves the best possible competitive

ratio of % This é strategy, commonly referred to as the wait-

and-accept rule, rejects the first é fraction of candidates and
then selects the next candidate who exceeds all previously
observed ones (Gilbert and Mosteller 2006; Lindley 1961).

While the secretary problem and its many variants have
been extensively studied (Gilbert and Mosteller 2006; Fer-
guson 1989; Freeman 1983; Albers and Ladewig 2021;
Stewart 1981), recent work has increasingly explored
the integration of machine-learned predictions into online
decision-making. This emerging research direction—often
referred to as algorithms with predictions or learning-
augmented algorithms—aims to strengthen classical ap-
proaches by leveraging side information to improve perfor-
mance when predictions are accurate (a property known as
consistency), while preserving robustness under arbitrarily
poor predictions. Despite notable progress in this area (Fu-
jii and Yoshida 2024; Antoniadis et al. 2023; Jiang et al.
2021; Braun and Sarkar 2024), most existing studies focus
on the cardinal secretary setting with value-based predic-
tions, leaving the ordinal secretary problem with predictions
largely underexplored. This gap motivates our central ques-
tion: How does a prediction about the best candidate’s posi-
tion benefit an online algorithm in the ordinal setting?

In the absence of value observations, we argue that incor-
porating position-based predictions (i.e., predictions about
the position of the best candidate) is a natural and intuitive
approach. However, to the best of our knowledge, the ordinal
secretary problem with such predictions has not been previ-
ously explored. In this paper, we fill this gap and show that
even coarse or noisy advice regarding the best candidate’s
position can substantially enhance algorithmic performance
in the ordinal secretary problem and its extensions.

1.1 Our Contribution

We investigate a novel variant of the secretary problem,
termed ordinal secretaries with advice (OSA), in a learning-



augmented setting where predictions provide error-prone ad-
vice about the likely positions of strong candidates. Unlike
prior studies that focus on predictions of adversarially cho-
sen candidate values, our approach leverages position-based
predictions aligned with the inherent randomness of the or-
dinal secretary problem and its variants. Our main contribu-
tions are summarized as follows.

We begin our study of OSA by providing a formal defini-
tion and showing how error-prone advice can be used to de-
sign a deterministic algorithm that achieves a Pareto-optimal
tradeoff between consistency and robustness within the well-
known class of wait-and-accept (WNA) algorithms. We then
move beyond deterministic approaches and introduce a ran-
domized algorithm that uses WNA as a subroutine. Specif-
ically, we develop an optimization-based framework that
models the performance of this meta-algorithm, enabling the
systematic selection of its key parameters. This framework
yields a randomized algorithm with provably tight guaran-
tees for both consistency and robustness. We further extend
the optimization-based framework to several variants of the
ordinal secretary problem, obtaining state-of-the-art perfor-
mance guarantees. These include the multiple-choice vari-
ant, which permits several selections, and a rehiring model,
in which previously rejected candidates may become avail-
able again at the end of the process. Together, these re-
sults highlight the flexibility and generality of our approach
across multiple extensions of the problem.

1.2 Related Work

The paradigm of algorithms with predictions enhances clas-
sical online algorithms by incorporating side information,
often in the form of machine-learned predictions. This ap-
proach bridges the gap between worst-case guarantees and
empirical performance, delivering strong results when pre-
dictions are accurate while maintaining robustness under
adversarial errors (Purohit, Svitkina, and Kumar 2018; Ba-
mas, Maggiori, and Svensson 2020). Among its many ap-
plications, caching has been a primary focus (Lykouris and
Vassilvitskii 2021; Rohatgi 2019; Wei 2020), alongside ex-
tensive work on ski rental variants (Bhattacharya and Das
2022; Shin, Lee, and An 2023; Wang, Li, and Wang 2020).
Non-clairvoyant job scheduling has also received consid-
erable attention (Purohit, Svitkina, and Kumar 2018; Lin-
dermayr and Megow 2022; Im et al. 2023; Benomar and
Perchet 2024). In covering problems, (Bamas, Maggiori,
and Svensson 2020) introduced a prediction-aware primal-
dual method, later extended to non-linear settings by (Thang
2021). The framework has further been applied to knap-
sack problems (Gehnen, Lotze, and Rossmanith 2024; Im
et al. 2021; Boyar, Favrholdt, and Larsen 2022; Zeynali
et al. 2020), demonstrating its versatility and broad appli-
cability. For a broader overview, we refer readers to (Rough-
garden 2021; Mitzenmacher and Vassilvitskii 2021) and the
community-maintained repository. !

As a fundamental model of decision-making under uncer-
tainty, the secretary problem has recently attracted interest
in this setting. In what follows, we review key developments

"https://algorithms-with-predictions.github.io/
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on secretary problems with predictions in the two main set-
tings: the cardinal and the ordinal settings.

Cardinal secretaries with predictions. As mentioned
earlier, most existing studies on secretary with predictions
have focused on the cardinal setting, where the algorithm
receives predictions about candidate values as part of its in-
put. Various approaches have been proposed, differing in the
form and accuracy of these predictions. One line of work
considers error-prone predictions of the maximum candidate
value, as in (Antoniadis et al. 2023), which introduced a flex-
ible framework that adjusts the classical competitive ratio
from = 1 to L forany ¢ > 1 by varying the length of the initial
Wamng phase (Jiang et al. 2021) proposed a time-dependent
threshold algorithm that incorporates an interval prediction
containing the maximum value, refining the classical secre-
tary rule. (Braun and Sarkar 2024) examined predictions of
the additive gap between the highest and k-th highest val-
ues, while (Fujii and Yoshida 2024) considered predictions
for all candidate values and developed an algorithm that
adaptively integrates prediction-based selection with tradi-
tional waiting-based thresholds. It has been shown that per-
fect consistency (achieving a competitive ratio of 1 when
predictions are correct) cannot be attained simultaneously
with worst-case robustness of % in certain settings (Choo
and Ling 2024; Fujii and Yoshida 2024). (Diitting et al.
2021) further provided a unifying framework by introduc-
ing binary signals (i.e., “Yes” or “No”) to indicate whether
each candidate is optimal, thereby capturing a broad class of
prediction models under a single formalism. More recently,
(Balkanski, Ma, and Maggiori 2024) examined the cardinal
setting and introduced algorithms that ensure a guaranteed
level of fairness in selecting the best candidate, even in the
presence of biased predictions.

Ordinal secretaries with predictions. In contrast to the
cardinal setting, the ordinal setting has received consider-
ably less attention in the literature on algorithms with pre-
dictions. In this context, (Benomar and Perchet 2023) intro-
duced a model in which algorithms interact with an omni-
scient oracle through binary queries. The algorithm is per-
mitted to issue at most B such queries, each asking whether
any unseen candidates are better than those observed so far.
The formulation and timing of these queries are crucial to
the algorithm’s overall performance. The work most closely
related to ours is that of (Diitting et al. 2021), which stud-
ied a position-based prediction model. In their framework,
each candidate is accompanied by a binary signal indicating
whether they are the best candidate, with the signal being
correct with probability p. Although their model shares sim-
ilarities with ours in the type of information conveyed, it is
structurally different because it attaches signals directly to
candidates. As a result, their analytical techniques do not
readily extend to our setting.

2 D-WNA: A Deterministic WNA Algorithm
for OSA

In this section, we formally define OSA and introduce the
well-known wait-and-accept (WNA) rule for the secretary
problem. We then present a deterministic algorithm for OSA



and establish its Pareto-optimality in the class of WNA rules.

2.1 Problem Statement of OSA

We study an ordinal secretary problem in which N candi-
dates arrive sequentially in random order. In each round, the
algorithm observes only the relative ranking of the current
candidate compared to those previously encountered, hence
the term “ordinal.” The arrival order is drawn uniformly at
random. Let p denote an error-prone prediction of the po-
sition of the best candidate, denoted by o. The objective is
to maximize the probability of selecting the best candidate,
i.e., the candidate at position o.

For an online algorithm, say ALG, we define its consis-
tency 7 as

_ E[ALG(0y)]
= e [CGrias |
and robustness 7y as
_ E[ALG(0)]
=50 |“priey |

where o is a uniformly random input sequence, and o, de-
notes a random sequence in which the best candidate ap-
pears at position p. Here, OPT denotes the success prob-
ability of an omniscient algorithm that always selects the
best candidate. Following standard convention, consistency
measures an algorithm’s expected performance relative to
OPT when the input sequence aligns with the prediction.
Specifically, n is computed by averaging over all possible
predicted positions p and their corresponding permutations
op. In contrast, robustness captures the algorithm’s average-
case performance over all input sequences, regardless of any
prediction. Since OPT = 1 in our setting—representing
the success probability of an oracle with complete informa-
tion—both consistency and robustness simplify to:

n=Eq,, [E[ALG(0p)l], 7 =Eo [E[ALG(0)]],

where the inner expectations, E[ALG(c,)] and E[ALG(0)],
are taken with respect to the internal randomness of the al-
gorithm ALG.

2.2 WNA(x): The Wait-and-Accept Rule

A well-known class of strategies for the secretary problem
involves first observing candidates up to a predetermined
position and then selecting the next candidate who is bet-
ter than all previously observed ones. We refer to this class
of algorithms as the wait-and-accept rule, denoted by WNA
(Gilbert and Mosteller 2006).

Definition 1 (The Wait-and-Accept Algorithm: WNA(z)).
We define WNA(x) as a subclass of wait-and-accept algo-
rithms that operate as follows: the algorithm observes the
first x candidates without making any selections. Beginning
from position x + 1, it selects the first candidate who is bet-
ter than all previously observed ones. If no such candidate
is found by position N — 1, the algorithm selects the final
candidate at position N by default.

Definition 2 (Probability of Selecting the Best: ® v (x)). Let
® () denote the probability that WNA () selects the best
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Figure 1: Illustration of the I, ftir)l

when N = 100.

and I e(l?d) as a function of A

candidate when there are N candidates in total. That is,
O () is the probability that the algorithm successfully se-
lects the candidate with the highest rank under the strategy
WNA(z).

If we run WNA(r), the value of @ (r) is £ In £ asymp-
totically (Gilbert and Mosteller 2006). Maximizing @ y ()
without any predictions yields the classical solution z = &

e
achieving a % probability of selecting the best candidate.

2.3 D-WNA: A Deterministic WNA Algorithm

Based on WNA (z) and the robustness parameter A > 1, we
propose a deterministic algorithm for OSA in Algorithm 1
below.

Algorithm 1: Deterministic WNA for OSA (D-WNA)

: Inputs: Predicted position of the best candidate p; ro-
bustness parameter A > 1.

Set IS([.)‘,‘I)t and I based on Eq. (1).

end
if p < 1) then
Run WNA ([2).
else if p € I then
Run WNA (p — 1).

else if p > 1)) then

Run WNA (1) — 1),
end if

A)

Algorithm 1 relies on two key parameters, I g(t;\r)t and [ e(nd as

functions of a given parameter of A > 1, which are defined

as follows:
-1
[exp (W_l ()) . N—‘ +1,
Ae
-1
o (W0(5) ) -] 1.
Ae
In the definition of IS([;})t and Ie(r:\d), W_1(z) and Wy(x) are
the two solutions to ye¥ = z, which are represented by the
Lambert W function. Figure 1 illustrates the intuition behind
how the increment of the parameter A\ changes the values of

N

start

(1a)

T _

end

(1b)

Iftjll and Ie(;‘d).
Let [ be defined as [ := [Is(tir)[7 Ie(rﬁj)] C [1, N]. Algorithm

1 breaks the predictions to three different segments: (i) the
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Figure 2: (a): Stopping time used by D-WNA as a function
of the predicted position p. (b): Consistency of Algorithm 1
as a function of A\, with N = 1000.

predicted best candidate is early (i.e., p € [1, Starl)) (i) the
predicted best candidate is somehow neither too early nor
too late (i.e., p € I), and finally, (iii) the predicted best can-

didate is late (ie., p € (I NJ). When p falls outside 1,

end ’
it changes the duration of waiting in an asymmetric way for

§tar)t and p > e(nd) Specifically, if p < I, (mr)t, the al-
gorlthm does not use the prediction at all and maintains the
waiting duration at the optimal waiting length of | N/e] as

established in the original setting of the secretary problem

. .. )
without predlctlons Whenp > 1./,

the first I, ) i candidates and picks the next best so far.

the algorithm waits for

Figure 2a visualizes how the stopping threshold evolves

as a function of the predicted position of the best candidate,

p. In the early segment (i.e., p < I, (tan) the algorithm ignores

the prediction and sticks to the classical stopping rule used
when no prediction is available—namely, waiting for the
first | N/e| candidates before considering selections. The
transition from the early to the middle segment is sharp: once
p falls within the interval I, the stopping threshold begins to
shift in response to the prediction to adapt its stopping point
to align more closely with it. However, as p approaches the

boundary of the late segment (i.e., p = Ielij)) the threshold
stabilizes and remains fixed thereafter. This design ensures
robustness: the algorithm leverages informative predictions
when available but avoids overcommitting to unreliable or

extreme ones.

Here, we show the performance of the D-WNA algorithm
in terms of its consistency and robustness.

o)
Proposition 1. For a given A > 1, D-WNA is (LN + i)-
_

1. N =
consistent and xo-robust, where L ondd o

Intuitively, as A — oo (i.e., full trust in the prediction),
L™ expands to cover all N candidates (i.e., LY — N),
causing the consistency to approach 1. However, this comes
at the cost of reduced robustness, since the algorithm ef-
fectively stops blindly based on the predicted value. Con-
versely, as A — 1 (i.e., no trust in the prediction), the inter-
val length collapses to a single point at % (.e., L&) = 0),
and both consistency and robustness converge to %, which is
the optimal competitive ratio in the absence of predictions.
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2.4 Pareto-Optimality of D-WNA

Now we show that Algorithm 1 is Pareto-optimal for OSA in
the class of all possible WNA algorithms, namely, by fixing
one metric of robustness or consistency the other could not
get improved.

Proposition 2. D-WNA achieves the Pareto-optimal trade-
off between consistency and robustness over all determinis-
tic algorithms in the class of WNA algorithms for OSA.

Figure 2b compares the consistency of Algorithm 1 with
the classical best competitive ratio for this problem. As A
increases (i.e., we place more trust in the prediction), the
consistency approaches 1, whereas as A decreases toward 1
(i.e., no trust in the prediction), it recovers the % consistency.

3 R-WNA-¢: A Randomized WNA
Algorithm for OSA

In this section, we develop a randomized algorithm for
OSA. We begin by introducing a meta-algorithm that lever-
ages the WNA rule as a subroutine. We then demonstrate
how to optimally design the associated parameters to bal-
ance consistency and robustness.

3.1 R-WNA-9: A Meta-Algorithm

Algorithm 1 selects the stopping point deterministically
based on the prediction p. In contrast, the key idea behind
the randomized algorithm is to sample the stopping point
from a probability distribution that depends on p. This ap-
proach is formalized in Algorithm 2.

Algorithm 2: Randomized WNA for OSA (R-WNA-1))
1: Inputs: Prediction of the position of the best candidate
p; probability density function v, () — [0, 1].
2: With probability of ¢, (¢), ran WNA(¢ — 1).

In Algorithm 2, given a prediction p, a family of probabil-
ity density functions 1, (¢) is used to determine the stopping
behavior of the algorithm. Specifically, 1, (t) denotes the
probability density of stopping at time ¢, which corresponds
to beginning the selection phase at candidate positioned at
t (i.e., starting to consider best-so-far candidates from posi-
tion ¢ onward). In the discrete setting, this means stopping
at candidate ¢ — 1. Our objective is to determine the optimal
design of ),,(t) that balances consistency and robustness for
each possible prediction value p.

3.2 Optimal Design of v/, Functions and the
Consistency-Robustness Trade-off

From this point onward, we transition from the discrete to a
continuous setting for ease of analysis and presentation. This
transformation is without loss of generality, as the candidate
indices {1,..., N} can be scaled to the unit interval [0, 1].
Correspondingly, the prediction p, the stopping point, and
the associated functions v, (t) are redefined to operate over
this continuous domain.

For notational simplicity, we continue to denote the scaled

values exp (W_1 ( /\e)) and exp (Wo ( )) by Is(ér)[ and



Ie(r:\d), respectively. Accordingly, we use I = [Is(l;\r)l, Ie(rf:j) ] to

represent the trusted prediction interval in the continuous
setting. Furthermore, we use J to denote the Dirac delta
function, which is zero everywhere except for an infinite

spike at a single point (e.g., t = 0).
Theorem 1. For any A > 1, define 1, as

ANt —p) + BYS (= 1) ifp < I,
Uylt) = 4 6(t —p) el
N by
5(t_ILEnd)) lfp>Ie(nd)’
()
where AN = %(1 %) and B =1 — E(l ) - The R-

= —p In <—p ln
WNA- algorithm wzth 1 described in Eq. (2) is )\——robust
and 1n(X\)-consistent, where 1(\) is given by

3)

tln +

ey

start

I

Recall that here L™ = 1?) — IS(,Z);,

end

1-1 1
( cdt+ LY 4 .
e

n(A) 3)

mh—‘m\»—t

0

defined in Eq. (1).

Equation (2) provides the optimal design of the 1), func-
tions for different prediction values. In this context, the
Dirac delta function is used to represent probability mass
concentrated at a single point within the continuous frame-
work. This formulation is particularly useful for translating
cumulative probability distributions 1),,(t) into discrete al-
gorithmic decisions. For instance, when p € I, our design
specifies ¢, (t) = §(t — p), which, after appropriate scaling,
corresponds to deterministically stopping at position p — 1
in the discrete setting. In other words, the algorithm begins
accepting candidates from position p, consistent with the in-
tuition underlying wait-and-accept strategies.

In what follows, we derive the v, functions in Eq. (2) us-
ing an optimization-based approach and present the proof of
the resulting performance guarantees for Algorithm 2 under
this optimal construction.

3.3 Proof of Theorem 1

We begin by presenting an overview of our proof. For each
predicted position p, we formulate an optimization prob-
lem with the objective of maximizing the probability of se-
lecting the best candidate, under the assumption that p is
the predicted location of the optimal candidate. Simultane-
ously, we impose a robustness constraint to ensure compet-
itive performance compared to CR*, even when the predic-
tion is inaccurate. Here, CR* denotes the best competitive ra-
tio achievable in the absence of any prediction (Gilbert and
Mosteller 2006). In the discrete setting, for a given stopping
point x and correct prediction p, the probability of selecting
the best candidate is px while the robustness is approx-

imately given by - In ¥ (Gilbert and Mosteller 2006). In
Algonthm 2, the stoppmg point is chosen randomly accord-
ing to a distribution 1), (¢), where ¢ € [0, 1] denotes the nor-
malized stopping position. For a fixed ¢ < p, the success
probability is 1), () - %, and the robustness is ¢, (¢) - tIn 1.
For t > p, the success probability is zero, as the algorithm

37112

would have already passed the best candidate. Therefore, the
performance of Algorithm 2 can be modeled using 1), (),
yielding the following optimization problem:

o / Yp(t) - — dt (4a)
/tzodjp(t)'tln;dtz é (4b)

1 Yp(t)dt =1, (4c)

1/1:1?) >0, Vtelo,1]. (4d)

The objective function (4a) represents the consistency of
Algorithm 2, while the constraint (4b) enforce the robustness
requirement, and the rests ensure that 1, is a valid probabil-
ity distribution. To ensure robustness, we solve Problem (4)
for each prediction value p, guaranteeing a robustness of at
least ﬁ through the imposed constraint. The remaining task
is to determine the optimal design of the stopping distribu-
tions 1), (¢) for each p. We now justify the construction of
¥p(t) as defined in Eq. (2), by analyzing the solution to the
above optimization problem in three prediction regimes:

e Prediction is too early (ie., p < Is(ér)t): In this case, the
objective function and the robustness constraint imply that
Yp(t) = 0 for all t < p, as selecting earlier provides no
consistency gain. To maximize consistency, we concentrate
as much probability mass as possible at ¢ = p, subject to
satisfying the robustness constraint. Since ¢ In % achieves its
maximum at ¢t = é, it is optimal to place the remaining mass
att = % That is, the support of 1, (t) consists of exactly two
points: t = pand t = % Solving the equation

1 1

>

V) P+ (=) ;2 1o

yields the necessary probability weights, where (p) de-
notes the weight at ¢ = p. The normalization condition is
satisfied using Dirac delta functions.

e Prediction lies within the interval (i.c., p € |
Here, the objective [} v, (t)
probability mass is placed at t = p, since % increases with .
Thus, the optimal solution is:

Up(t) = 6(t = p),

which corresponds to always choosing p — 1 as the stopping
point. This solution also satisfies the robustness constraint,

as p € I was designed to ensure feasibility.
)

7N ™)

start» end])
. It;dt is maximized when all

e Prediction is too late (i.e., p > I [): In this case, we
set () = 0 for all ¢ > p, as selecting beyond p yields
no consistency benefit and insufficient robustness contribu-
tion. Similarly, for t < é, the contribution to the robust-
ness constraint is suboptimal. Thus, we restrict 1, (¢) to the

interval [£,p]. We now show that the optimal solution is

Pp(t) = 6(t — Ié:;l) ). First, this function is feasible and

makes the robustness constraint tight. Consider alternative
A)
— I

— “end

distributions with support strictly to the left of ¢



(i.e., Pp(t) = 0 fort € (Ie(r;\d),p]). While the robustness
constraint remains satisfied by construction of I, e(;\d) , the ob-
jective decreases since % is increasing. On the other hand,

distributions with all mass on (Ie(rii),p] are infeasible, as

tIn$ < 1/Xe in this interval. Distributions spreading mass

N

across both sides of I are also suboptimal: since ¢ In 1 has

increasing negative slope in [1 p], and % increases linearly,
e’ P

shifting mass toward the right (i.e., I, e(:zi) ) improves both ro-
bustness and consistency. Therefore, the optimal solution is:

by(t) = 6(t — 1Y),

end
To compute consistency, assume the prediction p is cor-
rect, and recall that under the random arrival model, each
p is equally likely with probability 1/N. Let 7, denote the
optimal objective value for each p from Problem (4). Then:

1 L
n:—Zﬁ;%/ mydt
N~ =0

™

end

W:dt+/ ™
=1

(1-3%)
—tln%

™

start

“I.

start

I

The first term on the right-hand side of the above equation
represents the consistency gain from randomization when

the prediction is early (i.e., p < Is(t;\r)t)’ a scenario in which
the deterministic algorithm D-WNA fails to select the best
candidate. The remaining terms match those from D-WNA,
as the randomized strategy behaves identically in the trusted
and late prediction regions. We thus complete the proof of
Theorem 1.

Before concluding this section, we plot the consis-
tency—robustness curve of Algorithm 2 in Figure 3, con-
structed using the optimal stopping distributions ¢, (¢) from
Eq. (2), across various values of A. Figure 3 shows this
trade-off curve alongside that of the deterministic baseline
(Algorithm 1), illustrating how the randomized algorithm
improves the trade-off—especially in scenarios where early
predictions would otherwise be disregarded.

The two curves intersect at A = 1, where both algorithms
achieve the worst-case competitive ratio of 1/e, matching
the classical secretary bound without advice. For A > 1, the
randomized algorithm better exploits predictions, improving
the trade-off compared to the deterministic counterpart.

1

7y dt +
—™
t= end

1
dt+ L™ + =
e

7y dt

o [=|o =

4 Extensions: Multi-Choice and Rehiring

In this section, we demonstrate that the position-based ad-
vice model extends naturally to several generalizations of
the OSA setting, including the multiple-choice variant and
the secretary with rehiring problem.

4.1 Multi-Choice Secretary

Consider the multiple-choice secretary problem, where the
algorithm is allowed up to m selections and the objective is
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Figure 3: Illustration of the consistency-robustness curve of
Algorithm 2 with the design of 1, in Eq. (2) compared to
Algorithm 1.

to maximize the probability that the best candidate is among
the chosen ones. When m = 1, this reduces to the classical
secretary problem. We extend the OSA setting to this m-
choice variant and focus on a strategy that waits until the
t-th candidate and then selects the next m candidates who
are best-so-far. More precisely, after the stopping point of ¢
each candidate is checked for being best-so-far or not and if
it is we pick it till we have picked at most m candidates or
all N candidates are observed. We continue to refer to this
class of strategies as WNA(t).

It has been shown that the optimal competitive ratio in the
m-choice secretary problem using the WNA class of algo-

rithms is CR* = ®y(e™@ - N) = e~ 37", “Z—*,L where
a* = (m!)m (Gilbert and Mosteller 2006).

Analogous to the single-choice case, we introduce two
A)
7t

key notations related to the stopping distribution. Let [

A)

and I énd be the two solutions to

Ly )
=1

7!
where Is(tir)t <1 é;\d) . These endpoints define the trusted in-

terval [ = [Is(tjr)“ I e(nAd) ], which specifies the range of predic-

tion values considered informative. We also define L) =
1 e(nAd) — ftir)t as the length of this interval.

The following theorem presents the design of the random-
ized algorithm for m-choice OSA, extending the same intu-

ition used in the single-choice case (i.e., m = 1).
Theorem 2. For any \ > 1, define 1, as

*

1CR
A )

A(A)é(t - p) +BW§ (t - eia*) ifp < Ift;\zra
wp(t): d(t—p) ifpel,
A . A
5(t - Iﬁ(nd)) l‘fp > I(End)7
where AR = CR*'(li%)l — and B = 1 —
m  (In =-)?
CR*—p Y o
=1
CR*~(1—§)

—~. The R-WNA-v algorithm is %CR*-robust
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Figure 4: Consistency-robustness trade-off curves for both
randomized and deterministic variants of R-WNA-1), shown
for 1 < m < 4. The randomized variant, labeled R-m-OSA,
corresponds to the design of 1 given in Theorem 2, while
the deterministic variant, labeled D-m-OSA, uses the same
design of the v function for I, ft;\r)[ < p, and rolls back to the

)

original setting with no prediction when p < I ;.

and n(X\)-consistent, where 1()\) is given by

(X)
Loan CR* . (1 — %)

1y
/tzo cr-—tym Moy

il
Figure 4 illustrates the consistency—robustness trade-off
curves for different values of m in Algorithm 2, using the
stopping distribution design of ¢, from Theorem 2. As ex-
pected, the trade-off improves as m increases; that is, the
probability of selecting the best candidate becomes higher
with more available choices. Moreover, for any fixed value
of m, the randomized algorithm outperforms its determin-
istic counterpart by offering a non-zero probability of se-
lecting the best candidate even when it arrives early in the
sequence.

n(A)

1
dt + LW + XCR*.

4.2 Secretary with Rehiring

This variant, studied in (Buchbinder, Jain, and Singh 2014),
introduces the possibility of rehiring, where the decision
maker is allowed to select the best candidate with prob-
ability ¢ if no selection was made during the process. In
other words, with probability ¢, the best candidate remains
available after all candidates have been observed, allow-
ing it to be chosen if no prior selection was made. It has
been shown that the competitive ratio in this setting is
CR* = e~ (1=9 (Buchbinder, Jain, and Singh 2014). We
now demonstrate how this extension can be incorporated
into our optimization framework.

To state the theorem precisely, we begin by defining the
interval and parameters used, following the same structure as
in the previous subsection. Let A > 1 be the robustness pa-
rameter and p be the prediction of the best candidate’s posi-
tion. To identify the interval in which the algorithm partially
trusts predictions, we define the function g(z) = In L +¢u,
where ¢ > 0 represents the probability of being able to re-
hire the best candidate if no selection is made during the
process. Let 1 and x5 be the two solutions to the equation

1 *
= —-CR".

9(z) =+
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We deﬁne Is(tz)l\r)l =, Ie(xf:i) = mil’l(aj‘Q, 1), and LO\) = Ie(rf:i) —
[S(t;\r)l . The interval I = | Is(t;\r)t, Ie(xf:i) ] identifies the prediction

range in which the algorithm adjusts its behavior to trade off
between consistency and robustness.
We now present the main result in the following theorem.

Theorem 3. For any \ > 1, define 1, as

ANGS(t — p)+

pplty = | BT irp < L
et e,
a(t—15)) ifp >IN,
where AN = _SE0=3) g pO) = _CE0=3)

CrR* —p(In £ +q) crR*—p(In I+q)
The R-WNA-v algorithm is %CR*-robust and n(\)-
consistent, where 1(\) is given by

™ sk 1
start CR* - (1 — 7)
A) = +(1- A dt+
1) /t:o <q ( q)CR*—t-(ln1+q))
1
™) o .
L +]1{ef(q <1)>)\} )\CR-

Theorem 3 illustrates how the algorithm dynamically ad-
justs its strategy based on the strength of the rehiring mech-
anism. In the early stages, it balances random early selec-
tions with the potential to recover through rehiring. During
the middle interval, it relies primarily on prediction-driven
thresholding. When rehiring is weak, the algorithm incorpo-
rates a cautious late-stage decision phase to safeguard per-
formance. However, as rehiring becomes stronger, this late
phase vanishes, enabling the algorithm to delay decisions
and depend on rehiring as a safety net. In the limiting cases,
the absence of rehiring reduces the problem to the classi-
cal secretary setting, whereas near-certain rehiring supports
a passive wait-and-rehire strategy that obviates the need for
active stopping decisions.

5 Conclusions and Future Work

We initiated the study of the ordinal secretary problem
with position-based predictions, a learning-augmented set-
ting that incorporates predictions about the position of the
best candidate rather than their value. Building on the clas-
sical wait-and-accept rule, our algorithms achieve a state-
of-the-art balance between consistency and robustness, and
extend naturally to variants such as the multiple-choice and
rehiring secretary problems. Our findings also reveal sev-
eral promising directions for future research. First, although
our approach attains tight guarantees within the class of
wait-and-accept algorithms, it remains unclear whether this
trade-off is optimal when considering more general algorith-
mic families. Second, incorporating richer prediction sig-
nals (e.g., confidence scores) may enable more adaptive al-
gorithms and support improved risk- or uncertainty-aware
decision-making. Finally, our framework may extend be-
yond the current setting to problems such as online bipartite
matching and prophet inequalities, where optimal stopping
rules similarly play a central role.
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