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Abstract

A suitable choice of the representation of candidate solutions
is crucial for the efficiency of evolutionary algorithms and re-
lated metaheuristics. We focus on problems in permutation
spaces, which are at the core of numerous practical applica-
tions of such algorithms, e. g. in scheduling and transporta-
tion. Inversion vectors (also called Lehmer codes) are an al-
ternative representation of the permutation space S, com-
pared to the classical encoding as a vector of n unique entries.
In particular, they do not require any constraint handling. Us-
ing rigorous mathematical runtime analyses, we compare the
efficiency of inversion vector encodings to the classical rep-
resentation and give theory-guided advice on their choice.
Moreover, we link the effect of local changes in the inver-
sion code space to classical measures on permutations like
the number of inversions. Finally, through experimental stud-
ies on linear ordering and quadratic assignment problems, we
demonstrate the practical efficiency of inversion vector en-
codings.

1 Introduction

Permutations are fundamental algebraic objects with broad
applications, as they can model diverse concepts such as or-
derings or rankings of items, bijective mappings between
two sets of items, and tours or sets of cycles within a
collection of locations. Because of their versatility, per-
mutations form the solution space for many combinato-
rial optimization problems. These problems, often called
permutation problems (Santucci and Ceberio 2025), in-
clude notable examples such as: the Hamiltonian Path Prob-
lem (HPP), which involves finding the shortest path visit-
ing every given location exactly once; the Linear Order-
ing Problem (LOP), which seeks for a maximum-weight
directed acyclic subgraph within a given digraph; and the
Quadratic Assignment Problem (QAP), which aims to de-
termine a cost-minimizing assignment of facilities to loca-
tions. Permutation problems find applications in many tasks
of practical relevance. Among others, the LOP has been ap-
plied to model consensus ranking in computational social
choice (Marti and Reinelt 2022) and to improve natural lan-
guage translations (Tromble and Eisner 2009), while the
QAP has been used for graph matching tasks (Wang, Yan,
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and Yang 2021). Therefore, there is interest in developing
effective and efficient solvers for permutation problems.

Nonetheless, permutation problems pose significant chal-
lenges. First, they are often NP-hard, as are all the aforemen-
tioned examples. Second, even among NP-hard problems,
they are particularly challenging because the size of their
search space increases factorially with the instance size—
i.e., even faster than any exponential function. This inherent
difficulty has motivated the adoption of non-traditional algo-
rithmic approaches, including metaheuristics, evolutionary
algorithms (EAs) and, more recently, also neural networks
and deep learning methodologies.

However, the constrained nature of permutations poses
representation challenges for these methods. The most com-
mon encoding scheme is the classical linear encoding, which
represents a permutation as a vector of unique items satis-
fying mutual exclusivity. This constraint is typically han-
dled in EAs and other metaheuristics through specifically
designed neighborhood structures (Schiavinotto and Stiitzle
2007) and variation operators (Santucci, Baioletti, and Mi-
lani 2015). An alternative encoding is the permutation ma-
trix, which represents a permutation as a binary matrix
with exactly one 1-entry per row and column. This encod-
ing is particularly popular in neural network architectures
that generate permutations, where the final layer applies a
temperature-decreasing Sinkhorn operator (Mena, Belanger,
Linderman, and Snoek 2018) to iteratively transform the ac-
tivation values of n2 neurons into a permutation matrix.

To overcome the mutual exclusivity constraint, random
key representations were introduced (Bean 1994). In this en-
coding scheme, a real-valued vector can be decoded to a per-
mutation by either argsorting its elements or replacing its
values with their ranks within the vector. However, a sin-
gle permutation may correspond to an infinite number of
vectors, leading to redundancy. Additional criticisms to this
approach are discussed by Santucci, Baioletti, and Milani
(2020). Another method to get rid of mutual exclusivity is to
reformulate the permutation problem in the parameter space
of a differentiable probability model over permutations (Ce-
berio and Santucci 2023). However, this approach typically
requires more sophisticated algorithms.

Interestingly, there exists a less commonly used encoding
scheme for permutations, called Lehmer code or inversion
vector (Lehmer 1960), that: (i) does not require to satisfy any



constraints, aside from trivial domain bounds, (ii) is in one-
to-one correspondence with permutations, and (iii) does not
necessarily require sophisticated algorithms to work with.
Given a permutation, its Lehmer code is a vector of integers,
where each entry indicates how many smaller items appear
after that position in the original linear permutation.

This work investigates the effectiveness of Lehmer codes
in EAs, with a primary emphasis on theoretical analysis. Our
main theoretical contributions are threefold: we define a se-
ries of benchmark problems in the Lehmer code space that
are closely related to current work in runtime analysis; we
introduce simple algorithms for searching within this space;
and, most importantly, we derive runtime bounds for these
algorithms on the proposed benchmarks, contrasting them
with existing algorithms and benchmarks defined over the
traditional permutation space. Along the way, we improve
an existing runtime analysis by Doerr and Pohl (2012) for
a related, multi-valued search space by a factor of almost
©(n?). In addition, we also study the structural connections
between Lehmer space and permutation space. To the best
of our knowledge, this is the first study to explore these di-
rections. To complement this, we also conduct an empirical
evaluation on real-world instances of two different types of
NP-hard permutation problems: the LOP, an ordering prob-
lem, and the QAP, an assignment problem. The source code
is available at https://github.com/TrendM Y X/LehmerEA.

1.1 Related Work

Lehmer code representations in EAs have mostly been stud-
ied empirically so far (Regnier-Coudert and McCall 2014;
Marmion and Regnier-Coudert 2015; Khalil and Abdou
2021; Uher and Kromer 2022), showing scenarios where
they are preferable to classical encodings.

The first work describing theoretical runtime analy-
ses of EAs on permutation problems appeared 20 years
ago (Scharnow, Tinnefeld, and Wegener 2005). However,
since then, the major focus of runtime analyses of EAs has
been on binary search spaces (see Doerr and Neumann 2020
for an overview) and results for permutations were only spo-
radic, see, e. g., Gavenciak, Geissmann, and Lengler (2019);
Bassin and Buzdalov (2020). Only recently, there has been
increasing momentum in this area, by Doerr, Ghannane,
and Ibn Brahim (2023) suggesting a new framework for the
runtime analysis and Baumann, Rutter, and Sudholt (2024,
2025) analyzing permutation spaces arising in graph draw-
ing problems. However, these studies all use the canonical
representation of permutations as a vector of n unique en-
tries and to the best of our knowledge, there has been no
runtime analysis for other representations of permutations
so far. Our study of Lehmer codes fills this gap.

2 Preliminaries
2.1 Concepts and Notation
Let [a.b] :={z € Z | a < z < b} and [k] :=[0..k — 1].
A mapping from [1..n] to itself is called a permutation (of
[1..n]) if it is bijective. We denote by S, the set of all permu-

tations of [1..n]. A common notation represents a permuta-
tion o € S,, as a vector (o(1),0(2),...,0(n)). The identity
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permutation in Sy, is (1,2,...,n). For clarity, we assume
that the vector representation of a permutation is 1-indexed
from the left.

As in Doerr, Ghannane, and Ibn Brahim (2023), we adopt
the standard composition o of permutations: for o, 7 € S,
7 oo is defined by (7 0 0)(i) = 7(o(i)) forall i € [1..n].

Another common notation is the cycle notation, where a
cycle of length k (a k-cycle) is a permutation ¢ € S,, such
that there exist k distinct elements 41, . .., € [1..n] satis-
fying: for all j € [1..k — 1], 0(i;) = 41, and o (ix) = i1;
while for all j € [1..n] \ {i1,...,i}, 0(j) = j. We denote
such a cycle by o = (i1 i3 -+ k). Any permutation can be
written as a product of disjoint cycles. A 2-cycle is called a
transposition. A transposition of the form s; = (i i+1) is
called an adjacent transposition.

Note that an adjacent transposition s; = (i i+1) acts as
an adjacent swap of the values at indices ¢ and 7 + 1 of a
permutation o € S,, when o is right-multiplied by s,, i.e.,
o o s;. In Scharnow, Tinnefeld, and Wegener (2005), the au-
thors define jump(i, j) as an operation that causes the ele-
ment at position ¢ to jump to position j while the elements
atpositions i+1,...,5(fj > ) org,...,i—1(if 7 <i)are
shifted in the appropriate direction. We keep the same nota-
tion in this paper, although this operation is also referred to
as insertion in other works, such as Baioletti, Milani, and
Santucci (2020).

Consider o € S, then a pair of indices (7, 7) with i < j
and o(i) > o(j) is called an inversion of o. The Lehmer
Code is an alternative way of encoding permutations and it
utilizes the concept of inversions, which is why it is also
known as the inversion vector. The Lehmer code and the
Lehmer code space can be defined in various ways. In this
paper, we adopt the following definition.

Definition 1. The Lehmer code space L, is defined
as the Cartesian product [n] X [n — 1] x -+ x [1],
and the Lehmer code of any permutation o € S,

is defined as a sequence of length n, denoted by
L(o) .= (L(0)n, L(0)pn-1,...,L(0)1) where

L(0)p—it1 :=#{j >i|0(j) <o(i)},i € [1..n].

For example, consider a o = (3,5,4,1,2) € Ss. Its cor-
responding Lehmer code is L(o) = (2,3,2,0,0). By con-
vention, the Lehmer code is indexed from n down to 1. The
benefit is that position ¢ has cardinality . In the remain-
der of this paper, we may omit the final entry (index 1),
as it is always zero by definition. There exists a one-to-one
correspondence between the permutation space S,, and the
Lehmer code space L,,.

Some other useful definitions are as follows. The n-th
Harmonic number is H,, = Z?:l 1/i, forn = 1,2,...,
and Hy = 0. Given an event A, the indicator variable 14,
equals 1 if A occurs and 0 otherwise.

2.2 Mathematical Analysis Tools

Drift theory is about bounding the expected optimization
time of a randomized search heuristic by mapping its state
space to real numbers and considering the “drift”, which
is the expected decrease in distance from the optimum in



Algorithm 1: RLS minimizing a function f : L,, — R with
a given probability vector p and step operator

Algorithm 2: (14+1)-EA minimizing a function f : L,, —» R
with a given step operator

1: Sample z € L,, uniformly at random
2: fort=1,2,3,... do

3:  Choose i € [2..n] according to probability p,
4 Yy

5y < step,(x;)

6: if f(y) < f(z) thenz <y

7: end for

a single step. In particular, we use multiplicative and vari-
able drift (see Lengler 2020 for an overview of drift theory).
Moreover, we use results on coupon collector processes with
non-uniform selection probabilities.

3 Algorithms and Benchmark Functions

Runtime analyses of EAs usually start by considering sim-
ple benchmark algorithms on simple, well-structured bench-
mark functions. Such studies have been successfully per-
formed for the search space {0,1}" of binary representa-
tions and enhanced our understanding of increasingly com-
plex EAs (Doerr and Neumann 2020). We adopt this ap-
proach by adjusting the commonly studied randomized lo-
cal search (RLS) and (1 + 1)-EA from binary spaces to
the Lehmer code search space as given by Algs. 1 and 2.
Both algorithms can be equipped with different step opera-
tors that decide how the individual mutates at a given posi-
tion. While the RLS makes a step in exactly one position,
the (1 + 1)-EA can make a step in each position i € [2..n],
but with probability 1/(n — 1).

One may notice that the Lehmer code space is similar to
the multi-valued decision variable search space [r]™ consid-
ered in theoretical runtime analyses before (Doerr, Doerr,
and Kotzing 2018), but with decreasing domain sizes across
dimensions. Consequently, we consider the following two
step operators, adapted from the above-mentioned work:

1. The uniform step operator: for i € [2..n], step,(z;)
chooses a value [0..2 — 1]\{z; } uniformly at random.

The +1 step operator: for i € [2..n], step,;(x;)
max{0,x; — 1} with probability 1/2, and step,(z;)
min{i — 1, z; + 1} otherwise.

We refer to RLS equipped with the uniform step operator as
RLS with uniform mutation strength, and RLS using the +1
step operator as RLS with unit mutation strength. The same
naming convention applies to the (1 + 1)-EA. Given that
domain sizes differ across dimensions in the Lehmer code
space, we assign a probability vector p to guide the selection
of the position to be modified. We consider the following
two types of probability vectors:

1. Uniform probability vector: Each position ¢ € [2..n] is
selected with the same probability, i.e., p, = 1/(n — 1).
2. Proportional probability vector: The probability of selec-

tion for each position i € [2..n] depends on the domain
size at position i, specifically p, = 2(: — 1) /(n(n — 1)).
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1: Sample z € L,, uniformly at random
2: fort=1,2,3,... do

3:  for ¢ from n down to 2 do

4: Set y;<—step;(x;) with probability 1/(n—1) and
set y; < x; otherwise

5:  end for

6: if f(y) < f(z) thenx <y

7: end for

Algorithm 3: permutation-based (1+1)-EA minimizing a
function f : S, — R with given mutation operator mut(-)

: Sample o € S, uniformly at random
:fort=1,2,3,... do

Choose k ~ Poi(1)

o' + mut(o, k)

if f(o/) < f(o) then o + o’
end for

SARSANP IR e

We consider a permutation-based (1 + 1)-EA (see Alg. 3)
that operates on the classical linear representation of per-
mutations, which we will refer simply as S,, from now on.
The mutation operator is parameterized by an integer k, and
is defined via the composition of k£ elementary operations
which are randomly sampled. We investigate the following
three mutation schemes:

1. Transposition: k transpositions 17,75, ..., T} are se-
lected independently and uniformly at random, and
mut(o, k) = 0o Ty o---0Ty_1 o Tg. This operator has

been studied in Doerr, Ghannane, and Ibn Brahim (2023).

. Adjacent Swap: the algorithm selects k adjacent transpo-
sitions S;,, S4,, . - ., i, independently and uniformly at
random, and mut(o,k) =0 o0s;, 08;,0---08;,.

. Insertion: k insertions jump(i1, j1), - . . , jump(ig, ji) are
selected independently and uniformly at random, and
mut(c, k) = 7, where 7 is generated by sequentially ap-
plying the & insertions on . This operator was also stud-
ied in Scharnow, Tinnefeld, and Wegener (2005).

The theoretical benchmark functions that we will analyze
the algorithms on are based on well-structured benchmarks
from the literature, including ONEMAX, LEADINGONES
and BINARYVALUE (BINVAL for short) for binary spaces
(Droste, Jansen, and Wegener 2002) and the fitness func-
tions derived in Scharnow, Tinnefeld, and Wegener (2005).
The simple structure but distinct fitness landscape of these
functions illustrates typical optimization scenarios in evolu-
tionary algorithms. Moreover, the functions have been used
as building blocks in the design and analysis of more ad-
vanced theory-inspired benchmarks in multimodal optimiza-
tion (Lissovoi, Oliveto, and Warwicker 2023).

We study three groups of benchmark functions based on
the above-mentioned ONEMAX, LEADINGONES and BIN-
VAL to conduct the theoretical runtime analyses.

1. £L-ONEMAX and INV: £-ONEMAX is a unimodal lin-



ear function defined over L,, where for all [ € L,,
L-ONEMAX(I) = >"" , I;. The INV is defined over S,
and for all o € S,,, INV(0) counts the number of inver-
sions in o. Our goal is to minimize both functions, and
the optimum point is (0,0, ...,0) and the identity per-
mutation, respectively.

. L-LEADINGZEROS and PLEADINGONES: the two func-
tions are defined over L, and S, respectively. For all
leL,,

L-LEADINGZEROS(])
=max{i € [0..n] | Vj € [n — i+ 1..n|,l; = 0},
while for all o € S,,,
PLEADINGONES(0)
=max{i € [0..n] | Vj € [1..i],0(j) = 4}
Our goal is to maximize both functions, thus f(y) < f(x)
should be replaced by f(y) > f(x) in all pseudo-code.
. FACVAL, NVAL and LEXVAL: The FACVAL is defined
over L,, where foralll € L,,
FACVAL(l) =Y (i = 1)!-1;
i=2
the NVAL is defined over the muti-valued decision vari-
ables space [n]™ and for all © € [n]™,

n
NVAL(z) = Zni_l T
i=1

the LEXVAL is defined over S,,. In fact, all permutations
o € S, can be ordered according to the lexicographic or-
der of their vector representations, indexed from 0. The
LEXVAL of a permutation ¢ € S, is defined as its rank
in this order, e.g., consider o = (1,3,2) € Ss, then
LEXVAL(0) = 1. Our goal is to minimize all three func-
tions.

4 Connection Between L,, and S,

To illustrate the relationships between a Lehmer vector x €
L, and its corresponding permutation o € S,,, itis crucial to
note that the sum of the entries in = equals the number of in-
versions in o, which can be proved by definition. Therefore,
L-ONEMAX o L and INV are equivalent functions where L
is the bijection from S,, to L,,. The following helper lemma
shows that £L-LEADINGZEROS o L and PLEADINGONES,
as well as FACVAL o L and LEXVAL, are equivalent func-
tions. We denote the function £-LEADINGZEROS by LZ
and PLEADINGONES by LO for brevity.

Lemma 1. Forany o € Sy, let L : S,, — L, denote the
bijection which is defined before, then LO(c) = LZ(L(0))
and LEXVAL(o) = FACVAL(L(0)).

Moreover, it is well known that applying an adjacent swap
to a permutation o adds or removes exactly one inversion
in the resulting permutation (Santucci, Baioletti, and Milani
2015). This makes it particularly interesting to examine how
an adjacent swap affects the corresponding Lehmer code
representation. The following lemma shows that an adjacent
swap affects two entries of the Lehmer code by swapping
their entries and changing one of them by +1.
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Lemma 2. Given 0,7 € S, where 7, = 0;41,Ti+1 = 0;
and T; = oj forall j € [1.n)\{i,i + 1}. Let A denote the
event that L(0)p—i+1 < L(0)n—;. Then we have,

* L(T)n—iv1 = L(0)n—i + 14,

® L(T)n_i = L(O’)”_H_l — 1Z’ and

* L(T)n—j41 = L(0)p—jy1 forall j € [1.n)]\{i,7 + 1}.

Adjacent swaps are of particular interest because they

are a proper subset of both (generic) swaps and insertions.
Moreover, they allow recreating both insertions and generic
swaps as follows. An insertion jump(i, j) is the composition
the adjacent transpositions s; 0 s;41 0 --- 0 s;_1 for j > 1,
while a transposition (4 j) equals jump(¢, j) o jump(j — 1, )
for j > ¢. Analogous expressions hold for j < i.

5 Runtime Analysis in Lehmer Code Space

In this section, we rigorously analyze the performance of
RLS and the (1 + 1)-EA on several representative bench-
mark functions introduced in Sect. 3. These analyses pro-
vide insights into the behavior of the algorithms under var-
ious conditions. In particular, we focus on deriving bounds
on the expected number of function evaluations required to
reach an optimal solution, also referred to as the expected
optimization time.

5.1 RLS with Uniform Mutation Strength

We begin by analyzing RLS equipped with the uniform step
operator. For the fitness functions £L-ONEMAX or FACVAL,
obtaining tight bounds via drift analysis is challenging due
to the decreasing dimension sizes in the Lehmer code space.
Fortunately, the problem can be reformulated as a variant of
the Coupon Collector’s Problem with unequal probabilities.
The result is stated in the following theorem.

Theorem 1. Consider RLS equipped with uniform step op-
erator and uniform probability vector, then its expected op-
timization time minimizing either L-ONEMAX or FACVAL
is bounded from above by (n —1)?Inn + (n — 1)? and from
below by (n — 1)?Inn — o(n?logn).

The following theorem provides an exact expres-
sion for the expected optimization time of RLS on
L-LEADINGZEROS.

Theorem 2. The expected optimization time of RLS,
when using the uniform step operator and uniform prob-
ability vector on the L-LEADINGZEROS function, is
n3/2 — 2n? + nH, + 3n/2 — H,.

One may notice that there exists an imbalance in the op-
timization time of the operator across different positions
due to the unequal domain sizes in the Lehmer code space.
Therefore, it is natural to investigate whether the expected
optimization time of RLS will be faster if equipped with the
proportional probability vector which, from the probability
perspective, smooths out the effects caused by differences in
domain sizes. The following two theorems state the results.

Theorem 3. Consider RLS equipped with uniform step
operator and proportional probability vector, then its ex-
pected optimization time minimizing either L-ONEMAX or
FACVAL is n(n — 1)(In(n) + ©(1))/2.



Theorem 4. Consider RLS equipped with uniform step
operator and proportional probability vector, then its ex-
pected optimization time maximizing L-LEADINGZEROS is
n?/2 —n?H, /2 —n?/2 +nH,/2.

We note that the proportional probability vector gives no
asymptotic speed-up compared to the uniform one. More-
over, for the unit step operator, the mutation strength is the
same for each position. Therefore, the proportional proba-
bility vector will no longer be considered in the subsequent
analyses.

5.2 RLS with Unit Mutation Strength

Theorem 5. Consider RLS equipped with 1 step opera-
tor and uniform probability vector, then its expected opti-
mization time minimizing either L-ONEMAX or FACVAL is
O(n?).

Theorem 6. Consider RLS equipped with +1 step
operator and uniform probability vector, then its ex-
pected optimization time maximizing L-LLEADINGZEROS is
2nt/9 — /18 + n?/9 + n/18.

5.3 (1 + 1)-EA with Uniform Mutation Strength
Now, we begin to analyze (1 + 1)-EA equipped with uni-
form step operator, and the following theorem provides a

general lower bound for its expected optimization time on
both £L-ONEMAX and FACVAL.

Theorem 7. Consider (1 + 1)-EA equipped with uniform
step operator, then its expected optimization time minimizing
either L-ONEMAX or FACVAL is bounded from below by
Q(n?logn).

We state the following two theorems that provide the
upper bounds for the expected optimization time on
L-ONEMAX and FACVAL which match their lower bound
asymptotically.

Theorem 8. Consider (1 + 1)-EA equipped with uni-
form step operator, then its expected optimization time
minimizing L-ONEMAX is bounded from above by
e(n —1)%Inn + 2e(n — 1)2 — 2e(n — 1).

Theorem 9. Consider (1 + 1)-EA equipped with uni-
form step operator, then its expected optimization
time minimizing FACVAL is bounded from above by
69.2(n — 1)%2Inn + O(n?).

Doerr and Pohl (2012) analyze (1 + 1)-EA on all linear
functions in the search space [r + 1]™. Applying the bound
they provide, the expected optimization time of (1 + 1)-EA
on NVAL is bounded from above by O(n*loglogn) and
from below by Q(n?logn). We improve this bound via the
same proof technique used in Theorem 9.

Theorem 10. The expected optimization time of (1 + 1)-EA
on NVAL is ©(n? logn).

In the following theorem, we provide a tight bound for

the expected optimization time of (1+ 1)-EA equipped with
uniform step operator on £-LEADINGZEROS.
Theorem 11. Consider (1 + 1)-EA equipped with uniform
step operator, then its expected optimization time maximiz-
ing L-LEADINGZEROS is (e —2)(n— 1)+ (3 —3e/2)(n —
1)2 + R,,, where R,, > 0 and R,, = O(nlogn).
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5.4 (1+ 1)-EA with Unit Mutation Strength

The following theorem provides a general lower bound for
the expected optimization time of (1 + 1)-EA equipped with
=+1 step operator on both £L-ONEMAX and FACVAL.

Theorem 12. Consider (1 + 1)-EA equipped with +1 step
operator, then its expected optimization time minimizing ei-
ther L-ONEMAX or FACVAL is bounded from below by
(n—1)%

The following two theorems respectively provide asymp-
totic upper bounds for £-ONEMAX and FacVal.

Theorem 13. Consider (1 + 1)-EA equipped with +1 step
operatoy, then its expected optimization time minimizing
L-ONEMAX is bounded from above by O(n?).

Theorem 14. Consider (1 + 1)-EA equipped with +1 step
operator, then its expected optimization time minimizing
FACVAL is bounded from above by O(n?logn).

To conclude this section, we provide the exact expression
of the expected optimization time on £-LEADINGZEROS in
the following theorem.

Theorem 15. Consider (1 + 1)-EA equipped with +1 step
operator, then its expected optimization time maximizing

L-LEADINGZEROS is 22Y2=52 (1) 2816Ve (y_1)3 4
BVE12(p — 1)2 — ¥E(n — 1) — O(1).

48

5.5 Comparison of Runtime Results

Here, we mainly compare the results obtained in this sec-
tion with previous results based on the canonical represen-
tation of permutations. In the seminal work by Scharnow,
Tinnefeld, and Wegener (2005), the authors rigorously ana-
lyze the performance of a (1 4+ 1)-EA which chooses s+1
(s~Poi(1)) operators where each operator is decided by a
fair coin flip to be either jump or transposition. The authors
show that the expected optimization time on four fitness
functions including INV can be bounded by O(n?logn)
and Q(n?). In the recent work by Baumann, Rutter, and
Sudholt (2024), the authors show that the expected time for
RLS with adjacent swap to optimize INV can be bounded
by ©(n?). However, for the general (1 + 1) EA using
the classical representation on INV, the best available up-
per bound is still O(n?logn). For comparison, our bound
for £L-ONEMAX in Theorem 12 and Theorem 13 is ©(n?)
which is asymptotically tight.

In the work by Doerr, Ghannane, and Ibn Brahim (2023),
the authors show that the expected time for (1 + 1)-EA with
transposition to optimize PLEADINGONES can be bounded
by ©(n?). The same polynomial also appears in Theorem 11
for the related £L-LEADINGZEROS, even with exact coeffi-
cients for the cubic and quadratic terms. Only for unit muta-
tion (Theorem 15), the Lehmer representation gives a worse
complexity, which is due to a random walk behavior.

Due to difficulty and complexity, analyses based on
canonical representation are typically given in terms of
asymptotic bounds. Therefore, to enable a more detailed
comparison, we also include empirical analyses in in the fol-
lowing section.



6 Experimental Analysis

We conduct an experimental investigation with a twofold ob-
jective. First, we validate the theoretical runtime analysis on
benchmark functions by including the Harmonic mutation
operator in the comparison, as it has recently become pop-
ular in runtime analysis (Doerr, Doerr, and Kotzing 2018;
Fischer, Larsen, and Witt 2023). Second, we evaluate the al-
gorithms on real-world instances of the LOP and QAP that,
unlike benchmark functions, are NP-hard problems charac-
terized by fitness landscapes that exhibit high multimodality
and irregular patterns of neutrality.

The included Harmonic mutation works on the domain [i]
by choosing a step size j € [1..i — 1] with probability pro-
portional to 1/j, and the direction is chosen uniformly at
random. Hence, this operator is a compromise between the
very local unit mutation and the completely uniform one.
Moreover, since RLS search cannot escape local optima, we
limit the empirical analysis to (1 + 1)-EAs. In total, we
empirically evaluate six algorithms: three operating in the
Lehmer space—using harmonic (Lehmer-Harmonic), uni-
form (Lehmer-Uniform) and unit (Lehmer-Unit) mutation—
and three operating in the permutation space—employing
the standard jump (Perm-Jump), transposition (Perm-Trans),
and adjacent swap (Perm-AdjSwap) mutation.

To validate and complement the theoretical runtime re-
sults on benchmark functions, we considered instances of
all theoretical benchmark functions with n ranging from 50
to 350. For each algorithm-instance pair, 1000 independent
runs are conducted, except for those shown in the third graph
of Fig. 1, where 100 runs are performed. Each run reports
the number of evaluations required to reach the optimum.
Average results are shown in Fig. 1, with equivalent func-
tions grouped together. The graphs show that: (i) at least
one Lehmer-* algorithm always outperforms all the Perm-
* competitors, and (ii) Lehmer-Harmonic performs well
across all the theoretical benchmarks.

To ensure a more meaningful experimental comparison
for LOP/QAP, we slightly modified the implementations
of the (1+ 1)-EAs so that iterations in which the muta-
tion does not alter the current solution are not counted to-
ward the evaluation budget—a common aspect of algorithm
engineering (Pinto and Doerr 2018; Ye, Doerr, Wang, and
Bick 2022). For the sake of space, we also omit Perm-
AdjSwap because its performance is not competitive with
the others. For the LOP, we consider its minimization variant
(equivalent to the original maximization version') in which,
given a matrix B = [b;;],,xn, the objective is to minimize
flo) = ZDJ. bo(i),o(j)- In the QAP, an instance is defined
by two input matrices A = [@i;|nxn and B = [b;j]nxn,
and the goal is to minimize f(0) = >, ; @i jbs(i)0()-
total of 20 real-world instances have been selected: 10 from
the LOP and 10 from the QAP. LOP instances come from
the well-established IO benchmark suite (Marti and Reinelt
2022), while QAP instances are from the Skorin-Kapov sub-
set of the QAPLIB benchmark collection (Burkard, Karisch,

"Maximizing upper triangular part of the matrix and minimiz-
ing lower triangular part induce identical rankings over the solu-
tions.

37104

and Rendl 1997).

Two experiments were conducted: the first follows a
fixed-target setting using small instances of size n 10,
obtained by subsampling the selected benchmark instances;
the second adopts a fixed-budget setting and is performed di-
rectly on the original instances, whose sizes range from 42
to 100. In both experiments, each algorithm was executed
1000 times per instance.

In the experiment on instances with n = 10, we began
by performing an exhaustive search to identify the global
optima for all instances. We then executed each algorithm
repeatedly with a maximum budget of 1 000 000 evaluations
per run. For each run, we recorded whether the optimum was
reached, and the corresponding runtime—i.e., the number of
evaluations required to reach the optimum, or the maximum
budget if the optimum was not attained.

The first graph in Fig. 2 shows the success rates of each
algorithm, with results aggregated by problem. To assess al-
gorithmic efficiency, we also considered the empirical run-
time measure, defined as the average runtime divided by
the success rate, following Wang, Vermetten, Ye, Doerr, and
Bick (2022). This corresponds to the expected number of
evaluations required to reach the optimum using a multistart
version of the algorithm. Empirical runtimes, aggregated by
problem, are shown in the second graph of Fig. 2.

These figures show that Lehmer-Harmonic and Lehmer-
Uniform are by far more effective than Lehmer-Unit, both
approaching the performance of the Perm-+ algorithms in
terms of both success rate and empirical runtime. This is
particularly evident in the LOP, where their success rates
surpass that of Perm-Trans and are very close to that of
Perm-Jump.

In the experiment on larger instances, global optima are
unknown. Consequently, all runs use the entire evaluation
budget, which was set to 1000n to keep the computational
time manageable. Each run returns the best objective value
encountered. For the sake of aggregation, objective values
are converted to relative percentage deviations based on the
best value observed for each instance. Those relative per-
centage deviations, aggregated by problem, are presented in
the third graph of Fig. 2. The results align with the observa-
tions from the small-instances experiment.

7 Conclusion and Discussion

We have studied Lehmer codes, also called inversion vec-
tors, as representations for permutations in EAs. Our main
focus was the theoretical runtime analysis of simple EAs
using Lehmer codes (“Lehmer-EAs”) and a comparison to
existing analyses for the classical representation, in partic-
ular the seminal work by Scharnow, Tinnefeld, and We-
gener (2005). As we show for specific benchmarks, there
is a clear correspondence between simple mutations in the
Lehmer code and well-known fitness measures like the num-
ber of inversions in the classical space. Our runtime analy-
ses are asymptotically tight or even non-asymptotic in most
cases and reveal that on most benchmarks, the Lehmer-
EAs achieve an expected runtime of O(n?logn) or O(n?),
which is on par with the algorithms for the classical repre-
sentation or even better by a factor of ©(logn). An excep-
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Figure 1: Summary of the results obtained in the experiments on theoretical benchmark functions.
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Figure 2: Summary of the results obtained in the experiments on LOP and QAP.

tion is the £L-LEADINGZEROS function, where the expected
runtime of the Lehmer-EA using unit mutation is worse by
a factor of ©(n) than the classical approach. This is due to a
random-walk behavior, which can be remedied by the more
globally searching uniform mutation.

We supplemented experimental studies of the Lehmer-
EAs and compared them to the classical EAs on the the-
oretical benchmarks and on instances of the linear order-
ing and quadratic assignment problem. On the theoreti-
cal benchmarks, the Lehmer-EA with Harmonic mutation
is fastest. While the classical algorithms seem to perform
best in general on the empirical benchmarks, the perfor-
mance of the Lehmer-EAs with Harmonic and Uniform
mutation operators are not far behind. In future work, we
will analyze whether further runtime improvements for the
Lehmer-EAs are possible with advanced operators like self-
adjusting mutations and heavy-tailed mutations (Doerr, Do-
err, and Kotzing 2018; Doerr, Le, Makhmara, and Nguyen
2017) or by considering variants of the Lehmer code defini-
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tions which can be more suitable for optimization purposes
(Malagén, Irurozki, and Ceberio 2025).

Finally, although the results presented focus on simple
evolutionary algorithms, they may have far-reaching impli-
cations, offering valuable insights for the development of
more sophisticated methods based on Lehmer codes, as both
optimization (e.g. Uher and Kromer 2022) and learning (e.g.
Severo, Karrer, and Nolte 2025) have recently begun to ex-
plore their use for handling permutations.
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