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Abstract

Designing effective algorithmic components remains a fun-
damental obstacle in tackling NP-hard combinatorial opti-
mization problems (COPs), where solvers often rely on care-
fully hand-crafted strategies. Despite recent advances in us-
ing large language models (LLMs) to synthesize high-quality
components, most approaches restrict the search to a sin-
gle element—commonly a heuristic scoring function—thus
missing broader opportunities for innovation. In this pa-
per, we introduce a broader formulation of solver design
as a multi-strategy optimization problem, which seeks to
jointly improve a set of interdependent components un-
der a unified objective. To address this, we propose Multi-
strategy Optimization via Turn-based Interactive Framework
(MOTIF)—a novel framework based on Monte Carlo Tree
Search that facilitates turn-based optimization between two
LLM agents. At each turn, an agent improves one compo-
nent by leveraging the history of both its own and its oppo-
nent’s prior updates, promoting both competitive pressure and
emergent cooperation. This structured interaction broadens
the search landscape and encourages the discovery of diverse,
high-performing solutions. Experiments across multiple COP
domains show that MOTIF consistently outperforms state-
of-the-art methods, highlighting the promise of turn-based,
multi-agent prompting for fully automated solver design.

1 Introduction

From vehicle routing and scheduling to circuit design
and logistics, Combinatorial Optimization Problem (COP)
underpin many of society’s most complex decision sys-
tems (Phan Duc et al. 2025; Rajendran 1993; Tan, Mohd-
Mokhtar, and Arshad 2021). Yet, despite decades of
progress, building effective solvers for COPs remains a
costly and highly manual endeavor—requiring domain-
specific heuristics, iterative tuning, and substantial expert ef-
fort. Heuristics and meta-heuristics are currently the most
common methods used to tackle these problems (Desale
et al. 2015). However, these techniques often require sub-
stantial expert input, which increases development costs and
limits their flexibility across various problems.
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Figure 1: (a) Monolithic reflective pipeline: generation and
reflection exchange one-way hints around a single evaluator
with minimal behavioral awareness. (b) Turn-based inter-
active framework: two agents take turns generating and up-
dating under shared evaluations, yielding explicit peer feed-
back, richer diversity, and adaptive explore—exploit balance.

Significant progress has been made in the field of Auto-
matic Heuristic Design (AHD) (Burke et al. 2018). A promi-
nent example is Genetic Programming Hyper Heuristic
(GPHH) (Langdon and Poli 2013), a widely recognized al-
gorithm for AHD. However, many existing approaches still
rely heavily on predefined heuristic spaces or rules designed
by human experts (Pillay and Qu 2018). Recently, Language
Hyper-Heuristics (LHH) has emerged as a promising solu-
tion to overcome this limitation. Rather than manually de-
signing heuristic functions or relying on fixed search spaces,
researchers have begun leveraging the reasoning capabilities
of Large Language Model (LLM) to automatically gener-
ate more innovative heuristics. For instance, Liu et al. (Liu
et al. 2024; Romera-Paredes et al. 2024) integrated evolu-
tionary algorithms with LLM to evolve code with minimal



human intervention. Ye et al. introduced Reflective Evolu-
tion (ReEvo) (Ye et al. 2024), a framework that combines
evolutionary search with self-reflection (Shinn et al. 2023)
to further improve the effectiveness of LLM. Subsequent
studies, such as HSEvo (Dat, Doan, and Binh 2025), incor-
porated diversity measurements and harmony search (Shi,
Han, and Si 2012) to encourage more creative solutions. In
addition to evolutionary methods, other search algorithms
have also been explored in LHH. For example, MCTS-AHD
(Zheng et al. 2025) employed Monte Carlo Tree Search
(MCTS) with progressive widening (Browne et al. 2012;
Coulom 2007b) to better explore the heuristic space. These
methods, which require minimal expert knowledge, have
achieved competitive performance compared to state-of-the-
art solvers and neural network—based approaches.

However, previous approaches have generally focused on
searching for a single heuristic function within a general
framework, which limits the creativity and exploration po-
tential of LLM. To address this limitation, we propose a
multi-strategy optimization approach that aims to optimize
a set of strategies simultaneously rather than focusing on
just one. This broader search space enables LLM to gen-
erate more diverse and innovative solutions. Moreover, be-
cause multi-strategy optimization requires a significantly
more complex search mechanism than existing methods, we
introduce a turn-based interactive framework in which two
players sequentially compete to outperform each other in
discovering the best set of strategies, as presented in Fig-
ure 1. In conclusion, our contributions can be summarized
as follows:

* We introduce the novel problem of multi-strategy opti-
mization, where the goal is to jointly optimize a system
of algorithmic components under a shared performance
objective. This setting generalizes prior work that only
targets single-component improvements.

We propose a two-round competitive framework that de-
composes the problem into (i) component-wise optimiza-
tion using Competitive Monte Carlo Tree Search (CM-
CTS) under a dynamic baseline, and (ii) system-aware
refinement in which agents compete in a turn-based man-
ner with fixed baselines and full system visibility.

We design a library of competitive operators—including
counter, learning, and innovation—that structure LLM
prompting based on the opponent’s behavior, recent
history, and baseline context. This enables emergent
self-play dynamics and yields superior implementations
through adversarial pressure and contextual learning.
We conduct extensive experiments across three algorith-
mic frameworks, five COP domains, and diverse strat-
egy sets. Results consistently demonstrate that MOTIF
outperforms prior frameworks—both in single-strategy
and multi-strategy optimization—validating the power of
turn-based self-play.

2 Related Works
2.1 Automatic Heuristics Design

Previous work on LHH (Liu et al. 2024; Ye et al. 2024; Dat,
Doan, and Binh 2025; Zheng et al. 2025; Tran et al. 2025)
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has explored the use of LLMs to design heuristic functions
via evolutionary algorithms or tree-based search. While
these approaches improve over traditional metaheuristics
and Neural Combinatorial Optimization (NCO), they exhibit
two core limitations. First, they aim to optimize a single
heuristic in isolation, overlooking the potential of weaker
components that, when combined, can yield stronger overall
performance. This narrow focus restricts the generative flex-
ibility of LLMs. Second, although prior frameworks incor-
porate self-reflection to assess interactions between heuris-
tics, such mechanisms are limited in scope and depth. Typ-
ically based on static comparisons or surface-level sum-
maries, they struggle to capture hidden incompatibilities or
potential synergies. As a result, the LLM receives insuffi-
cient feedback for meaningful revisions, hampering its abil-
ity to conduct deeper exploratory optimization and refine its
outputs throughout the search process.

2.2 Learning Through Self-play

Recent work has shown that game-based self-play can
enhance LLM reasoning through structured interaction,
such as critique, revision, or deception. For instance,
SPAG (Cheng et al. 2025) frames reasoning as an at-
tacker—defender game to improve deception detection; CDG
(Wang et al. 2025) trains a prover—critic pair to expose
flawed reasoning; and (Fu et al. 2023a) uses self-play and
Al feedback in negotiation tasks to refine decision-making.
While effective for internal rationality and dialogue skills,
these methods do not address the co-evolution of multiple
algorithmic components for structured tasks. In contrast, our
approach applies self-play to multi-strategy optimization,
where LLM agents iteratively critique, improve, and com-
pete over distinct heuristics—introducing a new paradigm
of inter-strategy competition under system-level feedback.
To our knowledge, this is the first use of self-play for opti-
mizing combinatorial solvers in this setting.

3 Multi-strategy Optimization

Prior works (Liu et al. 2024; Ye et al. 2024; Dat, Doan, and
Binh 2025; Zheng et al. 2025) has largely focused on tuning
a single heuristic assuming it alone drives solver quality. In
contrast, we adopt a multi-strategy view that treats each rou-
tine as an independent optimization target, enabling coordi-
nated improvements across the solver pipeline. This modu-
lar perspective fosters richer interaction among routines and
often yields greater overall solver synergy than isolated rule
refinement.

Definition 3.1 (Domain, Instance, and Solution). A COP
domain d defines a class of discrete problems, such as the
Travelling Salesman Problem (TSP) or Capacitated Vehicle
Routing Problem (CVRP). Without loss of generality, we as-
sume the objective is to minimize a cost function; maximiza-
tion problems can be equivalently transformed by negating
the objective. Under this convention, each domain specifies:

* a space of instances Xy, where each instance x € A}
encodes problem-specific data (e.g., graph structure, dis-
tances matrix, constraints),



* a global solution space ), representing all possible so-
lutions across all instances, and

* an objective function f; : Xy x Vg — R that quantifies
the quality of a solution relative to a given instance.

For a specific instance x, the feasible solutions form a subset
Ya(x) C V4. The goal is to find a solution y* € YVy(x) that
minimizes f4(x,y).

Definition 3.2 (Solver and Strategy). A solver s is an algo-
rithmic framework that generates a solution y € Y;(x) for
a given instance x € A}, guided by a collection of inter-
nal routines. Each such routine is referred to as a strategy
Ty, which may include heuristic scoring rules, construction
policies, neighborhood moves, penalty update mechanisms,
or other algorithmic components. The solver operates as:

y=s(x|(m,m2,...,7K)). (1

Definition 3.3 (Strategy Space). For each strategy type m,
let S, denote the space of all valid implementations, includ-
ing both functional variants and parametrizations. All strate-
gies in S, share a common function signature and optimiza-
tion objective, ensuring interoperability within the solver.
Variations among strategies arise from differences in inter-
nal logic, parameter choices, or heuristic design, while main-
taining consistent input-output behavior.

Given a solver s equipped with a sequence of K strategies
ITI = (my,7e,...,7K), its performance on an instance x €
X, is evaluated by the objective value

Fd(x\l'[):fd(x,s(xﬂ'l)). )

Since the solver’s behavior is determined by its underlying
strategies, optimizing solver quality amounts to optimizing
the design of these strategies.

Definition 3.4 (Multi-strategy Optimization). The multi-
strategy optimization problem aims to simultaneously op-
timize a sequence of K strategies IT = (my,m2,...,7K),
implemented within solver s, where each 7, belongs to its
corresponding strategy space Sy, , to minimize the expected
solver objective across the domain, as follows:

IT* :argmriln Ex~x, [Fd(x | H)}, 3)
subject to a total computational budget 1" (e.g., total solver
runs, code evaluation time).

Ours formulation enables a more holistic view of solver
design: instead of optimizing components in isolation, we
jointly evolve multiple, interacting strategies under a uni-
fied optimization objective. By modeling each strategy as
an adaptive and parameterizable unit, our approach supports
richer design spaces and unlocks synergies that static, hand-
crafted routines cannot capture.

4 MOTIF
4.1 Architectural Overview

MOTIF adopts a two-round optimization process that re-
flects a natural progression from local specialization to
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global integration. The goal is to gradually increase the cog-
nitive burden placed on the agents, allowing them to first
perform focused improvements under simplified context be-
fore advancing to more complex, system-aware reasoning.

Component-wise Competition. In the first phase, the
solver is decomposed into a set of individual strategies
{m1, 72, ..., 7K}, each optimized independently. A separate
competitive tree is constructed for each strategy, where two
agents alternately propose revisions to a single component
at a time. During this phase, agents operate with partial con-
text: they have access only to the implementation and per-
formance of the target strategy, its dynamic baseline, and
the opponent’s proposal.

System-aware Refinement. Once all components have
been optimized in isolation, the second phase begins. Here,
agents revisit each strategy sequentially, but now with access
to the full system configuration. At each turn, a player pro-
poses a modification to one strategy while observing the en-
tire combination of current implementations. A fixed global
baseline is used during the optimization of each component,
ensuring fairness and stability across turns. This phase en-
courages the emergence of synergistic adaptations, where
the effectiveness of one strategy depends on how well it in-
tegrates with others.

Turn-based Dual-agent Game. Throughout both phases,
the optimization proceeds as a turn-based game. At each
turn, a player selects an operator to generate a new imple-
mentation, aiming not only to beat the baseline but also to
outperform the opponent. This structure fosters both adver-
sarial behavior—by incentivizing relative gains—and coop-
erative dynamics—by reinforcing global cost reduction. The
continuous interplay between agents creates a rich and adap-
tive optimization trajectory that evolves from competitive lo-
cal improvements to system-level coherence.

4.2 Component-wise Competition

Outer Controller and Strategy Selection. In the first
phase, MOTIF maintains a separate tree 7T for each strat-
egy my. At each outer iteration, a controller selects one tree
to optimize using a UCB-based rule:

)

k = arg max
1<k<K

R,
ﬁ; + Cou

where R; and NN; are the total reward and visit count of tree
7;, and Coy controls exploration.

The selected strategy is then optimized via a two-player
competition. Although only one component is updated per
turn, its impact is assessed globally via the system cost.

Node Representation. Each node represents a game state
where P; and P» each hold a distinct implementation of 7y,
along with their respective code, and improvement metrics.
Nodes are linked through operator-based transformations,
and updated using turn-aware reward signals. Since only
one player acts per turn, the structure supports asymmetric
credit assignment and promotes adaptive behavior. Each Ty,
evolves via a Competitive MCTS, as described next.
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Figure 2: Overview of the component-wise competition framework. Left: The outer controller selects a strategy tree 7 to
optimize in each iteration. Right: The selected tree is improved via a two-player CMCTS, where agents alternate turns using
one operator. Each move prompts the LLM with contextualized information about the current and opponent implementations,
as well as prior history. Generated code is evaluated and backpropagated through the tree based on a Q-value that accounts for
both absolute and relative improvements. The best solution is retained for potential system-level baseline updates.

Competitive Monte Carlo Tree Search. In CMCTS,
each node represents a two-player duel over a specific strat-
egy Tk, where both players maintain separate implementa-
tions and cost estimates. The tree expands through one of
three competitive operators that guide the language model £
in proposing new code:

* Counter targets weaknesses in the opponent’s code,
prompting the LLM to design adversarial improvements
that exploit inefficiencies or limitations.

* Learning encourages synthesis by integrating strengths
from the opponent’s implementation into the agent’s own
solution.

* Innovation promotes exploration by instructing the LLM
to ignore prior solutions and propose novel, potentially
unconventional approaches.

Together, these operators span a rich spectrum of behav-
iors—from adversarial exploitation to constructive integra-
tion to exploratory invention. During search, the UCB for-
mula is applied at the operator level to ensure systematic
coverage of diverse transformation types.

As illustrated in Figure 2, the competitive search follows
a standard MCTS procedure with the following four steps:

1. Selection. The search begins at the root and follows the
child nodes created by the current player. If all operators
have been explored at a node, the child with the highest aver-
age Q-value is selected. Otherwise, an unexplored operator
is chosen based on a UCB rule:

In N (m)

UCB(o, ) = Non)’

+ Cin (5 )
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where Q(o, ) is the cumulative reward, N (o, ) the visit
count for operator o, and N () the total visits to node .
The constant Cj, balances exploration and exploitation.

2. Expansion. A new node is created by applying the se-
lected operator to the current player’s implementation. Let
p € {P1, P2} be the active player and 7(P) their current
code. The language model £ generates a new implementa-

tion via:
Whp)} , {H@)’H(ﬁp)} ;B)) :
(6)

7 L (Prompt (o; {7‘('(]3)

where o € {counter, learning, innovation} is the selected
operator type; 7", 7(™P) are the current implementations
of the active player and their opponent, respectively; H(P),
H(™P) are the recent move histories of each player, includ-
ing summaries of past improvements and operator usage; 3
denotes the current baseline, consisting of the reference im-
plementation and its associated system cost.

3.Evaluation. The modified implementation 7 is inserted
into the system, replacing the corresponding strategy. The
resulting cost is compared to the fixed baseline to compute
the improvement I(?) (%) for the current player p. The oppo-
nent’s value 1(™P) (%) reflects their unchanged performance
at the same node, inherited from the parent.

4. Backpropagation. The resulting reward is propagated
upward through the tree. For player p, the Q-value combines
both absolute improvement and competitive gain:

QP = \. J(I(p)) +(1=X)- a(I(”) _ _r(ﬂp))7 (7)
where o(z) = o= and A € [0,1] controls the balance.
This reward updates statistics for both the visited nodes and



the operator used, supporting informed selection in future
iterations.

Dynamic Baseline. To drive meaningful progress dur-
ing optimization, we adopt a dynamic baseline mecha-
nism. At any outer iteration, the baseline refers to the best-
known implementation of a strategy—initially handcrafted
or warm-started—and is updated whenever an agent pro-
duces a strictly better implementation. Each agent competes
not against a static reference, but against the most recent
high-performing solution from the opposite player.

4.3 System-aware Refinement

In the second phase, each strategy 7 is re-optimized with
full system visibility. Unlike the first phase, players now op-
erate over the entire configuration IT = (71, ..., 7k ), using
a fixed baseline for each strategy.

The key distinction lies in the prompt construction: rather
than focusing on local context and opponent-specific fea-
tures, the prompt now includes the full system configuration,
global baseline cost, and historical search traces. This en-
ables the language model £ to reason about system-level de-
pendencies, hyperparameter synergies, and global optimiza-

tion behavior:
} , {Hw)’ H(w)})) .
(3)

An update is accepted only if it improves upon both the
baseline and the opponent’s best result, promoting coordina-
tion across components and discovering configurations not
reachable through isolated optimization. See Appendix C.4
for more details.

(=p)

T L (Prompt (H; {ﬂ](cp),ﬂ'k

S Experiments

Settings. We employ the gpt-40-mini-2024-07-18
model for both agents throughout our experiments. This
model, although not highly capable in coding tasks, was de-
liberately chosen for its affordability, fast inference, and sup-
port for structured outputs, which are essential for reliable
parsing and downstream processing. Given its limited rea-
soning ability, we design a structured response format that
enforces clarity in its generation process.

Specifically, we adopt a lightweight variant of chain-of-
thought prompting (Wei et al. 2022). Each response must
contain a reasoning field, in which the model is required
to explain its thought process in no more than five concise
sentences. The code field contains the generated Python
implementation, while the summary field briefly describes
the key changes introduced in the current turn. This tri-field
schema helps us better monitor reasoning quality, code cor-
rectness, and strategic intent during each optimization step.

Training and Evaluation Setup. All optimization is con-
ducted on a lightweight training set, while final performance
is measured on a held-out test set. Full details of the setup,
including dataset construction and evaluation protocol, are
provided in Appendix D.1.!

'Our code is available at: github.com/HaiAu2501/MOTIF
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Methods TSP50 TSP100 TSP200 TSP500
EoH 0.000 £0.000 0.012 £0.009  0.639 £0.097  5.796 £ 0.146
ReEvo 0.000 £0.000 0.335+0.449 2.081 £1.927  7.918 £ 3.051
HSEvo 0.108 £0.138  3.0954+2.363 11.254 +6.424 24593 + 7.314
MCTS-AHD  0.000 £ 0.000 0.024 +0.007  0.652 £0.111  5.611 +0.216
MOTIF 0.000 £ 0.000 0.007 £ 0.006 0.610 & 0.100  5.577 + 0.255

Table 1: Average optimal gap (%o) on TSP with GLS: com-
parison across methods (3 runs).

5.1 Single-strategy Search

Guided Local Search. Among classical metaheuristics
for combinatorial optimization, one of the most effective is
Guided Local Search (GLS) (Voudouris and Tsang 1999),
which enhances local search by penalizing frequent features
of poor local optima. It has demonstrated strong perfor-
mance on combinatorial problems such as the TSP. In prac-
tice, GLS is often deployed with handcrafted heuristics that
guide the search toward promising regions of the solution
space.

To preserve the efficiency of GLS, prior works typically
optimize only a single heuristic component—usually the
precomputed penalty scoring function—while keeping the
surrounding search logic fixed. We adopt the same design
philosophy to ensure fair comparison and fast runtime dur-
ing evaluation.

As shown in Table 1, even under this restricted single-
strategy setting, our method significantly outperforms sev-
eral recent LLM-based methods.

5.2 Multi-strategy Search

Ant Colony Optimization. Simulating the pheromone-
based foraging behavior of ants, Ant Colony Optimization
(ACO) (Dorigo, Birattari, and Stutzle 2007; Dorigo and
Stiitzle 2018) has established itself as a versatile and com-
petitive framework for solving NP-hard combinatorial prob-
lems. Classical ACO implementations consist of multiple
expert-designed components, each responsible for a spe-
cific sub-behavior of the colony. In our view, these compo-
nents—often treated as fixed formulas—can themselves be
subject to optimization. Specifically, we target the following
sub-strategies: (i) the initialization scheme for heuristic and
pheromone scores, (ii) the construction policy that combines
heuristic and pheromone information into a transition prob-
ability distribution, and (iii) the pheromone update rule that
determines how feedback from previous solutions reinforces
or weakens certain paths.

Figure 3 compares the performance of our proposed MO-
TIF framework with several competitive baselines across
five distinct optimization problems, each evaluated at five
problem scales. The results demonstrate that jointly opti-
mizing multiple strategies in ACO yields substantial perfor-
mance gains over both human-designed and LLM-generated
single-strategy baselines.

Deconstruction-then-Repair. We introduce a simple yet
effective constructive framework as the starting point for
strategy exploration. The framework operates in three se-
quential stages: (i) a greedy initialization guided by an edge
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Figure 3: Comparison of AHD frameworks applied to the ACO algorithm. EoH, ReEvo, and MCTS-AHD optimize only a
single strategy component (the heuristic function), while MOTIF concurrently optimizes two or three strategy components.
Left: Relative performance compared to the human-designed baseline. Right: Evaluation curves showing the best objective

value over time (measured by the number of evaluations), averaged over three independent runs.

scoring function 71; (ii) a partial destruction phase that re-
moves low-quality elements based on a badness scoring
strategy mo; and (iii) a repair phase that incrementally re-
constructs the solution using a placement selection criterion
ms. This process reflects a natural design philosophy: pro-
ducing reasonably good solutions quickly without engaging
in costly search loops.

Table 2 reports the improvement margins achieved by op-
timizing one, two, or all three strategies in the framework.
Each component contributes differently depending on the
problem domain—for example, 73 is critical in TSP, while
w2 plays a larger role in CVRP and BPP. Overall, jointly op-
timizing two or more strategies consistently outperforms the
single-strategy setting, demonstrating the synergistic bene-
fits of multi-strategy optimization.

These results also suggest that, beyond merely tuning
isolated heuristics, LLMs hold promise in co-designing
full algorithmic pipelines. This supports the broader vision
of transforming a simple, human-sketched pipeline into a
strong, domain-adapted algorithm through iterative LLM-
guided search.

5.3 Convergence and Diversity Analysis

Figure 4 plots the best optimality gap achieved at each outer
iteration across five independent training runs. While occa-
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Figure 4: Convergence behavior of the MOTIF framework
during training, averaged over five independent runs. Left:
Best optimality gap achieved at each outer iteration, shown
separately for Player 1 (P1), Player 2 (P2), and the overall
best. Right: Performance breakdown by operator type.

sional regressions are observed—due to the exploratory na-
ture of operator moves—the overall trend is clearly down-
ward, indicating steady convergence.

Interestingly, both players exhibit closely aligned perfor-
mance curves throughout training, suggesting a dynamic
equilibrium in which competitive pressure drives mutual im-
provement. Furthermore, as shown on the right, all three



. TSP CVRP BPP
Strategies
50 100 200 50 100 200 100 200 300

st 039+0.17 081+027 072+045 147+£0.16 296+£0.25 230+£039 3.17+£0.00 4.82+£0.00 4.77 £0.00

T 313 +£0.05 624+021 8.18+026 427+024 7.04+0.73 6.85+£0.75 23.194+0.05 24424+0.02 2500+ 0.00

T3 3.88+0.04 791+001 11354+003 634+£0.08 507+£002 428+£0.03 12.70+7.51 12.84+£7.15 12.15+7.49

(1, 72) 258 +£0.50 5.04+078 584+£126 6.06+£1.64 794+£271 885+£2.64 23.15+0.15 2440+0.06 24.98+0.02

(2, 73) 383+£0.16 797 +£0.14 11.59+£0.07 10.64+0.74 1231+0.57 11.71+1.03 23.05+0.11 2432+0.15 24.89+0.15

(m1,m2,m3) 3.88£0.04 796+0.03 11.65+0.05 1098 +1.64 12.84 +3.17 13.06+3.67 23.94£0.55 25.02+041 25.41-+£0.26

Table 2: Performance comparison between single-strategy and multi-strategy optimization across three combinatorial problems:
TSP, CVRP, and BPP, each evaluated at various instance sizes. Results indicate percentage improvement over the human-
designed baseline, averaged over 3 runs. Strategies 7, 72, T3 denote initialization, deconstruction, and repair respectively.

operators—counter, learning, and innovation—demonstrate
similar convergence profiles, reflecting the robustness and
adaptability of our operator design across varying strategic
contexts.

Operator ~ Success rate (1)  Novelty score (1)  Silhouette score (1)
Counter 93+2% 0.0136 + 0.0067 0.5121 £ 0.0208
Learning 92+2% 0.0118 £ 0.0054 0.5325 + 0.0300
Innovation 97+1% 0.0175 + 0.0110 0.4793 £ 0.0240

Table 3: Diversity and success analysis for each operator.
Success rate measures the proportion of generated imple-
mentations that improve upon the current baseline. Novelty
score captures the average semantic distance to other op-
erators’ outputs within the same strategy. Silhouette score
quantifies intra-operator cohesion and inter-operator separa-
tion in the embedding space. All metrics are averaged over
five independent runs.

Another question in operator design is whether LLM-
based strategies can break free from conventional coding
patterns and exhibit genuinely novel behavior. To examine
this, we conduct a semantic diversity analysis of the gen-
erated implementations. Specifically, we compute two met-
rics—novelty and silhouette score—based on code embed-
dings to assess how distinct and well-separated each opera-
tor’s outputs are. Formal definitions and computation details
of these metrics are provided in Appendix D.4.

Table 3 compares the three operators across success rate,
novelty, and silhouette score. Innovation exhibits the highest
novelty, reflecting its broad exploration of new code regions.
However, it has the lowest silhouette score, suggesting its
outputs are scattered and lack internal consistency. Counter
achieves moderate novelty and silhouette, indicating a bal-
anced behavior—exploring new directions while maintain-
ing some cohesion. Learning ranks lowest in novelty but
highest in silhouette, showing that it tends to exploit familiar
patterns with consistent and stable outputs.

These trends align with the intended design: innova-
tion promotes diversity, learning refines known ideas, and
counter responds adaptively to the opponent.

5.4 Ablation Study

Table 4 reports the impact of removing various components
on the final optimal gap (lower is better) for two solvers:
ACO and GLS. Among three components, removing the dy-
namic baseline causes the most severe performance drop,
especially in the test phase—indicating that without contin-
ual baseline updates, the system lacks incentive to improve
and tends to stagnate.

Disabling reasoning also leads to a notable degradation,
highlighting its importance in enabling the model to reflect
on prior failures and generate meaningful revisions.

Methods ACO GLS
Train Test Train Test
w/o Outer Controller 0.74+ 039 561+086 081+0.14 288+0.11
w/o Dynamic Baseline  1.55 £0.26 9.50 £4.24 0.624+020 294 £0.18
w/o Final Round 126 £0.52 5.72+0.78 0.39+0.13 2.82£0.06
w/o Reasoning 1.63+094 7.88+376 0.80£0.23 3.05+0.04
w/o Player Context 0.82+0.63 6.06£1.27 0.53+0.07 2.97+0.04
w/o Opponent Context  0.97 £0.50 5.58 +£1.31 0.48 +0.00 2.98£0.13
w/o Counter 142+0.07 6.71+£052 0.64+0.19 320+0.12
w/o Learning 091+032 959+574 0.62+0.02 3.00+0.12
w/o Innovation 1.73+£0.31 6.654+0.80 0.424+0.09 2.86+0.00
MOTIF (original) 0.80+0.28 521+0.35 034+0.19 2.73+0.05

Table 4: Ablations on components, prompting, and opera-
tors. Numbers denote optimality gap (%, lower is better),
averaged over 3 runs. Results are reported under a small
evaluation budget, using TSP50 for training and TSP100 for
testing, to highlight performance differences more clearly.

6 Conclusion

We introduced a two-phase competitive optimization frame-
work that leverages turn-based interactions between LLM
agents to improve multi-strategy solvers. Through dynamic
baselines, self-play prompting, and system-aware refine-
ment, our method consistently outperforms prior approaches
across diverse combinatorial problems. The results highlight
the importance of both adversarial pressure and structured
cooperation in driving algorithmic innovation.
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