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Abstract

Clustering is a long-standing research problem and a funda-
mental tool in Al and data analysis. The traditional k-center
problem, known as a fundamental theoretical challenge in clus-
tering, has a best possible approximation ratio of 2, and any
improvement to a ratio of 2 — e would imply P = N/P. In this
work, we study the constrained k-center clustering problem,
where instance-level cannot-link (CL) and must-link (ML) con-
straints are incorporated as background knowledge. Although
general CL constraints significantly increase the hardness of
approximation, previous work has shown that disjoint CL sets
permit constant-factor approximations. However, whether lo-
cal search can achieve such a guarantee in this setting remains
an open question. To this end, we propose a novel local search
framework based on a transformation to a dominating match-
ing set problem, achieving the best possible approximation
ratio of 2. The experimental results on both real-world and
synthetic datasets demonstrate that our algorithm outperforms
baselines in solution quality.

Code — https://github.com/ChaoqiJia/LSCKC

1 Introduction

Clustering is a fundamental task in unsupervised machine
learning, and it is often employed in semi-supervised learning
applications through background knowledge (Van Engelen
and Hoos 2020). It is widely used in applications such as
online customer segmentation (Chen, Sain, and Guo 2012)
and recommendation systems (Sarwar et al. 2002). Typical
clustering problems include k-means (Bidaurrazaga, Pérez,
and Cap6 2021), k-center (Alipour 2020) and facility loca-
tion (Garimella et al. 2015), which are commonly A/P-hard
but with broad applications. In particular, we consider the gen-
eral metric k-center problem where the best possible approx-
imation ratio is well known to be 2 by Hsu and Nemhauser
(1979). The problem aims to minimize the maximum dis-
tance between any data point and its closest center. This
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objective can be alternatively considered as minimizing the
(maximum) covering radius of the clusters, with application
scenarios like minimizing the furthest traveling distance in
trip planning or the largest dissimilarity in document summa-
rization. Several decades ago, two independent works (Gon-
zalez 1985; Hochbaum and Shmoys 1985) both achieved a
2-approximation on k-center clustering using different ap-
proaches.

Furthermore, in reality, relationships existing among enti-
ties can be partially derived from some accessible background
knowledge in a semi-supervised setting, such as similar en-
tities, disjoint entities, or more concretely, the available en-
tity class labels. The relationships are generally represented
as instance-level cannot-link (CL) and must-link (ML) con-
straints, which can be leveraged as a form of regularization
to obtain better clusters. Clustering with instance-level con-
straints was first introduced by Wagstaff and Cardie (2000),
where both CL and ML constraints between each pair of data
nodes were considered, i.e., nodes with an ML constraint
must belong to the same cluster, whereas nodes with a CL
constraint must be placed into different clusters. When using
clustering to directly infer the classification of data (Basu,
Davidson, and Wagstaff 2008), both CL and ML constraints
that express side information about the underlying class struc-
ture can greatly boost the classification performance. In semi-
supervised learning, labeling unlabeled data via clustering
with CL and ML constraints can help labels propagate more
effectively (Li, Liu, and Tang 2009). This paper focuses on
the problem of k-center clustering with CL and ML con-
straints, for which we design a local search algorithm that
achieves the best possible 2-approximation.

Related Work Instance-level constraints such as CL and
ML have been widely adopted in different clustering prob-
lems such as k-means clustering (Wagstaff et al. 2001), spec-
tral clustering (Coleman, Saunderson, and Wirth 2008), and
hierarchical clustering (Davidson and Ravi 2009). In addi-
tion, Basu, Davidson, and Wagstaff (2008) had collated an
extensive list of constrained clustering problems. CL con-
straints were known to be problematic to clustering as their



inclusion could lead to a computationally intractable feasi-
bility problem (Davidson and Ravi 2007), i.e., no efficient
approximation algorithm can exist for finding any clustering
result satisfying all CL constraints unless P = A/P. This
inapproximability result is obtained via a reduction from the
k-coloring problem and has hindered the development of
approximation algorithms for constrained clustering. Despite
the negative theoretical result, CL constraints are widely use-
ful for modeling or resolving conflicting relationships. For
instance, Davidson, Ravi, and Shamis (2010) were among the
first to study the k-center clustering problem with instance-
level constraints, focusing on the case k = 2. They incorpo-
rated an SAT-based framework to obtain an approximation
scheme with (1 + €)-approximation for this extreme case.
After that, Brubach et al. (2021) studied k-center only with
ML constraints and achieved a 2-approximation. Recently,
Guo et al. (2024) leveraged the structure of disjoint CL sets
and then the construction of a reverse dominating set (RDS)
to result in a constant factor approximation ratio of 2 that is
the best possible.

In contrast with their works, we propose a different tech-
nique, called dominating matching set (DMS), based on local
search to solve this problem. In particular, local search is an
effective approach for solving many optimization problems
(Arya et al. 2001; Kanungo et al. 2002; Cohen-Addad et al.
2022; Feng et al. 2019), though it is often non-trivial to pro-
vide approximation guarantees. By the local search algorithm
for the CL k-center clustering, our method achieves the best
2-approximation ratio unless P = NP and provides better
cost for this problem in the experiments.

Our Results and Contribution In this paper, we mainly
deal with the troublesome CL constraints for the general
value of k, i.e., the CL k-center problem. Following the con-
straint types by Guo et al. (2025), we consider approximat-
ing k-center with both disjoint CL and ML constraints. We
develop a unique local search framework by first assum-
ing that the radius of an optimal solution to the constrained
(CL/ML) k-center is known. With the optimal radius, the CL
set constraints can be transformed into an auxiliary [-partite
graph, and the k-centers are to be locally searched through
a structure called single-swap free dominating matching set
(SF-DMS). Our local search algorithm first selects a feasible
solution to CL k-center, and then repeatedly finds a single
swap therein to improve the solution until no such single
swap exists. In the approximation ratio analysis, we bound
the number of remaining centers by & when the local search
terminates. The key idea is to show that the centers actually
compose an SF-DMS, for which the radius is at most twice
the optimal. We also observe that it is A"P-hard to compute
a minimum DMS, whereas an SF-DMS can be computed
in polynomial time and leads to a desirable solution to the
problem with a provable performance guarantee. Our main
contribution can be summarized as follows:

¢ Propose a threshold-based local search algorithm for k-
center with CL/ML constraints by novelly transforming
a CL k-center problem into a dominating matching set
(DMS) in an auxiliary [-partite graph.

e Show that the best possible 2-approximation can be
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achieved for the constrained k-center problem with dis-
joint CL constraints by introducing a structure called the
single-swap free DMS with local search, which enables
the computation of a desirable solution in polynomial
time.

* Conduct extensive experiments on both real-world and
synthetic datasets to demonstrate the algorithm’s superior
performance in practice in terms of the clustering cost
and practical approximation ratio. The results show that
our local-search-based approximation algorithm consis-
tently outperforms the baselines under both disjoint and
intersected CL constraints.

2 Preliminary

Given an input dataset P = {p, ..., p,} with a collection
of n data points, we first denote the distance function be-
tween any two data points p; and p; as d(p;, p;). Then the
distance between a point p € P and the center set C' can be
defined as d(p, C) = min.cc d(p, c), where the distance
is d(p,0) = +oo while the set C' is empty. The classi-
cal (discrete) k-center problem aims to select a center set
C C P such that the maximum metric distance between
P and C is minimized. Formally, the objective of the tra-
ditional k-center clustering is to seek an optimal center set
C* = argminccp maxyep d(p, C) with a minimum ra-
dius. For brevity, we denote the optimal radius by opt.

Constrained (CL/ML) k-Center With the same optimiza-
tion objective as the traditional k-center, the constrained k-
center problem differs in that its input data points are subject
to predefined CL and ML constraints. We introduce neces-
sary definitions and notations for formulating the constrained
(CL/ML) k-center following Guo et al. (2024). Formally, we
set cannot-link (CL) constraints ) = {Y7,...,Y;}, where
eachY; C P and |Y;| < k is a set of points that cannot be
assigned to the same cluster. Similarly, must-link (ML) con-
straints are given as a collection of sets X = {X1,..., X3},
where each X; C P is a clique of points that must all lie
in the same cluster. Let C'(p) denote the cluster (center) a
point p is assigned to; then the CL and ML constraints can
be respectively translated into the conditions thatall Y; € )
satisfy V(p,q) € Y; : C(p) # C(q¢) and all X; € X satisfy
Y(p,q) € X; : C(p) = C(q). In addition, by construction,
CL sets can be either mutually disjoint or not, implying dra-
matically different approximation analysis. The disjoint CL
setting can be represented as VY;, Y; € )V : Y;NY; = (). Note
that even some intersected CLs can be reduced. For instance,
if there are CLs {u, v} and {v, w} and an ML {u, w}, it can
be reduced into a single CL {v, z} with z being a merged
node of v and w. On the other hand, ML sets are naturally
mutually disjoint, as otherwise any two intersected ML sets
can be merged into a single ML set due to transitivity. In
this paper, we use CL/ML k-center to denote the k-center
problem with CL/ML constraints.

Lemma 1. (Guo et al. 2025) ML k-center has a 2-
approximation ratio.



Algorithm 1: Approximation algorithm of CL/ML k-
center (Guo et al.).

Input: Database P of size n with ML sets X and CL sets )
a given threshold 1 = 20pt, and a positive integer k.
Output: Center set C' with radius bounded by 7.
1 Set C' < Y, which is the CL set of maximum size in )/;
2 for each point p € P do
3 Add p to the center set C' if it satisfies one of the
following two cases:
a) p€ P\Uxcx X andd(p,C) > n;

b) There exists maxgex d(z,C) > n,
where X is an ML set that contains p;

4 Return C.

3 Approximations for CL k-Center

In this section, we first deduce the properties of the threshold-
based algorithm for k-center with ML constraints (Guo et al.
2025) to serve our analysis. Then, regarding the same thresh-
old, we introduce an auxiliary graph called an [-partite graph
to represent the relationship between the CL sets and the
current centers, and then define a structure called dominating
matching set (DMS) therein. Based on this structure, we fur-
ther aim to find a solution with an approximation ratio of 2
by incorporating local search techniques into the threshold-
based algorithmic framework.

For simplicity of the algorithmic description, we first as-
sume that the objective value of an optimal solution is known
as opt, and use 2o0pt as the threshold. Then, we show that the
ratio 2 guarantee still holds even without knowing opt.

Lemma 2. LetU = {Us,..., Uy} be the set of clusters of
an optimal solution wrt opt. The centers of C produced by
Alg. I must belong to different clusters of U, when n = 2opt.

Proof. For the first iteration of Alg. 1 (in Step 1), the lemma
is obviously true since the center set C' is a CL set, which
limits the points to belong to different clusters. Suppose the
lemma holds for the center set C* of the first ¢ iterations;
we only need to demonstrate the lemma for the point p that
is added C*™! in the (i + 1)th iteration by analyzing the
following two cases:

(@) Ifp ¢ X, forvVX € X:
According to the algorithm, the distance between p and
Ct, d(p,C?), is greater than 7 = 20pt. So p must be in an
optimal cluster uncovered by the previous centers in C*.

(b) Otherwise (i.e., there exists X € X withp € X):
According to the algorithm, suppose X (and hence p € X)
is in an optimal cluster covered by one of the centers in
C', but max,¢x d(z,C%) > 2opt holds. This contradicts
the fact that each diameter of optimal cluster U is less
than or equal to 2opt.

Thus, p is in a different optimal cluster from the covered
clusters by the center set C*. Additionally, the points in the
center set C*T! also belong to a different optimal cluster.
When ¢ = k — 1, this completes the proof. O
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3.1 Local Search for CL k-Center

We give a local search method for individually processing
the disjoint CL sets by using an auxiliary graph to represent
the relationship between the CL sets and the set of centers,
which essentially transforms the problem into finding a spe-
cial structure therein. Again, we assume that opt is known
and use 17 = 2o0pt as the threshold.

Dominating Matching Set First, we define a structure to
capture the relationship between the current center set C' and
aCLsetY:

Definition 3. (Threshold-based maximum-cardinality match-
ing) Given a center set C and a CL set Y, for a threshold
n > 0, we define an auxiliary bipartite graph G = (C,Y; E)
in which, forc € C andy €Y, an edge e(c,y) exists if and
only if it is within a distance d(c,y) < n. Then M(G,n) C E
is a threshold-based maximum matching if and only if: (1)
M(G,n) is a matching; (2) M (G, n) is with the largest car-
dinality, i.e. |M (G, n)| is maximized.

Then, for the relationship of the points constrained by CL
sets, we use a more sophisticated auxiliary graph as follows:

Definition 4. (The auxiliary l-partite graph) Let Y =
{Y1, ..., Y1} be the collection of disjoint CL sets and 1 be a
given distance bound. We say Gy is the auxiliary l-partite
graph wrt 0 if and only if:
* Thevertex set of Gy is V(Gy) = Vy = Uy¢y Vs
* The edge set of Gy is E(Gy) = Ey. For a pair of points
y €Y, andy €Y fori+# j, Ey contains edge e (y, y')
if and only if d (y, y') < n holds.

Essentially, our algorithm aims to identify a set of points
I' € Vjy, such that all points within V3 can be clustered
regarding the CL constraints. Formally, such I' can be defined
as below:

Definition 5. (Dominating matching set, DMS) For an auxil-
iary l-partite graph Gy regarding n, the current center set
I' C Vy is a dominating matching set, if and only if for each
Y € ), there exists a threshold-based maximum matching
M between T'\'Y and Y \ T with its cardinality being exactly
[M| =Y \T|.

We say a DMS T is infeasible wrt 7, if and only if under the
threshold 7 there exists Y that the threshold-based maximum-
cardinality matching between Y \ I" and I" \ Y has size
strictly smaller than |Y"\ T'|. In particular, the minimum DMS
problem aims to find a dominating matching set with the
smallest cardinality. A natural idea of the algorithm is to find
a minimum DMS wrt Gy to serve the points of V. However,
a minimum DMS is hard to compute, due to its hardness as
stated below:

Proposition 6. Even when |Y;| = 1, Vi, and the points are
distributed on a 2-dimensional plane, a minimum DMS is
N'P-hard to compute. Moreover, it admits no EPTAS (i.e.,
Efficient PTAS with runtime f(%)poly(n)) under the expo-
nential time hypothesis. )

Clearly, when |Y;| = 1, Vi, and the points are distributed
on a plane, the minimum DMS problem still includes the
problem of finding a dominating set in a given disk graph,



which is to find a minimum number of disks to dominate
a set of given points distributed on the plane. In light of
the negative result by Marx (2007), the above-mentioned
problem, and the minimum DMS problem, consequently is
NP-hard and admits no EPTAS under the exponential time
hypothesis.

Differently, we say a DMS I' is minimal if the removal of
any point therein makes I' no longer a DMS. Although it can
be calculated in polynomial time, a minimal DMS is yet not
sufficient to approximate the problem. So we further find a
special minimal DMS, called single-swap free DMS obtained
by employing the local search technique, to accomplish the
approximation task.

Definition 7. (Single-swap free dominating matching set,
SF-DMS) A DMST C Vy is single-swap free, if and only if
foreachp € Vy and {u,v} C T, the setT' U {p} \ {u, v} is
not a DMS.

In the above definition, we call the operation of adding a
point p while removing v and v an enhanced single swap,
which is slightly different from the commonly used definition
in the local search approach. Moreover, an SF-DMS is inher-
ited by a minimal DMS, since single-swap free also means
no single point could be removed from I' while keeping I'
a feasible cluster (e.g., when p € {u, v}). In contrast, with
the hardness of the minimum version, it is polynomial-time
solvable to find an SF-DMS in a given auxiliary [-partite
graph GGy. Moreover, we have the following lemma, which
states that an SF-DMS can be employed to approximate our
problem.

Lemma 8. Let U be the clusters of an optimal solution wrt
opt. Assume that Y is a family of CL constraint sets and I is
an SF-DMS of the auxiliary l-partite graph Gy wrt distance
20pt. Then, we have |U| < ky, where ky is the number of
clusters of U containing points of Vy = UYey Y.

Proof. We show the lemma by induction. When || = 1, the
theorem is apparently true because on the one hand, the only
CLset Y € ) has its points appearing in exactly |Y| clusters
of U and hence ky = |Y|; while on the other hand, I" exactly
contains all points of Y and hence |T'| = Y| = ky.

Next, we need to show the case for || = [. For the task,
we consider Y to reduce the size of ) for induction. Assume
Uy C U is the set of optimal clusters, where each cluster U €
Uy contains a distinct element of Y. So |y | = |Y]| holds.
Suppose |T'| > ky + 1, then we will show a contradiction for
the following two cases, considering whether I" contains at
least one distinct element for each U € U/ or not:

(@) T'NU #0,VU € Uy:
We will show that I' contains at least one center that can
be removed. Denote by I'yy C T the set of centers in
which exactly one center appears in each U € Uy and
A =Uyey, U. Cleatly, T'y| = [Uy| = |Y]. Let Vyes =
{Y’\A|Y’" € Y\{Y'}}. Then, similar to the notation of
Vy, we define Vy, ., = Uy ¢y, . Y, where the points of
V3 \ A are constrained by ),... That is, we actually divide
the points of V7 into two parts A and V3, __, for which the
two DMS are respectively I'y and T' \ T'y. By definition

(b)

36985

of 'y, '\ Ty is with asize |T'| — |T'y| = |T'| — |Y|. By
assumption, |T'| > ky + 1 holds, so we have

T\ Ty| >ky +1—1Y]. (D

On the other hand, T" \ T'y is an SF-DMS, since any
enhanced single swap thereon is also an SF-DMS for
I'. By the induction hypothesis,

T\ Ty| < ky,.., 2

where ky__. is the number of clusters of I/ containing
points of Vj, .. Because the centers of I'y: completely
cover the subset of clusters of Vj, where they appear,
which are exactly |T'y| clusters. So, there are at most
ky — |Ty| clusters of V3, that contain points of V4, _ .
So we get ky, .. < ky — |T'y| by the definition of V,s.
Combining with the Inequality (2), we immediately get:

IP\Ty| <ky —[Ty|=ky - [Y], ©)

which contradicts Inequality (1).

Otherwise:

Assume that I is a subset of I that has exactly one center
appearing in each U € U. Let U’ be the set of optimal
clusters, each of which respectively contains a distinct
element of I”, i.e., |I''| = |U’|. Similarly, we define A =
Upewr U. Different from Case (a), by assumption, there
must exist at least one set, say U, € U\U' with'NU,, = .
We will show that for any point p € U,, there exists
u,v € T\T”, such that TU{p} \ {w, v} remains a feasible
center set regarding the distance bound 2opt and the CL
constraints. This is an enhanced single swap for I' by
definition and contradicts the assumption that I" is an
SF-DMS.

It remains to show the existence of such {u, v} inT'\ I".
We define V.. = {Y'\ (AUU.) | Y’ € YV}. Clearly,
'\ TV is an SF-DMS of Y5, since any enhanced single
swap that is feasible for )., is also feasible for A. Then,
following the same line with the proof of Case (a) and
observing that the points of ),..s appear only in clusters
of U \U' — U, up to ky — |I’| — 1. Therefore, adding
up the center p for U, we get that " \ T have at most
ky — |T”| centers:

AT < ky —[TV]. @
On the other hand, by assumption, we have
|F‘ > k‘y + 1.
Then, by the definition of IV, we have

[P\ = [T = || > ky +1 = [T].

So, combining Inequality (4), we immediately obtain a
contradiction and consequently complete the proof.

O



Algorithm 2: Local search for CL k-center.

Input: A family of CL constraint sets ), a given distance
bound 7, and a set of center candidates I that
already covers Vy with radius bounded by 7.
Output: An SF-DMS T" wrt 7.
1 while true do
2 Find p € Vy and a pair of points u, v € I', such that
' U {p} \ {u,v} remains a center set that covers Vy
wrt 17 and the CL constraints;

3 if there exist pair such {p} and {u,v} as above then
4 | SetT «+T'U{p}\ {u,v};

5 else

6 | ReturnT.

The Local Search Algorithm According to Lem. 8, we
can calculate an SF-DMS with a size bounded by £ to cluster
the points of Vy,. Note that we actually have P = Vjy, if
considering each unconstrained point of P as a new single
CL set Y with |Y| = 1. Hence, we consider only the points
constrained by CL sets through the following process: (1)
Initially, find a feasible solution I' to CL k-center with a
size possibly larger than k; (2) Execute the enhanced single
swap as follows if there exists any: find a point p € V3, \ T’
and a pair of points u,v € T, such that T' U {p} \ {u, v}
remains a valid cluster respecting the radius 2opt. Formally,
the layout of our algorithm is as in Alg. 2. From Lem. §, we
can immediately obtain the approximation ratio of Alg. 2 as
in the following corollary.

Corollary 1. Alg. 2 produces T that is a set of centers with
size |T'| < k and can cluster the points of P within radius
20pt and with all the CL constraints satisfied.

It is worth noting that Lem. 8 holds for SF-DMS, but is
not true for minimal DMS as demonstrated in the counter-
example depicted in the full version.

3.2 Approximating CL/ML k-Center

Now that we have introduced all necessary components, we
present our algorithm for the k-center problem with both
CL and ML constraints. The key idea is to treat each ML-
constrained point set as a “big” point, redefining its distance
computation, and then combine the two subroutines (Algs. 1
and 2) so that the total number of clusters remains bounded
by k. Formally, the complete procedure appears in Alg. 3.
For the quality of solution produced by Alg. 3, we have:

Theorem 9. Let opt be the radius of an optimal solution. If
1 > 2opt, then Alg. 3 produces C with |C| < k.

Proof. LetU = {Uy,...,Uy} be the clusters of an optimal
solution wrt opt. We will divide C' into two parts according
to U, say C and C5, and then bound their size individually.
Assume that we have added k,, centers in Stage 1(a) as Cj.
Following Lem. 2, clearly &k, < k holds.

It remains only to bound the size of Co = C'\ C; with
k — k,. Because all the points outside the CL sets can be
clustered to the &, centers of C7, C needs only to serve a
subset of points in the CL sets. So we will identify C5 as an
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Algorithm 3: Grand algorithm for constrained k-
center.
Input: Database P of size n with ML sets X and CL sets )/,
a positive integer k, and a distance bound 1 = 20pt.
Output: A center set C' with radius bounded by 2opt.
Set C1 < 0 and C> + 0;
// STAGE 1 (a): Centers for ML
2 Find a set of points C; as centers by Alg. 1 respecting P, X’
and 2opt but ignoring Y;

// STAGE 1(b): Find a set of center
candidates for CL sets such that
C1UCy covers all points of Y

3 SetC « Cq;
4 for each bipartite graph G(Y;, C; E) regarding Y; € Y and
n = 2opt do
5 for eachp; € YiN X;, X; € X do
6 Set the weight of d(p;, C) in G(Y;, C; E) using
L the value of min.ec maxgex; d(z,c);

-

7 Find a threshold-based maximum-cardinality matching
M € G(Y;, C; E) respecting 1 = 20pt as defined as
in Definition 3;

8 if |[M NY;| < |Y;| then

9 | SetC <« (Yi\MNY;)UC;

// Stage 2: Centers for CL sets by
shrinking C2 regarding C; and Coq
through tuning Alg. 2 of finding an
SF-DMS as above.

Set Cy <« C \ Cq;

1 while true do

12 Find p € V3 and a pair of points {u, v} € Cs, such

that C1 U C2 U {p} \ {u, v} remains a set of centers

that feasibly cover Vy wrt 20pt and satisfy the CL

—-
=)

constraints;
13 if there exist no such {p} and {u, v} as above then
14 | Return Cy U Cs and terminate.
15 else

16 i LSetCzngu{p}\{u,v};

SF-DMS regarding a subset of CL-constrained points that
are not captured by the first k,, centers.

Since each center of C is in a different cluster of I/ as
in Lem. 2, we can w.l.o.g. assume that the k, centers of
Cy appear in {Uq,..., Uy, }, respectively. Then, each set
in {Uk,+1,-.-,Ux} do not contain any center of C;. Let
Vies = Uiy, 11 Usand V' = {Y NV, | Y € Y} Clearly,
after the local search phase for the CL center candidates in
C5 as in Stage 2, the points of Vj» remained in C5 clearly
compose an SF-DMS for Vj (or for a subset of V). The
reason is that a feasible enhanced single swap exists for
Cs and Vi is also a feasible enhanced single swap for Cy
and Vj. So when Alg. 3 terminates when there exists no
feasible enhanced single swap for Cy and V3 (and there-
fore neither for Cy and V). Moreover, because Vy is the
set of CL-constrained points appearing only in the sets of
{Uk,+1,---,Ux}, points of V3 appear in at most k& — k,
clusters of the optimal /. Following Lem. 8, the SF-DMS C5
contains at most k — k,, points (centers). Therefore, the total
number of centers remaining in C is at most k. O



Following Thm. 9, we immediately have the approximation
ratio 2 of Alg. 3. Next, we analyze the runtime of Alg. 3.

Lemma 10. Alg. 3 runs in time O(n*k*®).

Proof. Firstly, Stage 1(a) of Alg. 3 takes O(kn) to find the
centers without considering cannot links regarding 2opt; sec-
ondly, Stage 1(b) takes O((|Y| + |C|)Y/2 - (|Y| - |C])) =
O(]Y] - k'®) time for computing the maximum match-
ing for each Y using Hopcroft and Karp. Since there
are ) ycy |Y| = n points in total, this stage consumes

O(nk3/?) time overall. For Stage 2, the while-loop repeats
for O(k) iterations, and each iteration computes O(nk?)
swap pairs and maximum matching for checking the feasibil-
ity of the updated set Cy U {p} \ {u, v}. Each such feasibility
check takes O(nk!-®) time across all CL sets. So the total
runtime is O(n?k*5). O

3.3 Without Knowing opt

By integrating Alg. 3 with the algorithm and analysis of
Sec. IV.B in Guo et al. (2025), we immediately recover the
same factor 2 guarantee without knowing opt. For clarity, we
restate this method. Although we do not have the exact value
of opt and the exact value of opt might require exponential
time to compute, we can achieve the same ratio based on the
basic observation as in the following lemma.

Lemma 11. Ler V = {d;j|p;,p; € P}, where d;; =
d(pi,pj). Then we have opt € W. In other words, the op-
timal radius opt must be a distance between two points of P.

Proof. Suppose the lemma is not true. Then there must exist
at least a distance in ¥ not larger than opt, since otherwise,
any pair of points cannot be in the same cluster. Let r =
max{d;; | di; € ¥, d;; < opt}. Then under distances r and
opt, every center can cover an identical set of points in the
same manner, because every point covered by center ¢ under
distance opt can also be covered by ¢ under distance r (as
d;; < rifd;; < opt), and vice versa. So r < opt can be used
as a smaller radius of the clustering, a contradiction. 0

That is, we need only to find the smallest » € W, such
that under distance bound 2r, our algorithm can successfully
return C with |C| < k. Clearly, such r is bounded by opt
because of Thm. 9.

4 Experimental Evaluation

In our experiments, we evaluate clustering performance on
3 real-world datasets and a synthetic dataset. For the syn-
thetic dataset, we report the empirical approximation ratio
against baselines. Next, we examine how performance varies
as we adjust the constraint ratio and the repetition ratio of
intersected CL sets. The details on clustering runtime and ex-
periments with varying k will be provided in the full version.

4.1 Configurations

Datasets. We use three UCI datasets (Cnae-9 (Ciarelli and
Oliveira 2009), Skin (Bhatt and Dhall 2009) and Cover-
type (Blackard 1998)) to evaluate the clustering quality fol-
lowing the previous works. Due to the N"P-hardness of con-
strained k-center, we use the simulated datasets (k = 50)
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Figure 1: Empirical approximation ratio on the synthetic
dataset with £ = 50. (The blue values indicate the average
clustering performance for each algorithm with varying the
number of constraints.)

provided by Guo et al. (2024) to evaluate the empirical ap-
proximation ratio. The details of the datasets can be found in
the full version.

Constraint Construction. We construct the constraints fol-
lowing the methodology in Sec. V.A of Guo et al. (2025).
Specifically, we use both intersected and disjoint CL/ML con-
straints on real-world datasets to evaluate clustering perfor-
mance, and disjoint CL/ML constraints on synthetic datasets
to assess the empirical approximation ratio of our algorithm
relative to baseline methods.

Algorithms. We compare our method with two heuristic al-
gorithms (referred to as Greedy_H and Matching_H) and an
approximation algorithm (called Approx) introduced by Guo
et al. (2024) as baselines. Moreover, we evaluate the perfor-
mance of our local search constrained k-center algorithm
(denoted as LSCKC), as detailed in Alg. 3.

Evaluation Metrics. In line with previous studies, we employ
the clustering quality metrics for the experiments, which
include Cost and running time.

Experimental Settings. With disjoint CL/ML constraints,
we varied the proportion of constrained points to evaluate
the clustering cost. In the intersected CL/ML constraints, we
initially selected a fraction (10%) of points from the dataset,
then sampled % of those points, where the value % ranges
from 0% to 50% (plotted on the x-axis). Each configuration
was repeated at least 20 times, and we reported the average
results. All algorithms were implemented in Java 1.8.0 and
executed on an Apple M1 Max CPU with 32 GB of RAM.

4.2 Experimental Results and Analysis

Empirical Approximation Ratio

Fig. 1 illustrates the empirical worst-case approximation ra-
tios calculated from the experiments of Approx, Matching_H,
and Greedy_H (Guo et al. 2025) and our algorithm (LSCKC)
on the simulated dataset. Since the simulated dataset was
constructed with a given optimal radius opt, we report the
maximum empirical approximation ratios as max /opt, where
Tmax 1S the maximum cluster radius (cost function of the con-
strained k-center problem) in the clustering result of each
algorithm. Based on the results under the different ratios of
CL/ML constraint sets, we confirm that both Approx and
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Figure 2: Cost of the constrained k-center clustering.

LSCKC (Alg. 3) consistently attain the maximum empirical
approximation ratios under 2, which matches our theoretical
result proved in Thm. 9.

In addition, when comparing the average empirical approx-
imation ratios with the baselines, which are indicated by the
blue values in Fig. 1, we observe that our local search algo-
rithm (LSCKC) consistently achieves the minimum empirical
approximation ratio. This improvement can be attributed to
the swap steps in the local search process, which further re-
fine the set of centers and effectively reduce the cost in the
constrained k-center problem. Moreover, as the number of
constraints increases, the average empirical approximation
ratios also tend to grow. We attribute this phenomenon to the
incremental addition of constraints, which reduces the feasi-
ble region and renders the optimization problem increasingly
restrictive.

Clustering quality for the disjoint/intersected constraints
In Fig. 2, we compare the clustering costs of LSCKC, Approx,
Matching_H, and Greedy_H on three real-world datasets, con-
sidering both disjoint and intersected CL/ML constraints. In
Subfig. 2a, we present clustering costs at varying disjoint
constraint ratios from 2% to 10%, with a fixed number of
clusters £ = 30. In Subfig. 2b, we show clustering costs at
varying the ratio of repetitions from 10% to 50% for the inter-
sected constraints, with a fixed constraint ratio of 10%. From
these results, we conclude that LSCKC (Alg. 3) consistently
achieves effective solutions for the constrained k-center prob-
lem on real-world datasets. We attribute this improvement to
the swap steps employed in our local search, which further
optimize the clustering cost under constrained conditions. No-
tably, the baseline (Approx) mainly selects center sets based
on CL constraints, while our local search steps enable the
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algorithm to identify better centers from points that are not
restricted by the existing constraints. This flexibility allows
our method to outperform the baselines. For example, in the
Cnae-9 dataset, the advantage of our algorithm becomes more
apparent with more constraints, since additional constraints
further limit the solution space for the Approx baseline, but
our local search can explore and select the centers from the
unconstrained points.

According to Fig. 2, we observe that LSCKC achieves
better performance on the Skin and Covertype datasets. In our
experimental setting, we adopt constraint generation methods
following previous work, which results in constraint sets of
relatively small size. We believe that the advantages of our
algorithm are particularly evident on datasets with shorter
constraint lengths, as handling constraints is more difficult in
such cases, while our algorithm is well-suited for managing
these challenges.

5 Conclusion

In this paper, we explored approximation algorithms for the
constrained k-center problem incorporating instance-level
cannot-link (CL) and must-link (ML) constraints. Although
general CL constraints introduce inherent inapproximability
challenges, we focused specifically on cases with disjoint
CL constraints, following previous work, and developed a
novel constant-factor approximation algorithm. Our proposed
algorithm achieves an optimal approximation ratio of 2 by
integrating a threshold-based strategy within a local search
framework. Experimental evaluations on both real-world (in-
cluding scenarios with disjoint/intersected constraints) and
synthetic datasets demonstrate the superior performance of
our local search approximation algorithm.
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