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Abstract

Many real-world applications call for incorporating fairness
constraints into the k-center clustering problem, where the
dataset is partitioned into m demographic groups, each with
a specified upper bound on the number of centers to ensure
fairness. Focusing on big data scenarios, this paper addresses
the problem in a streaming setting, where data points arrive
sequentially in a continuous stream. Leveraging a structure
called the λ-independent center set, we propose a one-pass
streaming algorithm that first computes a reserved set of points
during the streaming process. In the post-streaming process,
we then select centers from the reserved point set by analyz-
ing three possible cases and transforming the most complex
one into a specially constrained vertex-cover problem on an
auxiliary graph. Our algorithm achieves an approximation ra-
tio of 5 + ϵ and memory complexity O(k logα), where α
is the aspect ratio and ϵ > 0 is any small constant. Further-
more, we extend our approach to semi-structured data streams,
where data points arrive in groups. In this setting, we present
a (3 + ϵ)-approximation algorithm for m = 2, which can
be readily adapted to solve the offline fair k-center problem,
achieving an approximation ratio of 3 that matches the current
state of the art. Lastly, we conduct extensive experiments to
evaluate the performance of our approaches, demonstrating
that they outperform existing baselines in both clustering cost
and runtime efficiency.

Code — https://github.com/ChaoqiJia/StreamFKC

1 Introduction
Fair k-center clustering is a popular problem in various fields,
including data summarization (Kleindessner, Awasthi, and
Morgenstern 2019; Angelidakis et al. 2022) and machine
learning (Chierichetti et al. 2017; Jones, Nguyen, and Nguyen
2020). The problem has been widely studied, with many defi-
nitions of fairness proposed and corresponding approxima-
tion algorithms discussed, such as group fairness (Chierichetti
et al. 2017; Wu et al. 2024; Backurs et al. 2019), data sum-
marization fairness (Kleindessner, Awasthi, and Morgenstern
2019; Ceccarello, Pietracaprina, and Pucci 2024; Wu et al.
2024; Lin, Guo, and Jia 2024), colorful fairness (Bandyapad-
hyay et al. 2019; Anegg, Vargas Koch, and Zenklusen 2022;
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Jia, Sheth, and Svensson 2022) and so on. In this paper, we
focus on the fair k-center problem for data summarization.
We consider a dataset S of size n divided into m disjoint
groups, denoted as S = S1 ∪ . . . ∪ Sm. Our goal is to select
k centers to minimize the maximum distance from each point
to its nearest center, while the number of centers chosen from
each group Sl is bounded by kl. This formulation helps avoid
bias toward some sensitive features by controlling the number
of objects from each category in the output. For example, it
can dictate the number of movies of each genre shown to a
user in a recommendation system or limit the number of old
messages included in a summary of a user’s feed (Mahabadi
and Trajanovski 2024).

A traditional challenge in clustering is the need to process
large-scale datasets across numerous applications. In such
scenarios, storing the entire input in memory becomes im-
practical, giving rise to the streaming model. In this model,
data points arrive sequentially in a stream, and only a limited
portion can be retained in memory due to space constraints.
The streaming algorithm must decide, upon the arrival of
each data point, whether to store it or discard it. Notably,
designing effective streaming algorithms is more challeng-
ing than developing offline algorithms, as decisions must be
made based on partial information rather than having access
to the entire dataset. Motivated by this challenge, we aim
to propose approximation algorithms for the fair k-center
problem under the streaming setting.

1.1 Related Work
Fairness is an important concept for many research fields
such as data summarization (Kleindessner, Awasthi, and Mor-
genstern 2019), private security (Zhang, Yuan, and Pan 2024),
and machine learning (Zhang et al. 2024, 2025). In this pa-
per, we briefly review the literature on the k-center problem,
focusing on studies about data summarization fairness and
streaming model settings.

Data summarization fairness k-center. The fair k-center
clustering was formally addressed in the context of data
summarization by Kleindessner, Awasthi, and Morgenstern
(2019). They proposed a 5-approximation algorithm for the
case of two groups and a (3 × 2m−1 − 1)-approximation
for the general case with m groups. Subsequently, Jones,
Nguyen, and Nguyen (2020) reduced the approximation ra-
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tio to 3 for arbitrary m groups. Before these two relevant
works, the matroid center problem, a generalization of the
k-center problem that enforces a matroid constraint on the
center set rather than a simple cardinality constraint, was stud-
ied by Chen et al. (2016). They developed a 3-approximation
algorithm, although with considerably higher time complex-
ity. More recently, Chen et al. (2024) introduced the fair k-
supplier problem, which involves selecting k facilities from
a dataset partitioned into m disjoint groups, subject to group-
wise upper bounds on the number of facilities selected. They
presented a 5-approximation algorithm for this problem by
maximum matching techniques.

Computation of k-center for Big Data. For large-scale
datasets in real-time streaming scenarios, streaming k-center
clustering was studied by Matthew McCutchen and Khuller
(2008), who provided a streaming (4+ϵ)-approximation algo-
rithm with outliers, where up to z input points can be dropped
and O(kz/ϵ) memory is used. Then, a deterministic one-pass
streaming algorithm was developed for the same problem
by Ceccarello, Pietracaprina, and Pucci (2019), achieving an
improved approximation ratio (3+ϵ) with O

(
(k+z)(96/ϵ)d

)
memory in d dimensions. For the matroid center problem,
a (17 + ϵ)-approximation one-pass algorithm with a run-
ning time Oϵ

(
(nk + k3.5) + k2 log(Λ)

)
has been developed

by Kale (2019), where k is the rank of the matroid, Λ is
the aspect ratio of the metric, and ϵ terms are hidden by
the Oϵ notation. For the fair k-center problem, Chiplunkar,
Kale, and Ramamoorthy (2020) provided a distributed algo-
rithm achieving an approximation ratio of (17 + ϵ) and with
O(kn/l + mk2l) running time for l processors. They also
developed a two-pass streaming algorithm with an approxi-
mation ratio 3 for the fair k-center problem. Recently, the fair
range k-center was addressed by Nguyen, Nguyen, and Jones
(2022) with an approximation ratio of 13 and Ceccarello,
Pietracaprina, and Pucci (2024) employed a coreset-based
method for the colorful fair k-center problem in doubling met-
rics, achieving a (3 + ϵ)-approximation ratio for sequential,
streaming and MapReduce/MPC algorithms. In addition, a
one-pass streaming algorithm for representative fair k-center
clustering by Lin, Guo, and Jia (2024) achieved the state-of-
the-art approximation ratio of (7 + ϵ). This paper improves
the approximation ratio to (5 + ϵ) under a streaming setting
by utilizing λ-independent center sets and modifying the
post-streaming algorithms.

1.2 Our Contributions
The main contributions can be summarized as follows:

• Devise a one-pass streaming algorithm for fair k-center,
achieving an improved approximation ratio of 5+ ϵ while
consuming O(k logα) memory, where α is the aspect
ratio and ϵ > 0 is any small constant. This significantly
improves the previous SOTA ratio 7 + ϵ due to Lin, Guo,
and Jia (2024).

• For semi-structured data streams where data points of each
group Sl are streamed as a batch, we propose a streaming
algorithm achieving an approximation ratio of 3 + ϵ for
m = 2.

• Conduct extensive experiments on real-world datasets
to demonstrate the practical performance gains of our
algorithms in clustering accuracy and runtime efficiency.

Notably, we also provide an example demonstrating that
our ratio analysis is tight for the algorithm. Moreover, the
streaming algorithm with ratio 3 + ϵ can be adapted to solve
the offline fair k-center, achieving a ratio of 3, which matches
the state-of-the-art ratio 3 for the offline setting due to Jones,
Nguyen, and Nguyen (2020).

2 Preliminary and Algorithmic Framework
Let S be a finite set of data points with size n distributed
in a metric space, where d : S × S → R≥0 is the dis-
tance on S that satisfies the triangle inequality. For a given
parameter k ∈ N, the traditional k-center clustering prob-
lem is to select a set of k points C ⊆ S to serve all
points in S such that maxs∈S d (s, C) is minimized, where
d (s, C) = minc∈C d (s, c) is the distance between a point
s and the center set C. Let the data set be divided into m
disjoint groups S = S1 ∪ . . . ∪ Sm. There exists a fairness
constraint that the number of chosen centers from group Sl is
bounded by kl, where kl is the upper bound for group l for all
l ∈ [m] and [m] denotes {1, 2, . . . ,m} for brevity. Moreover,∑m

l=1 kl = k. Then, the fair k-center clustering problem is
to find a center set C satisfying the formulation as follows:

min
C⊆S

max
s∈S

d(s, C)

s.t. |C ∩ Sl| ≤ kl, ∀l,
|C| ≤ k.

2.1 Algorithmic Framework
Next, we introduce the general framework of our algo-
rithms. Throughout this paper, we assume that the optimal
radius of the fair k-center problem is known as r∗ (i.e.,
r∗ = maxs∈S d (s, C∗) for the optimum center set C∗). Al-
though the exact value of r∗ is actually unknown, we can
employ the previous approach for finding suitable replace-
ment of r∗ in the offline setting due to Guo et al. (2025)
by compromising the ratio with a multiplicative factor of
1+ ϵ. In general, all of our algorithms mainly proceed in two
stages.

• Streaming stage. Select a set of representative data points
along the stream according to the optimum radius r∗,
where the union of the selected point sets might have size
larger than k;

• Post-streaming stage. Compute the set of actual centers
from the set of streamed and stored representative data
points according to r∗.

2.2 The Streaming Stage
For the streaming stage, we employ the λ-independent center
set as defined below:

Definition 1. (λ-independent center set) Γ ⊆ S is a λ-
independent center set of S if and only if it satisfies the
following two conditions:
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1) For any two points p, q ∈ Γ, the distance between them is
larger than λ, i.e. d(p, q) > λ.

2) For any point p ∈ S, there exists a point q ∈ Γ, such that
d(p, q) ≤ λ.

We say a λ-independent center set Γ ⊆ S is minimal
iff removal of any point from Γ makes Γ no longer a λ-
independent center set. Assume C∗ is the center set of an
optimal solution and recall that r∗ is the optimal radius. Then
we have:

Lemma 1. For a minimal λ-independent center set Γ ⊆ S,
if λ ≥ 2r∗, then |Γ| ≤ k.

Proof. We only need to show the case for λ = 2r∗. Suppose
|Γ| > k. Then, by the Pigeonhole principle, there must exist
at least a pair of points i, j ∈ Γ, which are covered by the
same center in the optimal solution, say c∗ in C∗. Then,
both d(i, c∗) ≤ r∗ and d(c∗, j) ≤ r∗ hold. By the triangle
inequality, we then have d(i, j) ≤ d(i, c∗) + d(c∗, j) ≤
r∗ + r∗ = 2r∗. On the other hand, we have d(i, j) > 2r∗

according to Cond. (1) in Def. 1, resulting in a contradiction
and hence completing the proof.

So for the streaming stage, we only need to construct a
minimal λ-independent center set Γl for each l ∈ {1, 2}
regarding λ = 2r∗ along the stream:

Upon each arriving point i do
if i ∈ Sl and d (i,Γl) > λ both hold then

Grow Γl (initially empty) by adding i.

3 Post-streaming Stage of Fair k-Center
Observing that the size of Γ1 ∪ Γ2 obtained in the streaming
stage may exceed kl for λ = 2r∗, we devise a method to
construct the actual center set C by selecting points from
the union of Γl for m = 2 based on dealing with the cases
whether | Γl |≤ kl holds or not. We extend the method to
general m in the full version.

3.1 Overview of Post-streaming Stage
Our algorithm for this stage is grounded in analyzing the
sizes of Γ1 and Γ2. There are exactly three possible cases
regarding the sizes of Γ1 and Γ2:

(1) |Γ1| ≤ k1, |Γ2| ≤ k2;
(2) |Γ1| ≤ k1, |Γ2| > k2 or |Γ1| > k1, |Γ2| ≤ k2;
(3) |Γ1| > k1, |Γ2| > k2.

For Case (1), we can directly use C = Γ1 ∪ Γ2 as the
desired center set, because: (1) |C| = |Γ1∪Γ2| ≤ k1+k2 =
k; (2) for any point s ∈ S, d(s, C) ≤ 2r∗ holds due to the
definition of λ-independent center set and λ = 2r∗.

Then, we give a method to solve Case (2) and show that
Case (3) can be reduced to Case (2).

3.2 Processing of Case (2)
Without loss of generality, we assume that |Γl| > kl and
|Γ3−l| ≤ k3−l for l ∈ {1, 2}. Then, our algorithm simply
proceeds as follows:

Construct Γ′
l = {i|i ∈ Γl, d (i,Γ3−l) > 3r∗} and

return C = Γ3−l ∪ Γ′
l as the desired center set.

The correctness of such C can be derived from the following
theorem:

Theorem 1. For C = Γ′
l ∪ Γ3−l, we have: (1) |Γ′

l| ≤ kl,
|Γ3−l| ≤ k3−l, |C| ≤ k; (2) for ∀s ∈ S, d(s, C) ≤ 5r∗.

Proof. To prove |Γ′
l| ≤ kl of Cond. (1), we first show that

each i ∈ Γ′
l cannot be covered by any point of S3−l in the

optimal clustering, i.e., d(i, j) > r∗ holds for any point
j ∈ S3−l. Suppose this is not true, i.e., for a point i ∈ Γ′

l,
there exists a point j in S3−l with d(i, j) ≤ r∗. Accord-
ing to the definition of the 2r∗-independent center set, there
must exist a point p ∈ Γ3−l with d(j, p) ≤ 2r∗. So we get
d(i, p) ≤ d(i, j) + d(j, p) ≤ r∗ + 2r∗ = 3r∗, where the sec-
ond inequality is by the triangle inequality. This contradicts
the definition of Γ′

l that d (i,Γ3−l) > 3r∗ holds for each
i ∈ Γ′

l. Then, |Γ′
l| ≤ kl must hold, because otherwise there

must exist at least two points p, q ∈ Γ′
l belonging to an identi-

cal cluster in the optimal solution. That means d(p, q) ≤ 2r∗,
contradicting the fact d(p, q) > 2r∗ as p, q are two points of
the 2r∗-independent center set Γl.

Next, we show d(s, C) ≤ 5r∗ for any s ∈ S. Firstly, fol-
lowing the algorithm, there exists a point p ∈ Γl for any
s ∈ Sl such that d(s, p) ≤ 2r∗. Then if point p ∈ Γ′

l,
d(s, p) ≤ 2r∗ is true; otherwise, i.e. p /∈ Γ′

l, then there
exists a point q ∈ Γ3−l with d(p, q) ≤ 3r∗, indicating
d(s, q) ≤ d(s, p)+d(p, q) ≤ 2r∗+3r∗ = 5r∗. Secondly, for
each point s ∈ S3−l, there exists a point p ∈ Γ3−l such that
d(s, p) ≤ 2r∗. Moreover, Γ3−l remains unchanged during
the algorithm, so d(s, p) ≤ 2r∗ remains true for p ∈ Γ3−l.
Hence, for each s ∈ S = S1 ∪ S2, d(s, C) ≤ 5r∗ holds.

3.3 Processing of Case (3)
We propose a more sophisticated algorithm to ensure the
approximation ratio of 5 for Case (3). The key idea of our
algorithm is to construct an auxiliary bipartite graph G(Γ1 ∪
Γ2, E), such that the center selection problem regarding Γ1∪
Γ2 is transformed into a special constrained vertex cover
problem in G. The construction of E(G) simply proceeds as:

For every pair of points p ∈ Γ1 and q ∈ Γ2, add an
edge e(p, q) to E(G) if and only if d(p, q) ≤ 3r∗.

Then, the aim is to find a vertex cover in G with a size
bounded by k that also satisfies the fairness constraints k1
and k2. Notably, although finding a vertex cover is NP-hard
in general, we manage to devise a polynomial-time exact
algorithm for the problem based on certain special properties
of the constructed auxiliary graph.

The key idea of our algorithm is to repeatedly eliminate
degree 0 and degree 1 points in G when any exist, by selecting
the point covering such points from V (G) as a new center in
the set C. While G contains no degree-0 or degree-1 points,
our algorithm arbitrarily chooses an edge in G, and selects
one of its endpoints as a new center by adding it to C. The
procedure repeats until the problem reduces to Case (2). The
detailed algorithm is illustrated in Alg. 1.
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Algorithm 1: Processing of Case (3)
Input: Γ1 and Γ2 with |Γ1| > k1, |Γ2| > k2.
Output: Center set C.
// Phase 1: Construction of G and C.

1 Set C ← ∅;
2 Construct the auxiliary graph G(Γ1 ∪ Γ2, E), where an

edge e(p, q) exists in E if and only if p ∈ Γ1, q ∈ Γ2 and
d(p, q) ≤ 3r∗;

3 for each point i ∈ G with degree 0 do
4 if d(i, C) > 2r∗ then
5 Set C ← C ∪ {i};

6 Remove each point i ∈ G with degree 0;
// Phase 2: Final computation of C.

7 while |C| ≤ k = k1 + k2 and V (G) ̸= ∅ do
8 if there exists no degree-1 point in G then
9 Arbitrarily select an edge e(p, q) and remove it

from G;
10 Set C ← C ∪ {p} and G← G \ {p, q};
11 Set Γl ← Γl \ {p} and Γ3−l ← Γ3−l \ {q} for Γl

containing p;
12 else
13 Find i ∈ G with largest N1(i), where N1(i) is the

set of degree-1 neighbours of i in G;
14 Set C ← C ∪ {i} and G← G \ {i} \N1(i);
15 Set Γl ← Γl \ {i} and Γ3−l ← Γ3−l \N1(i) for

Γl containing i;

16 if there exists l with |C ∩ Sl|+ |Γl| ≤ kl then
17 Call the algorithm for Case (2) to find the center set

C′ on Γl ∪ Γ3−l with k′
l = kl − |C ∩ Sl|.

18 Return C ∪ C′.

Lemma 2. Each pair of points from the same Γl belongs
to different clusters of the optimum solution when λ = 2r∗

before commencing of Alg. 1.

Proof. When λ = 2r∗, according to Def. 1, the distance
between each pair of points in Γl is larger than 2r∗. Suppose
there exists a pair of points i, j in Γl such that they are in the
same cluster of the optimum solution. That is, there exists
a center c∗ in the center set of the optimum solution such
that d(i, c∗) ≤ r∗ and d(j, c∗) ≤ r∗ both hold. So d(i, j) ≤
d(i, c∗) + d(j, c∗) ≤ r∗ + r∗ = 2r∗, contradicting d(i, j) >
2r∗.

Lemma 3. When Phase 1 of Alg. 1 completes, |C ∩ Sl| ≤ kl
holds for the current center set C.

Proof. Following Steps 3-6 in Alg. 1, we add i ∈ G with
degree 0 to C. That is, each point i ∈ Γl added to C satisfies
d(i,Γ3−l) > 3r∗. Then for any point j ∈ S3−l, we have
d(j,Γ3−l) ≤ 2r∗, and hence d(i, j) > r∗ holds. That is,
each point i ∈ C ∩ Γl cannot belong to a cluster centered at
a point of S3−l in the optimal solution. On the other hand,
each pair of points i, j ∈ C belongs to different optimal clus-
ters because d(i, j) > 2r∗ (similar to the proof of Lem. 2).
Therefore, we have |C ∩ Sl| ≤ kl for every l.

For brevity, Γj
l and Cj respectively denote Γl and C in the

jth iteration of the while-loop (Phase 2) of Alg. 1.

Lemma 4. In the jth iteration of the while loop of Alg. 1, we
have: (1) |Γj

l | ≤ k − |Cj |; (2) |Cj | ≤ k; (3) |Cj ∩ Sl| ≤ kl.

Proof. For Cond. (1), we first show it is true when j = 1.
Before the first while loop commences, |Γ1

l | ≤ k−|C1| is sat-
isfied. Suppose otherwise, there would exist a contradiction
as analyzed below. We will show the distance between every
two points belonging to C1 ∪ Γ1

l is larger than 2r∗, so every
two points therein cannot belong to the same cluster in an
optimal solution, and hence there are at least |Γ1

l |+ |C1| > k
centers in an optimal solution, leading to a contradiction.
This can be deduced following Steps 3-6 in Alg. 1, where
points with a zero degree are added to C1 for the first itera-
tion. For each pair of points i ∈ C1 and j ∈ Γ1

l , the absence
of edge e(i, j) in G indicates d(i, j) > 3r∗ according to the
construction of the auxiliary graph G. Moreover, for each
two points i, j ∈ Γ1

l , d(i, j) > 2r∗ holds because Γl is a 2r∗-
independent center set for Sl (l ∈ {1, 2}), and i, j are points
in initial Γl. Lastly, for each i, j ∈ C1, d(i, j) > 2r∗ holds
because of Step 4 of the algorithm. Therefore, d(i, j) > 2r∗

holds for each two points i, j ∈ C1 ∪ Γl.
We demonstrate that Cond. (1) holds for the (j + 1)th

iteration by induction. Assume that Cond. (1) is valid for
the jth iteration concerning Γj . Then, we either remove two
points or remove a point i along with its degree-1 neighbors.
Consequently, after this removal, it follows that:

|Γj+1
l | ≤ |Γj

l | − 1 ≤ k − |Cj | − 1 ≤ k − |Cj+1|,

where the first inequality is due to the removal of at least
one point from both Γj

1 and Γj
2 in every iteration. The second

inequality is derived from our inductive assumption. The
third inequality arises because, on one hand, we add one
point to Cj to form Cj+1, and on the other hand, according
to the algorithm, the removal of points from G does not result
in new points of degree 0 in the auxiliary graph G. Hence,
Cond. (1) is also true for the (j + 1)th iteration.

Cond. (2) can be immediately derived from Cond. (1) be-
cause |Γj

l | ≥ 0 holds.
Moving on to Cond. (3), Lem. 3 establishes that in Steps

3-6 of Alg. 1, the inequality |C1 ∩ Sl| ≤ kl is true. That
is, Cond. (3) holds for j = 1. Assume that Cond. (3) holds
for jth iteration. We need only to verify that this inequality
holds in the (j + 1)th iteration of Alg. 1. According to Steps
8-15, Alg. 1 involves adding a single point to C in each
iteration. So if |Cj ∩ Sl| < kl holds for any l ∈ {1, 2}, then
|Cj+1 ∩ Sl| ≤ kl. Otherwise (i.e., |Cj ∩ Sl| = kl), we have
|Γj

3−l|+ |Cj | ≤ k by Cond. (1). This implies

|Γj
3−l|+ |Cj ∩ S3−l| ≤ k − |Cj ∩ Sl| = k − kl = k3−l.

According to the if condition in Step 16 of Alg. 1, when the
above inequality holds, Alg. 1 terminates and reduces to Case
(2). This completes the proof.

Theorem 2. Alg. 1 terminates in time O(k2) and outputs a
feasible solution C to fair k-center, for which d(s, C) ≤ 5r∗

holds for any point s ∈ S.

Proof. For the runtime, Step 2 of Alg. 1 takes O(k2) time to
construct G as G contains at most O(k) vertices and O(k2)
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edges. Then, the while-loop (Steps 7-18) iterates for at most
O(k) times as it removes at least one point from G in each
iteration, and each iteration takes O(k) time. Therefore, the
total runtime sums up to O(k2).

From Cond. (2) and (3) of Lem. 4, we immediately get
|C| ≤ k and |C ∩ Sl| ≤ kl, which indicates C is a feasible
solution. It remains to bound the distance from any point
s ∈ S to C. For any s ∈ Sl, a point i ∈ Γl must exist such
that d(s, i) ≤ 2r∗ holds according to the definition of Γl. If
i ∈ C holds, then we have d(s, C) ≤ 2r∗. Otherwise, i.e.
i /∈ C, then there must exist an edge e(i, j) with j ∈ Γ3−l

in the auxiliary graph. According to Steps 8-15 in Alg. 1,
at least one endpoint of e(i, j), either i or j, must be added
to C. Since i /∈ C by assumption, j ∈ C holds. Moreover,
the existence of edge e(i, j) also means d(i, j) ≤ 3r∗. So by
triangle inequality, we have

d(s, C) ≤ d(s, j) ≤ d(s, i) + d(i, j) ≤ 2r∗ + 3r∗ = 5r∗.

Therefore, regardless of whether i ∈ C holds or not,
d(s, C) ≤ 5r∗ holds for any s ∈ Sl for any l ∈ {1, 2}.

Combining Cases (1), (2) and (3) with the streaming stage,
we eventually achieve a complete streaming algorithm for fair
k-center provided that r∗ is known. For the space complexity,
the algorithm stores m = 2 independent center sets for each
case where each independent center set has O(k) points, so
it consumes a space complexity of O(k). However, as r∗ is
actually unknown, we need an O(logα) multiplicative factor
over the memory complexity, where α is the aspect ratio that
is the ratio between the maximum and minimum distance
between the points of S. Combining Thm. 2, we have:

Corollary 1. When r∗ is unknown, fair k-center admits a
streaming algorithm with an approximation ratio 5 + ϵ and
a memory complexity O(k logα).

Notably, we can extend the algorithms respectively for
Cases (2) and Cases (3) and obtain an algorithm for general
m (See the extended algorithm in the full version).

4 Streaming Semi-structured Datasets
In this section, we consider scenarios in which the data points
are streamed following the demographic group order, i.e. all
points belonging to Sl arrive before Sl+1, ∀l ∈ [m− 1]. We
devise an algorithm for m = 2, achieving a ratio of 3+ ϵ that
almost matches the state-of-the-art ratio of 3 for the offline
setting. The algorithm can be extended to achieve a ratio 4
for general m as shown in the full version.

Our key idea of the improved algorithm for m = 2 is to
obtain an extra point set Γsub in the streaming stage and use
some of its points as centers for points in Γ1. More precisely,
we first construct an independent set Γ′

1 = Γ1 with λ = 2r∗

upon the data stream of S1. Then, upon the stream of S2, we
select points using different designated approaches depending
on whether |Γ′

1| ≤ k1 holds. As the constructed independent
center sets are slightly different, we adopt notation Γ′

l instead
of Γl. The detailed algorithm is as in Alg. 2.

Then we prove that with only the representative points of
Γ′
1∪Γ′

2 and Γsub, our post-streaming algorithm can compute
an approximation solution with ratio 3.

Algorithm 2: Streaming semi-structured data
Input: A stream of points S =

⋃
l Sl in which all points of

S1 arrive before the points of S2, and λ = 2r∗.
Output: The sets of representative points.

1 Set Γsub = ∅ and Γ′
l = ∅ for l = 1, 2;

2 upon each arriving point i ∈ S1 do
3 if d (i,Γ′

1) > λ then
4 Set Γ′

1 ← Γ′
1 ∪ {i} ; // Recall that d (i, ∅) =∞.

5 upon each arriving point i ∈ S2 do
6 if |Γ′

1| ≤ k1 then
7 if d (i,Γ′

1) > 3λ/2 and d(i,Γ′
2) > λ then

8 Set Γ′
2 ← Γ′

2 ∪ {i};
9 else

10 if d (i,Γ′
1 ∪ Γ′

2) > λ then
11 Set Γ′

2 ← Γ′
2 ∪ {i};

12 if there exists a point j ∈ Γ′
1 that has no

replacement in Γsub and d(i, j) ≤ λ/2 then
13 Set Γsub ← Γsub ∪ {i};

14 Return Γ′
1, Γ′

2, and Γsub.

Lemma 5. For Γ′
1 and Γ′

2 produced by Alg. 2, we have: (1)
|Γ′

1| + |Γ′
2| ≤ k; (2) |Γ′

2| ≤ k2; (3) There exists a subset
Γ′′
1 ⊆ Γ′

1 and accordingly a subset Γ′
sub = {σ(c)|c ∈ Γ′′

1} ⊆
Γsub, such that |Γ′

1 \Γ′′
1 ∪Γ′

sub∩S1| ≤ k1 holds, where σ(c)
is the stored replacement of c in Γsub with d(c, σ(c)) ≤ r∗.

Proof. For Cond. (1), according to the algorithm, we have
d(p, q) > 2r∗ for any pair of two points p, q ∈

⋃
Γ′
l, l = 1, 2.

So every pair of points of
⋃

Γ′
l must appear in two different

clusters in the optimal solution similar to the proof of Lem 2.
Thus, |

⋃2
l=1 Γ

′
l| ≤ k holds.

For Cond. (2), if |Γ′
1| > k1, we have |Γ′

2| ≤ k − |Γ′
1| <

k − k1 = k2 . Otherwise (i.e., |Γ′
1| ≤ k1), as Γ′

1 covers all
points of the clusters centered at points of S1 in the optimal
solution within a radius 3r∗. Then, the remaining points to be
covered in the algorithm appear in only the optimal clusters
centered at points of S2, which are at most k2 clusters. On the
other hand, every pair of points in Γ′

2 must appear in different
optimal clusters. So |Γ′

2| ≤ k2.
For Cond. (3), if |Γ′

1| ≤ k1 holds after streaming then
the proof is done. So we need only to prove the case for
|Γ′

1| > k1. Clearly, there exists a subset of Γ′
1 that contains at

least |Γ′
1| − k1 points, say Γ′′

1 , appearing in optimal clusters
centered at points of S2. Clearly, there exists at least one point
j ∈ S2 for each point i ∈ Γ′′

1 with d(i, j) ≤ r∗. Moreover,
according to Alg. 2, we add such point σ(i) = j to Γsub as a
replacement point of i, collectively composing the set Γ′

sub.
That is, Γ′

1 \ Γ′′
1 ∪ Γ′

sub feasibly covers all points of Γ′
1 with

radius r∗, and contains at most k1 points of Γ′
1.

Following the above lemma, we can immediately obtain a
3-approximation solution by simply using C = Γ′

2 ∪ (Γ′
1 \

Γ′′
1 ∪ Γ′

sub) as the desired center set.
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5 Experimental Results
In this section, we conduct an empirical evaluation of our
algorithms utilizing both simulated and real-world datasets,
compared with three previous approximation algorithms that
serve as baselines. All experiments are averaged over at least
20 iterations and are conducted on a Linux machine equipped
with a 12th Gen Intel(R) Core(TM) i9-12900K CPU and 32
GB of RAM using Python 3.8. A detailed description of the
experimental setup is provided in follows.

5.1 Experimental Setting
Datasets. We employ both simulated and real-world
datasets to evaluate our approximation algorithm. We sum-
marize the detailed datasets in Tab. 1.

Real-world datasets. We apply our algorithms to
seven real-world datasets: Wholesale (Cardoso 2013), Stu-
dent (Cortez 2008), Bank (Moro, Rita, and Cortez 2014),
CreditCard (Yeh 2009), Adult (Becker and Kohavi 1996),
SushiA and CelebA (Liu et al. 2015), following the most re-
cent related works (Jones, Nguyen, and Nguyen 2020; Chen
et al. 2019). Consistent with previous studies, we utilize
meaningful numerical features for clustering and incorporate
selected binary categorical attributes to construct datasets
with fair constraints across all datasets.

Simulated datasets. We provide two datasets that serve
as benchmarks: the simulated dataset provides an exact op-
timal solution, while the large-scale dataset incurs more file
I/O overhead, making it ideal for measuring computational
efficiency. First, the dataset (called SimuA) is used to assess
the empirical approximation ratio of our algorithms and the
baseline methods. Inspired by previous research (Kleindess-
ner, Awasthi, and Morgenstern 2019), we use their method
to construct a simulated dataset with a known optimal solu-
tion for the fair k-center problem. Secondly, we leverage the
implementation from Chiplunkar, Kale, and Ramamoorthy
(2020) to generate a 100 GB dataset (called SimuB), which
allows us to evaluate the runtime performance of different
algorithms.

Constraint Settings. For the simulated dataset, we config-
ured the parameters to compare both the average and maxi-
mum approximation ratios for these algorithms and to verify
the approximation ratio of our algorithms. To ensure fair cen-
ter selection, we aligned the number of required centers from
each group to be proportional to the size of that group. Fol-
lowing the fairness principle of disparate impact as outlined
by Feldman et al. (2015), we restricted the selection to kl
data points from the lth group to serve as centers. We then
evaluated the clustering quality by varying the number of k
clusters across these datasets.

Algorithms. In comparison with existing streaming fair
k-center clustering algorithms, this experiment includes an
extended algorithm from the offline 3-approximation al-
gorithm by Jones, Nguyen, and Nguyen (2020) (denoted
as ExJones), a two-pass streaming 3-approximation algo-
rithm by Chiplunkar, Kale, and Ramamoorthy (2020) (de-
noted as two-pass 3-Approx), and a one-pass streaming 7-
approximation algorithm (Lin, Guo, and Jia 2024) (denoted

Dataset #Records #Dim.

Wholesale 440 6
Student 649 16
Bank 4,521 7
SushiA 5,000 10
CreditCard 30,000 19
Adult 32,561 6
CelebA 202,599 15,360

SimulatedA 4,000,000 1,000
SimulatedB [2k,4k,6k,8k,10k] 2

Table 1. Datasets Summary.

as 7-Approx). Moreover, we propose two algorithms in this
paper: 1) a one-pass 5-approximation algorithm (denoted as
5-Approx); 2) a one-pass 3-approximation algorithm with
m = 2 (denoted as 3-Approx) for semi-structured data
streams in our experiments.
Metrics. To evaluate clustering quality, we use the cost met-
ric defined in Sec. 2 and compare its average value across
datasets. We also report runtime, measured in seconds.

5.2 Experimental Analysis
In Fig. 1, we first report the empirical approximation ratios
of the algorithms on a simulated dataset with known optimal
solutions. This allows us to compare the experimental objec-
tive values of our algorithms and the baselines against the
optimal objective. We then evaluate the clustering costs of
these algorithms on real-world datasets. Finally, we report
the runtime(s) performance on large-scale simulated datasets,
focusing on file I/O operations in our algorithms compared
to other baselines.

Approximation Factor. We compare algorithm perfor-
mance by evaluating the relative solution ratio against the
optimal solution provided for the simulated dataset. The ra-
tio of the evaluation result can be called the empirical ap-
proximation ratio, and the maximum value represents the
worst-case cost in all the experimental results. We run the
code of constructing the simulated dataset shared by Klein-
dessner, Awasthi, and Morgenstern (2019) for their algorithm
setting m = 2, k = 100 and varying the size of the simu-
lated datasets |S| from 2, 000 to 10, 000. For each size of the
dataset, we perform 10 runs on 10 kinds of fairness with 10
different constraint ratios.

We observe that the practical performance of all algo-
rithms aligns well with their theoretical bounds. Notably, the
3-Approx (semi) demonstrates the best performance, even
outperforming the two-pass 3-Approx algorithm (Chiplunkar,
Kale, and Ramamoorthy 2020). When the dataset size |S| =
2, 000, the maximal empirical approximation ratio of 7-
Approx is greater than 5, validating the suitability of the
dataset for testing these algorithms. Compared with the
method of Jones et al., our algorithm achieves a lower em-
pirical approximation ratio, demonstrating the advantage of
our algorithm. Consequently, our algorithms exhibit superior
performance on the datasets, conforming to the theoretical
guarantees.
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Figure 1. Empirical approximation ratio (cost/r∗) of our algorithms in comparison with other baselines.

Dataset ExJones 7-Approx 5-Approx 3-Approx
(Semi)

3-Approx
(Two pass)

Wholesale 1.36 1.28 1.04 0.84 0.61
Student 1.85 1.85 1.90 1.79 1.73
CelebA 24.36 26.27 21.34 21.34 21.25
Bank 0.49 0.93 0.61 0.40 0.43
SushiA 1.42 1.66 1.41 1.51 1.48

Credit 0.93 1.89 1.03 0.94 0.81
Adult 0.65 1.08 0.62 0.52 0.56

Table 2. Cost comparison on the real-world datasets. (The
underline values highlight the best results of the general one-
pass algorithms. In addition, the bold indicates the best result
when semi-structured data streaming is included alongside
the one-pass streaming algorithms.)

Comparison with Baselines. We report the clustering costs
achieved by our algorithms and three baselines across seven
real-world datasets in Tab. 2. The parameter k is set propor-
tionally to the dataset size: datasets above the dividing line
use 1% of the total number of records, while those below
use 1‰, which depends on the variation in dataset scales.
This same proportion is also applied to the center constraints
across different groups. All datasets are normalized prior
to running the algorithms, and for CelebA, the first 1,000
samples are used in the experiments.

In Tab. 2, we observe that 3-Approx (Semi) outperforms
most of the other one-pass algorithms, while the two-pass 3-
approximation algorithm maintains better performance than
the one-pass streaming algorithms on the seven datasets. We
attribute this to the fact that our algorithm is a modification
of the original center selection method based on streaming.
By combining streaming techniques with the structure of an
independent center set, it effectively identifies more mean-
ingful center points. As a result, it achieves lower clustering
costs than the other baselines under the one-pass streaming
setting (shown as the underline values). We also observe
that the results reported by (two-pass) 3-Approx consistently
outperform all the one-pass streaming algorithms. This can
be explained by the fact that the two-pass 3-approximation
algorithm has the advantage of refining the center set in the
second pass, enabling it to identify more accurate center
points.

ExJones 7-Approx (two pass)
3-Approx

3-Approx 5-Approx
0

5000

10000

R
un

tim
e 

(s
)

SimuB (100G)

Figure 2. Runtime on the 100G simulated dataset.

Streaming Runtime. Using the method from Chiplunkar,
Kale, and Ramamoorthy (2020), we generate a 100 GB
dataset containing 4,000,000 items and 1,000 features. In
Fig. 2, we evaluate the runtime performance of our algo-
rithms and baseline methods on this dataset. Our results show
that the 5-Approx algorithm runs faster than the algorithms
of Chiplunkar, Kale, and Ramamoorthy and Jones, Nguyen,
and Nguyen (2020), which aligns with theoretical expecta-
tions, as all of our algorithms are one-pass streaming methods.
Among these methods, 7-Approx (Lin, Guo, and Jia 2024)
runs the fastest, because it selects fewer points during the
streaming process and omits post-processing steps, thereby
reducing computational overhead.

6 Conclusion

In this paper, we first devise a one-pass streaming algorithm
with an approximation ratio of 5 + ϵ and a memory com-
plexity of O(k logα), where α is the aspect ratio. Motivated
by the broad applications of semi-structured data streams,
we then present an algorithm with a ratio of (3 + ϵ) and the
same memory complexity for the problem on semi-structured
streams with m = 2. This (3 + ϵ)-approximation can be di-
rectly used to solve the offline problem and achieve a slightly
improved ratio of 3, matching the state-of-the-art ratio for of-
fline fair k-center. Lastly, we conduct extensive experiments
to demonstrate the performance gains of our algorithms com-
pared to baselines, including state-of-the-art methods. In the
future, we will strive to design both offline and streaming
algorithms with better approximation ratios for fair k-center,
k-median, and k-means in doubling metrics and Euclidean
spaces.
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