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Abstract

Finding a few solutions for a given problem that are di-
verse, as opposed to finding a single best solution to solve the
problem, has recently become a notable topic in theoretical
computer science. Recently, Baste, Fellows, Jaffke, Masarik,
Oliveira, Philip, and Rosamond showed that under a standard
structural parameterization by treewidth, one can find a set of
diverse solutions for many problems with only a very small
additional cost [Artificial Intelligence 2022]. In this paper, we
investigate a much stronger graph parameter, the cliquewidth,
which can additionally describe some dense graph classes.
Broadly speaking, it describes graphs that can be recursively
constructed by a few operations defined on graphs whose ver-
tices are divided into a bounded number of groups, while each
such group behaves uniformly with respect to any operation.
We show that for any vertex problem, if we are given a dy-
namic program solving that problem on cliquewidth decom-
position, we can modify it to produce a few solutions that are
as diverse as possible with as little overhead as in the above-
mentioned treewidth paper. As a consequence, we prove that
a diverse version of any MSO; expressible problem can be
solved in linear FPT time parameterized by the cliquewidth,
the number of sought solutions, and the number of quantifiers
in the formula, which was a natural missing piece in the com-
plexity landscape of structural graph parameters and logic for
the diverse problems. We prove our results, allowing for a
more general natural collection of diversity functions com-
pared to only two mostly studied diversity functions previ-
ously. That might be of independent interest as a larger pool
of different diversity functions can highlight various aspects
of different solutions to a problem.

Extended version — https://arxiv.org/abs/2405.20931

1 Introduction

In a standard graph problem, one typically asks for a solution
of the smallest size. The first difficulty that typically needs
to be overcome is that a large proportion of important prob-
lems is hard to solve (for some notion of hardness). There
is a vast branch of research dedicated to overcoming such
a difficulty, like parameterized complexity, approximation
algorithms, and heuristics, among others. Second, maybe a
more pressing issue is that even once we are given a single
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optimal solution for the problem, we might not be able to
learn as much about our original tasks as we had hoped. Why
might it be so? Mathematically formulated problems are typ-
ically just an abstraction of real-world problems, where there
might be other important factors that were perhaps just too
complex to formalize or even not known in the first place.
Such constraints might be visible only once an actual solu-
tion is presented. While the first difficulty stands, the second
difficulty might be overcome or at least diminished by the
following idea. Instead of searching for just one solution, we
will search for various solutions that are as different as possi-
ble (for some notion of what different means, to be specified
later). Moreover, the idea of looking for a diverse set of so-
Iutions may even further allow us to relax the original math-
ematical formulation of a problem, which in turn may allow
for more efficient algorithms combating the first-mentioned
difficulty. There are many examples of advantages produc-
ing numerous different solutions in the literature; see the
famous architect problem (Galle 1989) as one of the ear-
liest examples. Since then, there have been countless ap-
plications of this principle in various branches of computer
science: constraint programming (Hébrard, O’Sullivan, and
Walsh 2007; Hébrard et al. 2005; Petit and Trapp 2015;
Ingmar et al. 2020), mixed integer optimization (Ahanor,
Medal, and Trapp 2024; Danna and Woodruff 2009; Glover,
Lgkketangen, and Woodruff 2000), evolutionary computa-
tion (Do et al. 2022; Gabor et al. 2018; Wineberg and
Oppacher 2003), social choice (Boehmer and Niedermeier
2021; Arrighi et al. 2021), and discrete geometry (Klute and
van Kreveld 2022) among many others.

It was not until 2019 that this concept was brought to
the attention from the perspective of theoretical graph algo-
rithms and parameterized complexity toolbox (Baste et al.
2022). They showed that a dynamic program (DP) on a tree
decomposition can be converted to a DP finding diverse so-
Iutions. Since then, this concept under the parameterized
complexity examination started to play a more prominent
role, and many follow-up papers have been published (Baste
et al. 2019; Hanaka et al. 2021; de Berg, Lépez Martinez,
and Spieksma 2023; Fomin et al. 2024b; Hanaka et al. 2023;
Arrighi et al. 2023; Do et al. 2023; Fomin et al. 2024a).

Now, let us define diverse problems formally. We start by
explaining the two basic diversity measures that were within
the central focus of the theoretical research on diverse prob-



lems. We define the Hamming distance between two sets S
and S’ as the size of their symmetric difference. That is

HamDist(S,S") = [(S\ S)U(S5"\9)|

We use it to define diversity measures of an (ordered) col-
lection of sets. We define Sum diversity as

DivSum(Sy,...,S,) = Z HamDist(S;, S;).

1<i<j<r
Then, we define Min diversity as

DivMin(Sy,...,Sy) = min  HamDist(S;, S;).
1<i<j<r

Having defined the basic measures, we can state the problem
formally. In the following, we use D7v to denote an arbitrary
diversity measure that takes r subsets of vertices and outputs
an integer, for example, DivSum or DivMin functions de-
fined above. Note that in this work, we are concerned only
with vertex problems, but this template can be easily modi-
fied to take into account any list of subsets. Formally, a ver-
tex problem is a set of pairs (G, .S), where G is a graph and
S is a subset of its vertices that satisfies some property.

Definition 1.1 (Diverse Problem). Let P, ..., P, be vertex
problems, Div be a diversity measure, d € N. Then

Divi(Py,...,P.) ={(G,S1,...,5,)
(G, SZ) S Pi,DiU(Sl7 .. .,ST) > d}

In our paper, we focus on FPT algorithms for diverse ver-
tex problems, parameterized by the cliqguewidth of the graph,
that means algorithms running in time f(w) - n°("), where
w is the parameter (the cliquewidth) and n is the graph size.

A graph G has cliquewidth w if there is a rooted tree that
describes the construction of GG from single vertices via the
listed simple operations using at most w colors.

Definition 1.2 (Cliquewidth). Lefw € N. A cliquewidth de-
composition of width w is a rooted tree D where each node
t € V(D) is of one of the following types:

e t = intro(v,a), where a € [w] and t is a leaf of D.
This node corresponds to construing a one-vertex col-
ored graph with a vertex v of color a.

t =t1 @ to, where tq,ts are children of t. This node cor-
responds to taking the disjoint union of colored graphs
constructed by the subtrees of t1, to.

t = recolor(t',a — b), where t' is the only child of t,
a,b € [w]. This node corresponds to recoloring all the
vertices of color a in a graph constructed by the subtree
of t' to color b.

t = addEdges(t', a,b), where t' is the only child of t,
a,b € [w]. This node corresponds to adding an edge be-
tween each pair of vertices u, v of colors a, b respectively
in a graph constructed by a subtree of t' if such an edge
does not exist.

For a node t € V(D) we denote by D; the subtree of D
rooted at t, by Gy the colored graph constructed by Dy, and
by 0(t) the number of children of t. Let G be a simple graph.
D is a cliquewidth decomposition of G if G is isomorphic to
G, where t is the root of D.
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Observe that in this definition, for each v € V(G), there
is exactly one node ¢t = intro(v,a), where a € [w]. We
also write ¢t = Lea fp(v). The cliqguewidth of G is minimal
w € N such that G admits a decomposition D of width w.

The cliquewidth has played an influential role since
its definition (Courcelle, Engelfriet, and Rozenberg 1993).
This has only increased after a seminal result of Cour-
celle, Makowsky, and Rotics proving that any MSO; prop-
erty can be checked in linear time on graphs of bounded
cliquewidth (Courcelle, Makowsky, and Rotics 2000). This
result essentially means that many difficult vertex prob-
lems on graphs are solvable in linear time, provided that
the cliquewidth of that graph is small. The most prominent
tool to solve problems on graphs of bounded cliquewidth
is dynamic programming without any doubt. Besides the
model-checking theorem, there have been countless exam-
ples of using dynamic programming to solve some particu-
lar problems, either because those problems are not express-
ible in MSO; or because they provide a much faster algo-
rithm. For example, feedback vertex set (Bui-Xuan et al.
2013), triangle detection & girth (Coudert, Ducoffe, and
Popa 2019), Alliances (Kiyomi and Otachi 2017), Hamilto-
nian cycle (Bergougnoux, Kanté, and Kwon 2019), Steiner
tree (Bojikian and Kratsch 2024b), connected odd cycle
transversal (Bojikian and Kratsch 2024a), and other connec-
tivity problems (Bergougnoux and Kanté 2019; Hegerfeld
and Kratsch 2023).

We would like to point out that for our purposes, there is
very little difference between the case when the cliquewidth
decomposition is given on the input and the case when it
first needs to be computed. Indeed, despite being NP-hard
to be computed optimally (Fellows et al. 2009), there is a
(22@+1 — 1)-approximation algorithm running in quadratic
time, where w is the cliquewidth of the graph on the in-
put (Fomin and Korhonen 2022). Therefore, from now on,
we will simply assume that the decomposition is given on
the input, so we do not need to argue this in many places.
Moreover, it allows us to state our results independently of
potential improvements of the above-mentioned approxima-
tion algorithm.

1.1 Our Results

Our main contribution is the following. Given a cliquewidth
decomposition of a graph G and (almost any) dynamic pro-
gram solving a vertex problem on GG, we are able to translate
it to an algorithm solving a diverse version of the problem
with only a very small expense on the running time. In fact,
the running time of the diverse algorithm will be essentially
the r-th power of the running time required to compute a
single solution when we aim to find r diverse solutions.
More formally, we define what it means for dynamic pro-
gramming to be monotone; see Definition 2.5. Despite its
inherent technical nature, the idea behind this definition is
very natural. Let us explain the intuition here. Take a dy-
namic programming table entry € within some inner node of
the DP. Such € could originate from many different possible
combinations of other entries evaluated earlier (in subtrees
of the given node) in the DP. We call it the derivation tree
of €. To each such derivation tree, we assign a set of ver-



tices, called partial solution, based only on the entries in the
leaves of the decomposition that combine to €. Moreover, for
the leaf node, we only allow for two entries: one where the
vertex corresponding to a leaf node is in the partial solution
and the other when it is not. We call the described property
monotonicity, as the set of vertices assigned to the derivation
tree is the union of the sets assigned to its subtrees.

With the intuition on what monotone DPs look like, we
formulate our main theorem. In the following, we use Div
to denote an arbitrary diversity measure from a collection of
Venn measures that will be defined later; see Definition 1.9
for a formal definition. At this point, we keep in mind that
DivSwum is one such measure, but DivMin is not.

Theorem 1.3 (Diverse problems on cw). Let Py,..., P,
be vertex problems and given monotone dynamic pro-
grams solving them with the slowest running on a single
node of the decomposition in time tp for graph G with
cliquewidth decomposition D. Let Div be a Venn diversity
function. The problem Divd(Py, ..., P,) on a graph G with
given cliquewidth decomposition D can be solved in time
O(V(D)ltp):

It is important to note that the running time of Theo-
rem 1.3 does not depend on the actual value of the Div
function. Our proof also provides the same statement for the
DivMin function, but with a worse running time dependent
on the target value d of the DivMin function.

Theorem 1.4 (Min Diverse problems on cw). Let
Pi,...,Pr be vertex problems and given monotone dy-
namic programs solving them with the slowest running
on a single node of the decomposition in time tp for
graph G with cliquewidth decomposition D. The prob-
lem DivMin®(Py,...,P,) on a graph G with given
cliquewidth decomposition D can be solved in time
O(|V(D)ltpd™).

We would like to compare the running time of Theo-
rem 1.3 with an analogous theorem for the treewidth (Baste
et al. 2022, Theorem 10). We present it with a minor im-
provement, where we omit the factor d* (typically a = 2)
stated in the referenced running time as it is not necessary
once one aims to find a single diverse solution of the best
possible value of DivSum. We discuss the change at the
end of Section 2.

Theorem 1.5 (Reformulated (Baste et al. 2022, Theorem
10) with a slight improvement). Let Py, ..., P, be vertex
problems and given dynamic program core (as defined in
(Baste et al. 2022, Definition 6)) solving them with the slow-
est running on a single node of the decomposition in time
t1 for graph G with tree decomposition T. The problem
DivSum®(Py, ..., P,) on a graph G with given treewidth
decomposition T can be solved in time O(|V (T)|t%).

We claim that a vast majority of dynamic programs solv-
ing vertex problems using the cliquewidth decomposition
are either monotone or could be easily transformed to be
monotone. To the best of our knowledge, we have not found
any examples of non-monotone DPs in the literature. To
support the intuition, we designed a non-monotone DP for
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the vertex cover problem. However, this algorithm can be
easily turned into a monotone one; see (Drabik and Masaiik
2024). In order to support our claim, we showed that using
our framework, one can solve the diverse version of any ver-
tex problem that can be expressed in MSO; logic, which
is the fragment of second-order logic where the second-
order quantification is limited to quantifying over sets of
vertices. The MSO; captures many well-studied problems,
including: Vertex Cover, Independent Set, Dominating Set,
and Feedback Vertex Set problems. We show that any prob-
lem P for which there exists an MSO; formula ®(S) such
that G F ®(9) if and only if (G,S) € P can be solved
by a monotone dynamic program to which we apply Theo-
rem 1.3. As the original result (Courcelle, Makowsky, and
Rotics 2000) gives the DP only implicitly, we decided to
design a new DP algorithm and show that it is indeed mono-
tone. We based our approach on lecture notes (Fiala 2024,
Section 5.4), which show how to use evaluation trees to ob-
tain a similar result for treewidth decomposition.

Corollary 1.6. Diverse MSO; problems can be solved in
linear FPT time parameterized by the cliquewidth, the num-
ber of solutions, and the number of quantifiers in the for-
mula.

Corollary 1.6 is interesting on its own as it provides a
new result for graph vertex problems expressible in certain
logic. We can compare it with the original treewidth re-
sult (Baste et al. 2022), which encompasses problems that
can be defined in MSOs logic and then provides the diverse
variant in the running time comparable to Corollary 1.6.
That is a stronger logic, but a much weaker graph class.
Note that model checking of MSO5 problems on cliques
is not even in XP unless E = NE (Courcelle, Makowsky,
and Rotics 2000). Later, Hanaka, Kobayashi, Kurita, and
Otachi (Hanaka et al. 2021, Theorem 13) proved that prob-
lems that can be defined in FO logic on a nowhere dense
graph class can have their Diverse variant solved in FPT
time. However, this time the result relies heavily on the
model-checking machinery (Grohe, Kreutzer, and Siebertz
2017) and the claimed running time is much worse than lin-
ear. Again, this result is incomparable with Corollary 1.6
as it acts on a larger class of graphs, but only on problems
defined in a weaker logic. (Bergougnoux, Dreier, and Jaf-
fke 2023) worked on an A&C DN logic (distance neighbor-
hood logic with acyclicity and connectivity constraints). In-
formally speaking, DN logic allows for size measurement of
neighborhood terms as well as inclusion-wise comparison
of neighborhoods within the existential fragment of MSO;
logic, while A&C further add two more constraints which
allow us to express acyclicity and connectivity of the neigh-
borhood term. They showed that if a vertex problem can be
expressed in A&C DN logic, then one can express DivMin
or DivSum variant of the problem in that logic as well.
Then they present a cubic FPT algorithm solving A&C DN
encoded problems on graphs of bounded cliquewidth param-
eterized by the size of the formula and the cliquewidth. Ad-
ditionally, they present an XP algorithm for the same prob-
lem on graphs of bounded mimwidth which is a much more
general structural graph parameter. Indeed, as this covers



only an existential fragment of MSO;, it is incomparable
with Corollary 1.6. Let us stress that all the related work is
stated only for DivSum or possibly for DivMin measures.

New Venn Diversity Measures. In our work, we propose
a whole collection of diversity measures. We believe they
will be of independent interest. Despite being very natural,
to the best of our knowledge, they have not been studied
in this context before. In the previous theoretical works, re-
search was only focused on the two measures already de-
fined: DivMin and DivSum. However, despite them being
the first natural examples, there is nothing so special about
them. One can find examples where those measures do not
behave exactly as expected. In the case of the DivSum mea-
sure, a profound example is taking many copies of two dis-
joint sets, which results in a relatively high diversity value.
Still, intuitively, such a tuple of sets is not diverse. In partic-
ular, it does not display a potentially rich structure of various
different solutions as we might have hoped. This was already
observed and discussed in (Baste et al. 2019, Section 5, Fig-
ure 3). Such problems are not limited to DivSum; see the
full version of this article (Drabik and Masaiik 2024) for a
problematic example for the DivMin measure.

Therefore, we are convinced that our approach, which
gives access to the whole collection of diversity measures,
much better supports the nature of the diverse problems. In-
deed, it seems in line with the diversity paradigm, where one
seeks a collection of solutions rather than a single one. In the
same spirit, we advocate trying different diversity measures
and then comparing their results. However, we can be more
subtle as we have access to a large collection of measures.
We suggest that one might pick the measures dynamically.
This means we can choose the measures not only based on
the instance but also based on the diverse collection(s) we
have obtained so far. If we obtain one of the degenerate
examples, or simply, whenever we do not like the solution
given by one diversity function, we can adjust the diversity
function to penalize such an outcome and rerun the algo-
rithm.

We will shortly give an example of a measure that penal-
izes an unwanted outcome returned using the DivSum mea-
sure, but first, we define Venn diversity measures formally.
We start by defining the membership vector, which is basi-
cally a characteristic vector of a vertex v being an element
of set .S; in the list of sets Sy, ..., .S,.

Definition 1.7 (Membership vector). For v € V and a list

S1,-..,5 of subsets of V a membership vector of v in
S1,..., Sy is avector m(Sy, ..., S, v) € {0,1}" such that
foreach i € [r],
. 1 l:f’U € Sz
Sty Sp, = L
m(St, -y Sr )i {0 otherwise.

Then we define the influence of a vertex provided with a
function f where the value of f is determined by the mem-
bership vector value.

Definition 1.8 (f-influence). Let f : {0,1}" — N. Forv €

Vandalist S,...,S, of subsets of V the f-influence of v
on the list Sy, ..., S, is the number
Ip(S1,..., 8 v) = f(m(S1,...,Sr0)).
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Figure 1: A Venn diagram for four solutions: A, B,C, D.
The influence of a vertex corresponding to the DivSum
measure is marked. With Venn diversity measures, one could
assign an arbitrary influence value to each part of this dia-
gram.

Observe that in this definition, the influence depends only
on the presence of v in each of S, . .., S,.. Finally, we define
the Venn function; see Figure 1.

Definition 1.9 (Venn f-diversity). Let f : {0,1}" — N. We

define the Venn f-diversity of a list S1, ..., S, of subsets of
V to be

Divg(Sy,...,80) =Y If(S1,...

veV

, S, 0).

Whenever [ is fixed, we will write I(Sy,...,S,,v) in-
stead of I¢(S1,...,Sy,v) and Div(Sy,...,S,) instead of
Divg(S1,...,5), and we say Venn diversity instead of
Venn f-diversity. We now give an example of a Venn f-
diversity measure other than DivSum.

Example 1.10.

Div*(Sy,...,S): Z(rz —{ier]:veS}?).

veV

Here, the influence of v on Sy, ..., S, depends on the inter-
section of how many sets from S1, . .., S, v belongs to.

Returning to our example with only two distinct solutions
copied multiple times, achieving the best DivSum value,
we suggest that in that case, one might try to use the Div*
measure defined in Example 1.10. Contrary to the sum of
pairwise hamming distances, this measure penalizes taking
many copies of two disjoint sets; see Figure 2.

Organization of the paper. We give the proof of our main
theorem (Theorem 1.3) in Section 2. In Section 3, we pro-
vide a monotone DP for MSO; problems that implies Corol-
lary 1.6. We conclude with a discussion about open prob-
lems and further extensions in Section 4.

2 Monotone DP for Vertex Problems

A very natural property of dynamic programming algo-
rithms for vertex problems on cliquewidth decompositions
is that each partial solution for a node ¢ is a disjoint union
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Figure 2: Consider the dominating set problem on a path
of five vertices. If the number of required solutions is four,
then a solution maximizing DivSum will consist of twice
A and twice B, having DivSum equal to 20. However, for
the Div* function, the value for this set of solutions is equal
to 60, which is less than for an arguably more diverse set
of solutions consisting of all A, B, C, and D, with the Div*
being equal to 63.

of partial solutions for its children. We call algorithms with
this property monotone.

In this section, we give the formalism of dynamic pro-

gramming and the monotone property. We prove our main
result, that having a monotone dynamic program for each
of the vertex problems Pi,...,P, and a cliquewidth de-
composition D of G, we can solve Div?(Py, ..., P,) on G.
Recall that §(¢) denotes the number of children of a node
t e V(D).
Definition 2.1 (Dynamic programming core). A dynamic
programming core is an algorithm € that takes cliquewidth
decomposition D of a graph G and produces  a set
Acceptep C {0,1}* and for each t € V(D) a set
Processe p(t) C ({0,1}*)°0+1,

Let 7(€, D) be the time necessary to construct these data
and Sizeg p = mazrcy (py|Processe p(t)|.

Intuitively, Processg p corresponds to the transitions
of the dynamic programming. If a partial solution repre-
sented by w at node ¢ can be obtained from partial solu-
tions represented by wy ... ws) at its children ¢; ... 45
then ww; ... ws) € Processe p(t).

Definition 2.2 (Witness). Let D be a cliquewidth decompo-

sition of a graph G with a root q and € be a dynamic pro-

gramming core. For w € {0,1}* a (€, D, w)-witness is a

Sfunction oo : V(D) — {0, 1}* such that for eacht € V(D)

a(t)a(ty)...altsey)) € Processe p(t) and a(q) = w.
If w € Accepte p, we say o is a (€, D)-witness.

Intuitively, if w is a dynamic programming entry in the
root t of D, it can originate from many combinations of en-
tries in the children of ¢. A (€, D, w)-witness describes one
of many derivation trees for w.

Observe that if P is a vertex problem, given a graph G,
we cannot hope to list all .S such that (G,S) € P in FPT
time, as the number of such sets may be exponential in |G/|.
Therefore, we focus on deciding whether for a given graph
G there exists any such S. We call this decision problem a
graph problem and write G € P if the answer is YES.

Definition 2.3. We say that a dynamic programming core €
solves a graph problem P if for each graph G and for each
cliquewidth decomposition D of G, G € P if and only if a
(€, D)-witness exists.
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That means G is a YES-instance of P if and only if there
exists a derivation tree for some accepting entry w.

Theorem 2.4. Let P be a graph problem and € be a dy-
namic programming core that solves ‘P. Given a decompo-

sition D of a graph G we can determine whether G € P in
time O (7(€, D)+ |V(D)|- Sizee p).

Proof. Given €,D, we can construct Accepte p and
Processe p(t) for each t € V(D) in time 7(€, D). Let
II(t) be the set of w € {0,1}* such that a (€, D, w)-
witness exists. We can construct II(¢) for each ¢t € V(D)
by induction. If §(t) = 0, II(t) = Processe p(t). Other-
wise, H(t) = {w|3(w,w1,...wé(t))GProcessQD(t)vie[é(t)]wi €
II(t;)}. G € Pifandonlyif II(g) N Accepte p # 0, where
q is the root of D. O

Note that from the above algorithm we can also easily
recover some (€, D, w)-witness for each w € II(q)

Definition 2.5 (Monotonicity). Let P be a vertex prob-
lem. We call a dynamic programming core € monotone
if there exists a function p : {0,1}* — {0,1} such
that for each graph G, for each cliquewidth decompo-
sition D of G, for each S C V(G), (G,S) € P
if and only if there exists a (€, D)-witness « such that
S ={veV(G): pla(Leafp(v))) = 1}. We call such p a
¢-vertex-membership function and say pair (€, p) solves P.

Intuitively, a vertex membership function p together with
a cliquewidth decomposition D of a graph G and a (€, D)-
witness « provide an encoding of a subset of vertices of
G using only the values of DP entries in leaves of D. Let
S,(D,a) = {v € V(G) : p(a(Leafp(v))) = 1}. Note
that in this definition, we determine whether a vertex is in
the subset or not based only on the value of the witness on
its introduce node.

The following theorem is a formal reformulation of
Theorem 1.3 formulated in the introduction. Indeed, if
tp O(Sizeg, p) for P; being the one with the slow-
est maximal running time on a single node of the decom-
position out of Py,...,P,, and assuming we are given
Accepte, p and Processe, p(t) for each ¢t € V(D) pre-
computed, the time needed to solve Div?(Py,...,P,) is
O ([V(D)] - [Ii_, Sizee, p) < O(IV(D)[th).

Theorem 2.6. Let Py, ..., P, be vertex problems, (€;, p;)
be a pair of a monotone dynamic programming core and
a vertex membership function that solves P;, Div be a
Venn f-diversity measure for some f : {0,1}" - N, d € N.
The problem Div?(Py,...,P,) on a graph G with given
cliqguewidth decomposition D can be solved in time

@ ( )‘ . HS’L.ZEQ“D> N
i=1

Before proving it, we will also state the following theo-
rem, which is a formal reformulation of Theorem 1.4 from
the introduction. The proof of Theorem 2.6 can be easily
modified to work for Theorem 2.7.

Theorem 2.7. Let P1,..., P, be vertex problems, (€;, p;)
be a pair of a monotone dynamic programming core and

r

> 7(¢, D)+ V(D

i=1



a vertex membership function that solves P;, d € N. The
problem DivMin®(Py,...,P,) on a graph G with given
cliquewidth decomposition D can be solved in time

o

Keep in mind that the following proof can be modified
to work also for DivMin as stated in Theorem 2.7. Instead
of one diversity value ¢ for a tuple of partial solutions, we

s

Y r(€, D) + V(D

i=1

)| : H SZ'ZEQZ."D : dr2

=1

need to store a vector L € {0, ..., d}(;) of pairwise Ham-
ming distances between the solutions. Since for S7,Sy C
S, Py, P, C P, where S and P are disjoint, HamDist(S;U
1:)17 52 ] PQ) = HamDist(Sl, SQ) + HamDist(Pl, PQ),
we can sum these vectors point-wise as we sum single di-
versity values. As the Hamming distance only grows, and
we are interested in having the minimum distance of at least
d, we can treat all the values greater than d as equal to d.
However, we cannot take advantage of keeping only the best
diversity value for a tuple of entries because such vectors
may be incomparable, so for one tuple of entries that repre-
sents multiple tuples of partial solutions, there may be up to

(d+ 1)(5) different diversity vectors, which contributes to
d” factor in Theorem 2.7.

Sketch of proof of Theorem 2.6. Full formal proof is in
(Drabik and Masaiik 2024). The correctness of the algo-
rithm is based on the following lemma and the fact that
for each node ¢t = ¢; @ t2 of the decomposition V (G4, ) N
V(Gt2) = @

Lemma2.8. ' Let S, P C V be disjoint sets, Sq,...,S, C

S, Py,...,P. C P and let Div be a Venn f-diversity mea-
sure for some f : {0,1}" — N. Then
Div(SluPl,...,STUPT)

= Div(S1,...,S,) + Div(Py,...,P.) — |V(G)| - f(0O7).

We start by computing the tables Processeg, p and
Accepte, p corresponding to each core in total time
>i_,7(€¢;, D). Then for each node ¢ of the decompo-
sition, we construct by induction set Ilp;,(¢) of tuples
(wl,...,w", ) such that for each i there exists (€;, Dy, w’)-
witness «;, where ¢ is the diversity of the list of par-
tial solutions defined by this tuple witnesses. If for some
(wh,...,w"), there are multiple such tuples of witnesses,
we keep only those that give the maximum value of the di-
versity. If ¢ is a leaf of D, each witness «; consists only
of w" € Processe, p. Observe that for any tuple w =
(wl,...,w"), the only vertex whose membership in the list
of partial solutions defined by this tuple can be nonzero is
the vertex v introduced at ¢. Moreover, we can compute
this vector m,, by simply applying the membership func-
tion. Then IIp;,(t) consists of all such tuples w, together

"Note that in order to use this lemma to compute diversity, we
need to know the number of vertices of the final graph; |V (G)|.
However, f(0") corresponds to the influence of a vertex that is
in none of the partial solutions, which could be set to 0 in many
convenient measures. In such cases, we can even ignore this mild
constraint.
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with the diversity value £ = f(m,,) + (|[V(G)| — 1) f(07).
If ¢ has one child ¢, let TIp;,(t) be the set of tuples
(wl,...,w", ) such that £ is the maximal value of ¢/, among
all (wi,...,w],¢1) € Ilp;y(t1) where each (w',w}) €
Processe, p(t). If ¢ has children ¢q,t9, let IIp;,(t) be
the set of tuples (w!,...,w", ¢) such that ¢ is the maxi-
mal value of ¢; + ¢ — |V(G)|f(0") among all pairs of
(w%, e ,w{,ﬁl_) E_HD_i’U(tl)7 (w%, Ce ,U}E,KQ) S HDiU(tQ)
where each (w’, w},w}) € Processe, p(t). Note that we
are using the monotonicity assumption in this argument. As
we are joining pairs of partial solutions belonging to disjoint
sets V(Gy, ), V(Gt,), we can compute the diversity using
Lemma 2.8. Observe that for each node ¢ set IIp;, () can
be computed in time []._, |Processe, p(t)|. The last step
is checking whether there exists (w!, ..., w", £) € IIpi,(q)
such that £ > d and each w’ € Accepte, p for q being the
root of D. This can be done in [],_, |Accepte, p| time.

We prove the correctness by combining the two lem-
mas formally stated and proven in (Drabik and Masarik
2024). Firstly, we show that for each S, ..., S, such that
(G, S;) € P; there exists (w!,...,w" £) € Ip,(q) for
some ¢ > Div(Sh,...,Sy). Secondly, we show that for each
(wl,...,w", £) € Up;y,(q) there exists S1, ..., S, such that
(G, S;) € P; and Div(Sy,...,S,) = L. O

We would like to briefly explain at this point why the fac-
tor d* is stated in the running time of Theorem 1.5. Integer
a stands for the maximum number of children of a node in
the given tree decomposition. The reason why this improve-
ment is possible is that during the DP composition, we need
to remember for each entry only the best value of diversity
and not all d of them, similarly to our proof of Theorem 1.3.
Such a change requires only a single computation for each
table entry compared to the d“ factor used originally.

3 MSO; Has Monotone DP

Theorem 3.1 ((Courcelle, Makowsky, and Rotics 2000)).
Given a cliquewidth decomposition D of a graph G, an
M SO formula ® can be evaluated on G in time c- |V (D)|,
where c is a constant depending only on ® and the width
of D.

The proof of Theorem 3.1 will give us dynamic program-
ming over the decomposition of G. In Section 3.2, we will
show that for vertex problems, this dynamic programming is
monotone, which, combined with Theorem 2.6, will give us
Corollary 1.6. Full formal proofs are in (Drabik and Masaiik
2024).

3.1 Proof Sketch of Courcelle’s Theorem for
Cliquewidth Using Reduced Evaluation Trees

We prove Theorem 3.1 using partial evaluation trees. Let
® be an M SO; formula in the prenex normal form with
q = qy + qs free variables, g, of them being individual vari-
ables, and q, being set variables. An evaluation tree for ®
and a graph G is a tree F' of height ¢ such that each node
of depth ¢ corresponds to the assignment of the first ¢ vari-
ables (and is labelled by the value of the ¢-th of them). The
answer to whether G = ® can be obtained by traversing F'
bottom-up, where the value of a subtree in the evaluation



depends on the values of its children. The size of the evalu-
ation tree is exponential in the size of G, but it turns out that
it can be reduced. Based on the observation that the value
of the leaf depends only on the assignments of the variables
restricted to the subgraph of G induced by the values of the
individual variables corresponding to this leaf, we can define
isomorphism classes of the leaves as pairs of such induced
subgraph and variable assignment (there are at most 2 (4%
of them). The isomorphism classes of higher subtrees of F
are defined inductively, as sets of isomorphism classes of
their children. Proceeding bottom-up and reducing all chil-
dren from the same class under the same parent to one fixed
representative of this class, we get a reduced evaluation tree
F~ which has the same value as F’ in the evaluation, and its

. . 20(ava)
size is bounded by 2.-' } q+1.

A partial evaluation tree F; for ® and a node ¢ of the
decomposition D of G is the evaluation tree for & and
G in which For individual variables, we consider the ad-
ditional case when the value does not belong to G; (we
call such branch external). Observe that if we prune from
F; all the external branches, we get the evaluation tree for
® and G;. We can reduce partial evaluation trees simi-
larly as regular evaluation trees, defining the isomorphism
classes of the leaves (also called configurations) as com-
binations of: the colored subgraph G} of G induced by
the values of individual variables corresponding to this leaf,
assignment of the individual variables and assignment of
the set variables restricted to V(G}) (there are at most
20(¢v(g+log w)) guch combinations, where w is the number of
colors). Proceeding with the same bottom-up reduction, we
get a reduced partial evaluation tree I, of size bounded by

29(av(atlogw))
2"
pruning the external branches, it evaluates to the same value
as the regular evaluation tree for G. It remains to prove
that we can compute F,  for ¢ being the root of D with-
out computing F;. The idea is to construct £~ inductively
from F,_,..., F t;( " Observe that for ¢ being the leaf, the

size of I} is bounded, so we can compute F}; and reduce it.
For t = recolor(t1,a — b) or t = addEdges(t1,a,b), it
suffices to reduce Ft:, taking into account the new colored
graph. For ¢ = t; @ t2 we compute a free product Fy| @ Fy,
and then reduce it. The tree product of two partial evaluation
trees F1, F5 for the same formula ® and graphs G, G5 is re-
cursively defined as follows. If Fy, F5 are leaves, I} @ Fb =
(Fy, Fy). If the first free variable of ® is a set variable, F
has children {F} : i € [n]} corresponding, respectively, to
the assignments of sets {.S; : ¢ € [n]} to this variable, and
similarly F has children {FJ : j € [m]} corresponding,
respectively, to the assignments of {P; : j € [m]}, then
Fy, ® F; has children {F} @ Fy : i € [n],j € [m]} cor-
responding to the assignments of {S; U P; : i € [n],j €
[m]}. If the first free variable of ® is an individual vari-
able, Fy has children F and {F} : i € [n]} correspond-
ing, respectively, to the assignments of external value and
{v; : i € [n]} to this variable, and similarly F5 has chil-

¢ + 1 which is isomorphic to F}, so after
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dren FY and {FJ : j € [m]} corresponding, respectively,
to the assignments of external value and {u; : j € [m]},
then Iy ® F, has children F ® FY, {F} @ FY : i € [n]}
and {FP ® Fy : j € [m]} respectively, to the assignments of
external value, {v; : ¢ € [n]} and {u; : j € [m]} to this vari-
able. Note that |F}; @ Fy| < |Fy]| - |Fy|. It is easy to see that
fort =t @ ta, Fy = Fy, ® F},. Then, in order to show the
correctness of the inductive construction of reduced partial
evaluation trees, it remains to prove the following lemma,
whose proof is (Drabik and Masatik 2024).

Lemma 3.2. Let tq,ty € V(D) such that Gy, , Gy, are dis-
joint, Fy ~ F| be partial evaluation trees for ® and ty,
F, ~ F} be partial evaluation trees for ® and to. Then
i@ F,~FoF,.

3.2 Generalization to Diverse Vertex Problems

We show that for any M.SO; formula ® expressing a ver-
tex problem P the dynamic programming from Section 3.1
yields a core € which (together with a proper membership
function) solves P and 7(€,D) < |V(D)| - ¢, Sizee p < c
for some constant ¢ depending on ¢ and the width of D. The
following is a more explicit version of Corollary 1.6.

Corollary 3.3. Let Py, ..., P, be vertex problems express-
ible in M SO+, ®; be an M SO, formula for P;, and Div be
a Venn diversity function. The problem Div?(Py,...,P,)
on a graph G with given cliquewidth decomposition D can
be solved in time O (|V(D)| - [1,_, ¢;), where c; is a con-
stant depending only on ®; and the width of D.

4 Conclusions and Open Problems

Our main contribution is that we can convert a monotone
DP into one that solves a diverse version of the problem.
We think it would be interesting to study this direction past
the vertex problems. For example, can we extend the def-
inition of monotonicity to edge problems? However, there
is a barrier preventing FPT algorithms for many edge prob-
lems, as MSO; model checking is most likely not even in XP
on cliques (Courcelle, Makowsky, and Rotics 2000). Still, a
transformation of the original DP algorithm might exist. In-
deed, this is in line with our approach, which also works
independently of the running time of the original algorithm
(of course, the final running time is dependent on it). Take,
for example, the Hamiltonian cycle problem. There is an
XP dynamic programming algorithm parameterized by the
cliquewidth (Bergougnoux, Kanté, and Kwon 2019). Is there
an XP algorithm solving the diverse variant of the Hamilto-
nian cycle problem parameterized by the cliquewidth? An-

other intriguing direction would be to research whether dar’
overhead in running time comparison of Theorem 1.3 and
Theorem 1.4 is necessary.

We believe that studying the Venn f-diversity measures is
of independent interest. It would be nice to see some system-
atic study of differences in such measures or perhaps some
experimental study that would give us more understanding
of the various measures. Likewise, there has been a study
comparing different diversity measures from the perspec-
tive of evolutionary computation (Wineberg and Oppacher
2003).
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