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Abstract

Parametric multi-objective optimization (PMO) addresses the
challenge of solving an infinite family of multi-objective op-
timization problems, where optimal solutions must adapt to
varying parameters. Traditional methods require re-execution
for each parameter configuration, leading to prohibitive costs
when objective evaluations are computationally expensive.
To address this issue, we propose Parametric Pareto Set
Learning with multi-objective Bayesian Optimization (PPSL-
MOBO), a novel framework that learns a unified mapping
from both preferences and parameters to Pareto-optimal so-
lutions. PPSL-MOBO leverages a hypernetwork with Low-
Rank Adaptation (LoRA) to efficiently capture parametric
variations, while integrating Gaussian process surrogates and
hypervolume-based acquisition to minimize expensive func-
tion evaluations. We demonstrate PPSL-MOBO’s effective-
ness on two challenging applications: multi-objective opti-
mization with shared components, where certain design vari-
ables must be identical across solution families due to mod-
ular constraints, and dynamic multi-objective optimization,
where objectives evolve over time. Unlike existing meth-
ods that cannot directly solve PMO problems in a unified
manner, PPSL-MOBO learns a single model that generalizes
across the entire parameter space. By enabling instant infer-
ence of Pareto sets for new parameter values without retrain-
ing, PPSL-MOBO provides an efficient solution for expen-
sive PMO problems.

Code — https://github.com/jicheng9617/PPSL-MOBO
Extended version — https://arxiv.org/abs/2511.05815

1 Introduction

The ability to make optimal decisions in the face of un-
certain or varying parameters is a cornerstone of modern
optimization and engineering design (Fiacco 1976; Bank
et al. 1982). Parametric multi-objective optimization (PMO)
seeks to understand how the set of optimal trade-offs, known
as the Pareto set (PS), evolves as exogenous parameters
change (Milgrom and Shannon 1994; Weaver-Rosen et al.
2020). This paradigm is central to adaptive systems in sci-
ence and engineering, where it is essential not only to solve
for the best trade-offs under given conditions, but also to
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efficiently track the evolution of these trade-offs as require-
ments, environments, or constraints shift (Wang et al. 2000;
Tsai and Malak Jr 2021).

In this paper, we consider the following PMO problem:

]:*(t) C argggg (fl(wvt)’fQ(mvt)7"'7.fm(mat))a (1)

where « represents the decision variable vector in the de-
cision space X C R", t denotes parameters in the space
© C R?, and F*(t) defines the optimal solutions that simul-
taneously minimize the m objectives. Applications of PMO
span diverse domains: from engineering design where oper-
ating conditions vary, to personalized medicine where treat-
ments must adapt to patient characteristics, to autonomous
systems that must respond to changing environments in real-
time.

However, solving PMO problems presents fundamental
challenges, particularly in expensive settings where each ob-
jective evaluation requires costly simulations, physical ex-
periments, or time-consuming computations. The core chal-
lenges include: (i) Computational intractability: Traditional
methods require re-solving the entire optimization problem
for each new parameter value, making real-time adaptation
impossible; (ii) Sample efficiency: With limited evaluation
budgets, we must learn the PS across the entire parame-
ter space without exhaustive sampling; (iii) Generalization:
The learned model must accurately predict Pareto-optimal
solutions for previously unseen parameter values; and (iv)
Exploration-exploitation balance: We must intelligently al-
locate evaluations between improving known regions and
exploring new parameter territories.

While recent advances in Pareto set learning (PSL) have
shown promise in learning mappings from preferences to
Pareto-optimal solutions for fixed problems (Navon et al.
2021; Lin et al. 2022), these methods fail to address
the parametric nature of many real-world scenarios. Sim-
ilarly, existing multi-objective Bayesian optimization ap-
proaches (Knowles 2006; Emmerich, Giannakoglou, and
Naujoks 2006) focus on single-instance problems and can-
not leverage the structural relationships across different pa-
rameter values. The lack of methods that can efficiently learn
and generalize across both preference and parameter spaces
represents a critical gap in the literature.

This work proposes Parametric Pareto Set Learning with
Multi-Objective Bayesian Optimization (PPSL-MOBO), a



novel framework that addresses these challenges through
three key innovations. First, we develop a unified neural
architecture that learns the continuous mapping from both
preferences and parameters to Pareto-optimal solutions, en-
abling instant adaptation to new scenarios. Second, we in-
tegrate surrogate modeling with an information-theoretic
acquisition strategy to maximize learning efficiency under
tight evaluation budgets. Third, we introduce a systematic
approach to balance exploration across the parameter space
with exploitation of promising regions, ensuring robust per-
formance across diverse problem instances.
Our main contributions are:

* We proposed a unified model architecture that learns
parametric PSs as a continuous function of both pref-
erences and exogenous parameters, enabling real-time
multi-objective decision making without retraining.

* We developed a sample-efficient learning framework that
integrates flexible surrogate models with intelligent ac-
quisition strategies, dramatically reducing the number of
expensive evaluations required.

* We applied our PPSL-MOBO method to modular design
scenarios, where certain decision variables are shared
across families of solutions. By modeling the PS as a
function of shared components, our method enables effi-
cient, real-time design for modular and customizable sys-
tems, as validated on real-world-inspired benchmarks.

* We extended PPSL-MOBO to dynamic multi-objective
optimization, demonstrating that our approach can effi-
ciently adapt to temporal changes by treating time as a
parametric context. Extensive experiments on established
dynamic benchmarks verify significant improvements in
effectiveness over state-of-the-art methods.

2 Preliminaries
2.1 Multi-Objective Optimization

In the context of expensive continuous multi-objective opti-
mization, the goal is to optimize multiple conflicting objec-
tives simultaneously, which can be formally expressed as:

min f(z) = (fi(2), fo(2),.. fm(@)), @

where x represents a solution in the decision space X C R™.
The objective function f : X — R™ is vector-valued,
with each f;(x) being an individual objective. Each objec-
tive f;(x) is assumed to be expensive to evaluate, meaning
that function evaluations require significant computational
resources or time. In practical scenarios, these objectives of-
ten conflict with each other, making it impossible to find a
single solution that simultaneously optimizes all objectives.

Definition 1 (Pareto Dominance) A solution x, is said to
dominate another solution x,, denoted as x, < xy, if
and only if fi(xs) < fi(zy) for i € {1,...,m}, and
35 € {1,...,m} such that f;j(x,) < f;(xy). Furthermore,
if fi(xa) < fi(mp),Vi € {1,...,m}, x4 is said to strictly
dominate xyp, denoted by ., <strict Th-

Definition 2 (Pareto Optimality) A solution x* is consid-
ered Pareto optimal if no other solution & € X exists such
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that & < x*. Moreover, x' is weakly Pareto optimal if there
is no solution & <irict T'.

Definition 3 (Pareto Set and Pareto Front) The set of all
Pareto optimal solutions is referred to as the Pareto set, de-
noted by Mys C X. The corresponding image of these solu-
tions in the objective space, f(Myps) = {f(x) | € € Mps},
is termed the Pareto front. Similarly, we define the weak
Pareto set M yeqx and weakly Pareto front f( M yeak)-

Under appropriate regularity conditions, both the PS and
Pareto front (PF) typically form (m — 1)-dimensional man-
ifolds in their respective spaces (Hillermeier 2001; Zhang,
Zhou, and Jin 2008). Each solution in the PS represents a
unique trade-off among the conflicting objectives, and the
cardinality of the PS can be infinite for continuous optimiza-
tion problems.

2.2 Bayesian Optimization

Due to the expensive nature of objective evaluations, tra-
ditional multi-objective optimization algorithms that re-
quire numerous function evaluations become impractical.
Bayesian Optimization (BO) has emerged as a powerful
paradigm for tackling such expensive optimization prob-
lems. By constructing surrogate models (typically Gaus-
sian processes) from limited evaluation data and employing
acquisition functions to guide the search process, BO can
efficiently identify high-quality solutions while minimiz-
ing the number of expensive function evaluations required.
This model-based approach is particularly well-suited for
expensive multi-objective optimization, where each evalua-
tion must be carefully selected to maximize the information
gained about the underlying PS and front. We provide a brief
introduction as follows, and interested readers can refer to
(Garnett 2023).

Gaussian Process (GP) provides a probabilistic frame-
work for modeling unknown functions in Bayesian opti-
mization. For a single objective function, a GP is fully spec-
ified by its prior distribution over the function space:

f(x) ~ QP(M(w)a k(w7 wl))’ 3)

where 1 : X — R denotes the mean function (often as-
sumed to be zero), and k : X x X — R represents the
covariance kernel function that encodes assumptions about
the function’s smoothness and behavior.

Given a dataset of n evaluated solutions D =
{(®,y®) | i =1,...,n} where y = f(x(®), the GP
posterior can be computed in closed form. For any new input
x, the posterior mean and variance are:

fulz) = plx) + K"K~y — p), @
6%(x) = k(x,x) — kT K 'k,
where k = [k(z, M), ... k(x,2™)]T is the covariance

vector between the new point and observed data, K is the
kernel matrix of observed points with K;; = k(z(, z(7)),
y = [yM,...,y™)]T contains the observed function values,

and p = [p(a™), ..., p(a™)]T.



For multi-objective optimization with m objec-
tives, independent GP models are typically con-
structed for each objective f;, yielding posterior
means fi(x) [,&1(:113)7.T..,/lm(:v)]T and variances

72 (x) = [07 77 ()]

c 07 o

(x),...,62,

The predictive distribution provided by the Gaussian Pro-
cess, specifically the posterior mean and variance, forms
the foundation for intelligently selecting the next evaluation
point in BO. The acquisition function v : X — R serves as
a utility measure that guides the selection of the next eval-
uation point by balancing exploration (sampling uncertain
regions) and exploitation (sampling promising regions). The
next evaluation point is chosen by optimizing the acquisition
function:

&)

In multi-objective settings, scalar acquisition functions
must be extended to handle vector-valued objectives. A par-
ticularly effective approach is based on hypervolume im-
provement (HVI), which measures the increase in domi-
nated volume when adding new solutions. Given a cur-
rent PF approximation ) and a set of candidate solutions
X = {x®}b_, with predicted objectives )7+ = {f(x) |
x € X, }, the hypervolume improvement is:

HVI(V.,Y) = HV(V; UY) — HV(Y), (©6)

where HV(-) denotes the hypervolume indicator computed
with respect to a reference point. The next batch of solutions
is selected by maximizing this improvement:

Xy = argmaxy, cx HVI(Y,,)).

(n+1) = ;D).
T arg max a(x; D)

(N

2.3 Pareto Set Learning

Pareto Set Learning, also known as PSL (Lin et al. 2020;
Navon et al. 2021; Lin, Yang, and Zhang 2022; Lin et al.
2022), offers a novel paradigm for multi-objective optimiza-
tion by learning a single parametric model that represents
the entire PS. Instead of searching for individual Pareto op-
timal solutions, PSL aims to capture the continuous mapping
from preference vectors to corresponding optimal solutions.
The core idea of PSL is to model the PS as a parametric

function:
z = hg(N), @®)

where A € A™~! represents a preference vector on the
(m — 1)-simplex A™~! = {X € R7 | X" N = 1},
and hg : A™"! — X is a learnable model parameterized
by 6. Each preference vector A encodes a specific trade-off
among objectives, and the model hg maps these preferences
to their corresponding Pareto optimal solutions.

The objective of PSL is to find optimal parameters 6*
such that for any preference A, the output = hg~(A) min-
imizes an aggregation function:

min luge(z | A), VA e A" 9)
rekX

where lpge @ X X A™~1 — R is a scalarization function
that combines multiple objectives into a single value based
on the preference vector. This formulation naturally extends
decomposition-based approaches (Zhang and Li 2007) by
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replacing finite populations with a continuous parametric
representation.

Given a distribution Py over preferences, the PSL opti-
mization problem becomes:

min £(0) = Expy [lage(ho(A) [ M)]- (10)

The choice of aggregation function l,g, is crucial for the
quality and coverage of the learned PS. The simplest ap-
proach is the weighted sum method, however, this linear
scalarization can only identify solutions on the convex hull
of the PF, missing important non-convex regions (Boyd and
Vandenberghe 2004; Ehrgott 2005).

To overcome this limitation, the Tchebycheff (TCH)
scalarization provides superior theoretical guarantees (Mi-
ettinen 1999):

len(@ | A) = max {Mifi(®) — (2 —e))},

where z¥ < mingecx f;(x) represents the ideal value for
the ¢-th objective, and € > 0 is a small constant ensuring
numerical stability.

Theorem 1 (Choo and Atkins (1983)) A feasible solution
x € X is weakly Pareto optimal if and only if there exists
a valid preference vector X € A™~! such that x is an opti-
mal solution of the Tchebycheff scalarization (11).

Y

This theorem establishes that TCH scalarization can re-
cover all weakly Pareto optimal solutions, making it a
theoretically sound choice for PSL. Recently, the smooth
Tchebycheff (STCH) aggregation (Lin et al. 2024) has been
proposed to address computational challenges of the non-
smooth max operator:

m Aj(fj (@)= (25 =€)
_ v
lstch(w | Aa”) - VlOg E € ’

Jj=1

(12)

where v > 0 is a smoothing parameter. For brevity, we de-
note lgen(x | A) when using a fixed smoothing parameter.
This smooth approximation preserves the desirable proper-
ties of TCH while offering significant computational advan-
tages, including improved convergence rates and reduced
per-iteration complexity due to its differentiability.

The theoretical foundation of STCH is particularly strong,
as it maintains the ability to recover the entire PS under ap-
propriate conditions:

Theorem 2 (Lin et al. (2024)) There exists a smoothing
parameter v* such that for any 0 < v < v*, every Pareto
solution of the multi-objective optimization problem corre-
sponds to an optimal solution of the STCH aggregation with
some valid preference vector A\ € A™ ™1,

The smooth nature of STCH not only facilitates gradient-
based optimization but also enhances numerical stability,
making it particularly well-suited for integration with mod-
ern machine learning frameworks. In this work, we adopt
STCH as our primary aggregation method, though the pro-
posed framework is sufficiently general to accommodate
other scalarization approaches. This flexibility ensures that
our methodology can be adapted to various problem charac-
teristics and computational constraints in expensive multi-
objective optimization scenarios.



3 Parametric Pareto Set Learning for
MOBO

The proposed PPSL-MOBO framework operates through
three tightly coupled components: (1) the hypernetwork-
LoRA architecture that generates task-specific PS models,
(2) a Gaussian process-based training scheme that leverages
surrogate models for scalable optimization, and (3) an in-
telligent data acquisition strategy that maximizes hypervol-
ume improvement in the parametric space. As illustrated in
Figure 1, the system forms a closed-loop where newly ac-
quired data continuously refines both the surrogate models
and the parametric PS representation. The complete algo-
rithmic workflow can be found in the extended version.

3.1 Model Architecture

Our approach builds upon recent work in PSL (Lin et al.
2022), which utilizes a neural network, hgps, to model the
mapping from a preference vector A to a corresponding so-
lution x on the PS:

z = he,,(N). (13)

A key innovation of our work is to extend this model to han-
dle parametric objectives, where the PS itself is a function
of an external context or task parameter t € 7.

To achieve this, a straightforward approach would be to
employ a hypernetwork, gg, ., that directly generates the en-
tire set of weights 8¢ for the PS model based on the input
parameter ¢:

BPS = 96un (t)’ (14)
where 60y, are the learnable weights of the hypernetwork.
However, this naive formulation presents a significant chal-
lenge. The task parameter ¢ is typically low-dimensional,
while the PS model’s weights, s, can be exceptionally
high-dimensional (often numbering in the millions). This
vast dimensionality gap makes the hypernetwork difficult to
train, prone to overfitting, and unlikely to generalize well
across the parameter space 7.

To overcome these challenges, we introduce a more so-
phisticated and parameter-efficient architecture based on
Low-Rank Adaptation (LoRA). The central hypothesis is
that the PSs for different task parameters ¢ share a signif-
icant underlying structure. The LoRA framework elegantly
captures this assumption by decomposing the PS model’s
weights into a large, shared base component and a small,
task-specific, low-rank adaptation.

Formally, for each layer ¢ of the PS model, we express
its weights 0%, as the sum of shared base weights 8§ and a

low-rank matrix product B*(t) A*(t):

6L (t) = 65+ B (t) A'(¢). (15)

Here, 06 is a trainable base parameter set shared across all

tasks. The matrices BY(t) € R% <" and A‘(t) € R™**" are
the low-rank adapters, where the rank r is a small integer
(.e., r < min(d’, k%)).

Under this framework, the role of the hypernetwork is no
longer to generate the full weights but only the compact low-
rank matrices for all layers. Let 0),,, (t) represent the collec-
tion of all entries in A’(¢) and B(t) across all layers. The
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hypernetwork task is now redefined as:

elora(t) = 96y, (t) (16)

This approach dramatically reduces the output dimension-
ality of the hypernetwork. For a layer with original weight
dimensions d* x k¢, the hypernetwork now only needs to pre-
dict 7(d* + k*) parameters instead of d‘k*. This reduction
not only enhances training efficiency and stability but also
provides a powerful inductive bias, encouraging the model
to learn a shared base structure of the PS manifold while
capturing task-specific variations through low-rank modula-
tions.

3.2 Training Framework with Gaussian Process

Our goal is to train the shared base weights 6y and the
hypernetwork weights 6y, such that the model’s output,
x = hg,(t)(A), is a Pareto-optimal solution for any given
task parameter t € 7 and preference vector A € A1,

Drawing upon the theoretical guarantees of the STCH
scalarization (Theorems 1 and 2), this goal can be formu-
lated as finding the optimal solution to the following prob-
lem for all valid inputs:

min lgen(z | t,A), VA€ A™ L teT. (17)
reX

To operationalize this, we frame the learning problem as
minimizing the expected STCH loss over distributions of
tasks and preferences. Let P, be a distribution over the task
parameter space 7, and let Py be a distribution over the pref-
erence simplex A~ (typically uniform to ensure full cov-
erage). The global training objective is to minimize:

min £(0nn, 00) = Eewp, avpy [lstcn (ho,.6)(A) | A, T)] .

hn 680

(18)
However, in the context of expensive multi-objective op-
timization, the true objective functions f(x;t) are not
available for direct, large-scale gradient-based optimization.
Therefore, we must rely on a surrogate model to approxi-
mate this loss function, which naturally leads us to integrate
our PPSL framework with BO.

To make the surrogate models aware of the task param-
eter t, we adopt a direct and effective input augmentation
strategy. We define an augmented input space Z = X x T,
where each point z is a concatenation of the decision vari-
able x and the task parameter t, i.e., z = [x,t]. We then
construct an independent GP model for each of the m objec-
tive functions over this augmented space. For each objective
f;, the GP is defined as:

fi(z) ~ GP(ui(2), ki(z, 2")). (19)

This approach allows the kernel function k; to directly
model the influence of the task parameter ¢ on the objec-
tive function, as well as any interaction effects between
and t. The GP model can learn different lengthscales for the
components of x and ¢, effectively learning how sensitive
the objective function is to changes in each part of the input.

The GP hyperparameters (lengthscales, variance) are op-
timized by maximizing the marginal log-likelihood on the
full set of observed data D = {(mj,tj,yj)}é-vzl. Given a
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Figure 1: The PPSL-MOBO Framework. A hypernetwork adapts a PS model to a task parameter £. The PS model generates
approximate Pareto optimal solution « from preference A. The entire model is trained using predictions from surrogate models.
A Bayesian optimization loop acquires new data by selecting PS-generated candidates that maximize HVI, which in turn refines

the surrogate model.

new augmented point z = [x, t], the posterior mean fi;(z)
and variance 62(z) are computed in the standard way.

With the augmented-space GP models in place, we can
define a tractable surrogate for the learning objective. To bal-
ance exploitation and exploration, we use the Lower Confi-
dence Bound (LCB) as the acquisition signal. The surrogate

objective vector f for a given pair (x, t) is defined as:

f(x;t) = a(z) - Bo(z),
where [ is a hyperparameter controlling the exploration-
exploitation trade-off, and fi and & are the posterior mean
and standard deviation from our GPs, respectively.

By substituting the true objectives with this LCB acqui-
sition signal, we arrive at the final, differentiable surrogate
loss function that we can optimize via gradient descent:

[scn (ho,. o N I A8)] @1

(20)

L(Onn,00) = Etp, xnpy

where fstch is the surrogate STCH loss for a given task ¢ and
preference A\, defined as:

The expectation in Eq. (21) is approximated using Monte
Carlo sampling. The gradients are backpropagated through
the surrogate STCH loss, the LCB computation, and the
parametric PS model to update the shared base weights 6
and the PS hypernetwork weights 6y,.

m

laeh (@ | A, t) = vlog [ D e

j=1

Aj(Fj(@it) = (=1 —2)

) . (22)

3.3 Intelligent Data Acquisition in Parametric
Space
The final component of our PPSL-MOBO framework is the
data acquisition strategy. At each iteration, we select a small
batch of new task-solution pairs (x, t) to evaluate.
Generating a Candidate Pool from the Parametric Man-
ifold. First, we leverage our trained parametric PS model,
he,(t)(A), to generate a large pool of P high-quality candi-
date points. We sample task-preference pairs {(t,, Ap)}llf:l
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and generate corresponding solutions x, = hg, (¢,)(Ap),
forming a candidate pool C = {(zp,t,)}7_;.

Batched Selection via Hypervolume Improvement. From
the candidate pool C, we select a batch of B points for ex-
pensive evaluation using a sequential greedy strategy based
on HVI (Eq. (6)). We iteratively select the point from the
candidate pool that offers the largest marginal HVI with re-
spect to the current batch and the archive of already evalu-
ated points D. The HVI is calculated using the LCB value
(Eq. (20)) from our augmented-space GP surrogates.

4 Application Study: Multi-Objective
Optimization with Shared Components

In this section, we adapt our proposed PPSL-MOBO frame-
work to a practical multi-objective design problem: opti-
mization with shared components. Details can be found in
the full version.

4.1 Problem Introduction

In many real-world applications, structural constraints are
applied to design variables due to manufacturing limitations,
modular design principles, or computational budgets (Guha
and Deb 2024; Lin et al. 2025; Zhao et al. 2025). For ex-
ample, in personalized manufacturing, a key challenge is to
generate customized products that cater to individual pref-
erences while maintaining cost efficiency through shared
components. Each customer’s preference defines a specific
trade-off, and the corresponding personalized design can be
viewed as a Pareto optimal solution. To minimize manufac-
turing costs, it is essential that these designs share common
modules, ensuring both flexibility and economic feasibility
(Garcia and Trinh 2019).

Formally, let x5 denote the subvector of decision vari-
ables « that holds the shared components, where s C
{1,...,n}. Let &, be the remaining variables to be opti-
mized, with p = {1,...,n}\ s. The MOP with shared com-
ponents can be expressed as finding the PS for a fixed set of
shared values 3:

F(B) C min F(zp|xs
P

B)- (23)



GEHVI

PSL-MOBO

PPSL-MOBO

Problem  Shared Comp. ‘ NSGA-II qParEGO
RE21 (z1) 6.52e-01 (3.57e-03)  6.96e-01 (2.89¢-02)
(z2) 6.90e-01 (1.04e-02)  7.53e-01 (5.45e-03)
(z3) 6.14e-01 (2.74e-03)  6.53e-01 (6.11e-03)
(za) 7.02e-01 (2.24e-03)  7.70e-01 (1.15e-02)
(z1,22) 5.92e-01 (5.35¢-03)  6.19¢-01 (1.77¢-03)
(z2,23) 5.38e-01 (1.38e-03)  5.58e-01 (4.16e-03)
(z3,24) 5.36e-01 (1.81e-03)  5.60e-01 (9.90e-04)
(1,22, x3) 3.96e-01 (1.52e-04) 3.98e-01 (1.21e-03)
(2, w3, x4) 5.11e-01 (1.43e-03)  5.15e-01 (3.12¢-03)

7.32e-01 (1.70e-04)
7.82e-01 (5.59¢-05)
6.72¢-01 (1.75¢-04)
7.99¢-01 (2.22¢-04)
6.23¢-01 (1.05¢-05)
5.66e-01 (3.53-05)
5.64e-01 (2.06e-05)
4.00e-01 (5.39¢-06)
5.18¢-01 (1.40e-05)

7.34e-01 (5.79¢-05)
7.84e-01 (3.43e-05)
6.76€-01 (8.41e-05)
8.02¢-01 (4.01e-05)
6.23¢-01 (1.64¢-05)
5.67e-01 (7.38e-05)
5.65¢-01 (1.86e-04)
3.99¢-01 (7.76e-05)
5.18¢-01 (7.88e-05)

7.33e-01 (2.31e-03)
7.79¢-01 (7.91e-03)
6.68¢-01 (7.07e-03)
7.99e-01 (2.74e-03)
6.23¢-01 (7.84e-04)
5.69¢-01 (6.26¢-05)
5.66e-01 (7.15-04)
4.00e-01 (6.61¢-06)
5.19¢-01 (2.19¢-05)

Table 1: HV values of PPSL-MOBO and baseline approaches on MOPs with shared components.All baseline methods were
re-executed with a budget of 100 evaluations per task across the ten tested problems, resulting 1,000 evaluations for each share
component configuration. In contrast, PPSL-MOBO was trained only once, using a total of 200 evaluations, and subsequently

inferred the PS for each parameterized task.

Problem ‘ qParEGO qEHVI PSL-MOBO  PPSL-MOBO Training ~ PPSL-MOBO Inference
RE21 317.1s 551.3s 1761.3s 364.4s 0.019s
RE33 430.9s 1038.9s 1812.4s 581.8s 0.040s
RE37 349.2s 873.1s 2668.9s 639.0s 0.028s

Table 2: Run time comparison (in seconds) of PPSL-MOBO and baseline model-based methods. All methods are run on the

same CPU.

In this context, the shared component values 3 act as the task
parameter of our parametric problem. The goal is to learn a
model that can generate the entire PS of optimizable vari-
ables x;, for any given shared component configuration .
Using PPSL-MOBO, the parametric PS model is denoted
by:

Lp = ho(ms)()\)7 24)

where h(-) is a map from the preference space A™ ! to the
decision space of the non-shared variables R!P!. The param-
eters of this map, (), are generated by the hypernetwork
conditioned on the shared component values & 5.

This formulation is particularly useful in scenarios where
the shared components s are determined by external con-
straints, predefined modules, or customer choices, and the
primary design task is to find the optimal configuration of
xp around these fixed components.

4.2 Results Analysis

We evaluate PPSL-MOBO against MOEA and MOBO
methods on a real-world multi-objective test problems suite
(Tanabe and Ishibuchi 2020; Lin et al. 2022). The ex-
perimental results in Tables 1 demonstrate the effective-
ness and efficiency of our proposed method. PPSL-MOBO
achieves competitive hypervolume performance across dif-
ferent shared component configurations, often matching or
outperforming baseline methods that are specifically op-
timized for individual tasks. The most significant advan-
tage of PPSL-MOBO lies in its computational and sam-
ple efficiency. While baseline methods must be re-executed
from scratch for each new shared component configuration,
PPSL-MOBO requires only a one-time training phase fol-
lowed by near-instantaneous inference (in milliseconds) for
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new parameter values. This approach achieves substantial
reductions in both total function evaluations and computa-
tional time compared to baseline methods, making it highly
practical for applications requiring frequent parameter vari-
ations or expensive function evaluations.

Figure 2 illustrates the PFs learned for the Rocket In-
jector Design Problem (RE37) under different shared com-
ponent configurations. The visualization demonstrates how
constraining different design variables affects the shape and
position of the achievable PFs. These visualizations con-
firm that PPSL-MOBO successfully captures the parametric
variations in PF geometry across different shared compo-
nent scenarios, providing decision-makers with comprehen-
sive trade-off information for each design configuration.

5 Application Study: Dynamic
Multi-Objective Optimization

In this section, we demonstrate the effectiveness of the
proposed PPSL-MOBO framework for Dynamic Multi-
Objective Optimization Problems (DMOPs), where the op-
timization objectives change over time.

5.1 Problem Introduction

Dynamic multi-objective optimization arises in numer-
ous real-world scenarios, such as dynamic portfolio selec-
tion (Xu et al. 2006), time-varying process control (Tang
and Meng 2021), adaptive scheduling (Abello, Bui, and
Michalewicz 2011), and non-stationary machine learn-
ing (Kim, McKay, and Moon 2010). In these settings, the
parameter at Eq. (1) becomes the time characteristic, induc-
ing time-varying PS and PF to resolve sequentially.
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Figure 2: Learned PFs for the Rocket Injector Design Problem (RE37) with Shared Components. We demonstrate PFs for
several specific parameter values, while PPSL-MOBO can obtain PS for any parameter in milliseconds. The transparent points
denote the PFs for the problem without shared component. The shared components correspond to the decision variable x;
(hydrogen flow angle), zo (hydrogen area), x3 (oxygen area), and x4 (oxidizer post tip thickness).
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Figure 3: Comparison of generated solutions by DNSGA-II (green) and PPSL-MOBO (red) at each time step on DMOPs.

Traditional approaches to DMOPs often detect environ-
mental changes and restart or re-initialize optimization at
each change point, treating each time instance as an inde-
pendent static problem (Zhou, Jin, and Zhang 2013; Jiang
et al. 2022; Zhang et al. 2023). However, this disregards the
inherent temporal correlation between solutions at adjacent
time steps, potentially leading to inefficiency and subopti-
mal adaptation. With PPSL-MOBO, we treat the temporal
variable ¢ as a parametric context, enabling the learning of
a unified parametric PS model that generalizes across the
temporal dimension. This approach not only allows for ef-
ficient adaptation to environmental changes but also lever-
ages knowledge transfer across time, capturing the underly-
ing temporal dynamics of the evolving PS and PF.

To align with the algorithmic constraint that only the cur-
rent time step’s function evaluation is accessible, the task
distribution P, in PPSL-MOBO is set to a degenerated distri-
bution, yielding NV, identical parameter samples at each gen-
eration. The experimental setup, implementation of PPSL-
MOBO, and results are elaborated in Appendix.

5.2 Results and Analysis

Figure 3 illustrates the dynamic tracking capabilities of
PPSL-MOBO compared to DNSGA-II (Deb, Rao N, and
Karthik 2007) on benchmark problems DF1 and DF2 (Jiang
et al. 2018). The visualization highlights the fundamental
differences in how these algorithms respond to environ-
mental changes. DNSGA-II, despite being specifically de-
signed for dynamic optimization, struggles to converge to
the true Pareto front within the limited two-generation win-
dow between environmental changes. Its solutions (depicted
as scattered points) remain widely dispersed and fail to ade-
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quately approximate the complete Pareto front structure. In
contrast, PPSL-MOBO leverages its pre-trained parametric
model to instantaneously generate well-distributed Pareto
fronts (shown as continuous curves) that closely approxi-
mate the true Pareto front at each time step.

6 Conclusion and Future Work

We presented PPSL-MOBO, a novel framework that learns
parametric Pareto sets for expensive multi-objective op-
timization. By combining hypernetwork-LoRA architec-
tures with Bayesian optimization, our approach efficiently
maps both preferences and exogenous parameters to Pareto-
optimal solutions through a single unified model, eliminat-
ing the need for retraining across parameter variations.

Our experiments demonstrate PPSL-MOBO’s effective-
ness in two challenging domains: (1) In multi-objective op-
timization with shared components, it achieves competitive
performance using only a fraction of function evaluations
compared to methods requiring re-execution for each param-
eter value. (2) In dynamic optimization, by treating time as
a parametric context, PPSL-MOBO successfully adapts to
changing environments and outperforms state-of-the-art dy-
namic MOEAs. These results validate that parametric learn-
ing of Pareto sets offers a powerful paradigm for expensive
optimization scenarios.

Future work includes extending the framework to con-
strained multi-objective problems, developing theoretical
guarantees on sample complexity, and exploring integration
with interactive decision-making systems for real-time pref-
erence articulation.
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