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Abstract

Gradient-based Discrete Samplers (GDSs) are effective for
sampling discrete energy landscapes. However, they often
stagnate in complex, non-convex settings. To improve explo-
ration, we introduce the Discrete Replica EXchangE Langevin
(DREXEL) sampler and its variant with Adjusted Metropolis
(DREAM). These samplers use two GDSs at different temper-
atures and step sizes: one focuses on local exploitation, while
the other explores broader energy landscapes. When energy
differences are significant, sample swaps occur, governed by a
mechanism tailored for discrete sampling to ensure detailed
balance. Theoretically, we prove that the proposed samplers
satisfy detailed balance and converge to the target distribution
under mild conditions. Experiments across 2d synthetic simu-
lations, sampling from Ising models and restricted Boltzmann
machines, and training deep energy-based models further con-
firm their efficiency in exploring non-convex discrete energy
landscapes.

Introduction

Sampling from high-dimensional discrete distributions has
been an important task for decades across applications in texts
(Mikolov et al. 2013; Devlin et al. 2019), images (Krizhevsky,
Sutskever, and Hinton 2012; Ronneberger, Fischer, and
Brox 2015), signal processing (Mallat 1989; Donoho 2006),
genome sequences (Metzker 2010; Macosko et al. 2015),
etc. However, the exponential growth in the number of con-
figurations makes sampling from 7(0)  exp [U(80)] com-
putationally prohibitive. The computational burden comes
from evaluating the exact probabilities and normalizing con-
stants, which makes exact sampling impossible in practice.
Algorithms such as rejection sampling (Neumann 1951),
Swendsen-Wang (Swendsen and Wang 1987), and Hamze-
Freitas (Hamze and de Freitas 2004) leverage special struc-
tures within the problem to make global updates. In more
general settings, these methods may suffer from slow explo-
ration, local dependencies, and poor convergence.

To make high-dimensional discrete sampling more effi-
cient, Locally Balanced Proposals (LBPs) (Zanella 2020;
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Figure 1: DREXEL & DREAM sample trajectory in discrete
domains. Blue denotes a low-temperature sampler, and red a
high-temperature sampler. They exchange samples following
a swap mechanism.

Sun et al. 2021) improved acceptance rates by adjusting
proposal distributions based on the likelihood ratio. Early
LBPs updated one coordinate at a time (Zanella 2020; Grath-
wohl et al. 2021), and Grathwohl et al. (2021) developed
gradient-based discrete sampler (GDS) to update all coor-
dinates simultaneously. Later, Zhang, Liu, and Liu (2022)
further extended GDSs by updating all coordinates simulta-
neously, which enhances efficiency and scalability for large-
scale, high-dimensional computations on GPUs and TPUs.

Despite improvements in LBPs, how to balance the trade-
off between “global exploration” and “local exploitation”
remains a challenge. High-dimensional discrete distributions
are highly multi-modal, with deep and narrow wells caused
by intrinsic discontinuities. Gradient-based LBPs, although
effective, tend to get trapped in local modes due to their
reliance on local gradients and deterministic proposals condi-
tioned on the current state, which limits their ability to escape
energy wells.

To bridge this gap, we propose two samplers: Dis-
crete Replica EXchangE Langevin (DREXEL) and Dis-
crete Replica Exchange with Adjusted Metropolis (DREAM).



These samplers combine GDS with the replica exchange
Markov Chain Monte Carlo (reMCMC) (Chen et al. 2019)
for efficient exploration of non-convex discrete spaces. As
illustrated in Figure 1, the samplers employ two GDSs at dif-
ferent temperatures and step sizes: the low-temperature sam-
pler focuses on local exploitation, while the high-temperature
sampler escapes local traps for broader exploration. Sample
swaps occur when energy differences are significant, gov-
erned by a mechanism tailored for discrete sampling to ensure
detailed balance. The combination of replica exchange and
GDS makes them particularly effective for sampling from
complex discrete structures in modern applications. The pri-
mary contributions in this work are summarized as follows:

* A novel integration of GDS with replica exchange to im-
prove non-convex exploration;

* A swap mechanism tailored for detailed balance and sam-
ple efficiency in discrete sampling;

* A novel theoretical convergence analysis based on a spec-
tral framework without smoothness assumptions;

* Superior performance in synthetic tasks, Ising models, re-
stricted Boltzmann machines, and deep energy-based mod-
els for exploring non-convex discrete energy landscapes.

Related Work

Gradient-based Discrete Sampling has become popular
for complex discrete sampling tasks, and it originated from
LBPs. The concept of LBPs, as introduced by Zanella (2020),
utilized local information in the form of density ratios to im-
prove the sample efficiency. Grathwohl et al. (2021) expanded
LBPs using first-order Taylor approximations for computa-
tional feasibility. To improve sampling in high-dimensional
discrete spaces, LBPs were extended to cover larger neighbor-
hoods by performing a sequence of small moves (Sun et al.
2021). Zhang, Liu, and Liu (2022) further developed GDSs,
which adapt the continuous Langevin MCMC to discrete
spaces and allow parallel updates of all coordinates based on
gradient information. Subsequently, GDSs were improved
through the introduction of an adaptive mechanism by which
the step size can be automatically adjusted (Sun et al. 2023).
Most recently, Pynadath et al. (2024) introduced an automatic
cyclical scheduling approach in step sizes to better handle
multi-modal distributions by alternating between exploration
and exploitation phases. Recent efforts have also explored
extending gradient-based discrete sampling with parallel tem-
pering (Liang, Jia, and Zhou 2025; Bunaiyan et al. 2025).
Our work develops a spectral framework rather than rely-
ing on Doeblin or minorization conditions, performs parallel
updates across all coordinates to demonstrate the ability to
efficiently explore non-convex discrete energy landscape.
Replica Exchange MCMC is a powerful method that en-
hances exploration in complex, multi-modal distributions,
and a variety of related algorithms are inspired by or extend
this approach. For instance, unadjusted Langevin MCMC
(Durmus and Moulines 2017) leverages gradient information
to guide proposals but lacks the exchange mechanism. Im-
portance sampling (Wang and Landau 2001) adjusts for the
discrepancy between target and proposal distributions, which
offers flexibility in sampling but without temperature-based
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exchanges. Simulated tempering (Lee, Risteski, and Ge 2018)
further refined the temperature-scaling strategy by dynami-
cally adjusting the temperature of a single chain. Recently,
Zhang et al. (2020) proposed a cyclical step-size scheduler
to maintain a balance between exploration and exploitation.
To enhance the exploration, eMCMC runs multiple chains
at different temperatures and allows for chain swaps between
them. Dong and Tong (2022) analyzed its mixing by quanti-
fying the spectral gap, and Deng et al. (2020, 2022); Zheng
et al. (2024); Zheng and Lin (2025) validated its efficiency in
large-scale deep learning tasks. Despite its success in contin-
uous sampling and high-dimensional settings, to the best of
our knowledge, its potential has not been studied in sampling
from discrete distributions.

Preliminaries

Our goal is to sample from a target distribution 7 over a
high-dimensional, finite, discrete domain ©. The distribution
is defined by an energy function U (0) and a temperature 7:

w(0) =exp|U(0)/7]/Z, VO € O, (1)
where Z is the intractable normalization constant. We as-
sume the domain is a product of coordinate-wise sets, © =
Hdd:1 04 (e.g., binary {0,1}4 or categorical {0,..., N —
1}9), and the energy function U is differentiable with respect
to states @ embedded in R9.

Discrete Langevin Sampler (DLS). A powerful gradient-
based method for this task is the Discrete Langevin Sampler
(DLS) (Zhang, Liu, and Liu 2022). It uses gradient infor-
mation to propose updates, moving samples towards higher-
probability regions. The transition probability ¢(8|6;) from
a state 6, is given by:

4(016:) =exp (= [0 - 05— £VU®))]3)/Zo0(9:),

&)
where « is the step size and Zg(0;) is a local normalization
term. Direct computation of Zg(6;) is prohibitively expen-
sive. However, the proposal can be efficiently factorized over
each coordinate d, enabling parallel updates:

0, ~ Cat [Softmax (VU(ei)d(ed_ai,d) _ (9(1—91',4)2)} . (3)

27 20

The first term in the Softmax guides the sampler towards
lower-energy states, while the second term penalizes large
jumps. DLS can run without corrections as Discrete Un-
adjusted Langevin Algorithm (DULA), or with correc-
tions as Discrete Metropolis-Adjusted Langevin Algorithm
(DMALA).

Metropolis-Hastings Correction. To correct for the bias
introduced by a finite step size o and guarantee convergence
to the target distribution 7, a Metropolis-Hastings (MH) cor-
rection can be applied (Dwivedi et al. 2019; Chewi et al.
2021). After generating a proposal state w from 8, it is
accepted with probability A(w, 0;):

. m(w)q(0;|w
A(w,0;) = min {1, 7#((61;))(51((0:”011)) } ) “4)

where ¢(-|-) is the transition probability from (2). This en-
sures the detailed balance condition is met.



Replica Exchange for Enhanced Exploration. While ef-
fective, samplers like DLS can struggle with non-convex
energy landscapes, often getting trapped in local minima.
reMCMC is a technique designed to overcome this challenge
(Chen et al. 2019). The core idea is to run two (or more)
parallel chains with different temperatures, 7, < 72. The low-
temperature chain (77) focuses on exploiting local modes,
while the high-temperature chain (72) explores the energy
landscape more broadly. Periodically, a swap between the
states of the two chains is proposed. In the continuous setting,
this swap is accepted with a probability that depends on the
swap function S(-, -):

5(0(1)’ 0(2)) _ e(%—%)[U(em)fU(e(z))]. (5)

This mechanism allows the low-temperature chain to escape
local minima by swapping with an explorer chain that has
found a better region, significantly improving the global ex-
ploration and mixing rate.

Discrete Langevin Sampler with Replica
Exchange

The proposed DLS variants are present here, which incorpo-
rate replica exchange and a customized sampler swap mecha-
nism to ensure detailed balance. The complete algorithm is
provided at the end.

Discrete Samplers with Different Temperatures and
Step Sizes

A key challenge with the naive DLS is the tendency to be-
come trapped in local modes, particularly in non-convex
landscapes. To mitigate this, we introduce DREXEL, which
incorporates replica exchange to enable efficient exploration
across different local modes. Specifically, we employ two
samplers separately with distinct step sizes and temperatures
to approximate the target distribution:

(k) (k) (k) (%) )\ 2
Softmax (VU(ei )d<0i+1~d_ai»d) _ (07+1,d_9i,d) )]

Cat

27k 20

(6)

where k = 1,2, 11 < 73 and a3 < o, with k = 1 being the
low-temperature and k£ = 2 the high-temperature sampler. In-
tuitively, larger step sizes and higher temperatures encourage
more exploratory moves, which allows the sampler to escape
local modes through non-local jumps and explore different re-
gions of the energy landscapes. This, on the downside, raises
the rejection rate, as large jumps often land in low-probability
regions, and introduce additional bias when approximating
the target distribution.

To mitigate the bias, we further propose DREAM, which
incorporates MH steps post-generation of new samples. Once
the new samples are produced through (6), the acceptance
rates A(Ogr)l, 051)) and A(Ogi)l, 052)) are estimated with (4).
The new samples are accepted with probability A or rejected
with 1 — A. Note that these acceptance rates are computed
independently for each sampler and apply only to the MH
updates performed within individual chains, before any swap
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Algorithm 1: DREXEL and DREAM Algorithms
Input Step Sizes a1, a2
Input Temperatures 71, 72
Input Swap Intensity p > 0
Input Initial Samples Gék) €0,k=1,2
1: Fori=1,2,--- ,Ido

2:  Fork=1,2do: > Sampling Steps
3: Ford=1,2,--- ,d do:

4: Construct g, (8™ | ng)) following (6)

5: Sample wék) ~ qi(- | 05’6))

6: End For

7:  End For

8: Fork=1,2do: > MH Steps (for DREAM)
9: Compute A(ng), ng)l) following (4)

10: Generate u ~ U|0, ﬂL

11: Set 0%« w® ifu < Aelse 6% « 6"

12:  End For

13:  Generate u ~ UJ0, 1] > Swapping Steps

14:  Compute 5'(9521, Ggl) following (8)

15:  Swap Oii_)l and 01@1 ifu < pmin {1, 5’}
16: End For

Output Samples {Oil)}le

occurs. While the high-temperature sampler typically exhibits
a lower acceptance rate than the low-temperature one, the
rejection mechanism ensures that both samplers in DREAM
converge to the target asymptotically.

It should be noted that while decaying step sizes are com-
monly advantageous in Langevin MCMC for handling big
data (Teh, Thiéry, and Vollmer 2016), they present potential
challenges in discrete sampling. In discrete spaces, small
steps do not equate to gradual movements as they do in
continuous spaces. Instead, they tend to repeatedly propose
nearly identical samples, which causes the sampler to become
trapped in local regions. This problem becomes severe when
dealing with non-convex energy landscapes, where a decay-
ing step size worsens the issue of local traps. For this reason,
the MH step is often favored as a solution in discrete sam-
pling. With the MH step and fixed step sizes, the sampler can
make large jumps to facilitate global exploration. This fea-
ture is essential for navigating highly structured state spaces,
where the sampler needs flexibility to move between distant
states. However, high-temperature samplers may have diffi-
culty exploiting certain regions due to abrupt exploration in
practice, which requires excessive time to fully characterize
local modes and achieve mixing.

Sample Swaps Between Discrete Samplers

A typical solution is to implement a swap function that en-
ables sample exchanges between samplers at different tem-
peratures. This helps cross energy barriers by combining the
exploration of high-temperature samplers with the exploita-
tion of low-temperature ones, which improves mixing.

The naive swap function (5) of reMCMC relies on en-
ergy calculations at the current samples and corresponding
temperatures. However, it is not practical to handle large-



. . s . ope . 7 1
scale data in mini-batch settings. Intuitively, while U(QE Jr)l)

and U (053}1) are both unbiased in mini-batches, a non-linear
transformation of these estimators fail to provide an unbiased

estimator for S (0521, 02@1) (Deng et al. 2020). Under the
normality assumption for the energy estimate, we consider a
bias correction term:

500,02 = (FH) 20t (F-5)"] (g
where AU, := U(GED) — U(BZ(-Q)), and o2 compensates for
the stochastic gradient due to mini-batch data and removes
swap bias. This adjustment ensures that the swap function
behaves as a Martingale and matches the expected value
obtained from exact gradients. While bias correction is not
strictly required in discrete sampling, we include it for com-
pleteness and evaluate its impact empirically. The corrected
variants are denoted bDREXEL and bDREAM.

When reMCMC is applied to discrete spaces, a notable
challenge arises: the decaying step sizes commonly employed
in continuous settings are not applicable. To ensure asymp-
totic convergence to the target distribution with fixed step
sizes, we must maintain detailed balance not only between
the low-temperature and high-temperature samplers but also
between the current and next output samples.

The swap designs in (5) and (7), however, overlook energy
and temperature differences. This potentially violates detailed
balance and slows down mixing in discrete sampling tasks. To
mitigate the imbalance, we propose a swap function tailored
for discrete sampling:

02, 600,07 = (%) ri-avl g

= 1
S0,

The swap mechanism is designed to satisfy detailed balance

with respect to the joint distribution over the replica states.
By incorporating energy estimates at the previous samples

051) and 052), the acceptance probability respects the energy
landscape and ensures reversibility. Importantly, since these
previous samples are held fixed during the exchange, the
detailed balance condition is preserved. We subsequently
analyze the convergence property in the next section.

The Proposed Algorithms

As outlined in Algorithm 1, we present DREXEL and
DREAM for discrete sampling. The approaches employ two
DLSs with distinct temperatures and step sizes, which allows
for sample swaps between them. At each iteration, the cur-
rent samples are updated, followed by MH steps in DREAM.
The swap mechanism exchanges samples when the high-
temperature sampler locates a lower-energy mode. After 1
iterations, the low-temperature sampler outputs samples to
characterize the energy landscape. This approach, discussed
further in Section , improves the mixing rate over DLSs by
balancing exploration and exploitation.

Theoretical Analysis

Although DREXEL and DREAM demonstrate strong empiri-
cal performance through parallel updates and swap-based ex-
ploration, their reliability rests on theoretical foundations. In
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this section, we provide convergence guarantees for DREXEL
(i.e., the version without Metropolis-Hastings correction).
These results further provide rigorous justification for the
proposed sampler.

Convergence on Log-Quadratic Distributions

We begin by analyzing the asymptotic behavior of DREXEL
as the step sizes approach zero. When the energy function
U is log-quadratic, i.e., m(0) o exp (607JO + b70) with
constant Hessian J, the sampler exhibits zero asymptotic
bias and converges to the target distribution. To facilitate
analysis, we apply spectral decomposition to the symmetric
part of J, which enables tractable characterization of the
transition spectrum in Theorem 2.

Zhang, Liu, and Liu (2022) showed that the discrete
Langevin sampler (DLS) is reversible for log-quadratic ener-
gies under small step sizes. However, this property does not
automatically transfer to DREXEL, since the introduction
of replica swaps can break detailed balance if not properly
controlled. Our analysis addresses this issue by designing
a swap mechanism that restores reversibility and ensures
correct convergence behavior.

Theorem 1. Let q(- | 0) denote the joint Markov transition
kernel of the DREXEL sampler over the product space © x ©.

Suppose the target distribution 7r(9(1), 0(2)) factorizes as
T (0M)12(0@), where mp(0)) o exp (U(G(k))/Tk) is
defined by a log-quadratic energy U. Then

e The Markov chain induced by DREXEL is reversible with
respect to an intermediate distribution T, i.e., for all
0.6 € © x O, it holds that 7(0)q(6'|0) = 7(6")q(0]6").

* As a1, a0 — 0, the distribution 7 converges weakly to the
target distribution .

This analysis focuses on the joint state transition across
the low-temperature and high-temperature samplers. Intu-
itively, with probability pS, the next low-temperature sample
is drawn from the high-temperature sampler, and with proba-

bility p(1 — .9), it selects from the low-temperature sampler.
The transition simplifies to DLS without swaps and directly
maintains the detailed balance, but the swap probability be-
comes essential for preserving this balance once swaps are
considered in discrete sampling. Our designed swap function
ensures that the overall transition dynamics remain balanced.

Non-Asymptotic Convergence

We further provide a non-asymptotic upper bound on the
convergence rate of the DREXEL.

Theorem 2. Let q(6 | 6') (6,0" € © x ©) be the transition
probability of the DREXEL Markov chain, which is reversible
with respect to the intermediate distribution . Then q is irre-
ducible with eigenvalues 1 = \g > A\y > --- > Ay2da_1 >
—1. Furthermore, for all @ € © x © and all n € Ny, the
following bound on the total variation distance holds:
lq"(-6) — 7 llrv < AL

1
2,/7(0)
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Figure 2: Qualitative performance of discrete samplers on high-dimensional synthetic tasks. Top: Target energy landscapes (wave,
8 Gaussians, 16 Gaussians, moon, two moons, twist, and flower) illustrate non-convex and multimodal structures with metastable
regions. Middle and Bottom: Empirical samples from DMALA (middle) and DREAM (bottom) after 100,000 iterations. DREAM
consistently captures all modes across tasks, whereas DMALA fails to escape local minima and misses significant regions of the

target distribution.

where N\, = max{\1,|\y2a_1|}, and the total variation
distance between two measures |, and v is defined as

| = vy := sup [u(A) —v(A)].
ACOXO

This result establishes a non-asymptotic upper bound on
the convergence rate of DREXEL. The total variation dis-
tance decays exponentially with the number of iterations n,
at a rate determined by the spectral radius A,, corresponding
to the second-largest eigenvalue (in modulus) of the tran-
sition matrix. The prefactor 7(8) reflects the dependence
on initialization. Moreover, this analysis naturally extends
to any finite number of replicas with temperature ladders:
since each adjacent-pair swap is reversible, the composition
of reversible kernels preserves reversibility. Consequently,
the total-variation bound of Theorem 2 generalizes to block
transitions with the same geometric decay form.

The proof follows standard spectral arguments for re-
versible Markov chains (Diaconis and Stroock 1991). Re-
versibility with respect to the intermediate distribution 7
ensures that the transition operator is self-adjoint under the
inner product weighted by 7, allowing eigenvalue decompo-
sition to control convergence in total variation norm. In the
discrete product space © x O, irreducibility arises from the
Langevin-like proposal structure. Together, these properties
guarantee geometric ergodicity and convergence to 7 at an
explicit exponential rate.

Experiments

To illustrate the effectiveness of our approach, we evaluate
the proposed samplers across distinct discrete sampling and
generative tasks. Our approach is compared against baselines
including DLS (DULA and DMALA from Zhang, Liu, and
Liu (2022)), Any-scale Balanced sampling (AB) (Sun et al.

36779

2023), and the Automatic Cyclical Sampler (ACS) (Pynadath
et al. 2024). Unless stated otherwise, all experiments are
repeated 10 times to ensure statistical robustness.

Sampling from 2D Synthetic Problems

We first study the challenge of sampling from discrete
multi-modal distributions over a high-dimensional domain

©={1,2,...,N}* where N = 256 and d = 51 x 51. The
energy landscapes are designed to be non-convex with numer-
ous local minima, testing a sampler’s exploration capabilities.
We evaluate the proposed DREAM sampler against baselines
(DMALA, AB, ACS) on these tasks. All samplers are initial-
ized by uniformly selecting a random position on the grid.
With autograd, we compute the gradient of the energy at the
current state to guide the generation of the next sample.

Figure 2 (top) highlights the challenges of approximating
non-convex energy landscapes, where samplers often strug-
gle to explore the landscapes effectively due to metastable
transitions between modes or trapping in narrow energy
wells—particularly under limited sample budgets. Figure
2 (bottom) provides a qualitative analysis, showing that
DREAM can effectively capture the underlying complex
distributions. In the wave, 8gaussians, and 16gaussians,
DMALA (mid) captures only 50% of modes due to its ten-
dency to get stuck in local minima. DREAM, by contrast, re-
covers all modes, which reflects its robust exploration across
different tasks.

The quantitative performance is further measured using
Kullback-Leibler (KL) divergence, Maximum Mean Dis-
crepancy (MMD), and Negative Log-Likelihood (NLL). As
shown in Table 1, DREAM consistently outperforms the
baselines across most metrics and distributions.



Metric Sampler wave 8gaussian 16gaussian moon 2moon twist flower

DMALA  10.89142.408  10.32142.658 8.10743.116 292140531  8.544+5227 8.558+43865  7.880+3.066

KL(10-2) | AB 9.485+1.865 3.125+1.002 5.501+£2.397 1.570+0.434  4.535+2.476¢ 2.519+0.733  3.637£1.895
ACS 9.1554+0.636 3.357+0.219 6.933+2.706 1.269+0.233  4.17140.197 4.031+0.264 3.371+40.066

DREAM  4.975+40.222 2.393+0.265 2.509+1.247 0.500+0.119 1.067+0.154 1.61340.612 6.55840.214

DMALA  20.409+1.444  13.82342.109  23.85548.301  4.309+0.840 6.369+2.111 5.05242.395 11.053+1.604

MMD(10-4) | AB 13.701£3.626  6.941+1.555  17.201%11.780  2.371+o0.669 4.825+1.801 1.916+0.372  7.247+2.036
ACS 11.8184+1.216 5.325+0.638 11.87741.134 7.355+0.762  3.638+0.390 2.416+0.134  6.848+1.121

DREAM  6.211+40.235 1.767+0.280 5.960-+0.430 1.39440.387  2.198+0.606 1.256+0.311  8.289+0.731

DMALA  7.937+0.013 5.137+0.024 14.088+2.834  13.18140.010 7.103+0.062 7.009+0.039  6.801+0.015

NLL(10-%) | AB 8.900-+0.028 5.063=+0.015 10.80442.479  13.16040.020 7.067£0.043 6.951%+0.015  6.780=£0.025
ACS 8.923+0.021 5.063+0.008 6.758+0.057 13.39340.061  7.062+0.006 6.970+0.007 6.794+0.033

DREAM  8.41940.010 4.883+0.003 6.480+0.025 13.149+0.006 7.02240.003 6.9311+0.010 6.499+0.004

Table 1: Quantitative comparison of discrete samplers on synthetic tasks using KL divergence, MMD, and NLL. DREAM
consistently achieves lower error across all metrics and target distributions, which indicates improved convergence and higher-

quality samples compared to DMALA, AB, and ACS.

Sampling from Ising Models

We next evaluate our methods on the 2D Ising model,
which describes systems of interacting binary variables

0 e{-1, 1}d) governed by the energy function!
U@)=wb"JO+0b70,

where & € {—1,1}" is binary random variable, J €
{0,1}9%4d is a binary adjacency matrix, w € R* denote

the connectivity strength, and b € {0, 1} is the bias vector.
This task is an ideal testbed for our theoretical claims, as the
energy function is log-quadratic. We first compare DREAM
with other baselines to see its ability to approximate Ising
models. Initial spin configurations are drawn from a Bernoulli
distribution, where the logits are set to P(8; = +1) ~ 0.6
and P(0; = —1) =~ 0.4. For model evaluations, we set con-
nectivity strength w = 0.15. Performance is quantified using
log Root Mean Square Error (log RMSE) across 50,000 sam-
ple sizes and computational budgets (¢ = 50.0 seconds), with
10 random seeds for statistical significance.

Figure 3 and Table 2 show that DREXEL and DREAM
outperform their single-chain counterparts. Without MH
corrections, DREXEL reduces RMSE by over 50% com-
pared to DULA; With MH corrections, DREAM outperforms
DMALA with a nearly 25% reduction in RMSE. Both im-
provements are consistent across trials, as evidenced by low
standard deviations. Furthermore, it implies that single-chain
discrete samplers do not effectively exploit local modes, and
the proposed samplers generally offer better and more reli-
able mixing rates.

Sampling from Restricted Boltzmann Machines

Restricted Boltzmann Machines (RBMs) are generative
stochastic neural networks designed to model complex dis-
tributions over discrete data (Fischer and Igel 2012). RBMs
typically consist of binary-valued hidden and visible units,

'We mainly consider exact energy without applying corrections
in experiments. When energy is estimated from mini-batch data
(e.g., EBM training), the bias will be estimated via stochastic ap-
proximation (Borkar and Borkar 2008; Wang et al. 2025).
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-1 == DREAM = DREXEL

s Mh-ACS s ACS
= DMALA = DULA

10 20 30 40 50
Runtime (s)

0 10k 20k 30k 40k 50k 0
Iterations

Figure 3: Sampling results (log RMSE) on 2D Ising models.

DULA ACS DREXEL DMALA mh-ACS DREAM
MH X X X 4 v v
—-1.769 —2.464 —2.544 —4.595 —4.691  —4.884

log-RMSE | +0.022 +0.084 +0.033 +0.133 +0.210  +0.204

Table 2: Performance comparison on 2D Ising sampling,
reported log-RMSE of marginals over 10 runs (mean =+ std).

where the visible units represent observed data and the hid-
den units capture latent dependencies in the data. The en-
ergy function U () = log [1 + exp (JO 4 ¢)]+b' 8, where
0 € {0, 1} represents the binary state vector for the visible
layer, J € R™*9 s the weight matrix, ¢ € R™ and b € R4
denote biases for hidden and visible units correspondingly.
We trained RBMs with 500 hidden units on six datasets:
MNIST, eMNIST, kMNIST, Fashion, Omniglot, and Cal-
tech Silhouettes datasets using contrastive divergence (CD)
(Hinton 2002). For each dataset, we first tuned two critical
hyperparameters: the learning rate and the number of Gibbs
sampling steps in CD. We evaluated pairs of these hyperpa-
rameters across 10 repeated trials under fixed DMALA sam-
pler settings, which selects the configuration that achieved
the lowest MMDs between model samples and training data.
Once the optimal learning rates and CDs were deter-
mined, we benchmarked four samplers: DMALA, ACS, AB,
and DREAM. The sample distribution is initialized using
a Bernoulli distribution with equal probabilities for all vis-



Dataset DMALA ACS AB DREAM
—6.248 —6.325 —6.328 —6.349

MNIST 059 +0.039 +0.060 -+0.061
6082 6118 6119 —6.148

eMNIST 039 40.071 +£0.048 40077
T5.821  —5836 _5841 _5875

KMNIST 4 5038 £0.061  £0.065 +0.040
ahion 5808 5835 5860 —5.901
‘ 40177 0118 +0.145 40077
ommialor 536 6565 6560 —6.626
got 10099  +0.078 +0.074 +0.057
catec 570 5765 5771 —5.810

+£0.078  £0.045 +£0.047 £0.085

Table 3: RBM sampling performance across six datasets.
DREAM consistently outperforms other methods.

ible units. To evaluate sampler performance, we compute
MMD values (on average) between samples generated by
each method and those from a structured Block-Gibbs sam-
pler tailored to RBMs.

Table 3 demonstrates that DREAM consistently achieves
the lowest MMD values across all datasets, which indicates
superior convergence in sampling from RBMs. To quantify
improvements over DMALA, we compute relative reductions
in MMD on the original scale. For MNIST, DREAM reduces
MMD by 9.7% compared to DMALA. Similar improvements
are observed across datasets, ranging from 8.2% (eMNIST)
to 12.3% (Omniglot). AB and ACS perform competitively but
exhibit marginally higher MMD values than DREAM, which
suggests slightly less stable sampling. DMALA trails behind
all methods, which highlights the limitations of fixed-step
sampling in high-dimensional spaces. These results under-
score DREAM’s robustness and efficiency in approximating
the RBM equilibrium distribution.

Learning Energy-Based Models

Deep Energy-Based Models (EBMs) (Ngiam et al. 2011;
Bond-Taylor et al. 2021) are a class of probabilistic mod-
els where the energy function is parameterized by a ResNet
(He et al. 2016). Specifically, the probability of a data point
x is given by Pg(x) = exp|[Eg(x)] /Zg, where FEg(x)
is the energy function parameterized by 6, and Zg =
Eg~0 exp [Fo(x)] normalizes the distribution.

With DULA and DMALA as baselines, we evaluate
DREXEL and DREAM? by learning Deep EBMs. Initial
samples are drawn from a Bernoulli distribution parameter-
ized by the empirical mean of the first batch in the dataset.
During training, we consider a ResNet-64 backbone, which
is optimized with Adam (learning rate = 0.001) for 20,000
iterations, employing a batch size of 256. The intractable
likelihood gradient of the model is approximated through Per-
sistent Contrastive Divergence (Tieleman and Hinton 2009),
while a replay buffer (Du and Mordatch 2019) containing

2Unless stated otherwise, DREXEL and DREAM refer to sam-
plers based on the swap design from (8). bDREXEL and bDREAM
apply the swap function described in (7).

36781

Method Static MNIST  Dynamic MNIST  Omniglot  Caltech
DULA  ior o dhior  +ddss
DMALA SOt Smos Rt
bDREXEL ;80%60826 ;80(3,694717 _:327329 _:i(;s?;;()
bDREAM 57 oo Toer aiiae
DREAM 0 10355 41787 22600

Table 4: Test log-likelihoods of Deep EBMs trained on image
data. DREAM achieves the best performance.

1,000 past samples is implemented to improve both the ef-
ficiency and stability of the training process. Each sampler
runs for 40 steps per iteration. During inference, Annealed
Importance Sampling (Neal 2001) is conducted with DULA
to estimate the test log-likelihoods and ensure robust conver-
gence diagnostics.

We trained Deep EBMs on binary images from Static
MNIST, Dynamic MNIST, Omniglot, and Caltech Silhou-
ettes datasets. The test log-likelihoods for trained models
across different samplers are recorded in Table 4.

Among the samplers, DREAM consistently achieved the
highest log-likelihoods across all datasets, with notable im-
provements on Omniglot and Caltech Silhouettes, which
outperforms baselines by 11.9-14.7%. For MNIST variants,
DREXEL and DREAM showed competitive performance,
particularly on Static MNIST, though DREAM maintained a
clear edge in balancing exploration and exploitation. In con-
trast, B(DREXEL and bDREAM generally performed worse
across datasets, with DREXEL and DREAM demonstrat-
ing superior empirical performance. These findings confirm
that MH corrections are essential for improving sampling
fidelity in discrete tasks, as uncorrected replicas exhibited
slower convergence. Also, the proposed swap mechanism
in (8) is effective at correcting imbalance and yielding bet-
ter log-likelihood estimates across diverse image datasets.
This is particularly evident in datasets like Omniglot, where
DREAM reduced the NLL gap to DMALA by 13.3%.

Conclusion and Discussion

In this work, we proposed DREXEL and DREAM, two dis-
crete Langevin-based samplers that balance global explo-
ration and local exploitation through replica exchange. By
combining gradient-based proposals with a reversible swap
mechanism, the samplers effectively overcome mode trap-
ping in non-convex discrete landscapes.

We established both asymptotic and non-asymptotic con-
vergence guarantees under a spectral framework, and empiri-
cal results demonstrated significant gains in exploration and
mixing efficiency. Future work will extend the framework
to multiple replicas for enhanced exploration and develop
theoretical bounds to quantify the acceleration effect.
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