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Abstract

This paper proposes a variant of multiple-play stochastic ban-
dits tailored to resource allocation problems arising from
LLM applications, edge intelligence, etc. The model is com-
posed of finite number of arms and plays. Each arm has a
stochastic number of capacities, and each unit of capacity is
associated with a reward function. Each play is associated
with a priority weight. When multiple plays compete for the
arm capacity, the arm capacity is allocated in a larger pri-
ority weight first manner. Instance independent and instance
dependent regret lower bounds are proved, revealing the im-
pact of model parameters on the hardness of learning the opti-
mal allocation policy. When model parameters are given, we
design an algorithm named MSB-PRS-OffOpt to locate the
optimal play allocation policy with a polynomial computa-
tional complexity in the number of arms and plays. Utiliz-
ing MSB-PRS-OffOpt as a subroutine, an approximate upper
confidence bound (UCB) based algorithm is designed, which
has instance independent and instance dependent regret up-
per bounds matching the corresponding lower bound up to
acceptable factors. To this end, we address nontrivial tech-
nical challenges arising from optimizing and learning under
a special nonlinear combinatorial utility function induced by
the prioritized resource sharing mechanism.

1 Introduction

The Multi-play multi-armed bandit (MP-MAB) is a classical
sequential learning framework (Anantharam, Varaiya, and
Walrand 1987a). The canonical MP-MAB model consists of
one decision maker who pulls multiple arms per decision
round. Each pulled arm generates a reward, which is drawn
from an unknown probability distribution. The objective is
to maximize the cumulative reward facing the exploration
vs. exploitation dilemma. MP-MAB frameworks are applied
to various applications such as online advertising (Lagrée,
Vernade, and Cappé 2016; Komiyama, Honda, and Takeda
2017; Yuan, Woon, and Coba 2023), power system (Lesage-
Landry and Taylor 2017), mobile edge computing (Chen
and Xie 2022; Wang, Xie, and Lui 2022b; Xu et al. 2023),
etc. Recently, various variants of MP-MAB were studied,
which tap potentials of MP-MAB framework for resource
allocation problems and advance the bandit learning liter-
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ature (Chen and Xie 2022; Moulos 2020; Xu et al. 2023;
Wang, Xie, and Lui 2022b; Yuan, Woon, and Coba 2023).

This paper extends MP-MAB to capture the prioritized
resource sharing mechanism, contributing a fine-grained re-
source allocation model. We aim to reveal fundamental in-
sights on the interplay of this mechanism and learning. Pri-
oritized resource sharing mechanisms are implemented in
a large class of resource allocation problems arising from
mobile edge computing (Chen et al. 2021; Gao et al. 2022;
Ouyang et al. 2019, 2023), ride sharing (Chen and Xie
2022), etc., and have the potential to enable differentiated
services in LLM applications. For example, in LLM applica-
tions, reasoning tasks and LLM instances can be modeled as
plays and arms respectively. Multiple LLM reasoning tasks
(plays) share an instance of LLM (an arm) according to their
priority quantified by price, membership hierarchy, etc. In
mobile edge computing systems, the infrastructure of edge
intelligence, tasks and edge servers can be modeled as plays
and arms respectively. When multiple tasks (or plays) are
offloaded to the same edge server (or arm), the available
computing resource is shared among them according to the
differentiated pricing mechanism (an instance of prioritized
resource sharing mechanism).

Formally, we proposed MSB-PRS (Multiple-play
Stochastic Bandits with Prioritized Resource Sharing). The
MSB-PRS is composed of K € N,y plays and M € N,
arms. Each play has a priority weight and movement costs.
Each arm has a stochastic number of units of capacities.
Plays share the capacity in a high priority weight first
manner. A play receives a reward scaled by its weight only
when it occupies one unit of capacity. The objective is to
maximize the cumulative utility (rewards minus costs) in
T € N; rounds. Some recent works tailored MP-MAB
to the same or similar applications (Chen and Xie 2022;
Xu et al. 2023; Wang, Xie, and Lui 2022b,a; Yuan, Woon,
and Coba 2023). The key difference to this line of research
is on the stochastic capacity with bandit feedback and
prioritized capacity sharing. This difference poses new
challenges. One challenge lies in locating the optimal play
allocation policy. The movement cost and the prioritized
capacity sharing impose a nonlinear combinatorial structure
on the utility function, which hinders locating the optimal
allocation. In contrast to previous works (Xu et al. 2023;
Wang, Xie, and Lui 2022b,a), top arms do not warrant



optimal allocation. This nonlinear combinatorial structure
also makes it difficult to distinguish optimal allocation from
sub-optimal allocation from feedback. As a result, it is
nontrivial to balance the exploring vs. exploitation tradeoff.

1.1 Contributions

Model and fundamental learning limits. We formulate
MSB-PRS, which captures the prioritized resource sharing
nature of resource allocation problems. We prove instance
independent and instance dependent regret lower bounds of
Q(a10vVKMT) and Q(a;0%2 8L In T) respectively. Techni-
cally, we tackle the aforementioned nonlinear combinatorial
structure challenge by identifying one special instances of
the MSB-PRS that are composed of carefully designed mul-
tiple independent groups of classical multi-armed bandits
and batched MP-MAB.

Efficient learning algorithms. (1) Computational effi-
ciency. Given model parameters, to tackle the computational
challenge of locating the optimal play allocation policy,
we characterize the aforementioned nonlinear combinatorial
structure by constructing a priority ranking aware bipartite
graph. A connection between the utility of arm allocation
policies and the saturated, monotone and priority compat-
ible matchings is established. This connection enables us
to design MSB-PRS—-0OffOpt, which locates the optimal
play allocation policy with a complexity O(M K?3) from a
search space with size K. (2) Sample efficiency. Utilizing
MSB-PRS-OffOpt as a subroutine, we design an approx-
imate UCB based algorithm, which reduces the per-round
computational complexity of the exact UCB based algo-
rithm from K™ to O(M K?). We prove sublinear instance
independent and instance dependent regret upper bounds
matching the corresponding lower bounds up to factors of

VKIn KT and oy K? respectively. The key proof idea is
exploiting the monotone property of the utility function to:
(1) prove the validity of the approximate UCB index; (2)
show suboptimal allocations make progress in improving the
estimation accuracy of poorly estimated parameters, which
gear the learning algorithm toward identifying more favor-
able play allocation policies.

2 Related Work

Anantharam et al. (Anantharam, Varaiya, and Walrand
1987a) proposed the canonical MP-MAB model, where they
established an asymptotic lower bound on the regret and
designed an algorithm achieving the lower bound asymp-
totically. Komiyama et al. (Komiyama, Honda, and Naka-
gawa 2015) showed that Thompson sampling achieves the
regret lower bound in the finite time sense. Anantharam et
al. (Anantharam, Varaiya, and Walrand 1987b) extended the
canonical MP-MAB model from IID rewards to Markovian
rewards. This Markovian MP-MAB model was further ex-
tended to the rested bandit setting (Moulos 2020). MP-MAB
with a reward function depending on the order of plays was
studied in (Lagrée, Vernade, and Cappé 2016; Komiyama,
Honda, and Takeda 2017). This reward function was moti-
vated by clicking the model of web applications. They estab-
lished lower bounds on the regret and designed a UCB based
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algorithm to balance the exploration vs. exploitation trade-
off. MP-MAB with switching cost is studied in (Agrawal
et al. 1990; Jun 2004). They proved the lower bound on the
regret and designed algorithms that achieve the lower bound
asymptotically. MP-MAB with budget constraint is consid-
ered in (Luedtke, Kaufmann, and Chambaz 2019; Xia et al.
2016; Zhou and Tomlin 2018) and a stochastic number of
plays in each round is considered in (Lesage-Landry and
Taylor 2017), which is motivated by power system. Yuan
et al. (Yuan, Woon, and Coba 2023) extended the canonical
MP-MAB classical to the sleeping bandit setting, tailored to
the recommender systems.

Our work is closely related to (Chen and Xie 2022; Wang,
Xie, and Lui 2022b; Xu et al. 2023). Chen ef al. (Chen and
Xie 2022) tailored the canonical MP-MAB model for the
user-centric selection problems. Their model considered ho-
mogeneous plays and expert feedback on capacity. They de-
signed a Quasi-UCB algorithm for this problem with sublin-
ear regret upper bounds. Our work generalizes their model
to capture heterogeneous plays, prioritized resource sharing,
and bandit feedback on the capacity. This extension not only
be more friendly to real-world applications, but also incurs
new challenges for locating the optimal allocation and de-
sign learning algorithms. We design a UCB based algorithm
and prove both regret upper bounds and lower bounds. Wang
et al. (Wang, Xie, and Lui 2022b) proposed a model that also
allowed multiple plays to share capacity on an arm. Their
model considers a deterministic capacity provision. The ca-
pacity is unobservable and coupled with the reward. They
proved regret lower bound on regret and designed an action
elimination based algorithm whose regret matches the regret
lower bound to a certain level. Xu ef al. (Xu et al. 2023) ex-
tended this model to the setting with strategic agents and
competing for the capacity. They analyzed the Nash equilib-
rium in the offline setting and proposed a selfish MP-MAB
with an averaging allocation approach.

Various works share some connections to the MP-MAB
research line. Combinatorial bandits (Cesa-Bianchi and Lu-
gosi 2012; Chen, Wang, and Yuan 2013; Combes et al.
2015b) generalize the reward function of the canonical MP-
MAB from linear to non-linear. Various variants of com-
binatorial bandits were studied: (1) combinatorial bandits
with semi-bandit feedback (Chen, Wang, and Yuan 2013;
Chen et al. 2016; Gai, Krishnamachari, and Jain 2012;
Combes et al. 2015b), i.e., the reward of each pulled arm
is revealed; (2) combinatorial bandits with bandit feedback:
(Cesa-Bianchi and Lugosi 2012; Combes et al. 2015b), i.e.,
only one reward associated with the pulled arm set is re-
vealed; (3) combinatorial bandits with different combina-
torial structures, i.e., matroid (Kveton et al. 2014), m-set
(Anantharam, Varaiya, and Walrand 1987a), permutation
(Gai, Krishnamachari, and Jain 2012), etc. Cascading bandit
(Combes et al. 2015a; Kveton et al. 2015a; Wen et al. 2017)
extends the reward function of the canonical MP-MAB from
linear to a factorization form over the set of selected arms.
Decentralized MP-MAB (a.k.a. multi-player MAB) (Agar-
wal, Aggarwal, and Azizzadenesheli 2022; Anandkumar
et al. 2011; Rosenski, Shamir, and Szlak 2016; Bistritz and
Leshem 2018; Wang et al. 2020)) considers the setting that



players either cannot communicate with others or their com-
munication is restrictive.

3 MSB-PRS Model
3.1 Model Setting

For any integer N, the notation [N] denotes a set [V]
{1,..., N}. The MSB-PRS consists of one decision maker,
M € N, arms, K € N, plays and a finite number of 7" €
N decision rounds. In each decision round ¢ € [T, the
decision maker needs to assign all K plays to arms. Each
play can be assigned to one arm, and multiple plays can be
allocated to the same arm. The objective is to maximize the
total utility, whose formal definition is deferred after the arm
model and reward model are made clear.

Arm model. The arm m € [M] is characterized by a pair of
random variables (D,,, R,,), where D,,, characterizes the
stochastic availability of capacity and R,, characterizes the
per unit capacity rewards. The support of D,, is a subset
of [dmax), Where dmax € Ny denotes the maximum possi-
ble units of capacity on an arm. Let D%) denote the num-
ber of units of capacity available on arm m in round ¢. The
Dﬁ,t,,) is drawn from D,,, i.e., Dﬁ,t,,) ~ D,,, and each Dﬁ,tl)
drawn from D,, is independent across ¢ and m. The i-th
unit of capacity on arm m is associated with a reward de-
noted by R". where i € [fol)] The R

m,i° m,i
R,,, ie., RSI)Z- ~ R, whose support is a subset of R,

is drawn from

and each Rgﬁ)z drawn from R,, is independent across ¢, m

and i. Denote the mean of R, as p,, = E[R,,]. With-
out loss of generality, we assume p,, > 0,Ym € [M].
We assume that R,, is o-subgaussian, where o € R, . Let
W = iy, : ¥m € [M]] denote the reward mean vector. Let
P, = [Pr.d : Vd € [dmas)] denote the complementary
cumulative probability vector of D,,, where

Pyq =PD{) > d},¥d € [dpas],m € [M].

For presentation convenience, denote the complementary
cumulative probability matrix as:

P 2 [Py :Yd € [dmas],m € [M]].

The @ and P are unknown to the decision maker. Arms can
model instances of LLM, edge servers, etc (refer to Section
1).

Play and priority model. The play k € [[ﬁ is characterized
by (ck, ax), where ¢, € (Ry U {+o00})™ and o, € Ry
The ¢;, denotes the movement cost vector associated with
play k and denote its entries as ¢y = [ck.m : Vm € [M]],
where ¢ ., € Ry U {400} denotes the movement cost of
assigning play k to arm m. The case ¢, ,,, = +00 models the
constraint that arm m is unavailable to play k. The weight
«y quantifies the priority of play k. Larger weight implies
higher priority. Without loss of generality, we assume

) > ag > 2> ag > 0.

The ay,’s capture differentiated service of mobile edge com-
puting, or the superiority of cars in ride sharing systems.
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Both ¢, and o, are known to the decision maker. Plays can
model reasoning tasks, computing tasks, etc (please refer to
Section 1).

Prioritized capacity sharing model. Let a,(:) € [M] de-
note the arm pulled by play & € [K] in round ¢. Denote the

play allocation or action profile in round ¢ as a(*) £ [a,(f) :
Vk € [K]]. Denote the number of plays assigned to arm m

in round ¢:
(t) &
Nm - Z 1{a](:):m}
ke[K]
Plays are prioritized according to their weights. Specifically,
in round ¢, the nyf) plays assigned to arm m are ranked
according to their weights, i.e., ay’s, in descending order,

where ties are broke arbitrarily, and they share the capac-
ity according to this order. Consider a play assigned to arm

m, i.e., a,(:) = m, denote its rank on arm m as é,(:) € [K].

In round ¢, only top—min{N,(,f), D,(,?} plays assigned to arm
m are allocated capacities, in a fashion that one unit of ca-
pacity per play. Namely, when the capacity is abundant, i.e.,
D%)sz,f), the D%)—Nﬁf) units of capacity are left unas-
signed; and when the capacity is scarce, i.e., D%) <N7(,f), the
N,(,? —Df(ﬁ) plays do not get capacity.

Rewards and feedback. Once play % gets a unit of capacity,
a reward scaled by the weight is generated:

(t) e (1) (t)
« o, 1f67 < DY,
x® & J ¥ 00 0TS Do
null, otherwise,

where null models that play k£ does not receive any reward
when it does not occupy any capacity. The decision maker
observes the rewards received by each arm. Let

xX® 2 x" vk e [K]]

denote the reward vector observed in round ¢. In round ¢, the

number of capacity D,(,tl) is revealed to the decision maker
if and only if at least one play is assigned to arm m in this

round, i.e., N,(,i) > 0. Denote the capacity feedback vector
(t)

DYDY : m e {m!|N)>0}).

The decision maker observes X ) and D™ in round ¢.

3.2 Problem Formulation

Denote the expected total reward generated from arm m in
round t as R,,(a™; t,,, P,,), formally:

(t). A (t)
Rm(a a/-j/maPm) =E Z 1{al(ct):m}Xk
ke[K]

= Um Z 1{al(€t)=m}akpm7e;t).
ke[K]

Let Uy, (a®; tin, P,,,) denote the expected utility earned
from arm m in round ¢. It is defined as the expected reward



minus the movement cost, formally:
Unn(a™; i, Pr)

éEm,(a'(t);,LLnu})m) - Z

Ckvml{ag‘)=m}'
ke [K]

Let U(a®); u, P) denote the aggregate utility from all plays
given action profile a;, formally:

U@ P) 2 3 Un(@®: s P).
me[M]

ey

The objective is to maximize the total utility in 7" rounds,
i.e., maximize Z?:l U(a™®; u, P). Since the system is sta-
tionary in ¢, the optimal action profile across different time
slots can be expressed as:

* U(a; p, P).
a” € argmax Ufa; p, P) 2)
where A £ [M]¥. Note that a* is unknown to the decision
maker because the parameters p and P are unknown. We
define the regret as:

Remark: The utility function U(a(*); u, P) has a nonlinear
combinatorial structure with respect to wt, P and it has a cost
term. As a consequence, arms with large per unit rewards
are not necessarily favorable. There are in total |A| = M¥X
action profiles. Thus, locating a* is nontrivial. Distinguish-
ing optimal action profile from sub-optimal allocation from
feedback is not easy. It is nontrivial to tackle this nonlinear
combinatorial structure to reveal fundamental learning lim-
its and balance the exploring vs. exploitation tradeoff.

T

> (U(a*su, P) ~ U@, P))

t=1

Reg, £ E

4 Fundamental Learning Limits

We reveal fundamental limits of learning the optimal action
profile by proving instance independent and instance depen-
dent regret lower bounds.

Theorem 1. For any learning algorithm, there exists an in-
stance of MSB-PRS such that

1
Regr > o7 10 MKT.

Furthermore, Regy > Q(anovVMKT).

The key proof idea is identifying one special instances
of the MSB-PRS that are composed of carefully designed
multiple independent groups classical multi-armed bandits
and batched MP-MAB. For each group, we apply Theorem
15.2 of (Lattimore and Szepesvari 2020) to bound its regret
lower bound. Finally, summing them up across groups we
obtain the instance independent regret lower bound.

Theorem 2. Consider A € R utility gap MSB-PRS, i.e.,

the class of MSB-PRS satisfy
U(a™;p, P) — max

U(a;u, P) = A.
a:U(a;p,P)#U(a*;u,P) (au )

36769

For any consistent play allocation algorithm, there exists /A
utility gap instances of MSB-PRS, such that the regret of any
consistent learning algorithm on them satisfies

Regr o M

A

lim inf

10

In

The idea of restricting to A utility gap MSB-PRS in
proving the instance dependent regret lower bound follows
the work (Kveton et al. 2015b), which proves the instance
dependent regret lower bound of stochastic combinatorial
semi-bandits restricting to gap instances, instead of the basic
model parameters. The proof routine is similar to that of the
Theorem 1. The constructed special instances of the MSB-
PRS are nearly the same as that of Theorem 1, except that for
each group of bandits, we carefully design their mean gap,
such that the total gap equals A. We apply Theorem 16.2
of (Lattimore and Szepesvari 2020) to bound the asymptotic
lower bound. Finally, summing them up across groups we
obtain the instance dependent regret lower bound.

5 Efficient Learning Algorithms
5.1 Efficient Computation Oracle

Given model parameters, we design MSB-PRS-0Of fOpt to
locate the optimal action profile, which will serve as an effi-
cient computation oracle for learning the optimal action pro-
file.

Bipartite graph formulation. We formulate a complete
weighted bipartite graph with node set ¢/ U )V and edge set
UxV,whereld NV = and

Ué{ul,...,uK}, Vé U Vm,
me([M]
Vi 2 {0m.1y- U xc }-

The node u, € U corresponds to play k € [K]. The node set
Vi corresponds to arm m € [M]. Nodes vy, ; € Vyy,, Where
j € [K], are designed to capture the prioritized resource
sharing mechanism.

Denote A, (k,¢) as the marginal utility contribution of
play k£ on an arm when it is ranked /-th among all plays
pulling this arm, formally

Am(k’,f) £ akﬂmpm,é — Ck,m-

The U,,(a; tim, Pr) can be decomposed as:

Z 1{ak:m}Am(ka Ek("‘))’

kE[K]

U (@; i, Pry)

where i (a) denote the rank of play on the arm a, according
to the prioritized capacity sharing mechanism. Denote 6y, as
the number of plays proceeding play k with respect to their
priority weights

0. £ |{k’|ak/ > Oék}|.

The prioritized capacity sharing mechanism implies an up-
per bound on the rank of k, i.e., {x(a) < 6. Namely, on
each arm, play £ would be ranked at most 0-th regardless
of the number of plays assigned to this arm.



Denote a weight function over the edge set as: W : U x
V — R. The weight of the edge (ug, vy, ;) is defined as:

A (k,g), ifj <0y,
W(uzﬁ,vm,j){ (k,g), it J y

— 00, otherwise.
The weight W (uy, vp,, ;) quantifies the marginal utility con-
tribution of play k for pulling arm m, when it is ranked j-th.
As imposed by the prioritized capacity sharing mechanism,
the rank of play £ can not exceed 6. We thus set the util-
ity associated with such invalid rank as —oo to disable these
edges. Denote the weighted bipartite graph as

G=UUV,UxV,W).
From action profiles to matchings. Let M C U x V
denote a matching in graph G, which is a set of pairwise
non-adjacent edges, i.e., |[{u|(u,v) € M}| = |{v|(u,v) €
M}| = |M]|. Denote the index of the arm that is linked to
node vy, ; under M as

& (M) a {k, if (uk,vm_j) S M,
m,] -

where index 0 is defined as a dummy play and we define its
weight is as g = 0. Denote an indicator function associated
with M as:

0, otherwise,

1, if 3k, (ug,vm. ;) € M,
bm,j(/\/l)é{o ! (ur; Vi 5)

We next define a class of matchings that can be connected
to the action profiles.

Definition 3. A matching M is: (1) U-saturated if
{u|(u,v) € M} = U; (2) V-monotone if by, j(M) >
bm,j/(M),¥j < j'; (3) priority compatible if ay,, ;(rm) =
g, (M), VT <

The U-saturated property states that each play node is an
endpoint of one edge of M. The V-monotone property states
that end points of M on the V), side forms an increasing set,
i.e., it can be expressed as {vpm 1,-..,VUm, s}, Where J =
Hv|(u,v) € M} N V.
Lemma 4. Action profile ac A can be mapped into a U-
saturated, V-monotone, and priority compatible matching

M(a) = { (Wks Vay tn(a)) |k € [K]} . Furthermore, it holds
that U(a; p, P) = Z(um)eﬂ(a) W(u,v), and M(a) #
Mv(a’)forany a#a.

Lemma 4 states that each action profile can be mapped
into a {/-saturated , V-monotone and priority compatible
matching with utility equals the weights of the matching.
From matchings to action profiles. In the following
lemma, we show that a /-saturated, V-monotone, and prior-
ity compatible matching can be mapped into an action pro-
file with weights of the matching equals the utility.

otherwise.

Lemma 5. A U-saturated, V-monotone, and priority com-
patible matching M can be mapped into action profile

a(M) £ (ax(M) : Yk € [K]), where
M) =D m Y g, (M=}
me[M]  jE[K]
Furthermore, U(a(M), pt, P) = 32, yem W(w;v).
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Locating the optimal action profile. Lemma 4 and 5 im-
ply that locating the optimal action profile is equivalent to
searching the {/-saturated, V-monotone, and priority com-
patible matching with the maximum total weights. However,
a maximum weighted matching may not be {/-saturated, V-
monotone and priority compatible. This hinders one to ap-
ply the maximum weighted matching algorithm. For any /-
saturated matching M, if it is not V-monotone or priority
compatible, it can be adjusted to be a V-monotone and pri-
ority compatible matching M’:

|K:m,‘
we U Uttt o
me[M] j=1

where IC;, = {jl¢m, (M) # 0} denotes a set of plays
linked to arm m by M, Ly 1,..., Ly |k, 1S @ ranked
list of ICy, such that L,, ; < Ly, ,,Vj < j'. Further-
more, it can be easily verified that 3°, e W(u,v) <
> (uvyerm W(u,v). The implication is that one can first
locate the maximum weighted matching (the maximum
weighted matching is U-saturated). If it does not have all
three desired properties, one can apply the above strategy
to adjust it to have all three desired properties. Locating the
maximum weight matching is a well studied problem. The
Hungarian algorithm and its variants such as Crouse et al.
(Crouse 2016) provide computationally efficient algorithms
for this problem. Algorithm 1 combines the above elements
to locate the optimal action profile. The essential computa-
tional complexity is the maximum weighted matching. The
computational complexity of Algorithm 1 is O(MK?3), if
Crouse et al. (Crouse 2016) is applied.

Algorithm 1: MSB-PRS-0f£0pt (i, P)

LG+ UUVUXV, W)

2: M < MaximumWeightedMatching (G)

3: If M does not have three desired properties, adjust it
according to Eq. (3)

4: CLk(M) A ZmE[M] mE]E[K] 1{¢m-,j(M):k}

5: Return: a(M) = [ap(M) : k € [K]]

5.2 Efficient Learning Algorithm

Approximate UCB based algorithm. Note that in time slot
t+1, the decision maker has access to the historical feedback
up to time slot ¢, formally

H, 2 (D(l)’)((l)’a(l)7 B .7D(t),X(t)7a(t)).
Denote the complementary cumulative probability matrix
estimated from H; as p” 2 [ﬁg)d :m € [M],d €
[dmaz]], where the ]37(;,)11 is the empirical average:

t
P 2 2o 1{N§i>21}1{D£:>zd}.

m,d

4)
t
o= Loy



)

Denote the mean vector estimated from H; as [
i ~(t) |
m

:m € [M]], where the u( ) is the empirical average:
Zs 1 Zk 1 {X(S’;&nuu} {al® _m}Xlgs)/O‘k
Zs=1 Zk‘:l

The following lemma states a confidence band for the
above estimators.

A

/\(t
o —

NG))

{X}(j) #null} {LLE;) =m}

Lemma 6. The estimators P\ )d and i ,u satzsfy
P [3t.m. | — 30| = )] < 206,
P [3t,m, [Py~ Pna2AD| < 2Mdumasd,

(t) and )\,(n) are derived as

/R
+1 1
17

where § € (0,1), €

(0 — J\202@Y + 1) In . i) > 1,
m ) ﬁ%)
+ 00, lfﬁgﬁ) =0,
®) n’(’? +1 n%) 11 1. ifn® >1
)\m = 9 n S ’]’LTTZ) A1, lfnm =5
1, ifniy) =0,

where the operation N\ means selecting the smaller value
~(t) =t K
between two, Tay' =y o1 Y g 1

() _ Z
(t)

Ny =
For simplicity, we denote ) = [e;, : m € [M]] and
A = [)\7(7? : m € [M]]. Based on the above lemma, the
exact UCB index of action profile a can be expressed as:

{X,(CS) Fnull} 1 {a,(j) =m} and

{N<‘>>1}

Exact-UCB"Y) (a) = max Ula,p, P).

w,P, WEH)*umeSn) vm

\pTS? P gl <A vm,d

The Exact-UCB") (a) has a potential computational issue
in locating the action profile with larger index. Specifically,
the Exact-UCB") (@) may attain the max value at different
selections of p, P for different action profiles, especially
when the confidence band fails. In this case, to locate the
action profile one can only resort to exhaustive search, re-
sulting in a computational complexity of O(M*). To avoid
this problem, we propose to use the approximate UCB in-
dex:

UCBY (a)=U(a, i +e®, P 4A®), (6)
One advantage of UCB®(a) over Exact-UCB®(a)
is that all action profile share the same parameter

20 e pY @ i i ;
n e, P T+, Algorithm 1 locates the action pro
file attaining the maximum UCB‘®) (@) with a computational

complexity of O(MK?). As we shown in the proof of in-
stance independent upper bound, the monotonicity of utility
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function with respect to i and P element-wisely guarantees

the UCB validity of UCB® (a). The action profile in round
t is then selected by:

a® € argmax UCB*~Y(a).
acA

Summarizing the above ideas together, Algorithm 2 outlines
an approximate UCB based algorithm.

Algorithm 2: MSB-PRS-ApUCB ( H;)
~(0)

I: ]37522 — 1Lum <0

2. fort=1,...,T do

3:  Calculate e(t ) and ,\5,2‘1) applying Lemma (6)

4 a® «  MsB-PRS-Offopt(f! P et
ptv A1)

s: Observe D and X®

6:  Update P! )d via Eq. (4), Ym € {m’|N(t)>O}

7. Update A,(n) via Eq. (5), Ym € {m’\N(t, >0}

8: end for

Regret upper bounds. The following two theorems state the
instance independent and instance dependent regret lower
bound individually.

Theorem 7. The instance independent regret upper bound
of Algorithm 2 can be derived as:

RegT < 2M(1 + dmax)Kﬂ'maX

+ 3601 (tmax + 1)(20 + VWMKTVEKIn KT

Furthermore, Regy < O(a10 ftymanVEKMTVKIn KT.).
Compared to the instance independent regret lower bound
derived in Theorem 1, the regret upper bound matches the
lower bound up to a factor of v/K+/In KT. The key proof
idea is via exploiting the monotone property of the utility
function to prove the validity of the approximate UCB index.

Theorem 8. The instance dependent regret upper bound of
Algorithm 2 can be derived as:

Regr <96MK?a? (20 +1)?

+ 2M(1 + dmax)Kﬂmax-
Furthermore, Regp < O(MK?a}o? X In KT).

Compared to the instance dependent regret lower bound
derived in Theorem 2, the regret upper bound matches the
lower bound up to a factor of a; K2. The key proof idea of
tackling the aforementioned nonlinear combinatorial struc-
ture in the proof is via exploiting the monotone property
of the utility function to show suboptimal allocations make
progress in improving the estimation accuracy of poor esti-
mated parameters, which gear the learning algorithm toward
identifying more favorable suboptimal allocations. Further-
more, group suboptimal action profiles with respect to their
gap to the optimal action profile, with a double trick on de-
termining the desired gap for each group.

Discussion on tightness. Closing the regret gap is an open
problem, since MSB-PRS is neither a standard MP-MAB
model nor a standard combinatorial bandit model.

1
EanT



6 Synthetic Experiments

Parameter setting. We consider M = 5 arms and K =
10 plays. It is essential to note that we will systemati-
cally vary M and K to assess the performance of our pro-
posed algorithm. The probability mass function and the re-
ward distribution is same as Chen et al. (Chen and Xie
2022). We designate the movement cost as ¢, = n|(k
mod M) — m|/max{K, M}, where n € Ry is a hyper-
parameter that controls the scale of the cost. Unless ex-
plicitly varied, we adopt the following default parameters:
T =10%6 = 1/T, K = 10 plays, M = 5 arms, n = 1,
o = 0.2 and the U-Shape reward. Furthermore, the weight
of half of plays is 3 and the other half is 1. We consider two
baselines: (1) OnlinActPrf (Chen and Xie 2022), which
considers the setting with expert feedback on capacity and
homogeneous plays without priority capacity sharing; (2)
OnlinActPrf-v, which is a variant of OnlinActPrf
enabling UCB on the capacity distribution estimation. Due
to page limit, more details on the setting are in supplemen-
tary file.

led le6

-o- M=5 —©— MSB-PRS-ApUCB

—A— M=10 —A— OnlinActPrf
— 1.0 - M=15 — =~ OnlinActPrf-v
o <%
00.5 o
0.0L# 0
0.0 0.5 1.0 0.0 0.5 1.0
time horizon 1le4 time horizon 1le4
(a) Regret vs. M by M =5
leb6 le6

2 —©— MSB-PRS-ApUCB
—A— OnlinActPrf
—%— OnlinActPrf-v

@
ol
g
0
0.0 0.5 1.
time horizon 1le4
(©) M =10

2 —©— MSB-PRS-ApUCB
—A— OnlinActPrf
—»%— OnlinActPrf-v

@
@’1
0
0.0 0.5 1.
time horizon 1le4
(d M =15

Figure 1: Impact of Number of Arms.

Impact of the number of arms. We varied the number of
arms, denoted as M, across three settings: M = 5, 10, and
15, and plotted the regret of three algorithms. In Fig. 1a, it
is evident that the regret curves for MSB-PRS-ApUCB un-
der M = 5, 10, and 20 initially exhibit a sharp increase be-
fore leveling off, indicating a sub-linear regret. Additionally,
one can find that the convergence rate of MSB-PRS—-ApUCB
regret gradually decreases with an increase in M. Fig. 1b
illustrates that the regret curves for OnlinActPrf and
OnlinActPrf-v follow a linear trend, while the regret
curve for MSB-PRS-ApUCB consistently remains at the
bottom. This observation confirms that MSB-PRS-ApUCB
yields the smallest regret compared to the two baseline al-
gorithms. This trend persists even when M = 10 and 15, as
shown in Fig. Ic and 1d, respectively.
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Impact of the number of plays. We varied the number of
plays, denoted as K, across three settings: K = 10, 15, and
20, and plotted the regret of three algorithms. In Fig. 2a,
it is evident that the regret curves for MSB-PRS—-ApUCB
under K = 10, 15, and 20 initially exhibit a sharp in-
crease before plateauing, indicating a sub-linear regret.
Additionally, Fig. 2b illustrates that the regret curves for
OnlinActPrf and OnlinActPrf-v follow a linear
trend, while the regret curve for MSB-PRS—-ApUCB consis-
tently remains at the bottom. This observation confirms that
MSB-PRS-ApUCB yields the smallest regret compared to
the two baseline algorithms. This trend persists even when
K =15 and 20, as shown in Fig. 2c and 2d, respectively.

le2 le6
2 —©— MSB-PRS-ApUCB
—A— OnlinActPrf

@ —o— K=10 - —>— OnlinActPrf-v
g1 —A— K=15 gl
2 —> K=20 E

0 -' AAAAAAAAAA 0

0.0 0.5 1.0 0.0 0.5 1

time horizon 1le4
(b) K =10

time horizon 1le4
(a) Regret of MSB-PRS-ApUCB

le6 le6
2 —6— MSB-PRS-ApUCB 2 —©— MSB-PRS-ApUCB
—A— OnlinActPrf —A— OnlinActPrf
—%— OnlinActPrf-v
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(o g
0 0
0.0 0.5 1. 0.0 0.5 1.
time horizon 1le4 time horizon 1le4
c)K =15 (d) K =20

Figure 2: Impact of Number of plays.

7 Conclusion

This paper proposes MSB-PRS. An algorithm is designed
to locate the optimal play allocation policy with a com-
plexity of O(MK?). Instance independent and instance
dependent regret lower bounds of Q(a;0vVKMT) and
Q(a102% InT) are proved respectively. An approximate
UCB based algorithm is designed which has a per round
computational complexity of O(M K?3) and has sublinear
independent and dependent regret upper bounds matching
the corresponding lower bounds up to acceptable factors.
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