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Abstract

The RIDE-SHARING ASSIGNMENT PROBLEM (AAAI2018)
is a fundamental problem in intelligent transportation sys-
tems, urban mobility, and algorithmic decision-making.
Given a set of m vehicles with initial locations and n requests
(n < mk), each with a specified origin and destination, the
goal is to assign at most k requests to each vehicle and com-
pute corresponding routes that minimize the total travel dis-
tance. The algorithmic approach depends on whether n =
mk or n < mk. In this paper, we present algorithms with
provable approximation guarantees for both cases. When n =
mk, we design a min{ O(Vk), O(y/*)}-approximation al-
gorithm, whereas previously the ratio O( \/E) was only
proved for k being a power of 2. When n < mk, we achieve
an approximation ratio of O(v/k log max{n, m}), breaking
the natural O(k) barrier. We also conduct experiments to
evaluate the empirical performance of our algorithms. The
results show that our solutions consistently outperform those
produced by the previous existing algorithm.

Code — https://github.com/Serryh1/RSAP

Introduction

As urbanization accelerates and private car ownership be-
comes increasingly unsustainable in densely populated ar-
eas (Clewlow and Mishra 2017), ride-sharing has emerged
as a promising alternative, with the potential to alleviate traf-
fic congestion, improve travel efficiency, and reduce envi-
ronmental impact (Ho et al. 2018).

In recent years, many platforms, such as Uber, Lyft,
and Didi Chuxing, have enabled passengers to share rides
with others traveling in a similar direction (Wang and Yang
2019). The concept has also extended to long-distance
travel, with services like BlaBlaCar facilitating intercity
and even international carpooling (Shaheen, Stocker, and
Mundler 2017). Moreover, ride-sharing has gained trac-
tion in corporate transportation and campus shuttle sys-
tems (Knopp, Biesinger, and Prandtstetter 2021; AlQuhtani
2022), offering cost-effective and resource-efficient alterna-
tives for group transit.
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The benefits of ride-sharing are well-documented. Passen-
gers can reduce travel costs, and service providers can in-
crease revenue by combining multiple requests into shared
trips (Zeng, Tong, and Chen 2019; Luo and Spieksma 2022).
Additionally, shared rides reduce total vehicle mileage, lead-
ing to lower fuel consumption and fewer carbon emis-
sions (Coulombel et al. 2019; Cai et al. 2019; Yu et al. 2017).

However, realizing these benefits in practice hinges on the
ability to efficiently match passengers with vehicles and plan
feasible routes under real-world constraints. This core chal-
lenge gives rise to computationally complex optimization
problems (Bei and Zhang 2018; Luo and Spieksma 2022).

In this paper, we study the RIDE-SHARING ASSIGN-
MENT PROBLEM (RSAP) (Bei and Zhang 2018), which for-
malizes this fundamental decision task: how to assign a set
of transportation requests, each with pickup and drop-off lo-
cations, to a fleet of vehicles in a way that respects capacity
constraints and minimizes total travel cost.

Formally, we are given a set of n requests R = {(s;,t;) :
i = 1,...,n}, where each request involves transporting an
agent (or object) from source s; to destination ¢;. There is
also a set of m vehicles U = {uy, ..., un}, each starting at
location u; (used to represent the vehicle itself). The objec-
tive is to assign requests to vehicles such that:

* Each vehicle serves at most k requests;
* Each request is served by exactly one vehicle;

* The total distance traveled by all vehicles is minimized.

That is, we seek a partition of requests into m disjoint
groups R = {R, C R : u € U} with |R,| < k for each
R, € R, and a feasible route I,, for each vehicle to serve the
requests in R,,. A solution is represented by the pair (R, Z),
where Z = {I, : u € U} denotes the set of routes. Vehi-
cles are not required to return to their starting locations, and
feasibility requires that n < mk.

As in prior work (Bei and Zhang 2018; Li, Li, and Lee
2020; Luo and Spieksma 2020, 2022; Luo et al. 2022), we
focus on non-preemptive routes: once a vehicle picks up an
object, it must deliver it directly to its destination without
intermediate drop-offs.

We aim to design approximation algorithms for the RSAP.
For minimization problems, a p-approximation algorithm is
one that runs in polynomial time and returns a solution with



objective value at most p times the optimal, where p > 1 is
called the approximation ratio.

Related Work

Bei and Zhang (2018) initiated the study of the RSAP, show-
ing that the problem is NP-hard even for £ = 2. They pre-
sented a 2.5-approximation algorithm for the case k = 2
and n = 2m. Li, Li, and Lee (2020) extended this result by
giving a 2.5-approximation for £k = 2 and n < 2m.

Using techniques from an assignment problem (Goossens
et al. 2012), Luo and Spieksma (2020, 2022) improved the
approximation to 2 for k = 2 and n 2m. They also
showed that the RSAP is APX-hard for any k£ > 2, and gave
a simple (2k — 1)-approximation algorithm for general k.

Luo et al. (2022) later proposed a matching-based algo-
rithm for the case n = mk, achieving an O(v/'k) approx-
imation when k is a power of 2. However, their analysis
is incomplete for general k, and we provide an instance
(see details in the full version) where the algorithm fails to
achieve any constant-factor approximation for k£ = 3. Thus,
for non-power-of-2 values of k, the best known ratio remains
2k — 1 (Luo and Spieksma 2022).

It is worth noting that ride-sharing has also been stud-
ied under different objectives, such as maximizing rev-
enue (Tong et al. 2018a; Jacob and Roet-Green 2021; Zheng,
Chen, and Ye 2018), minimizing maximum vehicle dis-
tance (Zeng, Tong, and Chen 2019), and designing truth-
ful mechanisms (Shen, Lopes, and Crandall 2016; Kleiner,
Nebel, and Ziparo 2011; Protopapas et al. 2024).

Our Contributions

We introduce new approximation algorithms for the RSAP
that significantly improve upon previous results for both
cases n = mk and n < mk (see Table 1). Our main contri-
butions are summarized below:

1. Case n = mk. We propose two new algorithms:

*+ ALG.1 achieves an approximation ratio of O(v/k),
which is O(y/n) in the worst case.

* ALG.2 achieves an approximation ratio of O(,/%).

Taking the better of the two, we obtain an approximation
ratio of min{O(V'k), O(,/%)}, which is at most O({/n)
in the worst case. Previously, the best ratio was O(v/k)
when k is a power of 2, and 2k — 1 otherwise.

Case n < mk. We present the first non-trivial approxi-
mation algorithm, ALG.3, which achieves an approxima-
tion ratio of O(v/k log max{n, m}), breaking the natural
O(k) barrier for the first time.

. Experimental Results. We implemented our algorithms
for the n = mk case. The results show that our methods
outperform the algorithm in (Luo et al. 2022), especially
when k is not a power of 2. Due to its complexity, we did
not implement the algorithm for the n < mk case, which
may require further engineering effort to be practical.

Due to limited space, the proofs of lemmas marked with
“*” were omitted, and they can be found in the full version
of this paper.
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n Approximation Ratio Reference
2k —1 Luo and Spieksma (2022)
n=mk | O(Vk)under k =2,4,8,... Luo et al. (2022)
min{O(VE), O( Bl This Paper
n < mk 2k —1 Luo and Spieksma (2022)
O(Vklogmax{n, m}) This Paper

Table 1: A summary of previous approximation algorithms
and our approximation algorithms for the RSAP.

Notation

Let G = (V =UUSUT, E,w) denote the input complete
graph, where U = {uy, ..., u,, } denotes the initial locations
of the m vehicles, S = {s1, ..., $n} (resp., T = {t1,...,tn})
denotes the origins (resp., destinations) of the n requests,
and w is a non-negative weight function defined on the edges
in E. For convenience, we assume that V' consists of m +2n
distinct vertices and that w is a metric satisfying w(a,a) =
0, w(a,b) = w(b,a), and the triangle inequality w(a,b) <
w(a,c) + w(e,b) forall a,b,c € V.

We let R = {(s;,t;)}"; denote the set of n requests.

Throughout the paper, we work with multi-edge sets, and
the union of any two edge sets is taken with multiplicities.
Given a subgraph S of G, we let V(.S) (resp., E(.S)) denote
its vertex (resp., edge) set.

A walk in a graph, denoted by W = wvjvy...v, is a se-
quence of vertices, where one vertex may appear more than
once and each consecutive pair of vertices is connected by
an edge. We denote the edge set of W by E(W) = {vjvs,
.-y U1—1U; }. A path in a graph is a walk where no vertex ap-
pears more than once, and a path on [ distinct vertices is re-
ferred to as an [-path, whose order is l. Given a walk W, one
can skip some vertices on the walk to obtain a new walk W',
and such an operation is called shortcutting. For example, if
W = vyvsvevsvy, by shortcutting the vertices vs and vy, we
obtain a new walk W’ = wvyvs. If the edge weight function
w satisfies the triangle inequality, we have w(W') < w(W).

Inagraph G’ = (V' E’,w'), an l-path partition P is a set
of “;—,l vertex-disjoint [-paths that together cover all vertices
in V’. Note that there exists an [-path partition in G’ only
if |V’| is divisible by . For any vertex v € V’, the degree
of v in G’ is the number of edges in E’ incident to v. If G’
is connected and the number of odd-degree vertices in V is
either 0 or 2, then a walk W with E’(W) = E’ can be found
in O(|E’|) time (Schrijver 2003). Note that when there are
exactly two odd-degree vertices, the walk W starts and ends
at those two vertices, respectively.

For any integer ¢ > 0, we denote the set {1, ..., ¢} by [t]. A
route of a vehicle u that satisfies the requests in {(s;, ;) }%_;
is a walk starting from w that visits all vertices in {s;, t; }*_,,
such that for each i € [k], s; appears before ¢; on the walk.

For the RSAP, we fix an optimal solution (R*,Z*), where
welet R* = {RX |u € U}and Z* = {I} | u € U}. That
is, for each vehicle u € U, R;, denotes the set of requests
assigned to u, and I* denotes the corresponding route. We
let OPT = } ;7. w(I) denote the total weight of the routes
in this optimal solution.



Algorithm 1: ALG.1

Input: Aninstance G = (V =UUSUT, E,w).
Output: A feasible solution.

1: Construct a complete graph H = (Vi, Egr, W), where Vi =
[n] and @ (i, j) = w(ss,s;) + Sw(ti, t;) forany 4, j € [n].

2: Compute a 4(1 — ¢ )-approximate k-path partition P in H
using GW.1 in (Goemans and Williamson 1995).

3: Obtain a set of m pairwise disjoint groups R, w.r.t. P, where
each group contains exactly k requests.

4: Construct a complete bipartite graph B = (U U R, E, ¢),
where, for any u € U and R € R, set the cost of the edge be-
tween them as ¢(u, R) := ming, +,)er(w(u, s;) +w(sq, ti)).

5: Compute a minimum cost perfect matching M™* in B using

Edmonds’ blossom algorithm (Schrijver 2003).
: for each (u, R,) € M* do
Assign all requests in R, to vehicle w.
Obtain two k-paths P; = so,...55, and Pt = to,...to, in
@, assuming that the k-path w.r.t. Ry, in P is P, = 01...0%.

9: Set B, == E(PJ)UE(P$) U E(PL) U{uso,, So;to; }»
assuming that c(u, Ry) = w(u, So; ) + w(Se;, o, )-

10: Let By = Ey U {to,to; } if W(to,,t0;) < W(te;,toy),
and E, = E, U {ts,ts, } otherwise.

11: Compute a walk W, in G[FE,] that traverses all edges in
E., (Schrijver 2003).

12: Construct a route I,, by shortcutting W,.

13: end for

14: return (R,Z), where Z = {I, |u € U}.

PR

Algorithms for Case n = mk

In this section, we introduce two new algorithms (ALG.1 and
ALG.2) for the case n = mk.

The First Algorithm

ALG.1 is based on the well-known 4(1 — 1 )-approximation
algorithm, denoted as GW.1, for the k-path partition prob-
lem (Goemans and Williamson 1995).

The main idea of ALG.1 is to use GW.1 to partition all n
requests in R into a set of m groups R with each containing
exactly k requests. However, since each request consists of
two locations, we cannot directly apply GW.1 to the original
graph G to obtain the desired partition. To address this, we
construct a complete graph H = (Vi , E, W), where Vg =
[n] and @(4, j) = w(s;, s;) + Sw(t;, t;) forany i, j € [n].
Note that w remains a metric. Then, we apply GW.1 to H
to compute a k-path partition P, where each k-path P € P
corresponds to a group of k requests. Therefore, based on P,
we obtain the desired set of m groups R.

To assign the groups in R to the m vehicles, we use Ed-
monds’ blossom algorithm (Schrijver 2003) to compute a
minimum cost bipartite perfect matching M* between the
groups in R and the vehicles in U, where, for any u € U
and R € R, the cost of the edge between them is defined as
c(u, R) == ming, 1, er(w(u, 8;) + w(si, t;)).

Finally, for each pair (u, R,,) € M*, we design a route T,
for vehicle u to serve all requests in R,,, based on the use of
the corresponding k-path P, € P in H.

The details of ALG.1 are presented in Algorithm 1.

Lemma 1. For the RSAP with n = mk, ALG.I computes in
O(n?) time a solution (R, T) withw(Z) < 2w (P)+c(M*).

Figure 1: An illustration of the graph G[E,], where we as-
sume that w(ty,,ts,) < w(ty,,ts, ). In this case, we also
know that W, = uss,...50,t0;toy-

Proof. SinceZ = {I,, | u € U}, to prove w(Z) < 2w (P) +
c(M™), it suffices to prove that, for each pair (u, R,,) € M*,
the inequality w(I,) < 2w(P,) + c¢(u, R,) holds, where P,
is the k-path in P w.r.t. R,,. We begin by analyzing w(FE,,).

By Lines 8 and 9, we have P, = 01...04, P} = S5,...50,,
P! =t,, ..ty and c(u, Ry) = w(u, $y,) + w(Ss,, to, ) By
Lines 9 and 10, we have

w(Ey,) = 2w(P)) + w(P)) + c(u,Ry) + Z, (1)

where Z = min{w(to,, ts,), W(te,, to,)} < sw(toy, to,)+
3w(to,,ts, ). An illustration of G[FE,] is shown in Figure 1.

Since w(ty,,ty;) + W(ty,, ts,) < w(PL) by the triangle
inequality, we have

w(BL) < 2w(P)) + Sw(PY) +clu, Ry)

= 2w (Py) + c(u, Ry),

2

where the first inequality follows from (1), and the equality
follows from the definition of 0 (see Line 1).

Next, we prove that I, is a feasible route for vehicle v and
its weight satisfies that w(I,,) < w(FEy).

Note that G[E,] is a connected graph with exactly 2 odd-
degree vertices: w and t,, if w(ts,,ts,;) < w(ts,,ts,), and
w and t,, otherwise (see Figure 1). Hence, a walk W, with
w(W,) = w(FE,) can be computed in Line 11. Note that
for each j € [k], s,, appears before ¢, in W,,. Thus, by
Line 12, I,, is a feasible route for vehicle u that satisfies all
requests in R,,. Moreover, by the triangle inequality, we have
w(ly,) < w(W,), and then we obtain w(l,,) < w(E,).

Since P is a k-path partition in H, we have Jp . R =
R. Then, since for each R,, € R, there is a route I,, € Z for
vehicle u that satisfies all requests in R,,, we know (R, Z) is
a feasible solution for the RSAP.

For the running time of ALG.1, GW.1 in Line 2 runs in
O(n?log n) time (Goemans and Williamson 1995), the min-
imum cost perfect matching in Line 5 can be computed in
O(m?) time (Schrijver 2003), and the walk in Line 11 can be
computed in O(k) time (Schrijver 2003). Therefore, ALG.1
takes O(n?) time. O

Remark 1. In a bipartite graph with n vertices, a minimum
cost perfect matching can be computed in O(n**¢)-time for
any ¢ > 0 (Chen et al. 2022). As O(n?logn) C O(n*¢),
the running time of ALG.I can be improved to O(n?*¢).

To prove the approximation ratio of ALG.1, by Lemma 1,
we need to provide upper bounds for w(P) and c¢(M™*).
We first consider @(P). We use the following key result.



Lemma 2 (*). There exists a k-path partition P* in the
graph H such that w(P*) < % k-1 OPT.

Since Pisa4(l — %)—approximate k-path partition in H,

by Lemma 2, we obtain the following result.

Lemma 3. We have w(P) < 28(]6%)22]%1 - OPT.

Then, we consider ¢(M™*), which can be bounded by us-
ing the famous Hall’s Marriage theorem (Schrijver 2003).

Lemma 4. We have ¢(M*) < OPT.

Proof. First, we use the optimal solution (R*,Z*) and the
set of groups R in ALG.1 to construct a k-regular bipartite
graph B’ = (UUR, Ep,¢).

Initially, E, := (. Recall that for each vehicle u € U, the
assigned requests to u in the optimal solution is R} € R*.
Then, for any vehicle v € U and any request (s;,t;) € R,
we add an edge (u, R) to Ep/, where (s;,t;) € R € R. Note
that this is always possible since |Jz.n R = R by ALG.1.
Moreover, since w(I,,) > w(u, s;)+w(s;, t;) by the triangle
inequality and c(u, R) = min,, ;) er(w(u, 8;) +w(sq, t;))

by definition, we have w(l,) > c(u, R). Therefore, we have
=Y %
uw€U (u,R)EE R/

<Y k-w(l,)=k-OPT.
uelU

c(u, R)
3)

Since exactly k requests are assigned to each vehicle
u € U in the optimal solution, there are exactly k edges
incident to w in B’. Moreover, since each R € R consists
of k requests, there are also exactly k edges incident to R in
B’. Hence, B’ forms a k-regular bipartite graph.

By Hall’s Marriage theorem (Schrijver 2003), the edges
in Ep/ can be decomposed into k perfect matchings in B’
(see details in the full version). Thus, by (3), there exists a
perfect matching M in B’ with
Note that M is also a perfect matching in the graph B.

Since M™ is a minimum cost perfect matching in B, by
(4), we have c¢(M*) < ¢(M) < OPT.

By Lemmas 1, 3, and 4, we obtain the following theorem.

Theorem 1. For the RSAP with n = mk, ALG.1 achieves

L2V
an approximation ratio of M ey

The Second Algorithm

ALG.2 is based on the use of a constrained spanning forest,
which is a spanning forest in the graph G[S U T'|. Moreover,
it requires that for any request (s;,t;) € R, both s; and t; lie
in the same tree of the forest; and for any tree of the forest,
the number of vertices it contains is divisible by 2k. We re-
mark that the weight of an optimal constrained spanning for-
est naturally provides a lower bound for OPT. We will show
that a 2-approximate constrained spanning forest 7 can be
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computed in O(n?logn) time using the primal-dual algo-
rithm, denoted as GW.2, for the general constrained span-
ning forest problem (Goemans and Williamson 1995).

By definition, each tree I’ € F contains a set of requests
Rr C R. By doubling all edges in E(F') and shortcutting
all ¢; (resp., s;), we can obtain a path P}, (resp., P}). Here,
the paths Pj. and P are called consistent, i.e., the set of
requests whose origins lie in V' (Pj) is the same as the set of
requests whose destinations lie in V' (P}.).

ALG.2 aims to use the forest F to find two consistent k-
path partitions P* in G[S] and P* in G[T] such that for
every path P® € P?, which consists of the origins of a set of
k requests R, there is a corresponding path P! € P? consist-
ing of the destinations of all requests in R, and vice versa.
Thus, they correspond to a set of m groups R, where each
group contains exactly k requests. Then, similar to ALG.1,
ALG.2 computes a minimum cost bipartite perfect matching
M™ that assigns the groups in R to the vehicles in U. For
each pair (u, R,,) € M?*, it designs a route I, for vehicle
u to serve all requests in R,,, based on the corresponding
k-paths P$ € P* and P! € P'.

To find the consistent k-path partitions P* and P*, ALG.2
first uses the forest J to obtain two consistent sets of paths
Py ={P;y | Fe Fland P = {P, | F € F}. If
every path in P% U P% has length k, then P4 and P are
the desired k-path partitions. Otherwise, there must exist two
consistent I'k-paths P* € P% and P € P forsome !’ > 1.
In this case, ALG.2 invokes a subroutine, called SPLIT, to
‘split” these two paths into two consistent sets of k-paths, P}
and Py, such that V/(P*) = Upscp, V(Fy) and V(P')
U Piep V (P}). By repeatedly applying this process, ALG.2
constructs the desired consistent k-path partitions.

The details of ALG.2 are presented in Algorithm 2, and
its subroutine SPLIT is described in Algorithm 3. Note that
SPLIT can be regarded as a divide-and-conquer algorithm.

Lemma 5. In ALG.2, a 2-approximate constrained span-
ning forest F in G[S UT) can be found in O(n*logn) time.

Proof. Let G' = (V', E',w) denote the graph G[S U T].
The integer program of the minimum general constrained
spanning forest problem in (Goemans and Williamson 1995)

can be formalized as follows:

minimize Z w(e) - .
ecE’

> me > f(9),

e€d(S)

(IP)
VO #£ScV,

r. €{0,1}, VeeF,

where §(S) denotes the set of edges with one vertex in .S and
one vertex in V' \ S.

Goemans and Williamson (1995) proved that if the func-
tion f is a proper function, the minimum general constrained
spanning forest problem w.r.t. f admits a 2-approximation
algorithm with a running time of O(n?logn).

In our constrained spanning forest problem, the spanning
forest must satisfy that for any request (s;,t;) € R, both s;
and ¢; lie in the same tree; and for any tree, the number of



Algorithm 2: ALG.2

Algorithm 3: SPLIT

Input: Aninstance G = (V =UUSUT, E,w).
Output: A feasible solution.
1: Compute a 2-approximate constrained spanning forest F in
G[S U T] using GW.2 in (Goemans and Williamson 1995).
2: Initialize P% := () and Pk = (.
3: for each ' € F do
4: Construct a path Pj (resp., PL) by doubling all edges in
E(F) and shortcutting all ¢; (resp., s;) in V[F].
Update P% := P5 U {Pg} and Pk == PL U {PL}.
: end for
. Initialize P* := P% and P! = PL.
. while there exists an [k-path P° € P° withl > 1 do
Let the consistent Ik-path in P’ be P,
10:  Call SPLIT on P* and P! to obtain k-path sets P; and Pj.
11:  Update P* := P*\{P*}UP; and P := P'\ { P }UP;.
12: end while
13: Obtain a set of m pairwise disjoint groups R from P* and P?,
where each group contains exactly k requests.
14: Compute a minimum cost perfect matching M ™ using Lines 4-
5 of ALG.1.
15: for each (u, R,) € M~ do
16: Assign all requests in R,, to vehicle u.
17: Let P, = So}-Sal and P = t,,...ts, be the corre-

oW

sponding k-paths from P* and P*, respectively.
18: Construct a route I,, using Lines 9-12 of ALG.1.
19: end for
20: return (R,Z), where Z = {I, | u € U}.

vertices it contains is divisible by 2k. Hence, the integer pro-
gram of our problem can be formalized into the (IP), where
the function f satisfies that for any S C V’, f(S) € {0, 1},
and f(S) = 0 if and only if

* |S| mod 2k = 0, and

. |S N {Si,ti}| 7é 1 for all (Si,lfi) €R.

It can be verified that f forms a valid proper function (see

details in the full version).

Therefore, a 2-approximate constrained spanning forest in
the graph G[S U T can be found in O(n?logn) time. [

Similar to Lemma 1, we have the following result.

Lemma 6 (*). Forthe RSAP withn = mk, ALG.2 computes
in O(n?) time a solution (R,T) with w(Z) < 2w(P*) +
2w (Pt) + c(M™).

Similar to Remark 1, the running time of ALG.2 can also
be improved to O(n**¢) for any constant € > 0.

Lemma 7 (*). We have w(P®) +w(P') < \/72n/k - OPT.
By Lemmas 4, 6, and 7, we have the following result.

Theorem 2. For the RSAP with n = mk, ALG.2 achieves
an approximation ratio of \/288n/k + 1.

By Theorems 1 and 2, we obtain the following theorem.

Theorem 3. For the RSAP with n = mk, there exists a
min{O(Vk), O(\/ %) }-approximation algorithm.

Note that the ratio in Theorem 3 is at most O(/n).

Input: Two consistent [k-paths P* and P*, where [ > 1.
Output: Two consistent sets of k-paths P§ and P}, with V (P*) =

Upljgpg V(P;)and V(P') = UP;eP;é V(P).

1: Initialize P} := {P*} and P} = {P'}.

2: while there exists an ' k-path P° € P;; withl’ > 3 do

3: Let the consistent path in P}, w.r.t. P* be P*.

4: Assume that P* = s,,...55,,,,and let h = [%]

5 Obtain two paths P; and P5 by deleting the middle edge
SoppSonpey from P°oie., Pi = S5y..80,,, and Py =
Sopuy1-Sop,

6: Obtain two paths Pf and P%, which are consistent with P}
and P respectively, by shortcutting P*.

t t
Assume that Py = ¢,/ ot s and P, = t%k“ ...tU;,k.

: Obtain two paths P, and Pf, by deleting the middle edge
tyr ty from Pf.
rh1e " 181k+1
9: Obtain two paths Py} and Py, which are consistent with
P}, and Pf, respectively, by shortcutting P;.
10: Analogously, obtain two paths P%; and PJ, by deleting the
middle edge ¢, tyr from PJ. Then, obtain two
ragte rhgle
paths Ps; and Pj,, which are consistent with P4, and P, re-
spectively, by shortcutting Py .
11: Let P; == Pg \ {P°} U{Pf, P55, Py, P5,} and P}, ==
Plz \ {Pt} U {Pf17Pf27P2tlaP2t?}'
12: end while
13: while there exists an I'k-path P° € P} with2 <[’ < 3 do
14:  Let the consistent path w.r.t. P* in P}, be P*.
15: Assume that P* = s, 80y
16: Obtain a set of I’ k-paths P* = { P}, ..., P}, where P =
Soi_ppr--Soyy, Toreach i € [I'].
17:  Obtain a set of " consistent k-paths P* = {P{, ..., P} } by
shortcutting P’ according to each corresponding P € P*.
18:  Update P§ := Pi\{P*}UP?® and P} == P} \{P'}UP".
19: end while
20: return P; and Pf.

An Algorithm for Case n < mk

In this section, we introduce our third algorithm (ALG.3)
that works for the case n < mk.

Similar to ALG.1, ALG.3 begins by obtaining a complete
graph H = (Vy, Eg, W), where Vi = UU[n]. The function
W is defined as follows: w(7,j) = w(s;, s;) + w(t;, t;) for
any ¢,j € [n], w(w;, j) = w(ui, ;) +w(u,, t;) forany u; €
Uandj € [n], and w(u;, u;) = 2w(u;, u;) for any u;, u; €
U. Note that & remains a metric. Next, ALG.3 finds a forest
F with possibly minimized w(F) in the graph H such that
each tree contains exactly one distinct vehicle up € U and
at most k vertices in [n]. We remark that each tree F' € F
in H corresponds to a tree F’ with w(F’) = @(F) in G
such that F” contains the vehicle ur and the origins and the
destinations of at most k requests. Moreover, by doubling all
edges in E(F") and then shortcutting, a feasible route I, .
can be obtained with w(I, ) < 2w(F’) = 2w(F).

It remains to show how to compute the forest / with mini-
mized w(F) in the graph H. This problem is in fact a special
case of the airport and railway problem (ARP) (Salavatipour
and Tian 2025). In the ARP, we are given a metric graph



x10%  Varying number of vehicles x10° Varying vehicle capacity 25 x10%  Varying number of centers x10° Varying covariance
3 -+ ALGL 4 ' z:i:
2|5 e 2 2, 2
3 23 520 520
3 3 =} 3
0'2 o T o -+ a6l
c c cl5 c +na
hel 22 ° 015w
5 5 5 5
] ° 510 °
0l 0 0 [l
0.5
100 150 200 250 300 350 400 3 6 9 1215182124 27 30 33 10 15 20 25 30 35 40 40 60 80 100 120 140 160
m: number of vehicles k: vehicle capacity ¢: number of centers 0% covariance
Varying number of vehicles Varying vehicle capacity Varying number of centers Varying covariance
-+ A6l -+ ALGL Itg; 400
~1000{ & e ~1500{+ A&z 3 M‘»H 0 P}’L"H‘f"l
0 & o6 O 4 o Gl M
4] () ] ]
750 400 300
'g -§1000 g g EyT
o o o o L s
£ 30 £ £ £200 ch o
500
ey, | e .
0 0 * E
100 150 200 250 300 350 400 3 6 9 12151821 24273033 10 15 20 25 30 35 40 40 60 80 100 120 140 160
m: number of vehicles k: vehicle capacity ¢: number of centers 0?; covariance

m: #vehicles k: vehicle capacity

c: #centers o?: covariance

Figure 2: Experimental results on the datasets. Each row corresponds to one objective (from top to bottom): solution quality
and running time. Each column corresponds to varying one parameter (from left to right): m, k, ¢, and o2. The results of ALG.1
(ours), ALG.2 (ours), and LADG (previous) are shown as blue, green, and red curves, respectively. Each point represents the
average result over 10 instances, while the vertical line segment at each point indicates the minimum and maximum values.

Algorithm 4: ALG.3

Input: Aninstance G = (V =UUSUT, E,w).
Output: A feasible solution.

1: Construct a complete graph H = (Vg, Eg, @), where Vi =
U U [n]. Define w(4, j) = w(si, s;) + w(ti, t;) forany ¢, 5 €
[n], w(ui,j) = wlus,s;) + w(us, t;) for any u; € U and
J € [n], and w(u;, u;) = 2w(u;, u;) for any us, u; € U.
Compute an O(log max{n, m})-approximate forest 7 in H
using the algorithm in (Salavatipour and Tian 2025).

: for each F' € F do
Assume that the vehicle in F' is ur.
Obtain the corresponding tree F” w.r.t. I in the graph G.
Let R denote the set of requests covered by F”.
Assign all requests in Rr to vehicle ur.
Construct a route I,,,, by doubling all edges in E(F') and
then shortcutting.
: end for
: return (R,Z), where Z = {I,,. | F' € F}.

»

PRAINR®

along with a parameter k¥ € N7, where each edge has a
weight and each vertex has a non-negative opening cost. The
goal is to find a forest to cover all vertices, where each tree
contains at least one opened vertex and has at most k+1 ver-
tices. The objective is to minimize the total edge weight of
the forest plus the total opening cost of the opened vertices.

To see why the problem of computing the forest F with
minimized @ (F) is a special case of the ARP, consider the
graph H with the opening cost of each vertex in U set to 0,
and each vertex in [n] set to co. Then, any optimal (or ap-
proximate) solution to the ARP must be a forest in which
each tree contains exactly one vehicle from U and at most k
vertices from [n]. (Note that if a tree contains multiple dis-

36561

tinct vehicles from U, one can always delete an edge on the
unique path between any two of them to split the tree, repeat-
ing this process until each tree contains exactly one vehicle.)
Since the ARP admits an O(log |V (H )|)-approximation al-
gorithm and |V (H)| = O(n + m), an O(log max{n, m})-
approximate forest F can be obtained in polynomial time.

The details of ALG.3 are shown in Algorithm 4.

First, we analyze the solution weight of ALG.3.

Lemma 8 (*). Forthe RSAP withn < mk, ALG.3 computes
in O(n* +m?) time a solution (R, T) with w(Z) < 2w(F).
By slightly modifying the proof of Lemma 2, we obtain
Lemma 9 (*). There exists a forest F* in the graph H such
that w(F*) < 8:_?_/1% - OPT, where each tree in F* contains

only one vertex from U and at most k vertices from [n].

Since F is an O(log max{n, m})-approximate forest in
the graph H, by Lemma 9, we have the following result.

Lemma 10. @ (F) < O(Vklog max{n,m}) - OPT.
By Lemmas 8 and 10, we have the following theorem.

Theorem 4. For the RSAP with n < mk, ALG.3 achieves
an approximation ratio of O(v/klog max{n, m}).

Experiments

We evaluate our algorithms for the case n = mk and com-
pare our proposed algorithms, ALG.1 and ALG.2, with the
LADG algorithm from (Luo et al. 2022). Notably, LADG has
demonstrated strong empirical performance, outperforming
several baselines—including adaptations of dial-a-ride algo-
rithms (Tong et al. 2018b; Zeng, Tong, and Chen 2019) and
a greedy heuristic—within the RSAP setting, as reported
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Table 2: Parameter settings for dataset generation. Bold val-
ues indicate fixed settings when varying the others.

in (Luo et al. 2022). We do not compare our algorithms with
the previous best (2k — 1)-approximation algorithm (Luo
and Spieksma 2022) for non-power-of-2 values of k, as this
algorithm is relatively simple and was also not included in
the experimental evaluation of (Luo et al. 2022).

Implementation. Both ALG.1 and ALG.2 run in O(n?)
time, while LADG runs in O(n3logn) time (Luo et al.
2022). Since LADG frequently requires computing mini-
mum weight perfect matchings (Luo et al. 2022), we em-
ploy an optimized implementation of Edmonds’ blossom al-
gorithm (Schrijver 2003) to improve its efficiency.

In our implementation, we make a minor modification to
the route selection step: when routing a vehicle u to serve
its assigned requests R,,, instead of using the fixed edge pair
{usq,, 50,t0, } yielding c(u, Ry) = w(u, sq,) + w(sq,, o)
(as in Line 9 of ALG.1), we evaluate all £ such edge pairs
(So;sto;) € R, and choose the one with the minimum
weight. This modification does not affect the theoretical ap-
proximation ratio and incurs negligible runtime overhead.

All algorithms are implemented in C++, compiled with
g++ —03, and executed on a server with an Intel Xeon Gold
6226R CPU @ 2.90GHz, 512 GB RAM, running Ubuntu
Server 20.04 LTS.

Instances. To generate RSAP instances with m vehicles
and n = mk requests, we follow the approach in (Bei and
Zhang 2018; Luo et al. 2022) within a 4000 x 4000 Eu-
clidean square region p = [0, 4000]%.

We first sample ¢ cluster centers {1, .. ., it} uniformly
from p. Then, for each vertex v € V, we select a center
1; uniformly at random and draw v from the 2D Gaussian
distribution N (j1;, 2T), where o is the variance and I is the
2 x 2 identity matrix. All sampling steps are independent.

Previously, both works (Bei and Zhang 2018; Luo et al.
2022) adopt an instance generation method characterized by
four parameters: the number of vehicles m, the vehicle ca-
pacity k, the number of centers ¢, and the covariance o2
We adopt the same method, and our parameter settings are
summarized in Table 2. When varying one parameter, the
others are fixed to the boldface values. For each configura-
tion (m, k, ¢, ?), we generate 10 independent instances and
report average performance.

Results. Figure 2 summarizes our experimental results.
Rows correspond to performance metrics (solution quality
and running time), while columns reflect variations in each
parameter: m, k, ¢, and 2. Note that the solution quality
refers to the solution weight.

We observe that variations in ¢ and ¢ have a limited ef-
fect on performance, which is consistent with the findings of
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previous experiments (Bei and Zhang 2018; Luo et al. 2022).
Hence, we focus our discussion on the impact of m and k.

Solution quality. ALG.]1 consistently achieves the best so-
Iution quality, which aligns with its theoretical guarantee
of outperforming ALG.2 for small values of k. In contrast,
LADG performs the worst, even when k is a power of 2.

When varying k, the performance of ALG.1 and ALG.2
remains stable, whereas LADG exhibits pronounced fluctua-
tions: its quality improves significantly when k is a power of
2 but deteriorates sharply when k£ = 2" — 1 for some integer
r > 0. These highlight why LADG cannot guarantee a good
approximation ratio when k is not a power of 2.

In particular, LADG’s performance tends to degrade when
the binary representation of k£ contains many ones, as this
may prevent it from finding perfect matchings during each
round of its forward phase (see details of LADG). The worst
performance is observed when k = 2" — 1 for some integer
r > 0, where the binary representation of &k consists entirely
of ones.

Running time. When varying m or k, ALG.1 and LADG
have comparable running times, whereas ALG.2 is the slow-
est. This is because ALG.1 runs Gw.1 on the graph H of
size |Vi| = n, whereas ALG.2 runs GW.2 on G[S UT] with
|S UT| = 2n. Since both subroutines run in O(n?logn)
time, the runtime of ALG.2 is expected to be roughly four
times that of ALG.1.

Given that LADG has a time complexity of O(n3logn),
we believe that optimizing the implementations of GW.1 and
GW.2 can further speed up both ALG.1 and ALG.2.

Summary. ALG.I not only outperforms LADG in solution
quality but also runs faster. ALG.2 likewise achieves better
solution quality than LADG, albeit with a slightly longer run-
ning time. Moreover, the running time of ALG.2 is roughly
four times that of ALG.1.

Conclusion and Discussion

In this paper, we propose three novel algorithms for the
RSAP, significantly improving the best-known approxima-
tion ratios for both n = mk and n < mk. Experimental re-
sults for the case n = mk demonstrate the strong empirical
performance of our algorithms, consistently outperforming
the previously best-known algorithm from (Luo et al. 2022).

From a technical perspective, our algorithms employ fun-
damentally different techniques compared to previous ap-
proximation approaches. These techniques show promise for
adaptation to related problems, such as the dial-a-ride prob-
lem, opening up avenues for future development.

We did not implement ALG.3 for the case n < mk
in our experiments. This is because achieving the de-
sired approximation ratio requires invoking the algorithm
from (Salavatipour and Tian 2025), which is complex and
hard to implement. ALG.3 is primarily designed to establish
a theoretical approximation guarantee. For practical deploy-
ment, it may be necessary to design more efficient compo-
nents or simplify certain intricate procedures to ensure scala-
bility and performance in real-world applications. These as-
pects deserve further investigation.
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