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Abstract

We study a new online matching problem termed Online
Capacitated General Matching with Knapsack (OCGMK),
which generalizes the Online General Matching (OGM)
problem. In the original OGM, vertices arrive sequentially
and need to be paired with other vertices to maximize the to-
tal reward of pairing. Our study is the first to consider capac-
itated vertices in OGM: we allow each vertex to be assigned
to multiple vertices up to a capacity limit. We also consider
a previously unexamined knapsack constraint in OGM: as-
signing a pair of vertices has a cost, but the total cost is bud-
geted. To solve the OCGMK problem, we propose the Online
Capacity-Knapsack Assignment (OCKA) algorithm, which
constructs capacity-friendly sets and knapsack-friendly sets
to simultaneously and effectively address both constraints.
OCKA achieves a competitive ratio of « where

-
= %,
v = 1/(34e7?) and S is the ratio between the overall cost of
all edges and the cost budget. When the knapsack constraint
is not imposed but the capacitated vertices remain, the com-
petitive ratio of OCKA is o’ = 1/2, recovering the previous
best result for single-capacity OGM. We implement trace-
driven experiments to evaluate the practical performance of
OCKA on a real-world dating dataset, demonstrating the su-
perior performance of OCKA in online dating applications.

1 Introduction

In this paper, we introduce Online Capacitated General
Matching with Knapsack (OCGMK), which is a natural gen-
eralization of the Online General Matching (OGM) prob-
lem. In the original OGM (Ezra et al. 2020), the vertices of
an undirected graph arrive sequentially in an online manner.
When a vertex arrives, the rewards for edges incident on the
vertex are revealed. The decision maker makes an irrevoca-
ble decision to either assign (match) an arriving vertex to a
previously arrived but unmatched vertex, provided that there
is an edge between them, or leave the vertex unmatched.
Each vertex has a single-vertex matching capacity so that
once two vertices are matched, neither can be matched to an-
other vertex. The decision maker’s objective is to maximize
the overall reward without knowledge of future vertex ar-
rivals or the rewards of the edges incident on future vertices.
OGM is a generalization of the Online Bipartite Matching
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(OBM) problem (Karp, Vazirani, and Vazirani 1990; Gam-
lath et al. 2019; Lowalekar, Varakantham, and Jaillet 2020;
Wu, Bao, and Ge 2023), which has a wide range of ap-
plications, including ride-sharing, Internet advertising, and
crowd-sourcing (Dickerson et al. 2021; Mehta et al. 2013).

OCGMK further generalizes OGM to accommodate the
following two important features in many practical applica-
tions. We consider the multi-capacity constraint: each ver-
tex is capacitated, with a certain capacity to be matched to
multiple other vertices. We also consider the knapsack con-
straint (Zhou, Chakrabarty, and Lukose 2008; Zhang, Li,
and Wu 2017; Sun et al. 2022): each edge has a cost, and
the total cost of accepted edges in vertex matching is limited
by a budget. With these generalized features, which have not
been studied in prior work as far as we are aware, OCGMK
can be applied to model a substantially larger number of
real-world problems, such as user pairing in dating applica-
tions, device connection in wireless sensor networks (Yang
et al. 2013), and file sharing in P2P networks. Further details
of these applications can be found in our tech report (Wu
et al. 2025).

The multi-capacity constraint and the knapsack constraint
together make OCGMK more realistic but substantially
more challenging: (i) First, the multi-capacity constraint
introduces another dimension in optimizing the matching
among vertices, which has never been considered in the con-
text of OGM (Goyal 2022; Ezra et al. 2024; Ma, MacRury,
and Nuti 2024). In OCGMK, each vertex may exist in more
than just the binary states of “matched” and “unmatched”.
It may be tempting to decompose multi-capacity vertices
into multiple single-capacity vertices and then solve the re-
sultant OGM problem. However, this approach can result
in deteriorated performance, since it matches two vertices
multiple times, leading to invalid matching. (ii) Second, the
additional knapsack constraint is inherently challenging,
which requires careful cost management to avoid prema-
turely depleting the budget on low-reward items (edges),
which is a predicament often encountered in worst-case sce-
narios (Dean, Goemans, and Vondrak 2008). None of the
studies on the online knapsack problem (OKP) addressed
the knapsack constraint in the context of OCGMK, and ap-
plying these solutions directly to OCGMK would exhaust
a vertex’s matching capacity too early, missing out on po-
tentially higher rewards in the future, even if the remaining



cost budget is still sufficient. (iii) Third, the combination of
multi-capacity and knapsack constraints introduces a cou-
pled evolution between capacity utilization and cost budget
consumption, which requires a delicate matching strategy to
counteract such coupled effects. In a worst-case scenario, an
adversary could manipulate the graph and the arrival of ver-
tices to exhaust the budget early, leaving vertex capacities
underutilized, or vice versa.

The original OGM can be solved with an Online Con-
tention Resolution Scheme (OCRS) (Ezra et al. 2020; Feld-
man, Svensson, and Zenklusen 2021). Separately, it has been
shown that the OCRS is also effective in the OKP (Jiang,
Ma, and Zhang 2022). However, none of the existing OCRS
frameworks can simultaneously address the multi-capacity
constraint and the knapsack constraint in OCGMK. There-
fore, a new OCRS solution is needed to strike the right bal-
ance between capacity usage and budget consumption. To
the best of our knowledge, we are the first to consider either
multi-capacity vertices or a possible knapsack constraint in
the OGM. We provide detailed discussions in our tech re-
port (Wu et al. 2025) to compare our work with related liter-
ature.

Our Contribution To address the new challenges in
OCGMK, we develop the Online Capacity-Knapsack As-
signment (OCKA) algorithm.

(i) We design a novel probabilistic matching approach to
manage the usage of vertices’ capacities. During the on-
line matching process, for vertices with different remaining
capacities, we design different probabilities to match them
with other vertices. Furthermore, these probabilities are del-
icately tuned to achieve a subtle balance between consum-
ing a capacity for instant reward and reserving a capacity for
higher future reward, so that the vertex capacities are well
utilized even without knowledge of the future vertex arrivals.

(i) Additionally, we design a matching acceptance strat-
egy that refines the probabilistic matching approach, ensur-
ing our decisions align with the cost budget. We track the
consumption of the cost budget during the online process
and decide whether to consume the budget for an instant re-
ward or to save it for a higher future reward. This matching
acceptance approach is tuned to avoid both early depletion
and wastage of the cost budget.

(iii) We develop a new OCRS framework to integrate
the probabilistic matching approach and the matching ac-
ceptance approach and to counteract the coupled evolution
of capacity usage and cost consumption. Overall, OCKA
achieves a competitive ratio of o = % for OCGMK, where

1

Y=35e2 R 0.319 and g is the ratio between the expected
overall cost of all edges and the cost budget.

In addition, when the knapsack constraint is not imposed
on OCGMK but the capacitated vertices remain, OCKA
achieves a competitive ratio of 1/2. This matches the current
best result obtained for the single-capacity OGM (Ezra et al.
2020), demonstrating the superior performance of OCKA
despite the increased challenge of capacitated vertices.
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2 The OCGMK Problem

In this section, we present a formal description of the
OCGMK problem. We also provide a summary of the nota-
tions introduced in this section in our tech report (Wu et al.
2025) for reference, while the main paper is self-contained,
with all symbols clearly defined within the text.

2.1 Problem Formulation

OCGMK is based on an undirected graph G = (V, E),
where V' = {1,2,...,|V|} denotes the vertex set and F
denotes the edge set. We use ¢ € F and (u,v) € F inter-
changeably to denote an edge in F, where v and v are two
vertices in V. For a vertex v € V, we define N (v) as the set
of all neighbors of vertex v, and E(v) as the set of all edges
incident to vertex v.

In graph G, each vertex v has an integer capacity c,,, such
that ¢, > 1, Vv € V. Each edge e € E has a deterministic
positive cost d(e) and a random positive reward r(e). The
reward 7(e) of each edge follows an independent discrete
distribution R(e). The decision maker has a cost budget K,
and it has to select a subset of F, denoted as E, to maxi-
mize the overall reward ) | __z 7(e) under the following new
constraints introduced in this paper: (i) Multi-capacity con-
straint. In set 2, each vertex v can only connect to up to c,
edges, i.e., |E N E(v)| < ¢, Yv € V. (ii) Knapsack con-
straint. The overall cost of edges in E does not exceed the
budget K, ie., ) .z d(e) < K. We assume that the cost
budget K is no less than the cost d(e) of each edge. Oth-
erwise, if there exists an edge ¢’ whose cost d(e’) is larger
than the cost budget K, we simply remove the edge ¢’, since
the decision maker will never select this edge ¢’ in the subset
E. We further assume that the cost budget K is less than the
overall cost of all edges, i.e., K < ZeEE d(e). Otherwise,
the knapsack constraint becomes trivial.

For each edge e, the decision maker either accepts this
edge by setting z. = 1 or discards this edge by setting
z. = 0 (detailed in Section 2.2). The decision maker’s ob-
jective is to maximize the cumulative reward. We formulate
this optimization problem as problem P:

P: ,mnax zer(e) (1
ecE
s.t. Z Te < Cp, VU EV, 2)
ecE(v)
Y wed(e) < K, 3
eck
z. €{0,1},Ve € E, 4)

where 7(e) ~ R(e), Ve € E. Constraint (2) is the capac-
ity constraint, constraint (3) is the knapsack constraint, and
constraint (4) defines the (binary) decision space.

2.2 Online Environment and Competitive Ratio

We consider an online setting with |V| time slots. The ver-
tices in V' arrive sequentially, one at a time. Let the permuta-
tion (arriving order) o of vertices be a mapping from and to



{1,2,...,|V]}, such that in time slot ¢ € [|V|], the vertex ar-
riving in time slot ¢ is /(). We use 0! to denote the inverse
function of o, such that for each vertex v € V, 0 =1 (v) is the
time slot that v arrives. For each vertex v, we use N, (v)
to denote the neighbors of v that have arrived before v, i.e.,
N, (v) = {o(t) € N(v) | t € [1,07 (v) — 1]}. We use
N (v) to denote the neighbors of v that arrive after v, i.e.,
Nf(v) = {o(t) € N(v) |t € [c71(v) + 1,|V]]}. Cor-
respondingly, we define E_ (v) {(u,v) € E(w) | u €
Ny (v)} and EF (v) = {(u,v) € E(v) |u € NS (v)}.

Before the first time slot ¢ = 1, the decision maker knows
the topology of the undirected graph G = (V, E), the vertex
capacities {c, }, the distributions {RR(e)} of edge rewards,
the costs {d(e)} of all edges, and the cost budget K. The
decision maker does not know the arriving order o of ver-
tices or the exact reward r(e). When vertex v = o(t) arrives
in time slot ¢. Then, the reward r(e) of each edge e in set
E (v) is realized from the distribution R(e) and becomes
known to the decision maker. For each edge (u, v) € E (v),
the decision maker must make an irrevocable decision ()
either to accept this edge (v(,,) = 1) or to discard it
(T(uw) = 0). If the decision maker accepts edge (u,v), it
will get the reward r((u,v)) of this edge. If the decision
maker discards an edge, it cannot accept that edge in future
time slots. The decision maker will immediately discard an
edge (u,v) if accepting it would violate either (i) the capac-
ity constraint of any vertex or (ii) the knapsack constraint.

We use I to denote a problem instance, defined by the
given graph G = (V| E), distributions of edge rewards
{R(€)}ecE, edge costs {d(e)}ecr, capacities of vertices
{¢v }vev, cost budget K, and permutation o of vertices. For
a problem instance I, the mapping o' and the sets N (v),
N}t (v), E; (v), and Ef (v) are also specified. A problem
instance I is randomized by the distribution {R(e)}. For a
problem instance I, a realization ¢ is determined when the
reward r(e) of each edge e is realized from its distribution
R(e).

For a realization ¢, we denote the average reward obtained
by an online algorithm ALG over algorithm randomness as
ALG(7) and the optimal overall reward obtained by the of-
fline optimal algorithm OPT as OPT(%), where ¢ is fully
known to OPT in advance, including vertices’ permutation
o and the realized edge rewards {r(e) }. We denote the aver-
age performance of the online algorithm ALG over all real-
izations 4 of the problem instance I as E;.;[ALG(4)]. Sim-
ilarly, the average performance of the offline optimal algo-
rithm OPT over all realizations ¢ of the problem instance I
is denoted by E;..;[OPT(7)].

To evaluate the performance of an online algorithm ALG,
we use the competitive ratio and say that ALG is o-
competitive if

Eii[ALG()]/Eei[OPT(i)] > 0 VL. (5)
This competitive ratio is the ratio between the average on-
line performance of ALG(i) against the average perfor-
mance of the offline optimal algorithm OPT in the worst-
case scenario, where the problem instance I is arranged by
an adversary. Eq. (5) is also adopted in previous works on
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Algorithm 1: OCKA Algorithm

1: (GLOBAL) INPUT: G, {R(e)}, {c,}, {d(e)}, K.
2: # Offline Preparation Phase

3: Calculate {y.} by Eq. (9).

4: fort=1,2,...,|V|do

5:  Vertex o(t) arrives. Reward r(e) of every edge e €
E (o(t)) becomes known.

6:  # Online Assignment Phase

7. v+ o(t).

8  q; < Assign(t,v, E; (v),{r(e)}.cps ()

9:  # Assignment Acceptance Phase

10:  Q: + Accept(t,v, E; (v),q5)

I Q+ QU t+t+ 1.

12: end for

OGM (Ezra et al. 2020) and the Online Stochastic Knapsack
Problem (OSKP) (Jiang, Ma, and Zhang 2022).

3 Algorithm Design

In this section, we present the OCKA algorithm (Alg. 1),
which consists of three phases: (i) Before the first vertex ar-
rives, OCKA uses an Offline Preparation phase (Lines 2-3)
to compute an average preference y. for each edge e € F,
which will be used later to help determine the likelihood
of selecting e (Section 3.1). (ii) When vertex v = o (¢) ar-
rives in each time slot ¢, OCKA first enters the Online As-
signment phase (Lines 6-8) and calls the Assign function
(Alg. 2) to determine the capacity-friendly set g; through a
probabilistic matching approach. The capacity-friendly set
g5 is a subset of edges in E (v) that maximizes reward ac-
cumulation while respecting the capacity constraint of each
vertex (Section 3.2). (iii) OCKA then enters the Assignment
Acceptance phase (Lines 9—11) for time slot ¢ and calls
the Accept function (Alg. 3) to determine the knapsack-
friendly set ¢¥, which is a subset of edges in E (v) that
maximizes reward accumulation while preserving sufficient
cost budget for future assignments. Then, for each edge e
that appears in both ¢f and ¢¥, OCKA accepts this edge (
Section 3.3). We mainly focus on the algorithm design in this
section, while the underlying intuition and computational
complexity analysis are provided in our tech report (Wu
et al. 2025).

3.1 Offline Preparation Phase

Before the first vertex arrives, OCKA starts in the Offline
Preparation phase. We calculate y. for each edge e € F
(Line 3 of Alg. 1), which will be utilized in the Online As-
signment phase to determine the probability of including
edge e in the capacity-friendly set (Section 3.2).

We consider a relaxation of the problem P on the real-
ization ¢, by removing the knapsack constraint (3) and the
binary constraint (4), and denote it as P*({r;(e)}), where
we use 7;(e) to denote the realized edge reward of edge e in
realization %:

P*({ri(e)}):

max
z.,VecE

6)

Z xeri(e)



Algorithm 2: Online Assignment Phase (Assign)

Function Assign(t, v, E; (v), {r(e)}.cps ()
if t = 1 then Initialize g5 «+ 0.
v o(t), ¢ « 0.
for every edge e € E do
Ife ¢ E (v), sample #(e, t) by R(e).
Ife € E (v), 7(e,t) < r(e).
end for
Calculate x*({#(e,t)}ecr) as the optimal solution to
the optimization problem in Egs. (6)—(8).
9: 9t (e) « zE({F(e,t)}ercr), Ve € E(v).
10: m «+ 1. 2L (e,m) < gL (e),Ve € E(v).
11: while Je € F(v) such that 2! (e, m) # 0 do
122 Ul «+ {ee€ E(v):zt(e,m)>0}.
13:  if |UY| > ¢, then

AR S o e

14: Ul + {e € E(v) : zL(e,m) is one of the ¢,
largest values in {z%(¢/,m)}e e pv) }-
15:  end if

16: AV, mineepy 2% (e,m).
17 zt(e,m+1) « 2t (e,m) — \Y,,Ve € UY..
18:  zl(e,m+1) < z2L(e,m),Ve € E(v)\ UY.
190 m<+<m+1.

20: end while

210 M m. Ul + Dand Ay, « 1= M1 e

22: Sample a set U; from {U}) },,,cpr) With probabilities
{)‘;)n }mG [M]-

23: for every vertex u that (u,v) € U N E (v) do

24:  Calculate ¢, (v) by Eq. (10).

25:  Include edge (u,v) in set ¢ with probability ¢, (v).

26: end for

27: @ < @_1 U g

28: Memorize §; for next call.

29: Return: g;.

s.t. Z Te < cy,VOoEV, (7)
e€E(v)
€[0,1],Ve € E. ®)

The optimal solution to P*({r;(e)}) is denoted as
x*({ri(e)}) = {zf ({ri(e)}) }e'cE. The average preference
y. for each edge e is the expectation of z*({r;(¢’)}) over
the edge reward distributions {RR(e’)}, such that

ve = Ever [ ({ri()vwrep) Ve € B (9)

We can use the Monte Carlo method (Dickerson et al.
2021; Ezra et al. 2020) to calculate each y. by sam-
pling the edge rewards, and we can solve the offline LP
P*({r;(e)}) by standard approaches, such as the interior
point method (Boyd and Vandenberghe 2004) or the simplex
method (Bartels and Golub 1969).

3.2 Online Assignment Phase

When vertex o(t) arrives in each time slot ¢, OCKA first
enters the Online Assignment phase (Lines 6-8 of Alg. 1)
and calls the Assign function (Alg. 2) to determine the
capacity-friendly set. For convenience of notation, we set

v = o(t) (Line 7 of Alg. 1) and use v and o (¢) interchange-
ably in Alg. 2 and the rest of this subsection. Intuitively, the
capacity-friendly set ¢; indicates which edges should be ac-
cepted if we are only restricted by the capacity constraint of
each vertex.

To construct g7, we implement a three-step probabilistic
matching approach: (i) We determine the reference prefer-
ence §’ (¢) by obtaining an optimal solution to the LP P*,
which indicates how much we should prefer to accept or
discard an edge e € E (v), given its reward r(e). (ii) We
use the reference preferences to determine a Carathéodory
set, which includes each edge e € E_ (v) with a probability
of 9% (e) while ensuring that the capacity constraint of ver-
tex v is not violated. (iii) We calculate a seesaw probability
¢ (v) for each edge in the Carathéodory set to include it into
the capacity-friendly set g7, which is a crucial element of
our probabilistic matching approach, dedicatedly designed
to handle multi-capacity vertices.

Reference Preference The first step is to determine the
reference preference ' (¢) for each edge e € E; (v). We
set a reference reward 7 (e, t) for each edge e by the follow-
ing rules: If e ¢ E (v), we sample 7(e,t) from the dis-
tribution R(e); If e € E_ (v), then r(e) is already known
and we set 7*(e,t) = r(e). We use the reference rewards
7(e,t) to construct the LP P*({#(e,t)}) and obtain its op-
timal solution x*({#(e,t)}ccp) in Line 8 of Alg. 2. For
each edge e € E_ (v), we set the reference preference

Jo(e) = zL({F(e/,t)}erer)-

Carathéodory Set Next, we use the reference preference
9 to obtain the Carathéodory set U}, which is a subset of
E(v) of cardinality at most ¢, (Lines 10-22 of Alg. 2). This
is based on an implementation of the Carathéodory theo-
rem (Leonard and Lewis 2015), which implies that there
exists a convex decomposition of {g¢ (e)}, ie., 9L(e) =
Z%:l A licevs ), where each Uy, is a subset of E(v)
associated with a positive weight A}, 1,4 is the indica-
tor function, and M < |E(v)| + 1. We then sample the
Carathéodory set U} from {U}, },,e[ar) With each Uy, be-
ing picked with probability A?,. By this design, each edge
e € E(v) is included in the Carathéodory set U;* with proba-
bility equal to 9’ (e), and U} contains no more than ¢, edges.

Seesaw Probability Finally, we calculate a seesaw prob-
ability ¢, (o(t)) for each edge in the Carathéodory set in
Line 24 of Alg. 2. For time slot ¢, we define the union
capacity-friendly set @;_, as the union set of all capacity-
friendly sets before time slot ¢. By the definition of ¢;_, it
is calculated by q;_; = UTe[t_l} gs. The union capacity-
friendly set is initialized to g5 = @, and is updated to g
at the end of the Assign function in time slot ¢ (Line 27
of Alg. 2). By the calculation of g;_;, the union capacity-
friendly set gf_; contains all edges that are included in
each capacity-friendly set before time slot ¢ — 1. We fur-
ther define the reference remaining capacity n.,(o(t)) as
the remaining capacity of vertex w when vertex o(t) ar-
rives at t, in light of having accepted every edge in ¢;_;,
i.e., ny(o(t)) = ¢y — |G5_1 N E(uw)]|. Finally, for each edge
(u,0(t)) € U N E(o(t)), we calculate the seesaw proba-



bility ¢,,(o(t)) in Line 24 of Alg. 2 by the following rule:

ny(o(t)) 1

bu(o(t)) = :
Cu 2= Y(uo(r)

(10)

The seesaw probability is a critical component of our prob-
abilistic matching approach, which is dedicatedly designed
for the multiple vertex matching capacities and balances be-
tween consuming a capacity for instant reward and reserving
a capacity for higher future reward.

We include every edge (u,o(t)) € U, with probability
¢ (o (t)) in the capacity-friendly set ¢f (Line 25 of Alg. 2).
We calculate g; by g7 = ¢5_, Ug; (Line 27 of Alg. 2), where
¢; will be memorized in function Assign and g; will be
returned to OCKA (Lines 28-29 of Alg. 2). Finally, OCKA
obtains ¢; (Line 8 of Alg. 1) and enters the Assignment Ac-
ceptance phase (Line 9 of Alg. 1).

3.3 Assignment Acceptance Phase

In time slot ¢, after we obtain the capacity-friendly set
¢; and finish the Online Assignment phase, OCKA enters
the Assignment Acceptance phase (Lines 9—11 of Alg. 1),
where it calls the Accept function (Alg. 3) to construct the
knapsack-friendly set ¢ (Lines 2-28 of Alg. 3). We first ex-
plain the construction of the knapsack-friendly set and then
conclude the decision of OCKA in time slot £.

The design of the Assignment Acceptance phase is
inspired by (Jiang, Ma, and Zhang 2022). However, in
OCGMK, the consumption of the cost budget is closely
linked with the capacity usage of vertices. Directly applying
the solution from (Jiang, Ma, and Zhang 2022) would dis-
rupt the delicate dynamic between budget consumption and
capacity usage. Therefore, we develop new probability rules
for budget consumption when accepting an edge, ensuring
a robust balance between budget consumption and capacity
usage. These new probability rules also result in a different
update mechanism for the distribution of budget consump-
tion.

Constructing the Knapsack-friendly Set To construct
the knapsack-friendly set ¢& in time slot ¢, we implement
a matching acceptance approach, where the Accept func-
tion evaluates each edge (u, o (t)) € E (o(t)) to determine
whether to include it into g¥. We will introduce the reference
knapsack consumption and the reference consumption dis-
tribution, which together reflect how tight the current re-
maining budget consumption is. Then, we will introduce the
critical design of the safe range, which judges whether we
should consume the remaining budget to accept edge e or to
reserve the budget for the future.

Edge Iteration For each edge e € E; (o(t)) in time
slot ¢, the Accept function will execute the loop between
Lines 8-25 of Alg. 3 once to decide whether to include this
edge in ¢¥. We call such a decision process for an edge e an
edge iteration. We use j = 1,2, ...,|F] to index these edge
iterations, and use e; to denote the edge evaluated in edge
iteration j. In the following discussion, we will focus only
on a fixed edge iteration j that happens during some given
time slot ¢, and we will omit the subscript ¢.
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Algorithm 3: Assignment Acceptance Phase (Accept)
1:

Function Accept(t, v, ES (v),qf):

2: if t = 1 then
3:  Initialize 8 «+ Zﬁlg(e), v = 3+i,2.
4:  Initialize j < 1, Xo < 0, g8 < 0.
5:  Initialize X as a distribution with Pr{ X, = 0} = 1.
6: end if
7: qf «— 0.
8: foreache € E_ (o(t)) do
9: ej < e.
10:  Denote {by1,ba,...,br} as the supports of distribu-
tion X j—1, in an increasing order.
11:  Calculate 6 and 6 by Eq. (11).
12:  Calculate ; by Eq. (12).
13: if X, € (67,0, ] then
14: Include e; in g§ with a probability of 1/3.
15:  elseif X; 1 =0, then
16: Include e; in gf with a probability of ;.
17:  endif
18: ife; € g} then
19: Xj < Xj,1 + d(ej), q_;( < 67;?_1 U €;.
20:  else
21: X; er_l,q;?eq;fl.
22:  endif _
23:  Update X; from X,_;.
24 j+ 7+ 1
25: end for
26: Qi + 5 N gX. For every edge (u,v) € Qy, assign u and
v to each other. _
27: Memorize j, X;_1, X;_1, and (j;?_l for next call.
28: Return: Q.

For edge iteration j, we define the union knapsack-
friendly set (j'j?_l as the set of edges that are included in all
knapsack-friendly sets before the j-th edge iteration. We use
reference knapsack consumption X;_; to denote the total
cost required by all edges contained in Q§—1’ and use refer-

ence consumption distribution X ;_ to denote the distribu-
tion of X;_; over all sample paths and all algorithm run.
The reference knapsack consumption and the reference con-
sumption distribution together capture the long-term avail-
ability of the remaining knapsack budget, allowing us to bal-
ance consuming the budget for immediate rewards with re-
serving it for future vertices. At the beginning of the first call
of the Accept function, we initialize ¢§ = (), X, = 0, and
initialize X with Pr{X, = 0} = 1 (Lines 3-5 of Alg. 3).
We calculate cﬁ?, X, and X at the end of the j-th edge iter-
ation (Lines 18-23 of Alg. 3), which will be detailed below
after we explain the Safe Range.

The Safe Range for Edge Iteration ; During the j-th
edge iteration, we denote the supports of the distribution
Xj_l by {b1,ba,...,br}, where by < by < --- < by. the
Accept function first evaluates the reference consumption

distribution X j—1 to determine a safe range of the reference



knapsack consumption X;_;. Let 6 be the left boundary of
this safe range, and 9j+ be the right boundary. We calculate
¢, and 0; by

0 = bjand 07 = by,, (11)

where I; = argmax;e(){l : b +d(e;) < K}andly =
arg minyer) {Pr{X; 1 € (b, K —d(e;)]} <~}

The decision to include e; in ¢ accounts for the cumu-
lative impact of all prior decisions and is randomized, de-
pending on the value of X;_: () If X;—1 € (0}, F)f] the
Accept function will include e; in qi‘ with probability 1/3
(Lines 13-14 of Alg. 3). (ii) If X;_; is equal to GJ_ the
Accept function will include e; in qi‘ with probability 1;
(Lines 15-16 of Alg. 3). The probability v; is calculated as

7 Y PN =)
B X PI‘{XJ‘,1 = 9;}

¥j (12)

(iii) If X;_; is outside the safe range [9;, 0;'] the Accept
function will not include ¢; in g¥.

The safe range and the probability +; reshape the proba-
bilistic matching approach by deciding whether the current
knapsack budget consumption is safe to accept an edge in
the capacity-friendly set, so that our decisions align with the
cost budget.

Updating Reference Consumption Distribution in Edge
Iteration ; Next, we update the reference knapsack con-
sumption from X;_; to X; and update (j?,l to cj;? (Lines 18-
22 of Alg. 3). Updating X; and qf- is straightforward: If

e; is included in ¢¥, we set X; = X;_1 + d(e;) and set

g5 = q5_, U {e;}; otherwise we set X; = X;_; and
* _ &
q4; =451

More importantly, we also update the reference consump-
tion distribution from X j—1to X i, in Line 23 of Alg. 3, to
reflect the change due to our safe-range based decision in
edge iteration j. First, we make a copy of X j—1, such that
Xj — Xj_l. Second, for the sample paths with X;_; €
[bi,+1, b1, ], a cost of d(e;) is added to X;_; with a prob-
ability of 1/, so we move a 1//3 fraction of the probabil-
ity mass from each b; € [by,+1,b;,] of distribution X;_; to
bi + d(e;). For the sample paths with X; 1 = b, = 0;,a
cost of d(e;) is added to X;_; with a probability of 1}, so
we move a v; fraction of the probability mass from Gj_ of
the distribution X;_; to 0 +d(ej).

Then the j-th edge iteration is completed (Line 24 of
Alg. 3). In time slot ¢, the Accept function will complete
such an iteration for each edge e € E (o(t)) to make a de-
cision for each of these edges whether to include it in the
knapsack-friendly set g¥.

Decisions in Time slot ¢t. After the Accept function fin-
ishes the edge iterations above, it calculates the intersection
Q¢ = 5 N ¢k and accepts every edge e € Q; (Line 26 of
Alg. 3). The Accept function memorizes j, X;_1, Xj_l,

36471

and (j;?_l for next call and returns @); to OCKA (Lines 27—
28 of Alg. 3), then OCKA will wait for the next vertex to
arrive. When every vertex has arrived, the union set ) =
Use(v|) @t contains all accepted edges. The Online Assign-
ment and Assignment Acceptance phases together form our
new OCRS framework. Through this new OCRS framework,
OCKA strikes the right balance between vertex capacity us-
age and cost budget consumption, preventing the adversary
from exhausting the vertex capacity before the cost budget
is fully utilized, or vice versa.

4 Competitive Ratio Analysis

We summarize the main result of the competitive ratio
achieved by OCKA on OCGMK in Theorems 1-2, and pro-
vide the detailed analysis in our tech report (Wu et al. 2025).

Theorem 1. (OCKA Competitive Ratio) The competitive ra-
tio of the OCKA algorithm on OCGMK is o = -, where

35
v = %% is a constant and § = d(e)/K.

Theorem 1 characterizes the effectiveness of our new
OCRS framework. Our algorithm also works when the knap-
sack constraint is not imposed, in which case we simply ac-
cept the edges in the capacity-friendly set ¢; in time slot ¢.
We give its competitive ratio for this case in Theorem 2.

Theorem 2. (OCKA Competitive Ratio without Knapsack)
When the knapsack constraint is not imposed, the competi-

tive ratio that OCKA achieves on OCGMK is o/ = %

This competitive ratio recovers the previous best result
achieved for the original single-capacity OGM (Ezra et al.
2020). In our tech report (Wu et al. 2025), we further pro-
vide numerical results to study the impact of various system
parameters on the competitive ratio of OCKA.

eclk

5 Trace-Driven Evaluation

We further evaluate the performance of OCKA through
trace-driven experiments on a real-world dating application
dataset, in order to demonstrate its superior capability in
real-world dating scenarios.

Dating Dataset We consider a real-world dating sce-
nario based on the Hugging Face Matchmaking (HFM)
dataset (dstam 2024), a curated version of the original
SpeedDating (SD) dataset (Fisman et al. 2006). The SD
dataset consists of 402 participants and their interaction data,
which has been widely used to study dating and mating be-
haviours (Bjerk 2009; Finkel et al. 2012; Schwartz 2013),
and later curated into the HFM dataset for model training.
In this dating scenario, users (vertices) arrive one by one
and need to be paired with other eligible (edges) users. Pair-
ing two users yields user satisfaction (edge reward) and in-
curs a legal risk for the service provider (edge cost). The ac-
cumulated risk incurred is budgeted as the risk appetite (Rit-
tenberg and Martens 2012) of the service provider (edge cost
budget). Each user’s total number of allowed pairings (ver-
tex capacity) is limited. The goal is to decide which users to
pair, in order to maximize the overall user satisfaction within
the risk appetite and users’ allowed pairings. Before user ar-
rivals, their satisfaction of being paired with others can be
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Figure 1: Performance comparison on traces with varying risk appetite (i.e., edge cost budget) K.
’g — Karp90 —— Ada — R Ezra20 Jiang22 —— Ezra24 —— Goyal22 —— OCKA ‘
E 10° . 10°
310 I 10
-
2, 5 0? 0 5 072
g10 0
=2
&
g 37.5 42.0 47.7 21.6 242 27.5 21.0 235 26.7 1164 1304 1482 Tracel Trace2 Trace3 Trace4
z K K K K K=o
(a) Trace 1 (b) Trace 2 (c) Trace 3 (d) Trace 4 (e) K= o (w/o Knapsack)

Figure 2: Runtime comparison on traces with varying risk appetite (i.e., edge cost budget) K.

estimated by a Multi-Layer Perceptron (MLP) as a probabil- constrained decision space, leaving little room for OCKA to
ity distribution. Meanwhile, the perceived legal risk of pair- gain a substantial reward advantage through optimizing de-
ing two users is estimated by another MLP but treated as the cisions. In contrast, when the knapsack budget is large or
true value (Liberti and Petersen 2019). The legal risk and po- unlimited, the decision space expands significantly, giving
tential satisfaction can be inferred from user profiles, which OCKA greater flexibility to make more effective decisions
are typically available in real-world online dating applica- and thereby achieving more significant performance gains.
tions (Dellinger 2019). The exact satisfaction from pairing Further observations and the rationale behind OCKA'’s
two users is obtained via ChatGPT-4 API (OpenAl 2023) benefits over benchmarks are given in our tech report (Wu
inference once both have arrived. et al. 2025). To demonstrate OCKA’s capability across
broader settings, we also conduct simulation experiments
Benchmarks and Experiment Results We compare the using structural features extracted from the dataset (in-
performance and runtime of OCKA against benchmarks, cluding graph topology, vertex capacities, edge costs, etc.),
including Karp90 (Karp, Vazirani, and Vazirani 1990), which are also discussed in our tech report (Wu et al. 2025).

Adaptive (Ada), Random (R), Ezra20 (Ezra et al. 2020),
Jiang22 (Jiang, Ma, and Zhang 2022), Ezra24 (Ezra et al.

2024), and Goyal22 (Goyal 2022), all of which are adapted 6 Conclusion

for the OCGMK. Please refer to our tech report (Wu et al. In this paper, we study the OCGMK problem. We ad-
2025) for details on the benchmarks. dress the complicated trade-off between reward accumula-

We collect four traces from the HFM dataset and deploy tion, vertex capacity utilization, and cost budget consump-
OCKA along with benchmark algorithms on a MacBook Air tion, as a result of the multi-capacity vertices and the knap-
with an M2 chip to process the user pairing requests con- sack constraint. We propose the OCKA algorithm, a novel
tained in these traces. In Figs. 1-2, we compare the average OCRS framework that decouples the joint evolution of ca-
accumulated user satisfaction (Fig. 1) and runtime (Figs. 2) pacity and budget usage through a two-phase design, achiev-
of OCKA against benchmarks on each trace. In (a)~(d) of ing an effective balance between vertex capacity utilization
Fig. 1 and Fig. 2, we apply OCKA and benchmarks to each and knapsack budget consumption. OCKA achieves a com-
trace with different risk appetites. In Figs. 1(e) and 2(e), petitive ratio of v = 3z on OCGMK. When the knapsack
we also study the case where the knapsack constraint is constraint is not present, it achieves a competitive ratio of
not imposed (i.e., K = c0). In most settings, OCKA sub- o/ = 1/2, which recovers the previous best result on the
stantially outperforms all benchmarks with minimal runtime single-capacity OGM. We perform trace-driven experiments
overhead. We observe that the advantage of OCKA increases to demonstrate the excellent capability of the OCKA algo-
when the risk appetite increases. This is because when the rithm to accommodate multi-capacity vertices and the knap-
knapsack budget is very limited, all algorithms face a highly sack constraint in OCGMK.
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