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Abstract

In this paper, we investigate the complexity of determining if
various restricted forms of hierarchical task network (HTN)
planning have a plan. We perform a systematic analysis of
new restrictions formed by applying symmetries and relax-
ations to two existing restrictions called regularity and tail-
recursiveness. By doing so, we confirm that many variations
on common restrictions do not affect the complexity of the
plan existence problem. However, we also obtain the counter-
intuitive result that combining some of these seemingly inert
relaxations together renders the plan existence problem unde-
cidable. Additionally, we unearth a critical difference in defi-
nitions between an early paper on HTN planning and modern
formalisms that appears to have gone unnoticed.

1 Introduction

One formalism for Al planning problems which has been
studied extensively is hierarchical task network planning.
In hierarchical task network planning, we aim to get from
a given start state to some goal state by applying tasks
from a partially-ordered collection of tasks called a task net-
work: tasks may either be primitive tasks, which describe
an atomic state transformation; or compound tasks, which
specify one or more decompositions which may be used to
replace them with specific sub-networks of tasks.

Hierarchical task network planning is known to be unde-
cidable in general (Erol, Hendler, and Nau 1996), yet many
restrictions are known under which the problem becomes de-
cidable. Our work builds upon two such common restric-
tions, regularity (Erol, Hendler, and Nau 1996) and fail-
recursiveness (Alford et al. 2012), which both restrict the
positions at which compound tasks can occur in the initial
task network and in decompositions, to avoid creating the
overly complex task networks which lead to undecidability.
We are interested in what tweaks we can make to these var-
ious restrictions, and how they affect the complexity of de-
termining if a solution exists to planning problems follow-
ing these restrictions. In particular, we wish to contribute to
a refined understanding of when a problem class of HTN
problems becomes undecidable.

For instance, determining whether a plan exists for a ‘reg-
ular’ HTN problem is PSPACE-complete (Erol, Hendler,
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Variation ‘ Regular ‘ Tail-recursive
| withtn; | wlotn; |

None PSPACE*() | PSPACE!) | EXPSPACE*

Reversed | PSPACE @ | PSPACE® | EXPSPACE!?

Mixed PSPACE*® | undec. ® undec. 1?2

Table 1: Complexity of deciding the plan existence problem
for each restricted subset of HTN planning. All results are
completeness results. Asterisks denote previously known re-
sults, and bracketed numbers indicate relevant theorems or
corollaries. Undecidable classes are still semi-decidable.

and Nau 1996), and in this paper we present two indepen-
dent adjustments to that restriction which still result in a
PSPACE-complete problem. However, if we combine these
two adjustments together, it results in a problem which is un-
decidable, just as bad as the general case for HTN problems.
We summarise our results in Table 1.

2 Preliminaries

To begin with, we give a formalisation of HTN planning
which closely mirrors the formalisations given by Geier and
Bercher (2011) and Bercher, Alford, and Holler (2019). We
then outline the two common HTN problem classes of which
we wish to study variations.

2.1 HTN Planning

‘We start with the definition of a fask network, which captures
the idea of a collection of tasks (possibly with repetition)
which are partially ordered. Tasks are assigned to distinct
ids so that we can consider multiple copies of the same task.

Definition 1. A task network over a set N of task names is a
tuple (7', <, ), where T is a finite (and possibly empty) set
of task ids, < is a strict partial orderover T, and o : T" — N
maps task ids to task names.

Since the task ids are placeholders and not particularly
relevant to our discussion, we regard two task networks
(T, <,a)and (T, <’, ') as isomorphic if there is an order-
preserving bijection o : T — T’ with «(t) = /(o (t)) for



every t € T. We let Ty denote the set of task networks over
a given set of task names V.

In a slight abuse of notation, given two task networks tn;
and tny, we write tnq, < tns to denote the combined task
network where all tasks in ¢ny are ordered after those in tnq.
We also let a single task « denote the task network with just
u, so for example tn < u denotes ‘the task network ¢n with
an extra task u ordered after all tasks in tn’.

Tasks come in two types — primitive and compound. A
task network is said to be primitive if it does not contain
compound tasks. Primitive tasks represent ‘actions’:

Definition 2. Let I’ be a finite set, which we call the
facts. A state is a subset s € 2. An action is a tuple
(pre, efft eff ") € 2F x 2F x 2F consisting of precondi-
tions, add effects and delete effects respectively. Such an ac-
tion is executable in a state s if pre C s, in which case acting
by a on s results in the new state (s \ eff ") U eff*.

Compound tasks may have any number of ‘decomposition
methods’ and can be ‘decomposed’ by them as follows:

Definition 3. A decomposition method (or just decompo-
sition) is a pair m = {c,tn) of a task name ¢ and a task
network ¢n. Given another task network ¢n; and some id
t € Ty with ay(t) = ¢, we can decompose tny by m at ¢
into (T, <2, as) by taking some network tn’ = (T', <, «)
isomorphic to tn such that we have 77 N Ty = (), and letting
Ty = (M \{tHUT", a2 = ai|p 4y U, and

<9 = (-<1 ﬂ(Tl\{t})2)U {(u,v) el x T ‘ U <1 t}
U < U{u,v)eT xTy|t=<1v}.

We are now ready to define the notions of an HTN plan-
ning domain and an HTN problem:

Definition 4. An HTN planning domain is a tuple
(F,Np, N¢, 6, M) consisting of a finite set of facts F, finite
disjoint sets Np and N¢ of primitive and compound task
names respectively, amap § : Np — (2f)3 from primitive
task names to actions, and a finite set M C N¢ X Ty, unp
of decomposition methods.

Definition 5. An HTN (planning) problem is a tuple
(D,tny, sy, g) over some domain D = (F, Np, N¢,, M)
where tn; € T, un, is the initial task network, s; € 2F is
the initial state, and g C F is the goal.

Now, we address what it means to solve a problem:

Definition 6. A primitive task network (T, <, «) is a solu-
tion to an HTN planning problem if it can be obtained from
tny via a sequence of decompositions by methods in M,
and such that there is some linearisation (¢1,...,t;) of <
for which it is possible to execute (1), .. ., a(ty) in order
to get from s; to some state s D g.

We briefly digress to mention the classical formalism for
planning, as introduced by Fikes and Nilsson (1971):

Definition 7. A STRIPS planning problem is a tuple
(F, A, s1, g) consisting of a finite set of facts F', a finite set of
actions A C (2)3, initial state s; € 2¥ and goal g C F. A
finite sequence (as, ..., ax) of actions is a solution to such
a problem if it is possible to execute ay, ..., ay in order to
get from s; to some state s O g.
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2.2 Common Restrictions on HTN Problems

In this paper, we are interested in the decidability and com-
putational complexity of computing whether a given HTN
problem has a solution, the so-called plan existence prob-
lem. Unfortunately, as mentioned earlier, this problem is
in general undecidable, though it is semi-decidable (Erol,
Hendler, and Nau 1996). (This result implies plan exis-
tence for all subclasses of HTN planning problems are also
semi-decidable.) Hence we often consider restricted prob-
lem structures, trading expressivity for decidability.

The main cause of the undecidability is the ability to in-
terleave tasks. One class of problems which seeks to address
this is the following:

Definition 8. A task network is regular (or right-linear) if it
is either primitive or of the form ¢n < C' for some primitive
task network ¢n and compound task C. An HTN planning
problem is regular if its initial task network ¢n; is regular
and each decomposition (¢, tn) € M has tn regular.

This is similar to the definition of a right-linear grammar:
a context-free grammar where each rule produces at most
one non-terminal symbol, and if it exists that non-terminal
is after all the terminal symbols.

The definition we have given above is used by all recent
papers we could find, spanning from Alford et al. (2012) to
Zhang and Bercher (2025). It is ‘well-known’ in the plan-
ning community that the plan existence problem for regular
HTN problems is PSPACE-complete, however all sources
that we could find cite Erol, Hendler, and Nau (1996), who
use the term “regular” to refer to a broader class of HTN
problems, which we expand on in section 4 under the name
“linear”. For completeness, we show that plan existence for
regular problems is PSPACE-complete in Theorem 1.

The second class of problems that we will consider vari-
ations of is the following generalisation of regular problems
that allows for a more complicated hierarchy:

Definition 9. Given a total preorder <, over N (called a
stratification), we call a decomposition (¢, (T, <, a)) tail-
recursive under <, if, for any compound task id ¢t € T,

o If tis alast task id, we have «(t) <, ¢, and
* If t is not a last task id, we have «(t) <, cbut ¢ £, a(t),

where a last task id is a task id v € T for which v < u
for any v € T \ {u}. An HTN planning problem is fail-
recursive if there is some stratification <, such that every
decomposition in the problem is tail-recursive under <,..

Any regular problem is also tail-recursive, since we can
take the trivial stratification where ¢ <, ¢’ for every pair
of compound tasks ¢, ¢’ € N¢. The plan existence problem
for tail-recursive HTN planning problems is known to be
EXPSPACE-complete (Alford, Bercher, and Aha 2015).

We provide a diagram depicting how problems in the
above two classes decompose in Figure 2 (which also con-
tains references for the other classes we will introduce).

2.3 Progression

One well-known algorithm to solve the plan existence prob-
lem is progression. It semi-decides all HTN problems, and
decides regular and tail-recursive problems in PSPACE and



Algorithm 1: Non-Deterministic Progression

Settn := tn; and s := sj.
while {7 contains at least one task do
Pick any task ¢ with no predecessor under <.
if ¢ is primitive then
Remove it from the network and apply it to s if exe-
cutable (else reject)
else
Pick any of ¢’s decomposition methods (if it has any,
else reject) and decompose it via that method.
end if
end while
Accept if g C s, else reject.

EXPSPACE, respectively (Alford, Bercher, and Aha 2015).
Its non-deterministic form can be found in Algorithm 1.

3 Left- and Right-Linear Problems

The first set of restrictions we wish to study are those pre-
senting small modifications on the definition of regularity.

3.1 Right-Linearity (i.e. Regularity)

The specification of a regular HTN problem involves two
independent constraints: one on the initial task network, and
one on decomposition methods. We would first like to study
what occurs if we remove the weaker condition.

Definition 10. We say an HTN problem has regular
(or right-linear) decompositions if each decomposition
(e,tn) € M has tn regular.

This ensures a problem is regular if and only if its initial
task network is regular and it has regular decompositions.

Theorem 1. The plan existence problem for both of the fol-
lowing classes of problems is PSPACE-complete:

(1) Regular HTN planning problems
(2) HTN planning problems with regular decompositions

Proof. Tt suffices to show that the class of problems in (1)
is PSPACE-hard and the class of problems in (2) lies in
PSPACE, because class (1) is a subset of class (2).
PSPACE-hardness of (1) follows from the PSPACE-
hardness of plan existence for STRIPS planning (Bylander
1994). The following reduction was first explained by (Erol,
Hendler, and Nau 1996). Let (F, A, s, g) be a STRIPS plan-
ning instance. Consider the HTN planning problem with
start state sy and goal g defined as follows: we have a sin-
gle compound task C in ¢tn; which can decompose into the
empty task or t, < C for any action a € A, where ¢, is a
primitive task with action a. This problem is clearly regular,
and the hierarchy can decompose to any sequence of actions,
producing them from left to right. So the HTN problem has a
plan iff the corresponding STRIPS problem did, as desired.
So we only need to show that problem class (2) lies in
PSPACE. Suppose the initial task network has p primitive
and ¢ compound tasks. Suppose also that the largest task
network in any method has size m. Then we claim that in
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the process of progression planning, at any time our task
network only has size at most p + ¢ 4+ cm.

Suppose we decompose some compound task C' into a
task network that contains some other compound task C’.
Then by the regularity condition, all the newly added prim-
itive tasks are ordered before C’, so we will not decompose
C" until all primitive tasks are exhausted. Hence, if we keep
track of the number of tasks in our task network that come
from a particular initial compound task, this starts as 1 in
the initial compound task, increases to at most m after any
decomposition, and decreases back to 1 or 0 again before it
can be again decomposed. There are at most p extra primi-
tive tasks in the network coming from the initial network, so
the size of the network is at most p 4+ ¢ + cm at any point.

So the amount of space required is bounded by a poly-
nomial in the size of the initial task network, and thus this
problem lies in PSPACE as required (recalling that PSPACE
equals NPSPACE). O

3.2 Left-Linearity

As done in the context of context-free languages, we define
the following reflected version of right-linearity:

Definition 11. We call a task network left-linear if it is ei-
ther primitive or of the form C' < ¢n for some primitive task
network tn and compound task C. We say an HTN prob-
lem has left-linear decompositions if each decomposition
(¢,tn) € M has tn left-linear. We call an HTN planning
problem left-linear if its initial task network ¢n is left-linear
and it has left-linear decompositions.

Once again, see Figure 2 for a diagram.

Due to the symmetry of right- and left-linear prob-
lems, we would like to show that plan existence for these
two problem types is PSPACE-complete by somehow re-
versing the progression algorithm. In particular, progres-
sion has a dual of sorts — regression — where instead of
looking at minimal primitive tasks and applying them, we
look at maximal primitive tasks and ‘unapply’ (i.e. regress)
them non-deterministically. Specifically, to regress an action
(pre, eff*, eff ~) in state s, we pick some subsets X+ C eff"
and X~ C eff” and take the new state s’ = (s \ X T)U X~
solongas pre C ', sNeff” C X+ andefft C s.If nosuch
subsets X and X ~ fulfil these requirements, then the ac-
tion cannot be regressed. This is not a new concept; regress-
ing a task is mentioned even in the paper by Erol, Hendler,
and Nau (1996), though no formal definition is provided and
the definition here is a reconstruction based on the ideas in
that paper.

Lemma 2. State s can be regressed to s’ under a given ac-
tion iff that action is executable in state s' to yield state s.

Proof. Suppose first that we have regressed s to s’ under the
action (pre, eff ", eff ~) with subset choices X+ C eff' and
X~ Ceff . Then in s, we know the action can be applied
(because by assumption pre C s'). Hence s\ eff~ = s\ X T
because s’ = (s \ XT)U X, X~ C eff and also we
know (s \ XT) Neff~ = @ (from s Neff~ C X ). Thus,
(s \eff ) Uefft =sas X+ Ceff” Cs.



Algorithm 2: Non-Deterministic Regression

Set tn = tny and pick some s 2 g.
while ¢n contains at least one task do
Pick any task ¢ with no successor under <.
if ¢ is primitive then
Remove it from the network and regress it from s if
possible (else reject)
else
Pick any of ¢’s decomposition methods (if it has any,
else reject) and decompose it via that method.
end if
end while
Accept if s is equal to sy, else reject.

We can likewise routinely verify that if applying
(pre, efft eff ) to s’ yields s = (s’ \ eff ) U eff", then
the choices X~ = s’ Neff~ and X+ = eff" \ (s’ \ eff")
satisfy s’ = (s\ X T)UX ~ and the other conditions required
so that s can be regressed to s’ 0

The full regression algorithm is then given in Algorithm
2, which also underlines changes to the original algorithm.

Lemma 3. Algorithm 2 will accept if and only if the input
HTN problem has a solution.

Proof. Suppose the algorithm accepts. Then consider first
performing all the decompositions in the order done in the
algorithm. This must result in a primitive task network. It
is easy to check that we may then execute the tasks in the
reverse order to how they were regressed.

Conversely, suppose a plan exists, and consider its lin-
earisation. Then at each point, take the last primitive task in
the linearisation that has not been regressed: it must be pos-
sible to decompose the current task network some number
of times to produce the relevant primitive task, and we can
check that this task can then be regressed. O

Theorem 4. The plan existence problem for both of the fol-
lowing classes of problems is PSPACE-complete:

(1) Left-linear HTN planning problems
(2) HITN planning problems with left-linear decompositions

Proof. Again (1) is a subset of (2), so we show (1) is
PSPACE-hard and (2) is in PSPACE.

As in Theorem 1, the PSPACE-hardness of (1) again
follows from the PSPACE-hardness of plan existence for
STRIPS planning (Bylander 1994). The only difference is
that to produce all sequences of actions, we have decompo-
sitions from C'to C' < ¢, (instead of t, < C) for each action
a € A to adhere to left-linearity.

The PSPACE-membership proof for (2) is also almost
identical to that of Theorem 1. Consider the execution of
Algorithm 2. If ¢tn; has p tasks, ¢ of which are compound
tasks, and the largest task network in a decomposition has
m tasks, then as before a compound task produced by a de-
composition cannot be decomposed until all the newly pro-
duced primitive tasks have been regressed away, so similarly
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we can check that we have at most p + ¢ + c¢m tasks in our
current task network at any time. Thus the plan existence
problem for (2) lies in PSPACE as well. O

Note that we could have also provided direct reductions
between left- and right-linear problems. We will see a more
general version of this reduction in the proof of Theorem 10.

3.3 Mixed-Linearity

A natural question one could ask is what happens if we per-
mit both left-linear and right-linear decompositions to exist
simultaneously.

Definition 12. We say an HTN problem has mixed-linear
decompositions if every decomposition method (c, tn) € M
has tn either left- or right-linear. We call an HTN problem
mixed-linear if its initial task network tny is left- or right-
linear and it has mixed-linear decompositions.

Importantly, we allow both left-linear and right-linear task
networks to coexist in different decompositions of the same
mixed-linear problem. The definition of mixed-linearity is
somewhat unnatural, so in the next section we generalise this
restriction to a notion we call ‘linearity’, while ensuring we
can still reduce to our two mixed-linear problem classes.

4 A General Notion of Linearity

A stronger relaxation of the class of regular problems,
which would encompass both right- and left-linear prob-
lems, would be the class of problems where in each task
network there is at most one compound task, which must
be ‘sandwiched’” between two primitive task networks. The
case where we have at most one compound task per decom-
position method, allowing primitive tasks to be interleaved
with the compound task, has been studied extensively by
Dekker and Behnke (2024) and Zhang and Bercher (2025).
However, to improve our understanding of exactly what fac-
tors contribute to the hardness of certain classes of HTN
problems, we wish to consider the case where no such in-
terleaving is possible in the decomposition methods.

In the case of context-free grammars, a linear grammar is
a context-free grammar in which each production rule con-
tains at most one non-terminal. We thus define:

Definition 13. We call a task network linear if it is either
primitive or of the form ¢tn; < t < tny for some primi-
tive task networks ¢n; and tny (which may be empty) and
compound task ¢. We say that an HTN problem has linear
decompositions if each decomposition (c,tn) € M has tn
linear. We call an HTN problem linear if its initial task net-
work tn is linear and it has linear decompositions.

From this definition it follows that all mixed-linear prob-
lems are linear, and likewise all problems with mixed-linear
decompositions also have linear decompositions. The above
constraints are depicted in Figure 2.

As alluded to earlier, Erol, Hendler, and Nau (1996) actu-
ally define a regular HTN problem in this way, stating in sec-
tion 2.3 of that paper that a problem “is regular if all the task
networks in the methods and [¢n 7] contain at most one non-
primitive task, and that non-primitive task is ordered with re-
spect to all the other tasks in the network”. The definition of



regularity later adopted by the community may come from
an erroneous comment on Table 1 of that paper defining it
as “<1 non-primitive task, which must follow all primitive
tasks”. In any case, we have:

Theorem 5 (Erol, Hendler, and Nau (1996), Theorem 5).
The plan existence problem for linear HTN planning prob-
lems is PSPACE-complete.

The formalism used by Erol, Hendler, and Nau (1996) in-
cludes various additional features, such as more constraints
on allowable task networks and different solution criteria, so
their proof is fairly involved. We translate their proof into
the current HTN formalism.

Proof. Since the set of linear HTN planning problems in-
cludes the set of regular HTN planning problems and the
plan existence problem for regular HTN planning problems
is PSPACE-hard, so is the plan existence problem for linear
HTN planning problems. Hence, we only need show mem-
bership in PSPACE. Consider the following algorithm:

* Settn = tny and s := sy, and pick some s’ D g.
* While ¢n contains at least one task
— If all tasks with no predecessor under < are primitive,
remove one such task from ¢n and apply it to s if pos-
sible, else reject.
— Else if all tasks with no successor under < are primi-
tive, remove one such task from ¢n and regress it from
s’ if possible, else reject.
— Else pick a decomposition method and decompose the
compound task once if possible, else reject.

 Accept if s is equal to ¢/, else reject.

Similarly to Lemma 3, this algorithm can be checked to
only accept when a valid plan exists. It accepts on a linear
problem if a plan exists because it implements regression but
with an additional step of applying the tasks in some prefix
of the linearisation to ‘meet in the middle’.

Furthermore, due to the additional stipulation that we ex-
ecute or regress all primitive tasks that come strictly before
or after the main compound task, the algorithm ensures that
once we decompose the unique compound task, we cannot
decompose it again until all the added primitive task have
been executed or regressed out of the task network. Hence, if
p is the number of primitive tasks in the initial task network
and m is the size of the largest task network in a method, all
task networks encountered during this algorithm have size at
most p + m + 1. Thus, this provides the required PSPACE
membership proof. O

We mentioned earlier that linear problems would be
equivalent to mixed-linear problems from a complexity
standpoint. Indeed, since all mixed-linear problems are lin-
ear, and all regular problems are mixed-linear:

Corollary 6. The plan existence problem for mixed-linear
HTN planning problems is PSPACE-complete.

As mentioned earlier, the plan existence problem for gen-
eral HTN planning problems is undecidable (Erol, Hendler,
and Nau 1996). However, this reduction follows from
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the intersection problem from context-free grammars, and
context-free grammars admit many structures. We will show
the same result for a restricted subset of linear grammars:

Definition 14. We call a context-free grammar simple linear
if each production rule is of the form T" — ¢, T' — aU or
T — Ua, where a represents a terminal and 7', U represent
non-terminals.

Lemma 7. The following problem is undecidable: Given
two simple linear grammars G, and G4, is the intersection
of their languages L, N Lg, nonempty?

Proof. We examine the proof of Theorem 9.20 from the
book published by Hopcroft, Motwani, and Ullman (2001).
The proof shows by reduction from the Post Correspondence
Problem that it is undecidable whether the languages Lq,
and L, of two grammars G1 and G of the following form
have non-empty intersection:

S —wiSay |-+ | wiSag |wiay | -+ | wrag,

where S is the starting symbol, w1, . . ., wy, are strings over
some alphabet ¥ of terminals, and {a1, ..., ay} are a set of
distinct terminals disjoint from .

Notice that these are linear grammars, but we can go fur-
ther and show that any grammar of this form can be rewritten
in simple linear form. Rewrite it as

S = wiAay || wgAag; A = widay || wpAay | €,

which is clearly equivalent. We wish to replace rules of
the form r : T — by ...bxUc for T, U non-terminals and
b1, ..., by, cterminals with a set of rules following the sim-
ple linear restriction. Indeed, for some new non-terminals
R, ..., R, (different for each rule r), replace r with the
rules T' — Rr}lc, Rrﬂ‘ — biRr,i+1 forl <i < k-1,
and R, — b, U. It is easy to see this replacement doesn’t
change the underlying language of the grammar, and that all
rules produced follow the simple linear restriction.

So we can computably convert G; and G2 to simple linear
grammars G| and G with Lg, = Lg; and Lg, = Lg;.
Thus, it is also undecidable to determine whether two simple
linear grammars have non-empty intersection. O

We will use this to show that the plan existence problem
for linear HTN problems is also undecidable. We work with
the corresponding restriction of linearity in our proof to pro-
vide a more applicable result. (Once again, see Figure 2 for
a diagram.)

Definition 15. We call a task network simple linear if it
is either empty, or of the form p < ¢ or ¢ < p for some
compound task ¢ and primitive task p. An HTN problem
has simple linear decompositions if each decomposition
(¢,tn) € M has tn simple linear.

Theorem 8. The plan existence problem for HTN planning
problems with simple linear decompositions is undecidable,
even if the initial task network is restricted to containing
only two unordered compound tasks.

Proof. We proceed via a reduction exploiting Lemma 7. Let
(1 and G be two simple linear grammars with shared set of



terminal symbols 3. Let their sets of non-terminal symbols
be V1 and V5 respectively, with starting non-terminals S €
V1 and Sy € Vs respectively. Let L5, and L, be their
corresponding languages.

We now define an HTN planning problem. The set of facts
is F' := {done} U {echo, | a € ¥}. The primitive tasks are:

e For each a € X, we have a task on, with precondition
and delete effect {done} and add effect {echo, }; and
 For each a € 3, we also have a task off, with precondi-
tion and delete effect {echo, } and add effect {done}.

We also have start state and goal {done}.

Before we define the compound tasks and decomposi-
tions, it is useful to consider what the allowable linearisa-
tions of primitive tasks look like. It is not too hard to then
observe that the tasks must come in ordered pairs ‘on,, off,’
for various a € X, so that the valid linearisations are exactly
ong,,off,,,...,ong,,off,, fork>0anday,...,a; € X.

Now, consider the following definition of compound
tasks. For each T' € Vj, we have a compound task Cy 7.
For each production in G1:

e ifitisT — aU fora € X and T,U € Vi, we have a
decomposition (Cy,1,on, < C1.17);

e ifitisT — Ubforb € X and T,U € V7, we have a
decomposition (C; 1, C1,y < ony); and

e ifitisT — e for T' € V1, we have a decomposition from
C1,r to the empty task network.

It is easy to show inductively that the possible networks of
primitive tasks that can be produced by decomposing C' s,
are exactly on,, < --- <on,, fora;---ar € Lg,.

Similarly, for each T' € V5, we have a compound task
C,, and for each production in Ga:

e ifitisT — aU fora € X and T,U € V5, we have a
decomposition (Cs 1, off, < Cav7);

e ifitisT — Ubforb € X and T,U € V5, we have a
decomposition (Cs 1, Co 7 < off,); and

e ifitisT — ¢ for T' € V5, we have a decomposition from
Cy,r to the empty task network.

Decomposing Cs_g, into primitive tasks produces exactly
the set of off,, < --- < off,, fora;---ar € Lg,.

Hence, combining this with our earlier observation
that primitive tasks must be exactly paired up, it fol-
lows that if our initial task network contains only the
two unordered tasks C; g, and Cyg,, then the possi-
ble linearisations of task networks produced are exactly
ong,,off, ,...,on,, ,off,, for a1 ---ar € Lg, N La,.
Thus, a plan exists if and only if L&, N L, is nonempty,
and by reduction from Lemma 7, it follows that the plan
existence problem for grammars with simple linear decom-
positions is undecidable. O

By observation, any HTN planning problem with simple
linear decompositions also has mixed-linear decompositions
and linear decompositions, so:

Corollary 9. The plan existence problem for the following
two classes of HTN planning problems is undecidable, even
if the initial task network is restricted to containing only two
unordered compound tasks:

(1) Problems with mixed-linear decompositions
(2) Problems with linear decompositions

5 Head- and Tail-Recursiveness

Regular problems and tail-recursive problems are often stud-
ied together because the tail-recursiveness condition is a
weakening of the regularity condition. Hence, we are in-
terested in investigating what occurs if we perform similar
modifications to the definition of tail-recursiveness.

We note that the choice of initial task network is essen-
tially irrelevant in the setting of tail-recursive problems (and
the related problem classes we define below): in particular,
forcing the initial task network to be a single compound task
does not affect expressiveness. Informally, this is because
we can always add a single compound task C'; which de-
composes to the initial task network ¢n; and stratify it above
all existing compound task names, then take C as our new
initial task network.

5.1 Head-Recursive Problems

Similarly to the correspondence between right- and left-
linearity, we can define a reversed version of tail-
recursiveness as follows:

Definition 16. Given a stratification <,., we call a decom-
position (¢, (T, <, a)) head-recursive under <, if, for any
compound task id ¢t € T,

o If tis a first task id, we have a(t) <, ¢, and
o If tis not a first task id, we have a(t) <, cbutc £, a(t),

where a first task id is a task id v € T for which u < v for
any v € T'\ {u}. We call a HTN problem head-recursive if
there is some stratification <,. such that every decomposition
in the problem is head-recursive under <,..

See Figure 2 for an illustration.

Theorem 10. The plan existence problem for head-
recursive HTN planning problems is EXPSPACE-complete.

Proof. The goal is to provide reductions in both directions
between the plan existence problem for head- and tail-
recursive HTN problems. Since the plan existence prob-
lem for tail-recursive problems is EXPSPACE-complete, it
will follow that it is also EXPSPACE complete for head-
recursive problems.

We start by reducing from head-recursive to tail-recursive
problems. For a given stratification <, let a stratum be an
equivalence class of <., i.e. maximal subset S C N¢ such
that t <, u <, t for any tasks ¢,u € S. Given a task ¢, we
say t is on a lower stratum than S if t <, v and u £, t for
some u € S (and hence for every u € S).

The aim is to replace the tasks and decompositions for
each stratum (one by one in any order) so that the tasks go
from being head-recursive under <, to being tail-recursive
under a modified stratification. To do this, we will introduce
new compound tasks: a task 7T, for each ¢ € S, and a task
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U. .. for every pair (¢, c) € S%. We will ‘insert’ these tasks
into <,. so that they would lie in the same stratum .S.

Call a decomposition {c, tn) € M external if ¢ € S but
all tasks in ¢n are on a lower stratum than .S, and internal if
¢ € S and tn can be written as ¢’ < tn' for some ¢’ € S.
Since (c, tn) is head-recursive under <,., these are the only
two options for decompositions if ¢ € S.

For each external decomposition (¢, tn’) and ¢ € S, we
introduce a decomposition from 7 into tn’ < U .. For
each internal decomposition {(c1,c2 < tn) and ¢ € S, we
introduce a decomposition from U, . to tn < U, .. Finally,
for each ¢ € S, we introduce a decomposition from U, . into
the empty network (0, 0, ().

Consider a decomposition in the original problem which
starts out with ¢; € S and ends with a task network which
has only tasks on a lower stratum than S. If we pass through
the tasks cy,...,c, € S, where for 1 < i < k — 1 the rele-
vant decomposition is {(¢;, ¢;+1 < tn) and the final decom-
positions (¢, tny), the result is tny, < tng_1 < -+ < tn;.
But we can produce this result from our new tasks by decom-
posing T, into tny, < U, ,,and thenforeachk—1>i > 1
in decreasing order decomposing U, , ¢, into tn; < Uy, ¢,
all of which we can check are possible by construction.

Similarly, consider a decomposition from 7, into some
task network which has only tasks on a lower stratum than
S. We must start by decomposing T into some tn; < Ug, ,
and there is some ¢ > 1 such that foreach1 < i < ¢ —1
we decompose U, . into tn;y1 < U, , ¢, and finally we
decompose U, . into the empty network (requiring ¢, = ¢).
This produces the network of tasks tn; < --- < tn,. But
we can produce this starting with ¢ = ¢, by decomposing c;
into ¢;—1 < tn; for each £ > i > 2 in decreasing order, and
finally decomposing c; into ¢;. Likewise, we can check these
decompositions are also possible based on the definition of
the T.s and Uy .

Hence, the networks of tasks that can be produced from
some ¢ € S are exactly those that can be produced from our
new T.. An example of this bijection is shown in Figure 1.
In particular, ¢ and 77 thus can be decomposed into exactly
the same set of primitive task networks. Furthermore, if we
insert each T, and U, .. into the stratification <,. on the same
stratum S to get some new stratification </, we can verify
that all our new tasks are tail-recursive under <!.. To fin-
ish replacing the tasks, we simply replace each occurrence
of any ¢ € S in a decomposition method (¢’,tn) satisfy-
ing ¢’ ¢ S (which must necessarily have ¢’ >, ¢) with T,
and then we may remove the original tasks ¢ € S and their
corresponding decompositions from consideration.

If we do this for every stratum S, we end up with a
new stratification < so that every decomposition is tail-
recursive under <!/, where at every step we ensured the same
primitive task networks were producible. So this provides a
reduction from plan existence for head-recursive HTN prob-
lems to plan existence for tail-recursive HTN problems. Fur-
thermore, since we at most square the number of tasks on
each stratum (and modifying one stratum doesn’t change the
number of tasks on any other stratum) this reduction can be
performed in polynomial time.

Finally, observe that we did not refer to executability in
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Figure 1: Illustration of an example conversion from head-
to tail-recursive decompositions. Arrows denote decompo-
sitions, and tns denote arbitrary task networks produced by
the decompositions.

this reduction. So if we reversed all < relations in the above
reasoning, we would likewise get a reduction from plan exis-
tence for tail-recursive planning problems to plan existence
for head-recursive HTN problems. Hence, as mentioned,
since the plan existence problem for the tail-recursive set-
ting is known to be EXPSPACE-complete, and noting that
we can verify that the above reductions can be performed in
polynomial time, this shows the plan existence problem for
the head-recursive setting is also EXPSPACE-complete. [

As mentioned in Theorem 4, it is possible to convert be-
tween left- and right-linear tasks in the same way, noting that
left-linear tasks are head-recursive under the trivial stratifi-
cation ¢ < ¢ for any compound tasks ¢,c’ € N¢, and ob-
serving that the above algorithm would convert them to a
right-linear form.

5.2 Mixed- and Almost-Tail-Recursive Problems

In analogy to mixed-linear problems, we could also consider
a notion of mixed-recursiveness, defined as follows:

Definition 17. We call an HTN planning problem mixed-
recursive if there exists some stratification <,. such that ev-
ery decomposition method (c, tn) € M has tn either head-
recursive under <,. or tail-recursive under <,..

One of our motivations for considering tail-recursion
comes from a result by Alford et al. (2012), that plan ex-
istence for a given set of decompositions is solvable via pro-
gression if and only if the decompositions are tail-recursive
under some stratification. We will show that this result
is, in a sense, tight. However, the definition of mixed-
recursiveness is a fairly large relaxation of this condition,
so we need a different definition which is only a slight gen-
eralisation of the definition of a tail-recursive problem.

Definition 18. Given a stratification <,, we call a task
network almost-tail-recursive under <,. if it is in the form
tn’ < p for some task network tn which is tail-recursive
under <, and primitive task p. We call an HTN planning
problem almost-tail-recursive if there exists some stratifica-
tion <, such that every decomposition method (c, tn) € M
is either tail-recursive or almost-tail-recursive under <,..

Similarly to how linear problems can be reduced to
mixed-linear problems (Corrs. 6, 9), almost-tail-recursive
problems can be reduced to mixed-recursive problems. Both
these classes are shown in Figure 2.
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Figure 2: Diagram showing the various shapes of allowed
task networks in the various problem classes discussed
throughout in this paper. Blue squares denote primitive
tasks, purple double squares denote primitive task networks,
red circles denote compound tasks, and green double cir-
cles containing the symbol ‘|’ denote task networks which,
if the task network is in a decomposition (c, tn), have all
their tasks either primitive or on a strictly lower stratum
than c. ‘(empty)’ represents the task network ((), 0, ). We
have not depicted the various classes ‘with X decomposi-
tions’ (e.g. with linear decompositions); recall here that the
initial task network can be arbitrary and all decomposition
methods must obey the relevant constraint X (e.g. linearity,
in the case of linear decompositions).

Unfortunately, as a corollary of Theorem 8, and recalling
that we can replace tn; with a single compound task:

Corollary 11. The plan existence problem for almost-tail-
recursive HTN planning problems is undecidable, even if
tnr consists of exactly one compound task.

Proof. Any HTN planning problem with simple linear de-
compositions is also an almost-tail-recursive problem under
the trivial stratification (¢ <,. ¢’ forevery ¢,c’ € Ng). O

This extends the result by Alford et al. (2012) that such
problems cannot be solved by progression. Furthermore:

Corollary 12. The plan existence problem for mixed-
recursive HTN planning problems is undecidable, even if
tny consists of exactly one compound task.

Proof. If tn < C' < p is a decomposition method in the
almost-tail-recursive case where C' is a compound task with
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¢ <, a(C) <, cand p is primitive, we can replace this with
tn < C’ for a new compound task C’ which only decom-
poses into C' < p. This is mixed-recursive as we can create
a new stratification <, generated by <, and the relations
C <, C" <. C for any compound task C € Ng. L]

6 Conclusions

We have explored a wide variety of modifications to two
common restrictions on HTN planning: regularity, and its
generalisation, tail-recursiveness. In particular, we have dis-
covered some heavily restricted classes of HTN problems
for which plan existence is undecidable, which we believe
is a significant contribution as our new problem classes are
small variations of actively studied problem classes (un-
like those produced by the standard undecidability reduc-
tion). While we haven’t addressed specific applications to
planners, the reductions we have found could be useful for
identifying compilations from more complex restrictions of
HTN planning to easier problems. (For example, Behnke
et al. (2022) show that bounds on progression can produce
compilations from tail-recursive problems to STRIPS.) Con-
versely, the undecidability results we have found inform us
that compilations cannot possibly exist from their respec-
tive problem classes, so for example when modelling prob-
lems as HTN planning problems we should avoid modelling
them in a way which allows for the full generality of mixed-
recursive problems.

One line of investigation for future study which further
generalises the linearity condition would be to allow task
networks to have multiple compound tasks, so long as every
compound task is ordered with respect to every other task
in the network. It is clear to us that plan existence for the
resultant problem class lies in EXPSPACE and is PSPACE-
hard, but its exact complexity is unclear.
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