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Abstract
Plan verification is the task of checking whether a proposed
plan correctly solves a given planning problem. In Hierar-
chical Task Network (HTN) planning, this verification prob-
lem is known to be NP-hard. Existing approaches to HTN
plan verification range from SAT encodings to parser-based
techniques. However, existing methods do not explicitly ex-
ploit the temporal structure inherent in hierarchical decom-
position. In this paper, we establish a formal connection be-
tween HTN planning and temporal reasoning by showing
how decomposition structures can be naturally represented
using qualitative constraint networks. Building on this in-
sight, we present a new top-down encoding that transforms
the verification of partially ordered task networks into a tem-
poral reasoning problem. We prove the correctness of this en-
coding and explain how it accounts for both the hierarchical
and temporal aspects of HTN plans. By linking HTN plan
verification with qualitative temporal reasoning, our approach
introduces a principled formal framework for reasoning about
complex temporal relationships in hierarchical plans. This
connection offers new perspectives for knowledge represen-
tation in structured planning domains.

Introduction
Verifying the correctness of plans produced by automated
planning systems is crucial for ensuring reliable autonomous
behavior in complex domains. In Hierarchical Task Network
(HTN) planning, a formalism known for capturing struc-
tured domain knowledge through task decomposition hier-
archies, verification becomes especially challenging. While
verifying solutions in classical planning can be done effi-
ciently by checking preconditions and effects along an ac-
tion sequence, HTN plan verification must additionally con-
firm that the given actions can be derived through valid hi-
erarchical decompositions and ordering refinements, making
it NP-complete in the grounded setting (Behnke, Höller, and
Biundo 2015).

Recent methods addressing HTN plan verification have
predominantly relied on syntactic encodings, including SAT-
based methods (Behnke, Höller, and Biundo 2017; Lin,
Behnke, and Bercher 2023), compilations to HTN plan-
ning problems (Höller et al. 2022), and parsing-based tech-
niques (Barták et al. 2020, 2021; Ondrčková et al. 2023; Lin
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et al. 2023; Pantucková and Barták 2023; Pantucková, Ondr-
cková, and Barták 2024). These approaches typically focus
on verifying a given, fully specified action sequence, moti-
vated by concrete observable execution scenarios. However,
this focus limits verification to single, totally ordered plans
and does not directly support verifying partially ordered task
networks, which inherently offer greater flexibility and cap-
ture richer structural relationships. For example, overlapping
or parallel execution of actions has been out of scope so far.

In this paper, we present a fundamentally different ap-
proach that directly verifies partially ordered task networks
by leveraging their inherent temporal structure. Our key in-
sight is that HTN decomposition naturally induces qualita-
tive temporal relationships: when a compound task is de-
composed into subtasks, the parent task’s execution tempo-
rally contains its children; and explicit task ordering require-
ments translate to temporal precedence. By making these
temporal relationships explicit, we can transform the veri-
fication problem into a temporal reasoning problem.

Specifically, we encode HTN plan verification as a satisfi-
ability problem in Qualitative Constraint Networks (QCNs),
a widely studied framework for temporal reasoning (Sioutis
and Wolter 2021), using the INDU calculus (Pujari, Kumari,
and Sattar 1999) that combines Allen’s interval relations
with duration information. Our encoding employs a three-
step transformation: (1) we ensure each task occurrence in
the solution has a unique identifier; (2) we transform the do-
main such that each compound task has at most two decom-
position methods; and (3) we map tasks to temporal intervals
and map decomposition structures to temporal constraints,
using the INDU calculus to ensure subtask durations exactly
partition their parent task’s duration.

We show that our encoding is sound and complete, and the
resulting QCN is polynomial in the size of the input. Addi-
tionally, we demonstrate how our approach generalizes ex-
isting verification methods by enabling reasoning over par-
tial orders, thus offering new possibilities for verification be-
yond single action sequences. By establishing this explicit
link between HTN planning and qualitative temporal rea-
soning, our work opens new avenues for linking the fields
together. Potential impacts include the ability to introduce
more temporal aspects into HTN planning as well as enrich-
ing verification methodologies.
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Preliminaries
We start by briefly presenting some frameworks that are rel-
evant to our work and which we will refer to in this paper.

Qualitative Constraint-Based Reasoning
A binary qualitative constraint language is based on a finite
set B of jointly exhaustive and pairwise disjoint (JEPD) rela-
tions, called the set of base relations (atoms), that is defined
over an infinite domain D (Ligozat 2011). These base rela-
tions represent definite knowledge between two entities of
D with respect to the level of granularity provided by the
domain D. Indefinite knowledge can be specified by a union
of possible base relations, and is represented by the set con-
taining them. The set B contains the identity relation Id, and
is closed under the converse operation (−1). The entire set
of relations 2B is equipped with the set-theoretic operations
of union, intersection, and the converse operation. Our en-
coding is based on the INDU calculus (INterval and DUra-
tion network) (Pujari, Kumari, and Sattar 1999), which ex-
tends Allen’s Interval Algebra (Allen 1983) by incorporat-
ing duration information. While Allen’s calculus specifies
13 base relations that can hold between any two intervals
based solely on their temporal arrangement, INDU enriches
this representation with relative duration information, result-
ing in 25 base relations (Pujari, Kumari, and Sattar 1999;
Balbiani, Condotta, and Ligozat 2006).

In INDU, the domain D consists of time intervals spec-
ified by their start and end points (x−, x+). Each base re-
lation in INDU combines an Allen relation with duration
information, distinguishing three cases: the first interval is
shorter than (<), equal to (=), or longer than (>) the sec-
ond interval. For instance, Allen’s before relation becomes
three INDU relations: before< (first interval is before and
shorter), before= (before with equal duration), and before>
(before and longer). The equals relation from Allen’s calcu-
lus corresponds to a single INDU relation where intervals
are identical in both position and duration. For reference,
Allen’s Interval Algebra defines 13 base relations between
temporal intervals, such as before, meets, overlaps, starts,
finishes, during, and equals, along with their converses.

Temporal entities and their relations may be represented
and reasoned with in a qualitative constraint network (QCN),
defined as follows (Sioutis and Wolter 2021).

Definition 1 (Qualitative Constraint Network). A qualitative
constraint network is a tuple N = (V,Γ), where:

• V is a set of variables, each representing an entity from
an infinite domain D;

• Γ is a mapping V × V → 2B, representing all possible
constraints between two entities, such that for all v, v′ ∈
V , Γ(v, v) = {Id} and Γ(v, v′) = (Γ(v′, v))−1.

Here, Id denotes the identity relation, which in INDU is
the equals= relation. Let N = (V,Γ) be a QCN, then a
solution of N is a mapping ψ : V → D that assigns each
variable a specific value from the domain. For any pair of
variables v, v′ ∈ V , their relationship must satisfy at least
one base relation from their constraint set – that is, there
must exist some b ∈ Γ(v, v′) such that (ψ(v), ψ(v′)) ∈ b.

While Γ(v, v′) may contain multiple possible base relations,
a solution requires selecting exactly one that holds between
the assigned values (as relations in B are JEPD).

For example, if Γ(v, v′) = {before<,meets=}, a solution
might map v to interval [1, 2] and v′ to [2, 3], satisfying the
meets= relation (they meet and have equal duration). The be-
fore< relation, while permitted by Γ(v, v′), would not hold
for these specific assignments.

A QCN is satisfiable (or consistent) if and only if it ad-
mits such a solution. The satisfiability problem, i.e., deter-
mining if there exists an interpretation satisfying these con-
straints, is NP-complete for most widely-adopted qualitative
calculi (Dylla et al. 2017), including INDU (Balbiani, Con-
dotta, and Ligozat 2006).

Hierarchical Task Network Planning
This section introduces the HTN planning formalism used in
this paper, following the notation and concepts from Geier
and Bercher (2011). HTN planning extends classical plan-
ning by organizing tasks hierarchically. An HTN domain
consists of a finite set of facts F describing the world, prim-
itive tasks A representing directly executable actions, com-
pound tasks C representing abstract activities that must be
refined, and decomposition methods M that specify how
compound tasks can be broken down into subtasks. The
planning process starts from an initial compound task and
recursively decomposes it until only executable actions re-
main. A state s ⊆ F denotes which facts hold true. Each ac-
tion a ∈ A has preconditions pre(a) ⊆ F and is applicable
in state s if pre(a) ⊆ s. Executing an applicable action trans-
forms the state. A sequence of actions π = ⟨a1, a2, . . . , an⟩
is executable in state s0 if each ai is applicable in its respec-
tive state. We write s →⋆

π s′ to denote that π is executable
in s and results in s′.

A task network represents a set of tasks together with their
ordering requirements.
Definition 2 (Task Network). A task network is a tuple tn =
(T, ≺, α), where:
• T is a finite, non-empty set of task identifiers;
• ≺ ⊆ T × T is a strict partial order defining ordering

constraints among the tasks;
• α : T → A∪C a labelling that maps each task identifier

to either a primitive or compound task.
Two task networks tn = (T,≺, α) and tn′ = (T ′,≺′, α′)

are isomorphic, written tn ∼= tn′, if there exists a bijection
φ : T → T ′ such that for all t ∈ T , α(t) = α′(φ(t)), and
for all t1, t2 ∈ T , (t1, t2) ∈ ≺ if and only if (φ(t1), φ(t2)) ∈
≺′. We say tn is an ordering refinement of tn′, written tn ⊑
tn′, if T = T ′, α = α′, and ≺′ ⊆ ≺ (i.e., tn imposes all
ordering constraints from tn′ and possibly additional ones).

For convenience, we adopt the following restriction oper-
ation. Let D and V be two arbitrary sets, R ⊆ D × D a
relation, f : D → V a function, and tn = (T,≺, α) a task
network. The restrictions ofR, f , and tn to some setX ⊆ D
are defined by R|X := R∩ (X ×X); f |X := f ∩ (X × V );
and tn|X = (T ∩ X,≺ |X , α|X), where ≺ |X and α|X de-
note the usual restrictions of the relation and function to X .

We can now formally define the HTN planning domain.
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Definition 3 (HTN Planning Domain). An HTN planning
domain is a tuple D = (F,A,C,M) where:

• F is a finite set of propositional facts;
• A is a finite set of primitive tasks (actions);
• C is a finite set of compound tasks;
• M is a finite set of decomposition methods, where each

method m = (c, tnm) pairs a compound task c ∈ C with
a non-empty task network tnm.

A decomposition method m = (c, tnm) describes one
way to decompose a compound task c into a non-empty
task network tnm = (Tm,≺m, αm). This decomposition re-
places c with its refinement and preserves all ordering con-
straints. This idea can naturally be extended to the decom-
position of a task network.

Definition 4 (Decomposition). Let tn = (T,≺, α) be a task
network and m = (c, tnm) ∈ M a decomposition method.
The method m decomposes the task network tn for a task
identifier t ∈ T withα(t) = c into a task network tn′, written
tn →t,m tn′, iff there exists a task network tn⋆m = (Tm,≺m

, αm) such that tnm ∼= tn⋆m and

tn′ := ((T \ {t}) ∪ Tm,≺′, (α \ {t→ c}) ∪ αm) where

≺′ := {(u, v) ∈ ≺ | u ̸= t ∧ v ̸= t} ∪
{(u,w) | (u, t) ∈ ≺, w ∈ Tm} ∪
{(w, v) | (t, v) ∈ ≺, w ∈ Tm} ∪ ≺m

We write tn →⋆
m tn′ if tn′ can be obtained from tn by

applying a finite sequence m of zero or more decomposition
methods. Similarly, we write c→⋆

m tn ifm decomposes task
c into task network tn. Further, we write tn →′ tn′ respec-
tively c→′ tn′ if there exists a sequence m ⊂M of decom-
positions generating tn′ from tn respectively from c. Note
that→′ is reflexive and transitive. Repeated decomposition
steps yield a decomposition tree (Geier and Bercher 2011)
that records how respectively by which (single) method each
task was refined.

Definition 5 (Decomposition Tree). A decomposition tree
g = (N,E,≺g, αg, βg) for an HTN planning problem Π
is a labeled directed tree with nodes N and edges E. ≺g

imposes a strict partial order over the nodes; αg : N →
A ∪ C labels each node with a task name; and, addition-
ally, βg : N \ Lg → M labels inner nodes with methods,
where Lg ⊂ N denotes the set of all leaf nodes of g. g is
valid with respect to Π if its root node r ∈ N is labeled with
the inital task αg(r) = cI , and for every inner node n ∈ N
with βg(n) = m, m = (c, tnm), c ∈ C, the following holds:

1. αg(n) = c (decomposition at n is applicable to n’s task)
2. tnm is isomorphic to the task network tnCh induced by

the children of n in g, denoted Chg(n), i.e., tnm
∼= tnCh,

where tnCh = (Chg(n),≺g|Chg(n)
, αg|Chg(n)

);
3. for all n′ ∈ N and all c′ ∈ Chg(n) it holds that

(a) if (n, n′) ∈ ≺g then (c′, n′) ∈ ≺g , and
(b) if (n′, n) ∈ ≺g then (n′, c′) ∈ ≺g

(children nodes inherit the order of their parent node);
4. there are no further ordering constraints in ≺g beyond

those demanded by 2 and 3.

The yield of g, yield(g), is the task network restricted to
the leafs Lg of g. Formally, yield(g) := (Lg,≺ |Lg , α|Lg ).

Finally, an HTN planning problem is a tuple Π =
(D, cI , sI), where D is an HTN planning domain as defined
in Definition 3, cI ∈ C is the initial compound task, and
sI ⊆ F is the initial state. A solution to an HTN planning
problem Π is a primitive task network tnS = (Ts,≺s, αs),
such that 1) tnS is executable in the problem’s initial state
sI , i.e., there exists a valid linearization of the task identi-
fiers in Ts, t1, . . . , tn that respects ordering≺s, representing
the plan π = ⟨αs(ti) | i ∈ {1, . . . , n}⟩ and π is applicable
in the initial state sI ; and 2) there exists a sequence of de-
composition methods m that decomposes the initial task cI
into tnS , i.e., cI →⋆

m tnS . Hence, there exists a valid decom-
position tree g such that for every m = (c, tn) ∈ m there
exists a node n ∈ N in g with αg(n) = c, and βg(n) = m.

Intuitively, a solution to an HTN planning problem is a
partially ordered sequence of actions, i.e, a task network,
which can be derived from the initial task by decomposition
methods and that achieves the desired goal.

Notation. Task identifiers are written using angle brackets,
where ⟨c⟩ is the identifier for task c with α(⟨c⟩) = c. When
multiple identifiers for the same task exist, we distinguish
them with indices: ⟨c⟩1, ⟨c⟩2. We use the inverse mapping
α−1 : A ∪ C → 2T with α−1(x) = {t ∈ T | α(t) = x}
to map a task to all its identifiers. Given a task network
tn = (T,≺, α), we write T (tn) = T , ≺ (tn) = ≺, and
α(tn) = α. In our temporal encoding, τ(·) maps entities
to their interval representations. We also write temporal re-
lations in infix notation and v {r⋆} v′, with r ∈ BIA, when
duration comparison is irrelevant.

HTN Plan Verification using QCNs
In this section, we present our novel approach to HTN plan
verification through qualitative temporal reasoning. Our key
insight is that HTN decomposition structures can be natu-
rally represented as temporal intervals, where hierarchical
relationships become temporal containment constraints and
task orderings become precedence relations. Unlike tradi-
tional approaches that verify only totally ordered action se-
quences, we directly encode partially ordered primitive task
networks as qualitative constraint networks (QCNs). Our en-
coding verifies whether a given tnS is an ordering refinement
of some decomposable task network (i.e., tnS ⊑ yield(g) for
some valid decomposition tree g), while abstracting from ac-
tion executability.

The encoding uses the INDU calculus, whose duration
information ensures that subtask intervals exactly partition
their parent task’s interval, preventing gaps or spurious tasks
that would violate decomposition semantics. Following Vi-
lain and Kautz (1986), we introduce a separator interval S
that divides the timeline into valid and invalid regions.
Definition 6 (Validity Semantics). Given a QCN N =
(V,Γ) with separator interval S ∈ V , an interval I ∈ V
is valid if I {after⋆}S, and invalid if I {before⋆}S.

The QCN solver determines which decomposition
choices belong to the valid solution by placing their corre-
sponding intervals after S, while rejected alternatives remain
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before S. This construction allows us to encode all possible
decomposition paths within a single QCN, letting constraint
propagation identify the valid decomposition tree that yields
the given task network.

We construct this encoding through a three-step transfor-
mation process: (1) disambiguating task identifiers to en-
sure each occurrence in the solution has a unique name, (2)
transforming the HTN domain into a canonical form where
all decomposition choices are binary, and (3) mapping the
transformed problem to temporal intervals with appropriate
INDU constraints. We proceed by detailing each step and
use the following running example for illustration.
Example 1 (Package Delivery Domain). Consider a simple
package delivery domain with the following tasks:

• Initial compound task: cI = deliver-all
• Compound tasks: C = {deliver-all, deliver-one}
• Primitive tasks: A = {pickup,move, drop}
• Decomposition methods:

– m1 : deliver-all→ ⟨deliver-one, deliver-all⟩
– m2 : deliver-all→ ⟨deliver-one⟩
– m3 : deliver-one→ ⟨pickup,move, drop⟩

Suppose we want to verify a solution tnS = (Ts,≺s, αs) for
delivering two packages, mapping to action sequence:

⟨pickup,move, drop, pickup,move, drop⟩

Step 1: Task Identifier Disambiguation
A fundamental challenge is that the same task may appear
multiple times in a decomposition tree, as is the case in Ex-
ample 1. In our temporal encoding, each task occurrence
must map to a distinct temporal interval, even when multi-
ple occurrences refer to the same task in the domain. While
task identifiers in a decomposition tree are unique, the given
solution task network tnS may not preserve the complete de-
composition structure – it only contains the primitive tasks at
the leaves. To reconstruct which decomposition paths could
have generated the solution, we introduce a systematic re-
naming procedure that ensures each task occurrence in tnS
has a unique identifier. The renaming is essential for our
encoding, as it allows us to represent each task occurrence
with its own interval while maintaining the connection to the
original task type for matching during decomposition. Algo-
rithm 1 implements this renaming for primitive tasks. Note
that the ordering relation ≺s is preserved during renaming,
as we only modify task identifiers while maintaining their
relative positions.
Example 2 (Primitive Task Renaming). In our simple deliv-
ery domain (Example 1), the solution candidate tnS contains
six task identifiers t1, . . . , t6 with:

• αs(t1) = αs(t4) = pickup
• αs(t2) = αs(t5) = move
• αs(t3) = αs(t6) = drop

Algorithm 1 (lines 2–4) produces:

• t1 → ⟨pickup⟩1, t4 → ⟨pickup⟩2
• t2 → ⟨move⟩1, t5 → ⟨move⟩2
• t3 → ⟨drop⟩1, t6 → ⟨drop⟩2

Algorithm 1: Unique renaming of primitive tasks
Input: HTN problem Π = ((F,A,C,M), cI , sI),

solution candidate tnS = (Ts,≺s, αs)
1 Let π = ⟨a1, a2, . . . , an⟩ be any total ordering

(linearization) of tnS respecting ≺s;
2 for each ai in π do
3 Create unique identifier ⟨a⟩j where j counts

occurrences of task a;
4 Update Ts, αs to use ⟨a⟩j ;
5 for each primitive task a ∈ A in tnS do
6 Create compound task ca; add to C;
7 Replace all occurrences of a in M with ca;
8 for each renamed identifier ⟨a⟩i in Ts do
9 Add (ca, ({⟨a⟩i}, ∅, {⟨a⟩i 7→ a})) to M ;

10 Remove all methods that would decompose to
primitive task occurrences not in tnS ;

11 return modified D and tnS

Algorithm 2: Compound task duplication
Input: Modified domain D = (F,A,C,M), initial

task cI , solution tnS , depth bound d
1 Initialize #(c)← 0 for all c ∈ C,

#(a)← |α(tnS)−1(a)| for all a ∈ A;
2 for d iterations do
3 for c ∈ C, Mc = {m ∈M | m = (c, tnm)} do
4 s←

∑
m∈Mc

mint∈T (tnm) #(α(t));
5 #(c)← max{#(c), s};

6 if #(cI) = 0 then
7 return “Invalid: cI cannot yield solution”
8 Remove c ∈ C and Mc ∈M where #(c) = 0;
9 for each compound task c ∈ C with #(c) > 1 do
10 Create task c0 and copies c1, . . . , c#(c);
11 Replace all instances of c in methods with c0;
12 Add methods (c0, ({⟨ci⟩}, ∅, {⟨ci⟩ 7→ ci})) for

i = 1, . . . ,#(c);
13 return modified D

The algorithm introduces compound tasks cpickup, cmove, and
cdrop to replace the primitive tasks in method m3 (l. 5–
7), resulting in m′

3 : deliver-one → ⟨cpickup, cmove, cdrop⟩. Fi-
nally, grounding methods for each new compound task, like
(cmove, ⟨move⟩1) and (cmove, ⟨move⟩2), are created (l. 8–9).

Compound tasks, like primitive tasks, may also appear
multiple times in a valid decomposition tree. Consider a re-
cursive task like deliver-all that decomposes into deliver-one
followed by deliver-all again. Algorithm 2 determines how
many copies of each compound task are needed through a
bottom-up counting procedure.

The counting procedure in Algorithm 2 propagates occur-
rence bounds from primitive tasks up through the decom-
position hierarchy. The depth parameter d is bounded by
2 × |Ts| × (|C| + 1), following theoretical results on de-
composition tree height (Behnke, Höller, and Biundo 2017).
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Example 3 (Compound Task Duplication). Continuing with
our modified delivery domain (Example 2), Algorithm 2
computes occurrence bounds:

• #(pickup) = #(move) = #(drop) = 2 (from tnS , l. 1)
• #(cpickup) = #(cmove) = #(cdrop) = 2 (each refer to two

actions in tnS , l. 2–5)
• #(deliver-one) = 2 (since each delivery requires all

three primitives, resp. their new dispatcher compound
tasks, and they occur minimum 2 times each.)

• #(deliver-all) = 2 (equals #(deliver-one) by m1,m2)

The algorithm creates copies (l. 9–12):

• deliver-one0 dispatches to deliver-one1, deliver-one2
• deliver-all0 dispatches to deliver-all1, deliver-all2
• Similar copies for cpickup, cmove, and cdrop

Lemma 1 (Renaming Preserves Validity). Let Π =
(D, cI , sI) be an HTN planning problem and tnS a primitive
task network. Let Π′ = (D′, cI , sI) be the problem obtained
after applying Algorithms 1 and 2. Then tnS is a valid so-
lution to Π if and only if the renamed task network tn′S is a
valid solution to Π′.

Proof sketch. The renaming only introduces intermediate
dispatcher tasks that non-deterministically choose among
copies. Any decomposition tree for the original problem can
be extended with these dispatcher nodes, and conversely, re-
moving dispatcher nodes from a decomposition tree for the
renamed problem yields a valid tree for the original prob-
lem. The removal of methods that cannot contribute to tnS
does not affect validity, since these methods were not used
in any valid decomposition.

Some decomposition methods may produce primitive
tasks that do not appear in the renamed solution tn′S . These
methods cannot be part of a valid decomposition and can
thus be safely removed, reducing the complexity of subse-
quent encoding steps. Specifically, we remove any method
m = (c, tnm) where ⟨a⟩ ∈ T (tnm) with a ∈ A, but
a /∈ {α′

s(t
′) | t′ ∈ T ′

s(tn
′
S)}.

This preprocessing ensures that our temporal encoding
only considers decomposition paths that could potentially
yield the given solution, significantly reducing the size of
the resulting QCN while preserving correctness.

Step 2: Reduction to Binary Alternatives
After renaming, we transform the domain to ensure that each
compound task has at most two decomposition methods.
This simplifies the subsequent temporal encoding by reduc-
ing arbitrary n-way choices to binary decisions.

Theorem 2. For every HTN planning domain D =
(F,A,C,M) there exists an equivalent domain D′ =
(F,A,C ′,M ′) that admits the same set of primitive task net-
works and contains at most two applicable decomposition
methods per compound task.

Proof. We give a constructive proof via Algorithm 3 that it-
eratively replaces 3-way choices with binary ones (l. 3–8)
by the equivalent transformation {ϕ → ψ1, ϕ → ψ2, ϕ →

Algorithm 3: Reduction to Binary Alternatives
1 Function ReduceToBinary(C,M):
2 Let Mc = {m ∈M | m = (c, ·)} for each

c ∈ C;
3 if ∃c ∈ C with |Mc| ≥ 3 then
4 Let m1,m2,m3 ∈Mc be any three

methods;
5 Create auxiliary task caux; add to C;
6 Let m2,m3 decompose caux instead of c;
7 Add (c, ({⟨caux⟩}, ∅, {⟨caux⟩ 7→ caux}))

to M ;
8 return ReduceToBinary(C,M)

9 return (C,M)

ψ3} ❀ {ϕ → ψ1, ϕ → ω, ω → ψ2, ω → ψ2}, introduc-
ing a new compound task caux. By recursion, the algorithm
terminates when no n-way choice for n ≥ 3 remains.

Step 3: Temporal Encoding Construction in INDU
We now encode the transformed HTN plan verification in-
stance as a qualitative constraint network using the INDU
calculus. Our key insight is that HTN decomposition struc-
tures naturally map to temporal intervals. A parent task’s ex-
ecution spans the entire duration of its subtasks. A property
we model via a duration constraint, enabled by the means of
the INDU calculus.

The encoding faces a fundamental challenge: we must
represent all possible decomposition choices within a single
QCN, yet only one valid decomposition tree should emerge
in the solution. Consider a compound task c with two possi-
ble decomposition methods m1 and m2. In a valid decom-
position tree, exactly one method is chosen, but our QCN
must encode both possibilities and let constraint propaga-
tion determine which belongs to the solution. We enforce
this using a temporal XOR constraint that encodes exclusive
alternatives.

Definition 7 (Temporal XOR Constraint). Let A and B be
intervals representing mutually exclusive options, K a con-
tainment interval spanning both, and F a filler interval. The
temporal XOR-constraint enforces:

A {starts⋆}K A {meets⋆}F
B {finishes⋆}K B {met-by⋆}F
X {starts⋆, finishes⋆}K X {meets⋆, met-by⋆}F

where X is the choice interval that must align with exactly
one of {A,B}.

Lemma 3 (Correctness of Temporal XOR Constraint). By
Definition 7, interval X aligns with exactly one of {A,B}
in every solution, and both alignments are satisfiable.

Proof. Assume, for sake of contradiction, that the choice
interval X aligns with both A and B. Then, X would si-
multaneously need to start⋆ and finish⋆ the containment in-
terval K, which violates the semantics of INDU calculus.
Therefore, at most one case can hold.
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Figure 1: Timeline representation of a temporal XOR-
constraint as defined in Definition 7. The choice interval X
aligns temporally with either A or B.

Similarly, assume neither A nor B aligns with X; this
contradicts the imposed constraints, as it must temporally
match either endpoint of K. Thus, exactly one interval must
align with the choice interval X , ensuring exclusivity.

For showing satisfiability, one can construct models on
the real line where X aligns with the temporal pattern of A
(starts⋆K, meets⋆ F ) or B (finishes⋆K, met-by⋆ F ), while
satisfying all other constraints. See Figure 1 for a visual
timeline representation of these two options.

Beyond exclusive choices, we require a mechanism to en-
sure that subtask durations sum exactly to their parent task’s
duration. The INDU calculus enables this through duration-
preserving constraints.

Definition 8 (Duration Constraint). For reference interval
R and element intervals I1, . . . , In, the duration constraint
introduces auxiliary intervals D1, . . . , Dn and R′ with:

Di {before=} Ii for i = 1, . . . , n
Di {meets⋆}Di+1 for i = 1, . . . , n− 1
D1 {starts⋆}R′ Dn {finishes⋆}R′

R′ {before=}R

The duration constraint copies each element’s duration
to Di while allowing arbitrary positioning of the inter-
vals. Sequencing all Di creates interval R′ with duration∑n

i=1 dur(Ii), which must equal dur(R).

Lemma 4. In any solution to a QCN containing the du-
ration constraint for a reference interval R and intervals
I1, . . . , In, it holds that dur(R) =

∑n
i=1 dur(Ii).

Algorithm 4 formalizes the complete encoding process.
The resulting QCN N is satisfiable if and only if tnS admits
a valid decomposition tree g from cI with tnS ⊑ yield(g).
For supporting our correctness proof, we introduce follow-
ing coverage property.

Lemma 5 (Coverage Property). In any solution to the
QCN constructed by Algorithm 4, if an interval I satisfies
I {after⋆}S and represents a compound task c ∈ C, then
I is temporally covered by intervals representing primitive
tasks through valid decomposition paths.

Proof. By the counting procedure (Algorithm 2), compound
task c has #(c) > 0 only if there exists at least one decom-
position path from c to primitive tasks in tnS . The encoding
ensures that (1) through temporal XOR constraints (Defini-
tion 7), exactly one decomposition method aligns with c;
(2) through duration constraints (Definition 8), the chosen
method’s subtasks exactly partition c’s duration; (3) this pro-
cess continues recursively until primitive tasks are reached;

Algorithm 4: INDU Encoding Construction
Input: HTN domain D = (F,A,C,M), initial

task cI , solution candidate tnS
Output: QCN N = (V,Γ)

1 Initialize V ← {S}, Γ← {Id-relations}, A⊥ ← ∅;
2 Add constraint τ(cI) {after⋆}S to Γ;
3 forall t ∈ Ts do
4 Add τ(t) to V ; add τ(t) {after⋆}S to Γ

5 forall (t1, t2) ∈ ≺s do
6 Add τ(t1) {before⋆,meets⋆} τ(t2) to Γ

7 forall c ∈ C with methods m1,m2 do
8 Create intervals Kc, Fc, τ(c1), τ(c2); add to V ;
9 Add XOR constraint (Def. 7): X = τ(c),

A = τ(c1), B = τ(c2) with
F{before⋆, contains⋆}S;

10 Rewrite mi to decompose ci for i ∈ {1, 2} ;
11 forall m = (c, tnm) ∈M do
12 Add {τ(cdcp), τ(c⊥)} to V , τ(c⊥){before⋆}S

to Γ ;
13 Add XOR constraint: X = τ(c), A = c⊥,

B = cdcp;
14 Add all τ(t) for t ∈ T (tnm) to V ;
15 Add τ(t1) {before⋆,meets⋆} τ(t2) for all

(t1, t2) ∈ ≺ (tnm);
16 Add duration constraint (Def. 8): R = τ(cdcp),

elems = {τ(t) | t ∈ T (tnm)};
17 return N = (V,Γ)

(4) since #(c) > 0, at least one complete decomposition
path exists by construction.

Theorem 6 (Encoding Correctness). Let Π = (D, cI , sI)
be an HTN planning problem transformed according to
Algorithms 1–3, and tnS a primitive task network. QCN
N = (V,Γ) constructed by Algorithm 4 is satisfiable if and
only if there exists a valid decomposition tree g for Π with
tnS ⊑ yield(g).

Proof. We prove both directions separately.

Soundness (⇒): Assume the QCN N = (V,Γ) has a so-
lution ψ : V → D. We construct a decomposition tree
g = (N,E,≺g, αg, βg) as follows:

1. For each interval v ∈ V with ψ(v) {after⋆}ψ(S) (i.e.,
each valid interval), create a corresponding node nv in g.

2. The root node corresponds to τ(cI), which is valid by
construction (Algorithm 4, line 2).

3. For each valid compound task interval τ(c):
• By the XOR constraint (Definition 7), exactly one of
{τ(c1), τ(c2)} aligns with τ(c)

• This determines which method mi was chosen for de-
composing c

• Create edges from nc to nodes corresponding to tasks
in the chosen method’s task network

4. By Lemma 5, this process terminates at primitive tasks
that match those in tnS .
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The resulting g is a valid decomposition tree because:

• The root is labeled with cI (by construction)
• For each inner node n with task c, the chosen method m

decomposes c (by XOR constraints)
• The children of n form a task network isomorphic to tnm

(by duration constraints and ordering preservation)
• Ordering constraints are preserved through the decompo-

sition (Algorithm 4, line 22)
• The yield consists exactly of tasks from tnS (by construc-

tion and grounding constraints)

Thus, tnS ⊑ yield(g).

Completeness (⇐): Assume there exists a valid decom-
position tree g with tnS ⊑ yield(g). We construct a solu-
tion ψ : V → D explicitly. Place the separator S at [0, 1].
For each leaf node n ∈ Lg with task identifier t, assign
ψ(τ(t)) = [st, et] where the intervals are pairwise disjoint,
after S, and respect the ordering ≺s. Since tnS ⊑ yield(g),
we have ≺g |Lg

⊆≺s, ensuring that respecting ≺s also re-
spects all constraints from the decomposition tree. Specifi-
cally, if (t1, t2) ∈≺s, ensure et1 ≤ st2 .

For each inner node n with compound task c and chosen
method m = (c, tnm), let the children implement tasks with
intervals I1, . . . , Ik. Set ψ(τ(c)) = [mini sIi ,maxi eIi ] to
exactly span its children. For the corresponding XOR struc-
ture: if g uses m1, set ψ(τ(c1)) = ψ(τ(c)) and place τ(c2)
before S; if g uses m2, do the opposite. Set the filler Fc to
connect these regions and Kc to span both alternatives, sat-
isfying Definition 7.

For each auxiliary interval Di in duration constraints,
place it appropriately to satisfy Definition 8. For primi-
tive tasks a⊥ not used in g, place their intervals before S.
This construction ensures all constraints are satisfied: valid-
ity constraints separate used/unused tasks via S; XOR con-
straints are satisfied by aligning exactly one alternative with
each compound task; duration constraints hold by construc-
tion as parent intervals span their children exactly; and or-
dering constraints from both tnS and decomposition meth-
ods are preserved.

The construction yields a consistent assignment provided
decomposition methods have no internal ordering cycles
(e.g., t1 ≺ t2 and t2 ≺ t1), which would make them un-
usable in any HTN context. Therefore, N is satisfiable.

It remains to be shown that our construction is indeed
polynomial in the size of the input.

Theorem 7 (Polynomial Construction). The size of the QCN
constructed by our encoding is polynomial in the size of the
input HTN planning problem and solution candidate tnS .

Proof. Algorithm 1 introduces at most |T (tnS)| new com-
pound tasks and |T (tnS)| new methods. Algorithm 2 creates
at most #(c) copies for each compound task c ∈ C. Since
#(c) ≤ |T (tnS)| for any c, the total number of new com-
pound tasks is bounded by |C|×|T (tnS)|. The binary reduc-
tion (Algorithm 3) may introduce additional auxiliary tasks,
but at most O(|M |) = O(|C|) since we start with at most
|M |methods. The final QCN has O((|C|+ |A|)×|T (tnS)|)

variables and O(|V |2) constraints. Thus, the overall con-
struction remains polynomial in the input size.

Corollary 8. Our encoding of HTN plan verification as a
QCN preserves NP-completeness. The upper bound holds
because QCN satisfiability is in NP and the encoding runs in
polynomial time. The lower bound follows directly from ex-
isting NP-hardness results for HTN plan verification. A par-
ticular utility of the proposed encoding is its compactness,
which may lead to efficiency gains compared to alternative
encodings such as SAT.

Conclusion and Future Work
We propose a novel approach for verifying partially or-
dered task networks in HTN planning using qualitative con-
straint networks. Our key contribution is establishing an ex-
plicit connection between HTN decomposition structures
and temporal reasoning, showing how hierarchical task rela-
tionships naturally map to qualitative temporal constraints.
Unlike existing approaches requiring totally ordered plans,
our method preserves the inherent flexibility of partial orders
and enables integration of temporal and duration constraints
expressible in INDU. The resulting encoding is exhaustive,
enabling a QCN solver to identify all valid decomposition
trees that yield (an ordering refinement of) the given primi-
tive task network.

Our encoding verifies whether a given primitive task net-
work can be derived through valid hierarchical decompo-
sitions with ordering refinement, abstracting from action
executability. A preliminary implementation validates the
theoretical encoding, though current general-purpose INDU
solvers are not yet optimized for the constraint patterns
arising in this domain. Natural extensions include integrat-
ing preconditions and effects, and supporting methods with
empty task networks.

Our QCN-based framework opens several promising re-
search directions. Recent advances in finding maximally sat-
isfiable subsets of QCNs (Condotta et al. 2015; Condotta,
Nouaouri, and Sioutis 2016; Sioutis 2023; Bayerkuhnlein,
Schwartz, and Wolter 2024) could identify specific causes
of invalidity and suggest repairs.

The framework also shows promise for verifying
more expressive planning formalisms. HTN planners like
CHIMP (Stock et al. 2015) and FAPE (Dvorak et al. 2014;
Bit-Monnot et al. 2020) already employ rich constraint-
based task representations. Our temporal encoding could
potentially handle such domains directly, as QCNs natu-
rally support various qualitative reasoning modalities be-
yond pure temporal relations.

Perhaps most intriguingly, the natural correspondence be-
tween decomposition trees and temporal interval networks
suggests the possibility of solving HTN planning problems
directly through temporal reasoning. This would represent
a fundamental shift in how we approach hierarchical plan-
ning, potentially leading to new algorithms that exploit the
deep connection between hierarchical structure and tempo-
ral constraints.
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