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Abstract

We address the synthesis of control policies for unknown
discrete-time stochastic dynamical systems to satisfy tempo-
ral logic objectives. We present a data-driven, abstraction-
based control framework that integrates online learning with
novel incremental game-solving. Under appropriate continu-
ity assumptions, our method abstracts the system dynamics
into a finite stochastic (2.5-player) game graph derived from
data. Given a requirement over time on this graph, we com-
pute the winning region — i.e., the set of initial states from
which the objective is satisfiable — in the resulting game, to-
gether with a corresponding control policy.

Our main contribution is the construction of abstractions,
winning regions and control policies incrementally, as data
about the system dynamics accumulates. Concretely, our al-
gorithm refines under- and over-approximations of reach-
able sets for each state-action pair as new data samples ar-
rive. These refinements induce structural modifications in the
game graph abstraction — such as the addition or removal of
nodes and edges — which in turn modify the winning region.
Crucially, we show that these updates are inherently mono-
tonic: under-approximations only grow, over-approximations
only shrink, and the winning region only expands.

We exploit this monotonicity by defining an objective-
induced ranking function on the nodes of the abstract game
that increases monotonically as new data samples are in-
corporated. These ranks underpin our novel incremental
game-solving algorithm, which employs customized gadgets
(DAG-like subgames) within a rank-lifting algorithm to ef-
ficiently update the winning region. Numerical case studies
demonstrate significant computational savings compared to
the baseline approach, which re-solves the entire game from
scratch whenever new data samples arrive.

Code — https://github.com/nazerimahdi/AAAI-26
Extended version — https://arxiv.org/abs/2511.11545

1 Introduction

Motivation Guaranteeing correct behavior in safety-
critical systems — such as autonomous vehicles, robotic plat-
forms, or air traffic control — requires control policies that
satisfy high-level specifications under uncertainty (Belta and

“These authors contributed equally.
Copyright © 2026, Association for the Advancement of Artificial
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Sadraddini 2019). A rich class of such specifications can be
expressed using temporal logic (Baier and Katoen 2008),
which captures complex time-based goals like “eventually
reach a goal while always avoiding obstacles.” In the pres-
ence of stochastic dynamics, where randomness plays a cen-
tral role, one wants to synthesize a policy that satisfies these
specifications with high probability (Lavaei et al. 2022).

Challenges A traditional approach for synthesizing poli-
cies with temporal logic guarantees is to construct a finite
abstraction of the system which encodes the interaction be-
tween the controller, the system’s stochastic behavior, and
the specification as a game which can be solved by stan-
dard techniques (Abate et al. 2010; Majumdar et al. 2024).
However, such abstraction-based controller synthesis meth-
ods typically assume known system models, and rely on
static abstractions that must be rebuilt from scratch when the
knowledge about the system dynamics changes. This makes
them poorly suited when system dynamics are unknown and
data-driven or online learning settings are used to infer game
abstractions which then evolve over time and induce policy
updates which need to be handled efficiently.

Contribution This paper introduces the first incremen-
tal data-driven abstraction-based control framework for
discrete-time stochastic systems with unknown dynamics,
which refines abstractions and winning regions incremen-
tally — and therefore very efficiently — as new data about the
system dynamics becomes available.

2 Overview

The overview of our new incremental synthesis framework
is depicted in Fig. 1(A) & (C) along with a running example
in Fig. 1(B) to concretize our contribution.

Running Example Consider a simple 2D car which is
only moving in one direction (forward). The car dynamics
can be modeled by a stochastic differential equation (Fig. 1
(A)-I). However, we have no access to this model and can
only collect a large set of (noisy) samples (z,u, zT) (Fig. 1
(A)-II). That is, we can put the car in different positions x,
choose a (constant) control input u and observe its next po-
sition 2 after a fixed time period 7.

In addition, we are given a femporal specification ®
(Fig. 1 green) which requires (among other obligations) that
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Figure 1: Overview of (A) incremental synthesis, (B) motivating example, and (C) end-to-end data-driven synthesis. Our con-
tributions @,@, and @, are highlighted in blue, along with the proven learning-induced monotonicity highlighted in red.

the car should reach a target location eventually, after pass-
ing through a gate. In order to formalize this specification,
the workspace is divided into regions of interest, as exampli-
fied in Fig. 1 (B)-left. Here, the black cells represent walls,
the green cell represents the target, and the gray cell repre-
sents the gate. The car is initially in the cell vy.

Problem Statement Consider the dynamics of the car
generally modeled as a discrete-time, continuous-state
stochastic system S such that at time step &,

Th4+1 = f(xkvuk) + wg, (1)

with state z;, € X, control input uy, € U, and noise wy, € €.
The function f denotes the nominal (noiseless) dynamics.

The overall problem we want to solve, is to compute a
control policy g : X — U which maps the current state xj,
of the car to an input uy s.t. the resulting closed loop tra-
jectory & = xpx122 . .. eventually visits the target cell after
passing through the gate with probability one, i.e. almost
surely satisfying ®. The challenge in solving this problem is
to gather enough knowledge about the system dynamics and
represent this knowledge in an appropriate way, such that a
control policy can be computed which always enforces such
strong correctness guarantees when used to control the ac-
tual system, e.g., the car.

Existing Approaches To address this problem, a dis-
cretization of the state space (e.g. by a grid as depicted
in Fig. 1 (B)-left) is typically utilized. Each cell is an ab-
stract state, and transition probabilities between these cells
can either be computed using the model (if it is known) or
learned from samples. This gathered knowledge can then be
used to build different types of abstractions (see Lavaei et al.
(2022) for a recent review; seminal works include (Tabuada
2009; Abate et al. 2008; Soudjani and Abate 2013) with
recent extensions to data-driven approaches (Gracia et al.
2023; Nazeri et al. 2025b,a)).

These abstractions are formulated as a game between the
controller (Player 0) and the environment (Player 1), as illus-
trated in Fig. 1 (B), with controller (circle) and environment
(box) vertices capturing their interplay. Intuitively, due to
the state-space discretization, the incomplete system knowl-
edge, and the stochastic nature of the system (noise), multi-
ple cells are reachable by the car from a particular cell with
the same control input. The environment player captures this
non-determinism via the transition structure of the game.

Historically, such two-player games on finite graphs are
used to abstract the computation flow of reactive programs in
computer science and many algorithmic solution procedures
exist (Fijalkow et al. 2023). Given a temporal logic specifi-
cation ® (e.g., visiting the target after passing the gate) over
a two-player game (e.g., resulting from abstraction) a solu-
tion of the game constitutes a control policy 7 that contin-
uously reacts to the actions of the environment s.t. ® holds.
Such specifications are widely used to formalize both safety
and strategic liveness objectives for cyber-physical systems,
e.g. for mobile robot navigation (Kress-Gazit, Fainekos, and
Pappas 2009; Kress-Gazit, Lahijanian, and Raman 2018) or
in autonomous driving (Mehdipour et al. 2023).

If a control player state allows for a control policy that ful-
fills the specification, it is called winning and is contained in
the winning region Wing. Algorithmic games solving tech-
niques typically compute the winning regions first (Fig. 1
(A)-1IV) and then derive a control policy (Fig. 1 (A)-VI).
When game abstractions are built carefully, these control
policies 7 can be refined to a controller g which controls the
underlying dynamical system s.t. the above problem state-
ment is successfully addressed (Fig. 1 green dashed arrow).

Limitation The major limitation of the above approach is
its non-flexibility when new knowledge about the system
dynamics is obtained. Given either the system dynamics or
a fixed set of samples, a game abstraction is computed and
solved. When new information about the system dynamics is
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obtained, the entire abstraction needs to be recomputed and
previous knowledge about the game and its solution (i.e., the
winning region) are lost.

Contribution To address this limitation, we provide three
distinct contributions:

@ We introduce a novel learning-based abstraction tech-
nique which learns over- and under-approximations of
reachable sets. This enables incremental refinements of
game-abstractions (indicated in Fig. 1 by red up/down
arrows) when new data samples arrive.

@ We derive a novel game solving algorithm that incremen-
tally updates the winning region by exploiting the mono-
tonicity of game graph updates.

While (1) can be combined with the abstraction-based con-
troller synthesis tool FairSyn by Majumdar et al. (2024,
2023) (symbolic fixpoint solver) when system dynamics are
unknown, (1) can also be combined with (2) to obtain a
novel efficient incremental synthesis algorithm when a small
set of new samples arrives. In practice, however, we need
both. We typically first have a large data set and compute an
initial game abstraction along with its winning region, which
we would then like to refine if (a small number of) new sam-
ples arrive. Unfortunately, initialization of (2) with the solu-
tion of a symbolic fixpoint solver is highly non-trivial. Our
final contribution is therefore:

@ We provide an efficient end-to-end algorithm that initial-
izes the incremental data-driven abstraction based con-
troller synthesis algorithm which combines @ and
with the ‘batch’ solution which combines (1) and a sym-
bolic fixpoint solver (see Fig. 1 (C) for an illustration).

On a conceptual level, all above contributions are enabled by
a formal connection of the monotonicity property of abstrac-
tion learning and the monotonicity requirements of incre-
mental game solving (highlighted by red arrows in Fig. 1).

Before we formalize our contributions, we overview them
briefly using the introduced running example.

@ Learning Approximate Reachable Sets Going back
to our running example, let s be an abstract state (i.e., a
grid cell) and fw the action ‘forward’. Then the under-
approximation F(s, fw) carries the information if the car
takes the action fw from s infinitely often, which cells s’ will
it end up for sure (i.e., with probability one)? On the other
hand the over-approximation F(s, fw) carries the informa-
tion if the action fw is taken from s infinitely often, which
cells can it end up in (i.e., with positive probability)? For
our concrete car example, it might happen that after apply-
ing fw in v, the car ends up in vy in the next time step (i.e.,
vy € F(vp, fw), while we know that evenrually v, will be
reached under this action, (i.e., v; € F(vg, £w)).

In this paper, we present a novel algorithm to compute
FY,FN from a data set Dy = {(zi,us, x )}, for
each abstract state-input pair when the specification ® is
Biichi. Given these over- and under-approximations, Ma-
jumdar et al. (2024) formalizes how an abstract fair Biichi
game (G, ®) can be built whose solution solves the above

36362

problem statement (game abstraction Fig. 1 (A) III—=1V).
Intuitively, such games (an example is Fig. 1 (B)) include
fair environment edges (dashed) which restrict the choices of
the environment player such that such edges need to be taken
infinitely often, when the source vertex is seen infinitely of-
ten, which abstractly captures the semantics of F' as exem-
plified above.

(2) Incremental Game Solving It is well known that solv-
ing graph games incrementally is difficult. The very few ex-
isting techniques (Chatterjee and Henzinger 2014; Saglam,
Schmuck, and Tsyrempilon 2024) rely on a ranking func-
tion, called progress measure (PM). The advantage of PM
algorithms is that PMs are (1) only locally updated and (2)
allow to extract the winning region once their value has
stabilized. Therefore, if the mentioned local PM updates
are efficiently implementable and the game graph changes
are mild, PM algorithms might be used to efficiently re-
compute the winning regions. Unfortunately, the PM of a
game depends on the specification and they are often either
not known or too complicated to compute efficiently. Fur-
ther, to obtain an efficient PM-based incremental algorithm
for a game class, we should re-solve the game strictly under
monotonic graph modifications, i.e., modifications that can
only increase the PM.

In this work, our main contribution is to (i) show that
our online learning framework yields monotonic graph mod-
ifications for the dual of the abstract fair Biichi game
G = (Gf,®) —i.e., the induced cofair coBiichi game G =
(Gef,®), and (ii) construct a PM for cofair coBiichi games
(Fig. 1 (A)-V), which allows to incrementally refine the win-
ning region Wing(G).

While the illustrated game in Fig. 1 (B) is built as a
fair Biichi game, due to their duality, it can simply be re-
interpreted as a cofair coBlichi game by swapping the play-
ers (now fair moves are owned by the controller) and the
winning condition (now ® should only be visited finitely of-
ten by the (new) control player). In the illustrated fair Biichi
game we see that a refinement of F'(vy, fw) = {v1,®, @} to
{v1, ©} leads to the removal of the purple edges in the game.
In the modified game (only black edges) we see that ® being
unreachable from vg lets the control player win the game.
This is due to the fair (dashed) edges: whenever an environ-
ment node is passed infinitely often, all its dashed edges are
taken infinitely often as well. Therefore, every play starting
from vy eventually reaches ©. Intuitively, the refinements of
approximation sets (£’ expanding/F’ shrinking) yield graph
modifications that only expand the controller winning re-
gion in the fair Biichi game. This means, the fair Biichi PM
can only decrease after graph modifications. In turn, the co-
fair coBiichi PM in the dual cofair coBiichi game can only
increase. This makes the learning-induced graph modifica-
tions monotonic on the dual cofair coBiichi game.

@ End-to-End Efficiency We note that constructing a
PM for cofair coBiichi games is a novel technique for al-
gorithmic game solving. It uses a novel gadget (a small
DAG-like subgame) construction to turn a cofair coBiichi
game into a regular coBiichi game. This allows to ‘pull’ the



(known) coBiichi PM on the reduced coBiichi game (intro-
duced in (Jurdzinski 2000)) ‘back’ to the cofair coBiichi
game, which yields a PM for cofair coBiichi games. The
gadgets introduced in this work are inspired by the gadgets
in (Hausmann et al. 2024) but are more compact. However,
a crucial feature of our novel gadgets is their consistency
with the (known) cofair coBiichi fixpoint algorithm (Baner-
jee et al. 2023). This allows us to use a symbolic fixpoint
solver to initialize our algorithm!.

3 Learning Abstract Reachable Sets

This section details our first contribution (cf. Fig. 1, (1).

Learning Bounds on System Dynamics

Closely related to prior work (Zabinsky, Smith, and Kristins-
dottir 2003; Beliakov 2006; Jin, Khajenejad, and Yong
2020), we first present a data-driven method for learning up-
per and lower bounds of the unknown dynamics f.

Assumptions Our approach relies on two assumptions:

» (Lipschitz continuity) The system dynamics f are un-
known but Lipschitz continuous in x, with a known upper
bound Lx on its Lipschitz constant. Formallyz,

Ve,ye X, Vuel: ||f(z,u)=f(y,u)ll < Lx-[z—yl.
» (Bounded noise support) The noise wy, is supported on
a known compact set® ) = [I, h] C R", although the under-
lying probability distribution PP is unknown.

These assumptions imply that our framework only re-
quires state measurements without requiring the noise mea-
surements. It relies only on the knowledge of the support of
the noise without requiring any information about its prob-
ability distribution or access to independent noise samples.
This allows for practical settings in which observations are
easily obtainable, for example, by recording the system in
either open- or closed-loop operation. We note that using
conservative values for both the Lipschitz constants and the
noise support preserves the soundness of our approach.

Learning bounds from Samples Given a dataset Dy and
Lipschitz constant Lx, we fix an arbitrary state x, € R”
and control input u, € U. This induces the subset of data
samples Dn(u.) = {(2i,u;,z]) € Dn | wi = u.} C
Dy s.t. for all (z;, u., z]) € Dn(us), 27 = fw,us) +
wy;. Since the noise term w; is unknown but bounded within

!'The initialization step can be carried out by any off-the-shelf
symbolic fixpoint solver (e.g. FairSyn). We instead use our lo-
cal solver because interfacing with FairSyn is nontrivial and it
provides no specialized optimizations for the two-nested fixpoints
arising in Biichi/coBiichi games.

2We use ||v|| to denote the > norm of vector v.

3For vectors I, h € R™, [1, h] is the axis-aligned hyperrectangle
defined by the Cartesian product [I, k] := [, [I(¢), h()].

=1
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Figure 2: Unknown function f(z.,u.) (black), two noisy
observations x1, o (small squares) and learned lower and

upper bounds f (., u,|D2), f (2., u.|D2) (dashed).

the compact set 2 = [, h], we obtain the bounds (Fig. 2)

F(@e, 1) € [f(@n, us|DN), f24, us DN, st (2)
f(x*,u*|DN) : N (m:r — Lx - [ — x*”) —h,

max
(l’i sUs Ty

eDnN (ux)

f(x*, ux|DN) := min
(Ihu*:wi

€Dn (u*)

(azj‘ + Lx - ||z; —a:*||) — 1.

Constructing Approximate Reachable Sets

As explained in the overview section, this paper follows
an abstraction-based synthesis paradigm which requires the
formal definition of the abstract state and action space (i.e.,
going from the left to the right side of Fig. 1 (A)).

Abstract States and Transitions We partition the contin-
uous state space X C R™ into v disjoint regions {R;}?_;
such that ¥ = (J;_, R; and R; N R; = 0 for all i # j.
Each region R; is represented by an abstract state s; €
S = {s;}V_,. We define a translation function s.t. for all
1<i<wv:T(xr)=s;forallz € R;and T~ 1(s;) = R;.
We define T'(s | z,u) = Py, (f(z,u) + w € T1(s)) as the
probability of reaching s from x under input w.

Approximate Reachable Sets We now derive over- and
under-approximations of abstract reachable states from the
learned bounds via Eq. 2 (cf. Fig. 1 (A)-11D).

Theorem 1. The set of abstract states

F(s,uDn):={s' € S| T (s

F(s,uDn):={s' € S| T (s

< i(svulDN)}’
m?(svu‘DN) 7é Q]}

defines* an under- and over-approximation of the forward

“We sometimes use 7' (s, u) to denote F'(s, u|Dn), and often
even omit the dependence on D and use F'(s, u). Similarly for F.



reachable set of s under input u, respectively, where
f(s,u|DN) ==

f(zy, u|/DN) + h]

in  f(z.,u/DN) +1,
L*e%l“ml(s)f(x u|Dn)

and f(s,u/Dn) :=

max
2. €T 1(s)

f(J?*, UlDN) + l7

min  f(z.,u/DN) + h
T, €T 1(s) f( | N) :|

max
. €T ~1(s)

Abstract Fair Biichi Games

To complete the picture, we recall from (Majumdar et al.
2024) how F(s,u) and F'(s,u) are used to construct a fair
game graph (cf. Fig. 1 (A) II—=1V).

(Co)Fair Game Graphs. Formally, a fair game graph is
atuple Gf = (G, E') where G = (V,V;, V1, E) is a game
graph s.t. (V) E) is a finite directed graph with edges E and
vertices V partitioned into Player O and Player 1 vertices, 1
(circles) and V) (squares), respectively. Fair edges (dashed)
Ef C En(Vy x V) is a subset of edges originating from
Vi vertices and V' = {v € V | Ef(v) # (0} are called
fair vertices. A game graph is called normal (or non-fair) if
E7 = () and is shown by G. It is called cofair if V/ C Vj
instead of V7, and is shown by Get,

A play & = vyvy ... is an infinite sequence of successive
vertices on the game graph and is called fair if for each v €
VI, v € Inf(€) = Ef(v) C Inf(£). Here, Inf(€) is the set
of vertices visited infinitely often in &.

Games. A game is a tuple (G°,®) of a (normal/fair/co-
fair) game graph G° with a specification ®, which is a set
of Player O-winning plays. A play ¢ is winning for Player
0 (i) in a normal game, iff ¢ € ®, (ii) in a fair game iff
& € ® or € is not fair, (iii) in a cofair game iff £ € ¢ and
& is fair. Otherwise, ¢ is winning for Player 1. A Player
j € {0,1} strategy is a function o : V* - V; — V where
(v,o(h-v)) € Eforevery h € V*, and £ = vyvg ... is
a o-play iff for every i, v; € V; = o(vi...v;) = vi41.
A Player j strategy o is winning from v; iff every o-play
& = vqvy... is Player j-winning. A node v is in the win-
ning region of Player j (Win;(G, ®)) iff there is a Player
7 strategy winning from v. For all the games we consider,
V= Wino(G, (I)) W WiI’ll(C;’7 CI))

Abstract fair game graph Let (s, u) and F (s, u) be the
learned approximate reachable sets for every abstract state,
input pair (s,u), as in Thm. 1 . They induce the following
abstract fair game graph G/ ((Majumdar et al. 2024)),

Vo ={s|seS}
Vi={s"|seVoandu e U} U
Uicio,me 8¢ Where m™* = [F(s,u)| — [F(s, u)|.

For every s € S,u € U, assign a fixed order to F'(s,u) \
E(s,u) = {s7",...,5" }. Then the edges are,

,S
El ={(s{,s) | i € [0,m*"], s € F(s,u)}U
S

{(Siv i ) |i6 [Lm&'u]}v
E=E' U {(s,s") |ucU}.

u —=S,u
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See Fig. 1 (B) for an example, and the extended version of
the paper for more details. Note that in the constructed game
each abstract state is represented by a V{; node s (circle), and
for each input v € U (with i = {£w} in the example), a V;
node s“ (first layer box-state after circle) is reached. Every
s has (m®" + 1)-many successors, all of which are fair
nodes (second layer of box-states) — with all outgoing edges
being fair — and all of them have all the states in F'(s,u) as
their successors. All but one fair node (i.e., s§) have exactly
one more state from F(s,u) \ F(s,u) as a (fair) successor.

It is proven in (Majumdar et al. 2024) that given any spec-
ification ® in Linear Temporal Logic (Baier and Katoen
2008) over G7, the solution of the resulting game (G7, ®)
provides a control policy 7 that can be refined into a feed-
back controller g. Within this paper, we restrict attention to
a subclass, Biichi and coBiichi specifications.

Biichi and coBiichi. A Biichi specification ® = Inf(B)
is the set of all plays that visit a node from the set B C V
infinitely often. A coBiichi specification Inf(B) is the set of
plays that do not visit any node from B infinitely often.

We assume to have an initial Biichi specification ® =
Inf(B) where B C S is a set of abstract states to be seen
infinitely often. Then, through the above construction we ob-
tain an abstract (fair Biichi) game (G, Inf(B)) whose solu-
tion provides a control policy that satisfies Inf(B) with prob-
ability one (i.e. almost surely) in the dynamical system.

4 Exploiting Monotonicity

This section details our next contribution (cf. Fig. 1 red ar-
rows), connecting (i) the monotonicity of the learning step
to (ii) monotonic game graph modifications and (iii) how to
exploit the latter for incremental game solving.

Reachable Sets  We first establish a monotonic behavior of
the bounds f and f under a new data sample. Intuitively, as
more samples become available, these bounds capture more
precise information about the unknown system dynamics.

Theorem 2. For all u, € U, z, € X,and N € N, the
following monotonicity properties hold:

f(x*7u*|DN) S f(x*7u*|DN+l)7

f(f*yu*|DN) > f(m*7u*|DN+l)~
This directly implies that also the over- and under-
approximations of the abstract reachable sets become
tighter.

Theorem 3. Foralls € S,u € U,and N € N, the following
monotonicity properties hold:

F(s,uDn) C E(s,u/DNt1),
F(s,uDn+1) C F(s,u/DN).

Let Gy = (GL,Inf(B)) and Gny1 =
(G{V +1,Inf(B)) be abstract fair Biichi games induced by

Game Updates

the under- and over-approximations F (s, u),FN (s,u) and
FNT(s, u),FNH(s, u), forall s € S,u € U, respectively.

That is, G{VH is G{V modified due to a new data sample.
Then the modified game has an expanded winning region.



Theorem 4. Let Viyy1 be the vertex set of G‘]’; 41+ Then,
Wing(Gn41) 2 Wing(Gn) N V.

Monotonicity on the dual game As discussed in Sec. 2,
our second contribution (cf. Fig. 1, @, Sec. 5) introduces a
novel progress-measure (PM) based incremental game solv-
ing algorithm. These algorithms require monotonic graph
modifications — the Player 0 winning region can only shrink
after a graph modification. This is the opposite of what we
have in Theorem 4. Luckily, we automatically obtain this
monotonicity on the dual of the abstract fair Biichi game.

Fair Biichi and cofair coBiichi games are dual, in the fol-
lowing sense: A cofair coBiichi game G = (G/,Inf(B)) is
the dual of a fair Biichi game G = (G, Inf(B)) where G/
and G/ are identical except for the ownership of the nodes
is swapped. Then, Wing(G) = Win;(G) and vice versa. The
following result is a simple corollary of Thm. 4.

Corollary 1. [Theorem 4] Let Gn and G 11 be defined as
in Theorem 4, and let G and GN—H be their dual cofair
coBiichi games. Then, Wing(Gn 1) € Wing(Gn); that is,
the learning-induced graph modifications are monotonic on
the dual of the abstract fair Biichi game.

Therefore, the incremental game solving algorithm pre-
sented in the next section will incrementally compute
Wing(G), Win1(G) for the dual G of the abstract game G. As

Win1(G) = Wing(G), this automatically induces Wing(G).

S Incremental Game Solving

This section details our second contribution (cf. Fig. 1, @)
which is the definition of a valid progress measure (PM) on
cofair coBiichi games which induces an incremental game
solving algorithm.

Valid Progress Measures. Given a (normal/fair/cofair)
game graph G a progress measure (PM) is a ranking function
p:V —=[0,L]U{T} where L € N defines the range of the
PM and [0, L] inherits its order from the usual order on N,
and T is the largest value where n < T for any n € [0, L],
L+1=T,T4+1=Tand T < T.Two progress measures
p1, p2 are compared according to element-wise comparison,
ie. p1 X peiffforeach v € V, p1(v) < pa(v).

A PM is called valid for games with specification ® if
it satisfies some additional rules (such as Eq. (3) and (4)
below), which yield a natural monotonic lifting function
(such as Eq. (5)) that sends one PM p to another p/ =
Lift(p, v) that is the same as p on all vertices and possi-
bly increases in exactly one vertex v (which is ‘lifted’) —
so always, p < p’. The application of this lifting function
to the smallest progress measure p : V. — {0} (to all
vertices in an arbitrary order) yields a least fixpoint (1.f.p.)
PM p* that distinguishes the winning regions of the game:
Wing(G, @) = {v € V | p*(v) # T}, and consequently,
Wini (G, @) ={v eV |p*(v) =T}
A Valid Cofair CoBiichi PM. The following theorem
summarizes our main contribution.

Theorem 5. Let (G/,Inf(B)) be a cofair coBiichi game.
Then the PM p : V — [0, |B| + [V/]] U {T} is valid for
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cofair coBiichi if it satisfies

pr(v)+1 if veB,
>
plv) 2 {pr(v) if v¢gB, ®)
where
min {m?‘xmme’” plw) ifv € V/\ B,
pr(v) = minG,wer p(w) + 1

min(v,w)EE p(w) ifv € VO \ (Vf \ B)a

max(y,wyep P(W) ifv e 7,
“4)
and it induces the lifting function
p(w) it w#v,
Lift(p,v) = p’ where p'(w) = { pr(v) +1 ifv =w € B,
pr(v) ifv =w ¢ B.
(%)

The proof of the above theorem is highly non-trivial and
a contribution to the field of game solving. Our proof (in the
extended version) uses a novel gadget-based reduction from
cofair coBiichi games to (normal) coBiichi games. Gadgets,
as introduced in (Hausmann et al. 2024), are small, DAG-
like subgames such that by replacing a fair node with its
corresponding gadget, one obtains an equivalent non-fair
game that is linear in size. We present an optimized version
of these gadgets, given in Fig 3, which allows us to ‘pull’
the (known) coBiichi PM on the reduced coBiichi game (in-
troduced in (Jurdzifiski 2000)) ‘back’ to the cofair coBiichi
game, which in turn yields the valid cofair coBiichi PM in
Thm. 5.

v @
| E(v)
B (v) E(v)

Figure 3: Simplified cofair coBiichi gadgets forv € V/ \ B
(left) and v € V/NB (right). Doubly encircled nodes denote
the coBiichi nodes.

Enhanced PM range for (the dual of) the abstract game.
Let G be an abstract fair Biichi game and G be its dual.
The range of the valid cofair coBiichi PM can be reduced
to [0, |S] + |B|] for G due to the DAG-like structure of the
2-layers of V1 nodes in the abstract game (Fig. 1 (B)). This
enhancement is important as in an abstract game |V/| can
be as large as |S|2.

Incremental Game Solving. Recall that initializing the
PM over a game to p° : V — {0} and iteratively apply-
ing Lift(-,-) results in the Lf.p. p* which allows to extract
the winning regions. In fact, to obtain the L.f.p. p*, we do not
need to start applying the lifting function to p°, but applying
it to any PM p’ < p* will carry us to p*.



Algorithm 1: Data-driven end-to-end synthesis

Require: Lipschitz constant Lx, noise support [I, k],
dataset D = D = {(xl,ul,x:‘) N.,ICS.
Ensure: Current winning region Wing, a control policy
7 : Wing — U if I NWing # ()
1. G,p* < initialise(D, Lx,[l, h]);
2: while a new sample (z,u, ™) arrives do

33 D« DU{(x,u,z™)};

4:  update F, F' and modify G accordingly;

5 lift p* on G (Eq. (5)), until it reaches the new p*;
6: print Wing < {se€ S|p* =T}

7:if 1N Wing # () then

8: output 7 < synt-controller(G,Wing)
9: endif

10: end while

It was first observed in (Chatterjee and Henzinger 2014)
that this property can be exploited to designate extremely
efficient re-solution algorithms under game graph modifica-
tions that can only shrink the Player O winning region. This
is because shrinking Winy is correlated with increasing PM
values (as can be observed from p*(v) = T = v € Winy).
Such graph modifications are called ‘monotonic’.

Take a game (G°, ®) with a valid PM, compute its L.f.p.
PM p* and modify G° via a monotonic graph modification
to obtain G’. We can compute the L.f.p. PM p™* of (G’, ®) by
warm-starting the computation from p* on G’ and applying
the lifting function until the new Lf.p. p’* is reached.

We showed that new arriving data samples induce mono-
tonic graph modifications on the dual of the abstract game
(Cor. 1). Therefore, the lifting function in Eq. (5) defines an
incremental solution algorithm for the dual game.

Remark. We note that our incremental game solving tech-
nique can be extended to parity and Rabin specifications
(which are generalizations of Biichi specifications) as both
are positional for Player 0, and have well-defined progress
measures (Jurdziinski 2000; Majumdar, Saglam, and The-
jaswini 2024) as well as known gadget constructions (Chat-
terjee, De Alfaro, and Henzinger 2005; Hausmann et al.
2024). The same incremental principles and monotonicity
arguments we use for Biichi games apply, and the corre-
sponding theorems can be reproduced using these alterna-
tive game formulations (corresponding PM and gadget con-
structions). However, neither will be as tractable as Biichi
specifications, as neither have known polynomial solution
algorithms.

6 End-to-End Efficiency

The previous sections detailed our first two contributions (cf.
Fig. 1 (A), @&@) which can be combined to an algorithm
that incrementally refines the winning region when new
data samples arrive, due to monotonicity of learning-induced
graph modifications (Fig. 1 (A) & red arrows, Cor. 1). This
algorithm is summarized in Alg. 1. Alg. 1 starts by an ini-
tialization step (line 1) where (i) the fair Biichi game G is
built from the initial data set Dy = { (5, us, 27 )}, (cf.

%
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(1), Sec. 3) and then (ii) its dual cofair coBiichi game G is
solved to obtain the initial 1.f.p. PM p*. When a new (set of)
sample(s) arrive (line 2), the game graph of G is modified
according to the new approximation sets (line 4) and p* is
lifted to the 1.f.p. PM of the new G (line 5).

Initialization The simplest way to realize step (ii) of the
initialization is to apply the lifting algorithm (Eq. (5)) on G
starting from p° until p* is obtained. However, this approach
is known to be very time-consuming, as every node may be
lifted up to |S| + |B| times, which is typically very large.
To circumvent this problem, we use a symbolic fixpoint al-
gorithm to solve the initial dual game G. Eq. (6) in Lem. 13
is the negation of the p-calculus formula given in (Banerjee
et al. 2023) for fair Biichi games.

Lemma 1. Let G be a fair Biichi game on Biichi set B C V.

Then v = Winy(G) = Wing(G),
Y= pY.vX. (=B U Cpre' (Y)) N Cpre*(X) N
(Lpre”(X) U Prej(Y) U =V/).
where ~H := V' \ H for a subset H of V.

While solving G via (6) is computationally efficient, it
does not calculate p* (needed to initialize Alg. 1 in line 1).
While it is folklore knowledge that nested pi-calculus formu-
las yield a mapping p¥ : V' — N U {T} acting like a PM,
there is no guarantee that p¥ = p*, as PMs are not unique.
We show (in the extended version) that indeed, p¥ = p*
holds. This is not a coincidence since we have crafted the
gadgets used to obtain the cofair coBiichi PM (Theorem 5) to
obtain this equivalence. This equivalence allows us to com-
bine efficient ‘batch’ synthesis via a symbolic fixpoint algo-
rithm with incremental game solving (cf. Fig. 1 (C), @) and
ensures the end-to-end efficiency of our method.

(6)

Controller Synthesis As the winning region of the ab-
stract game expands with learning, a policy that is once win-
ning (from a state s) remains winning. However, suppose we
want to synthesize controllers for some set I C Winy(G) of
abstract states once they become winning.

The Lf.p. p* has another nice property: it yields a Player O
winning strategy that sends each v € Vj (when VoNV/ = ()
to its minimal p*—successor, which is easily interpreted as a
control policy m. However, solving the dual abstract game
via PMs, as we do, produces an environment policy, not
a controller. To obtain the latter, synth-controller
computes the u-calculus fixpoint for the negated formula v
of Eq. (6), warm-started with Wing(G), and skips straight to
the final iteration. This last iteration is sufficient to obtain p¥

which induces the minimal-successor controller policy in a
single, efficient step (as Vo NV = 0 in G).

7 Experiments

We evaluate our approach on a 2D robot case study adapted
from (Nazeri et al. 2025b); additional experiments are pro-
vided in the extended version. The robot’s specification is
to avoid obstacles (black) while visiting the goal set (dark

5See (Kozen 1983) for p-calculus semantics.
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Figure 4: Gray areas indicate insufficient data and are ini-
tially excluded from the winning region. As new samples
arrive from each room, they become part of the winning do-
main sequentially.

green) infinitely often (in Fig. 4). Initially, the samples are
dense inside the red box (collected by the robot moving
inside the red box) but sparse elsewhere, making the gray
area’s over- and under-approximations overly conservative
(Fig. 4 top-left). We first compute the winning region (light
green) with a C++ symbolic fixpoint solver on a dual-core
3.3 GHz, 16 GB RAM machine. After gathering additional
data in the gray zone, we re-solve the game via our in-
cremental lifting algorithm and compare its runtime to full
re-computation via the symbolic fixpoint solver (see Ta-
ble 1). Both methods produce the same winning domain
as expected, and the proposed lifting algorithm runs faster.
The enlarged winning regions upon the arrival of new data
samples are indicated sequentially in Fig. 4. In each up-
date, the lifting algorithm outperforms the re-computation.
Fig. 5 compares the runtime required to update the winning
domain as additional data is available for a 1 x 1 region
of the state space, demonstrating consistent and substantial
speedups for our approach. This experiment shows that the
proposed lifting algorithm is exponentially faster in scenar-
ios where the game graph is updated locally.

Room Incremental lifting (s) Fixpoint recomputation (s)
1 18.69 173.37
2 14.86 154.31
3 11.72 162.81
4 12.79 139.54
5 15.24 79.10

Table 1: Runtime of incremental lifting vs. full fixpoint re-
computation. The lifting algorithm computes the updated
winning domain (which includes the new room where more
data came from) faster than recomputation of the wining do-
main using the fixpoint solver.
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Figure 5: Execution time of incremental lifting (blue dots)
vs. full fixpoint recomputation (red crosses) across varying
graph sizes: linear scale (top) and logarithmic scale (bot-
tom).

8 Conclusion

In this work, we presented an incremental data-driven
abstraction-based synthesis algorithm for unknown dynam-
ical systems with additive noise. We first provided a mono-
tone method to construct the abstraction (game graph) from
data and proved that the abstraction becomes less conserva-
tive as new data become available. Then, we developed a
lifting algorithm that enables incremental updates to the so-
Iution of the game graph when new data arrives. Finally, we
proved that our lifting algorithm can be warm-started from
the solution of a fixed-point algorithm for computational ef-
ficiency. Numerical results demonstrate the effectiveness of
our algorithm, particularly when the game graph is refined
locally with newly arriving data.

Conceptually, our work presents a novel abstraction-
based control technique based on state-space discretizations.
It is well known that such discretization-based approaches
are hard to scale to large dimensional systems but are able to
handle very general non-linear dynamics and reactive speci-
fications. While our approach thereby suffers from scalabil-
ity limitations, incremental synthesis techniques lend them-
selves more naturally to compositional frameworks where
solutions over subsets of dimensions are iteratively defined
to reach a joint solution. The exploitation of our novel syn-
thesis technique to address scalability concerns in such an
iterative compositional framework is an interesting direction
for future work.
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