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Abstract

Despite being successful in board games and reinforcement
learning (RL), Monte Carlo Tree Search (MCTS) combined
with Multi-Armed Bandits (MABs) has seen limited success
in domain-independent classical planning until recently. Pre-
vious work (Wissow and Asai 2024) showed that UCB1, de-
signed for bounded rewards, does not perform well as applied
to cost-to-go estimates in classical planning, which are un-
bounded in R, and showed improved performance using a
Gaussian reward MAB instead. This paper further sharpens
our understanding of ideal bandits for planning tasks. Exist-
ing work has two issues: first, Gaussian MABs under-specify
the support of cost-to-go estimates as (—oo, 00), which we
can narrow down. Second, Full Bellman backup (Schulte and
Keller 2014), which backpropagates sample max/min, lacks
theoretical justification. We use Peaks-Over-Threashold Ex-
treme Value Theory to resolve both issues at once, and propose
a new bandit algorithm (UCB1-Uniform). We formally prove
its regret bound and empirically demonstrate its performance
in classical planning.

1 Introduction

A recent breakthrough (Wissow and Asai 2024) in Monte
Carlo Tree Search (MCTS) combined with Multi-Armed
Bandit (MAB) demonstrated that a better theoretical under-
standing of bandit-based algorithms can significantly improve
search performance in classical planning (Fikes, Hart, and
Nilsson 1972). Building upon the Trial-Based Heuristic Tree
Search (THTS) framework (Schulte and Keller 2014), Wis-
sow and Asai (2024) showed why the UCB1 bandit (Auer,
Cesa-Bianchi, and Fischer 2002) does not perform well in
classical planning: UCB1 assumes a reward distribution with
a known, fixed, finite support (a mathematical term for a
defined range such as [0, 1]) that is shared by all arms, in-
correctly assuming that cost-to-go estimates (heuristic val-
ues) always fall in this particular range. They then proposed
UCB 1-Normal2 bandit that assumes a Gaussian reward dis-
tribution which has an infinite support (—oo, 0o) that is im-
possible to violate, and has a regret bound that can become
constant when applied to deterministic state space search, as
in classical planning.
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We build on these advances to further our understanding
of the strengths and requirements of MABs as applied to
heuristic search, and in particular to resolve two theoreti-
cal issues in previous work in this area. The first is UCB1-
Normal2’s assumption that cost-to-go estimates fall anywhere
in (—o0, 00), which is an under-specification that can be
narrowed down to [0,00) or even further. The second is
the insufficient statistical characterization of extrema (maxi-
mum/minimum) in so-called Full Bellman backup (Schulte
and Keller 2014) that backpropagates the smallest/largest
mean among the arms. Schulte and Keller informally criti-
cized the use of averages in UCT as “rather odd” for planning,
but without bandit-theoretic justifications.

This paper introduces Extreme Value Theory (Beirlant
et al. 2004; De Haan and Ferreira 2006, EVT) as the sta-
tistical foundation for understanding general optimization
tasks. EVTs are designed to model the statistics of extrema of
distributions using the Extremal Limit Theorems, unlike most
statistical literature that models the average behavior based
on the Central Limit Theorem (Laplace 1812, CLT). Among
branches of EVTs, we identified Peaks-Over-Threashold EVT
(Pickands IIT 1975; Balkema and De Haan 1974) as our pri-
mary tool for designing new algorithms, leading us to the
Generalized Pareto (GP) distribution, which plays the same
role in EVT as the Gaussian distribution does in the CLT.
Based on this framework, we propose a novel MAB algo-
rithm called UCB1-Uniform for heuristic search applied to
classical planning, using the fact that the Uniform distribu-
tion is a special case of the GP distribution to avoid the
numerical difficulty of estimating the latter’s parameters. We
propose a novel heuristic search algorithm for classical plan-
ning, GreedyUCT-Uniform (GUCT-Uniform), an MCTS that
leverages UCB1-Uniform.

We compared GUCT-Uniform’s performance against var-
ious existing bandit-based MCTS algorithms, traditional
Greedy Best First Search (Bonet and Geffner 2001; Doran
and Michie 1966, GBFS), and a state-of-the-art diversified
search algorithm called Softmin-Type(h) (Kuroiwa and Beck
2022). The results showed that our algorithm outperforms
existing state-of-the-art algorithms across diverse heuristics.
For example, under the same evaluation budget of 10* nodes
with the A'T heuristic (Bonet and Geffner 2001), GUCT-
Uniform solved 67.8, 23.4, and 33.2 more instances than
GBFS, GUCT-Normal2, and Softmin-Type(h), respectively.



GUCT-Uniform also significantly outperformed MCTS vari-
ants combined with Max-k bandits (Cicirello and Smith
2004), a bandit paradigm whose objective differs signifi-
cantly from those of classical planning. MCTS combined
with Max-k bandits (MaxSearch (Streeter and Smith 2006a),
RobustUCT (Bubeck, Cesa-Bianchi, and Lugosi 2013), and
Threshold Ascent (Kikkawa and Ohno 2022)) performed
poorly in the classical planning task, outperformed by GUCT-
Uniform by more than 300 instances. Our code is published
at github.com/guicho271828/pyperplan-mcts. A full version
of the paper with appendix is on arxiv:2405.18248.

2 Preliminaries

We define a propositional STRIPS Planning problem as a 4-
tuple (P, A, I, G) where P is a set of propositional variables,
A is a set of actions, I C P is the initial state, and G C P is
a goal condition. We omit the details of action applications
as they are not important in this paper. It suffices to say an
action a¢ € A transitions from a state s C P to a successor
s’ = a(s) C P. The task of classical planning is to find
a sequence of actions called a plan (a1, - - , a,) where, for
1<t<n,so=1,s41 = ar+1(s¢), and s, O G. A planis
optimal if there is no shorter plan. A plan is otherwise called
satisficing. A problem setting that completely ignores the
solution quality is called an agile setting, while a satisficing
setting implies that the solver still attempts to find a shorter
plan. This paper focuses on the agile setting.

A domain-independent heuristic function A in classi-
cal planning is a function of a state s and the problem
(P, A, I,G), though the notation h(s) usually omits the latter,
that returns an estimate of the cumulative cost of a sequence
of actions transitioning from s to a goal state s, 2 G Details
of specific heuristic functions are beyond the scope of this
paper, and are included in the appendix.

2.1 Multi-Armed Bandit (MAB)

MAB (Thompson 1933; Robbins 1952; Bush and Mosteller
1953) is the problem of finding the best strategy to choose
from multiple unknown reward distributions. It is typically
depicted by a row of K slot machines each with a lever
or ‘arm.” Each time the player pulls an arm (a frial), they
receive a reward sampled from that arm’s reward distribu-
tion. Through multiple trials, the player discovers the arms’
distributions and selects arms to maximize the reward.

The most common optimization objective of MAB is Cu-
mulative Regret (CR) minimization. Letr;; (1 <7 < K) be
a random variable (RV) for the reward received from the ¢-th
pull of an arm 4. r;; follows an unknown reward distribution
p(r;) which stays the same over ¢. Let ¢; be the number of
pulls on arm ¢ when T = ) _, t; pulls are performed in total.

Definition 1. Let I; be the arm pulled at t. The cumulative re-
gret A is the gap between the optimal and the actual expected
cumulative reward: A = max; E[Zthl rit] — E[Zthl r7,¢)-

A regret bound indicates the speed of convergence.
Algorithms with a logarithmically upper-bounded regret,
O(logT), are called asymptotically optimal because this is
the theoretical optimum achievable by any algorithm (Lai,
Robbins et al. 1985).
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Upper Confidence Bound 1 (Auer, Cesa-Bianchi, and Fis-
cher 2002, UCBI) is a logarithmic CR MAB for rewards
r; € [0, ] with aknown c. Let 41, . .., 74, ~ p(r;) be t; i.i.d.
samples obtained from an arm i. Let ji; = % Z;Ll r;;. To
minimize CR, UCBI selects ¢ with the largest Upper Confi-
dence Bound value UCB1;:

. ey
LCBIl; = ji; —cy/(2logT)/t;
For reward (cost) minimization, we can select ¢ with the
smallest LCB1; value defined above (e.g., in Kishimoto et al.
(2022)), but we may use the terms U/LCB1 interchangeably.
U/LCB1’s second term is often called an exploration term.
In practice, c is often set heuristically as a hyperparameter
and referred to as the exploration rate, ignoring the original
theoretical meaning as the upper limit of support [0, ¢].
U/LCBI1 refers to a specific algorithm proposed by Auer,
Cesa-Bianchi, and Fischer (2002), while U/LCB refers to gen-
eral upper/lower confidence bounds of random variables. Of-
ten an LCB subtracts the exploration term instead of adding
it as in a UCB.

2.2 Forward Heuristic Best-First Search

Classical planning problems are typically solved as a path
finding problem defined over a state space graph induced
by the transition rules, and the current dominant approach is
based on forward search. Forward search maintains a set of
search nodes called an open list, and repeatedly (1) (selection)
selects a node from the open list, (2) (expansion) generates
its successor nodes, (3) (evaluation) evaluates the succes-
sor nodes, and (4) (queueing) reinserts them into the open
list. Termination typically occurs when the node selected for
expansion satisfies a goal condition, but a satisficing/agile
algorithm can perform early goal detection, which immedi-
ately checks whether any successor node generated in step
(2) satisfies the goal condition. Since this paper focuses on
agile search, we use early goal detection for all algorithms.
Within forward search, forward best-first search defines
a particular ordering in the open list by defining node eval-
uation criteria (NEC) f for selecting the best node in each
iteration. Let us denote a node by n and the state represented
by n as s,. As NEC, Dijkstra search (Dijkstra 1959) uses
fpijkstra(n) = g(n) (g-value), the minimum cost from the
initial state I to the state s,, found so far. A* (Hart, Nils-
son, and Raphael 1968) uses fa-(n) = g(n) + h(sy,), the
sum of g-value and the value returned by a heuristic function
h (h-value). Greedy Best First Search (Bonet and Geffner
2001, GBFS) uses fgprs(n) = h(s,). Forward best-first
search that uses h is called forward heuristic best-first search.
Dijkstra search is a special case of A* with h(s) = 0.
Typically, an open list is implemented as a priority queue
ordered by NEC. Since the NEC can be stateful, e.g., g(sy,)
can update its value, a priority queue-based open list, depend-
ing on implementation, may have unfavorable time complex-
ity for removals and thus may assume monotonic updates
to the NEC. A*, Dijkstra, and GBFS satisfy this condition
because g(n) decreases monotonically and h(s,,) is constant.



MCTS is a class of forward heuristic best-first search that
represents the open list as the leaves of a tree. We call such
a tree a tree-based open list. Our MCTS is based on the
description in Keller and Helmert (2013) and Schulte and
Keller (2014), whose implementation details are available
in the appendix. Overall, MCTS works in the same manner
as other best-first searches with a few key differences. (1)
(selection) To select a node from the tree-based open list, it
recursively selects an action at each depth level of the tree,
starting from the root, using the NEC to select a successor
node, descending until reaching a leaf node. (Sometimes the
action selection rule is also called a tree policy.) At the leaf,
it (2) (expansion) generates successor nodes, (3) (evaluation)
evaluates the new successor nodes, (4) (queueing) attaches
them to the leaf, and backpropagates (or backs-up) the infor-
mation to the leaf’s ancestors, all the way up to the root.

The evaluation obtains a heuristic value h(s,,) of a leaf
node n. In adversarial games like Backgammon or Go, it is
obtained either by (1) hand-crafted heuristics, (2) playouts (or
rollouts) where the behaviors of both players are simulated
by (e.g. uniformly) random actions (default policy) until the
game terminates, or (3) a hybrid truncated simulation, which
returns a hand-crafted heuristic after performing a short sim-
ulation (Gelly and Silver 2011). In recent work, the default
policy is replaced by a learned policy (Silver et al. 2016).

Trial-based Heuristic Tree Search (Keller and Helmert
2013; Schulte and Keller 2014, THTS), an MCTS for clas-
sical planning, is based on two key observations: (1) the
rollout is unlikely to terminate in classical planning due to
sparse goals, unlike adversarial games, like Go, which are
guaranteed to finish in a known number of steps with a clear
outcome (win/loss); and (2) a tree-based open list can effi-
ciently reorder entire subtrees of nodes, and thus is more
flexible than a priority queue-based open list, and can read-
ily implement traditional algorithms such as A* and GBFS
without significant performance penalty. In this paper, we use
THTS and MCTS interchangeably.

Finally, Upper Confidence Bound applied to trees (Koc-
sis and Szepesvari 2006, UCT) is an MCTS that uses the
UCB1 Multi-Armed Bandit algorithm for action selection
and became widely popular in adversarial games. Schulte and
Keller (2014) proposed several variants of UCT including
GreedyUCT (GUCT), which differs from UCT in that the
NEC assigned to the node is simply its heuristic value h(s;,)
just like in GBFS, rather than the f-value (f = g(n)+h(sy)).
This paper only discusses the greedy variants due to our focus
on agile planning.

3 Heuristic Search with MABs

We first revisit GBFS and GUCT from an MAB perspective.
While Keller and Helmert (2013) generalized various algo-
rithms focusing on the procedural aspects (e.g., recursive
backup), we focus on their mathematical meaning.

Definition 2 (NECs). Let S(n) be the successors of a node
n, L(n) be the leaf nodes in the subtree under n. The NEC
of GBFS and GUCT are shown below, where p is n’s parent,
and thus |L(p)| and |L(n)| correspond to T and t; in Eq. 1.

faBrs(n) = haprs(n)
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feuer(n) = heuer(n) — e/ (2log [L(p)])/|L(n)]

MCTS/THTS computes hgprs(n), hqucr(n) using
backpropagation. Below, we expand the definitions of two
backup functions presented by Keller and Helmert (2013)
recursively down to the leaves, assuming hgprs(n) =
hagucet(n) = h(sy,) if nis a leaf.

Definition 3 (Full Bellman Backup).

haprs(n) = min, csm)[haprs(n)]
= MiNy e §(n) (MiNyresnn [haBrs (n”)]]
= ... =minyepm)h(sn)]-
Definition 4 (Monte Carlo Backup).
hauet(n) =3, es(n) %hGUCT(n/)
L(n"

= Zn’ES(n)WZn”GS(n’) ‘ lﬁ( )thUCT(nH)

== ... :Wl’n)' Zn/EL(n) h(sn/).

Notice that each backup is equivalent to simply computing the
minimum or the weighted mean over all leaves in the subtree,
where each leaf n’ has |L(n’)| = 1 in classical planning. In
other words, the set {h(s,/) | ' € L(n)} is a reward dataset,
the heuristic h(s,) at each leaf n’ is a reward sample in
the dataset, and the NECs use their statistics, such as the
mean and the minimum, estimated by Maximum Likelihood
Estimation (MLE). Backpropagation is just an effective way
to update and cache the statistics.

Theorem 1. Given i.id. xy,...,xy ~ N (X|u,0) (i.e, X ~
N (u,)), the MLEs of p and o are the empirical mean ji =
L3, x; and variance 62 = 2= Y, (x; — f1). (Well-known
result. Educational proof in appendix.)

Understanding each h(s) as a sample of a random variable
representing a reward for MABs makes it clear that existing
MCTS/THTS for classical planning fails to leverage the the-
oretical efficiency guarantees from the rich MAB literature.
For example, if we apply UCBI to heuristic values in clas-
sical planning, UCB1 no longer guarantees asymptotically
optimal convergence toward the best arm because it incor-
rectly assumes h € [0, ¢ for a fixed hyperparameter c, i.e.,
that h has an a priori known constant range [0, ¢], which in
fact does not exist (h varies significantly across states, and
can be o). This cannot be fixed by simply making c larger.

Wissow and Asai (2024) proposed GUCT-Normal and
GUCT-Normal2, MCTS algorithms for classical planning
that use Gaussian bandits UCB1-Normal (Eq. 2) (Auer, Cesa-
Bianchi, and Fischer 2002) and UCB1-Normal2 (Eq. 3), mo-
tivated by the Gaussian distribution’s inclusive support range
R, and in effect these bandits use the i sample variance to
dynamically estimate UCB1’s ¢, i.e., the ‘exploration rate’.
Given r; ~ N (p;,0;), let fi; and &; be the MLEs of u;, 0;
of arm 1.

U/LCB1-Normal; = fi; + 6;+/(161logT)/t;.  (2)
U/LCBI1-Normal2; = f1; + 6;1/2logT. 3)

Each (fi;,6;) corresponds to the average and the standard
deviation of the dataset {h(s,’)|n’ € L(n)} of a node



n. GUCT-Normal2 outperformed GBFS, GUCT, GUCT-
Normal, and other variance-aware bandits.

Although GUCT-Normal2 explored better than existing
algorithms while not violating assumptions about the reward
range, it still does not fully characterize the nature of heuristic
functions, as we describe below.

Under-Specification GUCT over-specifies the rewards to
be in a fixed range [0, ¢]. While N'(u, o) does not have this
issue, its support R = (—o0, 00) is an under-specification
because heuristic values are non-negative, Rt = [0, 00).

Moreover, the range can be narrowed down further. For
example, the FF heuristic (Hoffmann and Nebel 2001) sat-
isfies h¥'Y € [ht, 00), i.e., lower bounded by optimal delete
relaxation heuristic AT, though this value is NP-complete
to compute (Bylander 1994) and thus in practice unknown.
Similarly, the 2™ heuristic is bounded by [0, 4™ ]. Finally,
h* can be co when the state is at a dead-end. This indicates
that the support of a heuristic function is generally unknown
and half-bounded. Choosing an appropriate distribution, and
a corresponding MAB that correctly leverages its properties,
should make MCTS faster. A similar statistical modeling
flaw was recently discussed in supervised heuristic learning
(Nunez-molina et al. 2024).

Estimating the Minimum Another issue in existing work
is the use of the minimum (Full Bellman backup) in the
GUCT*-family of algorithms (Schulte and Keller 2014),
which lacks statistical justification, in particular a theoret-
ical explanation of why using the minimum is allowed. Re-
gardless of whether rewards have finite-support or follow
a Gaussian distribution, the mean ;, not the minimum, is
inextricable from the design of and regret bound proofs for
UCB1/-Normal/2. In contrast, the theoretical framework we
present in the next section addresses this conflict.

One candidate for addressing the extrema of reward distri-
butions was proposed by Tesauro, Rajan, and Segal (2010).
Given two Gaussian RVs X; ~ A(u1,0?) and Xy ~
N (2, 03), the backup uses their maximum max (X7, Xo) ~
N (p3, 03) where iz = p1 @ () +p2®(—a)+ (07 +03)¢(a)
and o3 = (uf+07) () +(k3+03)P(—a)+(p1 +p2) (07 +
03)¢(a), where ® and ¢ are the CDF and the PDF of N/(0, 1)
(Clark 1961). Unfortunately, this is merely an approximation
if we combine the estimates iteratively for more than two
arms, as noted in (2010). In our experiments, we implemented
this backup and call it GUCT™ variants.

Dead-End Removal h'Y lacks an upper bound and could
return co when a node is a dead-end, which is problematic for
MABsS that use the average of rewards, including both UCB1
and UCB1-Normal2. Imagine that an arm returned rewards 3,
5, 4 and oo in order. Once an arm receives the fourth reward
00, then the estimated mean suddenly becomes oo regardless
of those observed previously—i.e., 2354490 — o falsely
masking potential solutions in the subtree. Schulte and Keller
(2014) recognized this issue and decided to exclude oo from
rewards by removing dead-end nodes from the tree, but this
approach lacks statistical, MAB-theoretic justification as to
why such a removal of a value from the sample is allowed.
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4 Extreme Value Theory (EVT)

To address these theoretical issues, we use Peaks-Over-
Threashold Extreme Value Theory (POT EVT). Regular
statistics are typically built around the Central Limit Theorem
(Laplace 1812, CLT), which deals with the limit behavior
of the average of samples. In contrast, a branch of statis-
tics called Extreme Value Theory (Beirlant et al. 2004; De
Haan and Ferreira 2006, EVT) describes the limit behavior
of the maximum of samples. EVT has been historically used
for safety-critical applications whose worst case behaviors
matter. For example, in hydrology, the estimated annual max-
imum water level of a river is used to decide the height for an
embankment. We explain the EVT by way of first reviewing
the CLT.

Definition 5. A series of functions f, converges pointwise
10 f (fn 2222 f) when Vx; Ve; In; |fn(z) — f(z)] < e

Definition 6. A series of RVs x,, converges in distribution to

aRVxifp(x,) = fn 170 f = p(x), denoted as x,, Dox.

Theorem 2 (CLT). Let X1,...X, be i.id., Vi;E[x;] = u,
Var[x;] = o2 Then ﬁ(% — u) Ly y ~ N(0,0). ILe,,

if x;’s distribution p(x;) has a finite mean and variance, the
average of X1 . . . Xy, converges (n. — 00) in distribution to a
Gaussian with the same mean/variance, regardless of other
details of p(x;), e.g., shape or support.

A common misunderstanding is that CLT assumes each
RV x; to follow a Gaussian (untrue). CLT’s strength comes
from its minimal assumption that x; are i.i.d. and share a
finite 4 and o, and nothing else. x; can follow Laplace, but
not Cauchy (mean and variance are undefined). In heuristic
search, x; is a random choice from {h(s,/)} in a subtree of
a node n. Its mean and variance must be finite; therefore
{h(sy/)} should not contain oo as it makes the average co.
But it does not require each h to follow a Gaussian (each h
is indeed a Dirac delta (x = h), a deterministic value of a
state), nor the histogram of {h(s,)} to resemble a Gaussian;
Only the mean and the variance matter.

EVT has two limit theorems similar to the CLT, called the
Extremal Limit Theorems (ELT). The first kind, the Block
Maxima ELT (Fisher and Tippett 1928; Gnedenko 1943),
states that the maximum of i.i.d. RVs converges in distribu-
tion to an Extreme Value Distribution. Given multiple subsets
of data points, it models the maximum of the next subset
(block maxima), e.g., it predicts the maximum of the next
month from the maxima of past several months. However,
what we use is the second kind, Peaks-Over-Threshold (POT)
ELT (Pickands III 1975; Balkema and De Haan 1974), which
states that the excesses of i.i.d. RVs over a sufficiently high
threshold 6 converge in distribution to a Generalized Pareto
(GP) distribution (Fig. 1), predicting future excesses over 0.

Definition 7 (Generalized Pareto Distribution).

_&+1
€

1+¢x=8 (E#0) (4
Hg Zo) (x>0)

exp (—%2) (€

GP(x|0,0,¢) = {

Q |—qQ [~



7 [ T T T -
GP(0,1,-1.2) —— GP(0,1,-04) ——
1 GP(0, 1,-1.0) — GP(0, 1, 0.0)
GP(0, 1,-0.8) — GP(0, 1, 2.0) —
0o ! S \ I
0 1 2 3 4 5

Figure 1: Generalized pareto distribution GP(0, 1, ).

Compute the average & the variance
=fit N(i, o)

Compute the maximum & the tail shape
EIX] =fit GP(6, 0, §)

(£=0)  (&>0)
X-N(1, o) ‘ (E<0) X~Exponential/Pareto
! X-Power(u,a) X~Uniform (&=-1)
< ] o oY % L) a . >
samples e e.g., 95% ;ercentile

Figure 2: Computing the average and the variance is seen as
fitting N (1, 0); Computing the maximum and the shape of
the tail distribution is seen as fitting GP(u, o, §) with £ < 0.

Theorem 3 (Pickands—Balkema—de Haantheorem). Let
X1, ..,Xn ~ p(X) be i.i.d. RVs and Xy, = 0 be their top-
k elements. Asm — oo, k — oo, £ — 0 (k < n), then

p(x | x > 0) L, GP(x | 0,0,€) for some o € RT £ € R,
regardless of other details of p(x;), e.g., shape or support.

0, o, and £ are called the location, scale, and shape param-
eters. GP has support x € [0, 6 — Z] when £ < 0, otherwise

X € [0, 00). The shape dictates the tail behavior: £ > 0 cor-
responds to a heavy-tailed distribution, £ < 0 corresponds
to a short-tailed distribution (i.e., has an upper limit), and
& = 0 corresponds to an Exponential distribution. Pareto,
Exponential, Reverted Power, and Uniform distributions are
special cases of GP.

Fig. 2 shows a conceptual illustration of POT. In the stan-
dard statistical modeling, practitioners often compute the
average and the standard deviation of the data to fit A" (p, o),
which models the “normative” behavior of samples that ap-
pears at the center of the distribution. In contrast, POT models
rare events occuring in the fail distribution. Practitioners first
extract a top-k subset of samples in various ways, e.g., set-
ting a threshold 6, selecting the top 5%, or directly specifying
k, then fit the parameters o, £ of GP (6, o, &) on this subset,
which predicts future excesses. GP is accurate when we re-
tain (extract) enough data kK — oo as n — co while ignoring
almost all data (% — 0). For example, estimates from top-1%

examples (% = 0.01) tend to be more accurate than those

from top-5% (% = 0.05), if k is the same.

EVTs are appealing because state-of-the-art search algo-
rithms such as GBFS are based on the minimum. It is also
worth noting that the short-tailed GP (£ < 0) resolves the
shortcomings discussed in Sec. 3. Consider a maximization
scenario (as GP models the maxima), where we negate the
heuristic values into rewards —h¥Y € (—oo, —h*]. By fit-
ting o and £ to the data, a short-tailed GP gives us an upper
support § — %, which works as an estimate of —h*. GP also

justifies discarding —hFT below 6, including the dead-ends
—h¥¥ = —00, because GP is conditioned (only) by x > 6.
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One difficulty of GP is its parameter estimation, which has
been extensively studied with varying success (Smith 1987;
Hill 1975; Resnick and Stéricd 1997; Hosking and Wallis
1987; Diebolt et al. 2005; Sharpe and Judrez 2021). To avoid
this, we focus on the uniform distribution U (I, ) with an
unknown support [I, u], sacrificing one degree of freedom: It
is a special case with & = —1. Note that POT does not as-
sume any distribution (just like CLT); i.e., we do not assume
heuristic values follow U (I, u) or GP.

Definition 8. The Uniform distribution is defined as follows.
U[l,u)= 7. (I<z<u)  E[x =4

Theorem 4. GP(0,0,—1) = U(0,0 + o). (proof omitted)

One last bit of the detail is how to set 6, but we actually
do not use any explicit threshold. Observe that in heuristic
search, the search is already heavily focused toward the goal.
The search space (n nodes) is exponentially large and mostly
unexplored, so the observed nodes (k nodes) are the tiny frac-
tion (k < n) with small heuristic values relative to the entire
state space. Visiting a state s with h(s) > h(I) of initial state
I tends to be rare. We confirmed this with GBFS+Ah! Y in the
benchmark (Sec. 6): Only 3.3% of the evaluated nodes had
h(s) > h(I), thus bad nodes are already rare in the reward
set. As a result, our implementation omits explicit filtering
of samples, relying on implicit filtering from not expanding
such bad states. The only explicit rule is the dead-end re-
moval. Future work could theoretically justify the pruning
with the cost of an incumbent solution in iterated anytime
search (Richter, Thayer, and Ruml 2010).

5 Bandit for Uniform Distributions

To define our POT-based search algorithm, we first review
the Maximum Likelihood Estimates (MLEs) of Uniform dis-
tributions, then propose a bandit that uses these estimates,
which is then used by MCTS as its NEC.

Theorem 5 (MLE of Uniform). Given i.i.d. x1,...,xn ~
U(x|l,u), the MLEs are 4+ = max; x; and | = min; x;.
(Well-known result. Educational proof in appendix.)

In MCTS, we backpropagate these estimates from the
leaves to the root: i.e., for [ and @ we use Full Bellman backup
(use the minimum/maximum among the children). This pro-
vides theoretical guidance on when Full Bellman backup
is appropriate: while Full Bellman backup is a method for
efficiently estimating U (u, ) of each node from its subtree,
GUCT* uses Full Bellman Backup with an MAB designed
for the wrong distribution (a distribution with a known fixed
support [0, ]), and therefore does not perform well. To ad-
dress this shortcoming, we propose a new MAB for U (u, [):

Theorem 6 (Main results). In each trial t, assuming the
reward t; of arm 1 follows a Uniform distribution with an
unknown support U (1;, u;), the U/LCB1-Uniform policy re-
spectively pulls the arm © that maximizes/minimizes

U/LCBI-Uniform; = %5 + (4, — 1,)/6F; log T

where lAl = min; ry;, U; = max; r; are the MLEs of l;, u;.
Let a € [0,1] and C € R be unknown problem-dependent
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Figure 3: Given equally informative plateaus, UCB 1-Uniform
focuses on one plateau to find an exit quickly.

constants. When t; > 2, U/LCBI-Uniform has a worst-
case polynomial, best-case constant cumulative regret upper
bound per arm, which converges to 1 + 2C when o — 1:

24(uifli)2é1?7a)2logT +14+20+ (1—a)T(T;r1)(2T+1).

Proof. (Sketch of proof in appendix.) We apply bounded dif-
ference inequality (Boucheron, Lugosi, and Massart 2013) to

derive a confidence bound of “‘T”‘ It contains an unknown
value u; — [;, which is an issue. Therefore, we use lemmas

about the critical value « = P(r; < X) of r; = 21:?, its
CDF, and union-bound to derive a looser upper-bound. The
coefficient 6 and ¢; > 2 are derived from the condition that

makes C finite. O

Just like UCB1-Normal2, UCB1-Uniform is spread-aware.

The second term is scaled by the support range 4; —I;, similar
to the empirical variance 6; in UCB1-Normal2. A larger
spread indicates more chance that the next pull results in a
wildly different, smaller h, while a smaller spread indicates a
plateau, a region of flat h landscape (Coles and Smith 2007)

that hinders the search progress, particularly when @; —1; = 0.
Penalizing a small spread gives UCB1-Uniform/Normal2 an
ability to avoid plateaus.

However, UCB1-Uniform can not only avoid, but also es-
cape plateaus quickly. For example, in Fig. 3, the two plateaus
are equally informed (u; = us = 6,11 = lo = 4) and
t1 > ta, thus it keeps searching plateau 1 in a depth-first
manner, rather than distributing the effort and failing to ex-
plore either one sufficiently.

6 Experimental Evaluation

We first evaluated the proposed algorithm implemented on
Pyperplan (Alkhazraji et al. 2020) by counting the number
of instances solved under 10,000 node evaluations over a
subset of the International Planning Competition benchmark
domains, selected for compatibility with the set of PDDL
extensions supported by Pyperplan (772 problem instances
across 24 domains in total). We focus on node evaluations to
improve the reproducibility by removing the effect of low-
level implementation detail. See the appendix for the results
controlled by expansions and the runtime.

We evaluated various algorithms with KFF padd  pmax
and hGC (goal count) heuristics (Fikes, Hart, and Nilsson
1972), and our analysis focuses on A¥F. We included hGC
despite its uninformativeness because it can be used in envi-
ronments without domain descriptions, e.g., in the planning-
based approach (Lipovetzky, Ramirez, and Geffner 2015) to
the Atari environment (Bellemare et al. 2015). We ran each
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configuration with 5 random seeds and report the average
number of problem instances solved. We do not evaluate A*,
UCT, and UCT* as we focus on agile search settings. We
included the evaluations with Deferred Evaluation (DE) and
Preferred Operators (PO) (see appendix), following Schulte
and Keller (2014).

We then evaluated some of the algorithms reimplemented
in Fast Downward (Helmert 2006) on IPC2018 instances with
RY¥Y under the agile IPC setting (5 minute, 8GB memory),
using Intel Xeon 6258R CPU @ 2.70GHz.

Queue-based We first evaluated state-of-the-art queue-
based search algorithms and compared them against our pro-
posed GUCT-Uniform. In Table 1, GBFS (Pyperplan/FD)
shows the results of GBFS implemented in Pyperplan and
FastDownward, respectively. We evaluated them both to con-
firm the effect of implementation difference. We next eval-
uated Softmin-Type(h) (Kuroiwa and Beck 2022), a recent
state-of-the-art diversified search algorithm for classical plan-
ning, from the original C++ implementation available online.
GUCT-Uniform outperformed GBFS and Softmin-Type(h)
by 67.8 and 33.2 instances, respectively.

x-Variants We next compared various bandit algorithms
with Monte Carlo backup and Full Bellman backup to analyze
the effect of backup differences. In Table 1, GUCT is a GUCT
that uses the original UCB1 bandit for action selection. Note
that this does not have the “normalization” feature (Schulte
and Keller 2014) that turned out to be harmful (Wissow and
Asai 2024). GUCT-Normal uses UCB1-Normal (Auer, Cesa-
Bianchi, and Fischer 2002), and GUCT-Normal2 uses UCB1-
Normal2 (Wissow and Asai 2024). The *-variants (GUCT*-
Normal, etc.) use Full Bellman backup instead of Monte
Carlo backup.

While x-variants tend to improve the performance over the
base Monte Carlo variants, it happens only when the base
algorithm is non-performant. GUCT*-Normal2 performs sig-
nificantly worse than GUCT-Normal2, and GUCT/* and
GUCT/*-Normal are vastly inferior to GUCT/*-Normal2.
Our proposed GUCT-Uniform outperformed both *- and base
variants: GUCT#*, *-Normal, *-Normal2, GUCT, -Normal,
and -Normal2 by +194.4, +323, +23.4, +147, +287.6, and
+39.2 respectively.

These results demonstrate the benefit of selecting a backup
method that is theoretically consistent with the given ban-
dit. The Full Bellman Backup estimates Uniform distribu-
tions with unknown support, and negatively affects the per-
formance of GUCT*-Normal2’s Gaussian bandit with its
conflicting assumptions. UCB1-Uniform, which does not
have such theoretical dissonance, managed to extract the best
performance while using Full Bellman backup.

CHK-Uniform We added CHK-Uniform (Cowan and
Katehakis 2015), an asymptotically optimal bandit for Uni-
form distributions. To our knowledge, CHK-Uniform is the
only bandit that works on uniform distributions with un-
known supports and is asymptotically optimal, providing
a baseline for UCB1-Uniform. Our UCB1-Uniform signifi-
cantly outperformed CHK-Uniform. This is another interest-
ing case of a non-asymptotically-optimal bandit outperform-



| domain GBFS SM N2 Uni

h= RFF  padd o pmax RGO pFELPQ AFF4DE+PO agricola 9.0 102 9.4 11.6

GBFS (Pyperplan/FD)  538/539 518/517 224/226 354/349 /539 4 g datanet 40 84 82 70
Softmin-Type(h) 576 5426 2972 3576 5758 1 B e & & b
GUCT 412 397.8 2284 2852 4542 440.4 g orsyn 90 88 92 60
S| settlers 54 24 26

GUCT* 4594  480.8 2422 3122 496.2 471.8 Z| snake 50 50 154 19.0
GUCT-Normal 2834 265 212 2334 3724 381.6 =| spider 80 82 92 86
GUCT*-Normal 318.8 300 2152 2462  378.05 386.9 ermes 120 11.6 58 50
GUCT-Normal2 58295 538 3166 3806 6232 581.8 | tol 67.0 796 81.6 80.0
GUCT*-Normal2 5672 533.8 263 3412 6198 570.6 agricola 19 34 20 61
GUCT-Uniform (ours) 6064 563.4 4556 4922  635.6 600.8 oldera 29 20 o
CHK-Uniform 3754 3388 2248 2966  454.8 458.2 ol Mashfil 62 68 54 48
GUCT+-Normal2 578 5504 4424 4906 6306 582.2 glnurkibe 64 54 69 65
“| org-syn . . . B

MaxSearch 25375 2434 260 2552 368.6 355.6 2| Sewters 26 16 23
RobustUCT 2678 2708 234 2318 403 435.2 Snake 29 33 9. 122
ThresholdAscent 1624 1638 1704 1644  165.8 172.2 mes 64 62 26 25

| total  39.5 47.0 48.6 53.2

Table 1: Best algorithms in bold. (left) The number of problem instances solved with less than 10,000 node evaluations; each
number represents an average over 5 seeds. PO/DE stand for Preferred Operators/Deferred Evaluation. Pyperplan supports PO
only for AFF. t: Data missing due to the lack of support of PO for GBFS in Pyperplan. {: Data missing because DE in Fast
Downward measures node evaluations differently. (right) Number of instances solved and IPC scores on IPC 2018 instances,

using hFF

under 5 min time limit and 8 GB memory limit, averaged over 3 seeds. For caldera and organic-synthesis, we used

their action-splitting variants (Areces et al. 2014) provided by the organizers. ‘SM’ stands for Softmin-Type(h), ‘N2’ stands for

GUCT-Normal2, ‘Uni’ stands for GUCT-Uniform.

ing an asymptotically optimal one, such as UCB1-Uniform
vs. CHK-Uniform and UCB1-Normal2 vs. UCB1-Normal.
A deeper theoretical investigation into this phenomena is an
important avenue of future work.

+-Variants GUCT™-Normal?2 uses the backup method ex-
plained in Sec. 3 that estimates the maximum of Gaussian
RVs, modified for minimization. While this backup some-
times improved the results from GUCT/*-Normal2, the im-
provement depends on the heuristics and they were overall
outperformed by GUCT-Uniform. The likely explanation is
that the Maximum-of-Gaussians method is not accurate for
combining the estimates for more than 2 arms.

Max-k Bandits Our work can be confused with the Max
k-Armed Bandit framework (Cicirello and Smith 2004,
2005; Streeter and Smith 2006b,a; Carpentier and Valko
2014; Achab et al. 2017) that optimizes extreme regret
max; E[max”_; r;;] — E[max]_, r7,;], where I; is the arm
pulled at ¢. While both approaches use EVTs, UCB1-Uniform
is not a Max-k bandit algorithm and has many theoreti-
cal/practical/conceptual differences. Existing Max-k bandits
target long-tail distributions while we target short-tail distri-
butions, they primarily use block maxima EVTs, and they fail
to align conceptually with classical planning (due to space,
this discussion continues in the appendix). We focus here on
the experimental results.

We evaluated GUCT variants that use three Max-k ban-
dits for action selection: Threshold Ascent (Streeter and
Smith 2006a), RobustUCB (Bubeck, Cesa-Bianchi, and Lu-
gosi 2013), MaxSearch (Kikkawa and Ohno 2022). All hy-
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perparameters are based on the values suggested by their
authors. Table 1 shows that these algorithms significantly
underperformed.

Agile Experiments with C++ Table 1 (right) shows the
results comparing C++ implementations of GUCT-Uniform
and other algorithms on Fast Downward. UCB 1-Uniform was
on par with Softmin-Type(h) and GUCT-Normal?2 in terms
of the number of solved instances, and outperform them on

the IPC score ), min(1,1— 12)2@3%0 ), where t; is the runtime

of each algorithm solving an instance .

7 Conclusion

Previously, statistical estimates for guiding MCTS in classi-
cal planning did not respect the natural properties of heuris-
tic functions, i.e. that they have unknown, half-bounded
support, leading to overspecification (UCB1: known finite
support) or underspecification (Gaussian bandit: entire R).
Also, why Monte Carlo backup (averaging) was used for
minimization/maximization tasks was unclear. In search-
ing for a theoretically justified backup for agile planning,
we modeled the rewards with Peaks-Over-Threshold Ex-
treme Value Theory (POT EVT), which captures the finer
details of heuristic search. This led to our new bandit, UCB1-
Uniform, which uses the MLE of the Uniform distribution to
guide action selection. The resulting algorithm outperformed
GBFS, GUCT-Normal2, asymptotically optimal uniform ban-
dit CHK-Uniform, a state-of-the-art diversified search algo-
rithm Softmin-Type(h), and Max-k bandits.
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