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Abstract

Knowledge distillation (KD) is a widely adopted technique
for transferring the capabilities of large teacher models to
smaller student models, thereby significantly reducing in-
ference costs and memory consumption. However, existing
KD methods are all constrained by an inherent greedy opti-
mization objective, rooted in the assumption of teacher su-
periority: "Trust all teacher-generated outputs (TGOs)” and
”Distrust any student-generated outputs (SGOs) unsupported
by the teacher”. We propose ASKD, a novel KD method
with adaptive skewness determined by sample quality, refin-
ing this objective to: “Learn TGOs proportionally to their
quality, and distrust only low-quality unsupported SGOs”.
ASKD comprises three key components: (1) A reinforcement
learning-style optimization formulation to mitigate the in-
herent approximation bias in sample-based Kullback-Leibler
(KL) divergence approximations used by previous KD meth-
ods; (2) Well-designed quality supervision signals to map and
achieve adaptive skewness in skewed KL loss, pioneering
the usage of sample quality to adjust learning magnitudes;
(3) A gradient-clip function on high-quality SGOs for find-
ings that high-quality SGOs in KL loss fail to yield posi-
tive updates and even cause adverse effects on some sam-
ples. Extensive experiments indicate that ASKD builds high-
performance student models across various tasks, including
instruction following, mathematical reasoning, and code gen-
eration, outperforming state-of-the-art methods comprehen-
sively and surpassing GRPO-like approaches that use advan-
tages as multiplicative factors. We also provide detailed math-
ematical proofs demonstrating properties such as Lipschitz
continuity of the update coefficient and uniform convergence
of the loss function, ensuring theoretical rigor for key com-
ponents of ASKD.

1 Introduction

Large language models (LLMs) have achieved remark-
able capabilities through scaling laws (Kaplan et al. 2020),
where expanded model capacity and training data synergis-
tically enhance performance (Zhou et al. 2024, 2025). How-
ever, escalating computational demands necessitate efficient
compression techniques for broader deployment. Knowl-
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edge distillation(KD, Hinton, Vinyals, and Dean (2015)) ad-
dresses this by transferring knowledge from larger teacher
to smaller student models, significantly advancing small lan-
guage models (sLMs) as evidenced by Llama 3.2 (Meta Al
2024) and Gemma-2 (Deepmind Team et al. 2024). Current
practice predominantly employs black-box distillation for
proprietary systems (OpenAl et al. 2024; Anthropic Team
2024), where students learn from teacher-generated out-
puts (Kim and Rush 2016; Fu et al. 2023; Li et al. 2024).
This approach remains constrained by limited supervision
signals. With growing accessibility of open-source mod-
els (DeepSeek-Al et al. 2025; Qwen et al. 2025), white-box
distillation has emerged as a promising alternative, leverag-
ing full architectural access to teacher models (Zhang et al.
2024; Li, Zhou, and Song 2025) to develop theoretically
grounded distillation frameworks (Fang et al. 2025).

Kullback-Leibler divergence (KLD)-based KD methods
have shown significant success, primarily through refining
loss functions and curating training data (Sun et al. 2019;
Mirzadeh et al. 2019). From the loss perspective, standard
KLD often fails to capture the teacher’s complex genera-
tive behavior (Wen et al. 2023; Gu et al. 2024), prompting
the proposal of alternatives like skew KL (SKL; Ko et al.
2024) to better guide student training. From the data per-
spective, prior work has focused on optimizing training data
to enhance KD effectiveness. For instance, relying solely on
offline data (e.g., fixed datasets Arora et al. 2023; teacher-
generated outputs, TGOs; Sanh et al. 2020) is problematic
when student outputs diverge significantly from fixed train-
ing samples (Agarwal et al. 2024). To mitigate this, some ap-
proaches incorporate student-generated outputs (SGOs) into
training (Lin et al. 2020; Xu et al. 2025) and explore strate-
gies for optimal use (Ko et al. 2025; Liu and Zhang 2025b).

However, existing methods often assume teacher supe-
riority: that teachers consistently generate high-quality an-
swers, support high-quality SGOs, and reject low-quality
ones (Gu et al. 2024; Ko et al. 2024, 2025). This con-
strains the learning objective to suboptimal behavior: “Trust
all TGOs” and “Distrust any SGOs unsupported by the
teacher.” This issue is especially prominent in long-chain
reasoning tasks (Chen et al. 2025), where teachers may be
reluctant to generate high-quality SGOs, leading to harmful
updates that erode the student’s performance on originally
mastered tasks. Additionally, most prior methods approxi-



mate KLD using Eq. (2), introducing inherent approxima-
tion bias (Ko et al. 2024; Li et al. 2025). To address these
challenges, we propose ASKD, a novel KD framework that
incorporates adaptive skewness through quality supervision
in S(R)KLD, which consists of three main components:

¢ Monte-Carlo Formulation of S(R)KL: We introduce
a reinforcement learning (RL; Czarnecki et al. 2019)-
inspired loss function grounded in a Monte-Carlo formu-
lation (Han et al. 2023) of SKLD. Unlike prior meth-
ods relying on biased sample-based KL approxima-
tions (Agarwal et al. 2024), our approach mitigates ap-
proximation errors, providing a more accurate measure
of teacher-student divergence (§3.1).

Adaptive Skewness via Quality Supervision: We pio-
neer the use of sample quality to dynamically adjust the
skewness of the SKL loss. By mapping normalized qual-
ity advantages(Shao et al. 2024) to skewness parameters,
ASKD amplifies learning from high-quality samples and
diminishes the impact of low-quality ones, enabling fine-
grained control over the distillation process (§3.2).

Gradient Clipping for High-Quality SGOs: We incor-
porate a gradient-clipping mechanism that excludes high-
quality SGOs from penalization. This prevents adverse
updates when teacher model performs bad on student
model’s high-quality outputs, unlocking its potential to
generalize beyond the teacher’s capabilities (§3.3).

ASKD resolves fundamental limitations of conventional KD
through a threefold contribution: (1) A quality-proportional
optimization paradigm that supersedes greedy assumptions
in prior work, implementing the principle ”Learn TGOs pro-
portionally to their quality; distrust only low-quality unsup-
ported SGOs” via rigorous quality-adaptive mechanisms;
(2) Theoretically grounded stability through provable prop-
erties: Lipschitz continuity of update coefficients and uni-
form convergence of the loss function, ensuring robust train-
ing dynamics; (3) Empirical validation across various tasks
demonstrates consistent state-of-the-art performance, with
significant gains in long-CoT domains (Wei et al. 2023)
where conventional teacher-superiority assumptions fail.

2 Preliminary

Loss Function of KD in LLMs Given a prompt and re-
sponse sequence pair denoted as (x,y), KD aims to mini-
mize the divergence D between the distributions of a teacher
model p(y|z) and a student model gy (y|z) parameterized
by 6. Conventionally, KLD, denoted as Dgp, is the most
widely adopted loss function in KD owing to its simplic-
ity and tractability. Specifically, sequence-level distillation
using KL divergence can be precisely decomposed into the
sum of token-wise distillation processes (Ko et al. 2024):
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The reverse KL can also be denoted as Drkr(p|lgp) =
Dy 1.(go||p). Despite its tractability, such KL has limitations
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of either mode-averaging (Holtzman et al. 2020) or mode-
collapsing (Agarwal et al. 2024) for forward and reverse ver-
sions. To address this issue, Ko et al.( 2024) proposed skew
KL (SKL) and skew RKL (SRKL), which have been proved
effective from both empirical and theoretical perspectives:

DY), (pllae) = Dcr(pll(1 — a)p+age),  (3)
D1 (0llas) = Drcr(goll(1 — )p + age). (&)

Most prior works (Kim and Rush 2016; Ko et al. 2024; Wu
et al. 2024) approximate KL divergence using Eq. (2) un-
der the assumption that training data aligns with distribution
D, introducing systematic bias compared to the exact Monte
Carlo formulation (Eq. 1) (Han et al. 2023). While Gu et al.
(2024) adopts the unbiased Monte Carlo approach, it is lim-
ited to vanilla KL divergence and does not address optimal
TGO/SGO utilization. Our method instead implements the
unbiased Monte Carlo formulation for S(R)KL, where Dgky.
and Dgsgrgr in our loss function correspond to Eq. (1) rather
than Eq. (2), first realizing unbiased estimation of S(R)KLD.

RL-Style Comprehension of KLD From MiniLLM’s
derivation (Gu et al. 2024), the gradient of (R)KL is:

T
(o) _
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5)
where the gradient loss is specifically the same type as Re-
inforce algorithm (Williams 1992) when we consider R,
function of p and ¢, as Q-function of current action and
state, which is generating y; following (x, y~), specifically.
DistiLLM-2 (Ko et al. 2025) formulates KLD using a con-
trastive approach, combining the SKL loss on TGOs and the
SRKL loss on SGOs. This formulation effectively results in
a DPO-based loss function (Rafailov et al. 2024):

(6)

1 do(y:|7) qo(ys|T)
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where Go(-|z) = ap(-|z) + (1 — a)qgo(+|x) and p(-|z) =
ago(-|z) + (1 — a)p(-|x).

Utilization of TGOs and SGOs The approximation of
Eq.(2) assumes that the training distribution aligns with the
training set D, meaning that the distribution p corresponds
to the training data in KL divergence, while the student dis-
tribution gy aligns with the training data in RKL (Ko et al.
2024). This directly demonstrates the correct use of TGOs
and SGOs: TGOs should be employed in the forward KL,
while SGOs in the reverse KL during training with Eq.(2).
Most prior works overlook this fundamental assumption and
neglect the differential usage of TGOs and SGOs, relying in-
stead on a single output type in (R)KL or simple KL-RKL
combinations, with results only valid under the aforemen-
tioned assumption (Agarwal et al. 2024; Ko et al. 2024).
While Li et al. (2025) pioneered the correct dual-output
framework, Ko et al. (2025) demonstrates its susceptibility
to reward hacking from ill-posed Dsk1, composition. Their
contrastive loss mechanism achieves correct and effective
TGO/SGO assignment but lacks rigorous theoretical justifi-
cation and constrained by approximation error under Eq. (2).
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Figure 1: (a) The influence of skewness « to update coefficient A within S(R)KL, illustrating the monotonicity of skewness to
gradient update, which serves as the core motivation of quality-adaptive skewness. (b) Distribution of the update coefficient
A of negative log-likelihood(NLL) in the gradient policy loss of S(R)KL, where positive Asgr. and negative Asgxr verify the
so-called ”’pulling-up” effect in SKL and ”’pushing-down” effect in SRKL. (c) Cumulative probabilities of p and g for teacher-
generated outputs (TGOs) and student-generated outputs (SGOs), clearly demonstrating p > ¢ for TGOs and p < ¢ for SGOs,
helping validate the monotonic relation of skewness to A theoretically. All results are conducted on code generation tasks.

3 Methodology

We propose ASKD, a knowledge distillation framework that
intrinsically integrates output quality assessment. Unlike
state-of-the-art methods relying on sample-based Kullback-
Leibler divergence (KLD) approximations—which intro-
duce inherent approximation bias—our approach employs
an unbiased RL-style Monte Carlo formulation(§3.1) of
symmetric SKL divergence. Furthermore, to address the
suboptimal optimization objective in prior work, as is stated
in Section 1, we introduce a quality-adaptive skewness
mechanism that modulates the skewness in SKL divergence
through normalized advantage, thereby implementing the
main rule of our optimization objective: Learn TGOs and
distrust SGOs proportionally to their quality(§3.2). Com-
plementing this, we strategically discard high-quality SGOs
during training to realize the second-half of optimized ob-
jective: Distrust only low-quality unsupported SGOs(§3.3),
establishing a theoretically grounded framework for quality-
aware distillation. The loss function in ASKD is as follows:

L(0) = Ayle) D5 (0 a0i7)
(N
where D?l(;% and Dgg I)( 1, correspond to the gradient losses
of SKL and SRKL for TGOs and SGOs, respectively; A(r)
denotes the well-designed projection function mapping re-
wards to skewness, and k(y|z) is determined by the quality
of SGOs, with the loss associated with high-quality SGOs
directly clipped to zero. In the following subsections, we
provide a detailed description of the motivation and advan-
tages of ASKD, as stated in Algorithm 1 and Figure 3.
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3.1 Monte-Carlo Formulation of S(R)KL

Motivation Current state-of-the-art approaches(Ko et al.
2024, 2025; Li et al. 2025) rely on computationally tractable
batch approximations of KL divergence. While (Ko et al.
2024) demonstrated bounded estimation error under spe-
cific a constraints, these methods fundamentally overlook
the Monte-Carlo nature of gradient estimation, yielding sub-
optimal optimization. We resolve this limitation by estab-
lishing the first unbiased RL-style Monte Carlo formulation
for S(R)KL, rigorously formalizing SKL/SRKL optimiza-
tion as stochastic estimation processes. This framework par-
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allels vanilla (R)KL treatment in (Eq. 5;Gu et al. (2024))
while conducting gradient decomposition on S(R)KL with
fully different gradient coefficient from vanilla ones.

Updating Direction of S(R)KL The gradient of S(R)KL
can be decomposed by the policy gradient theorem (Sutton
et al. 1999), with detailed deduction in Appendix B.1:

« aqge
vDFS’I%L (p7 q@) = - m@D [WVG 10g (IB(y|-’B)} (8)
y~p(-|@)
a m
VD.(S‘I%KL(@ a0) = _Q:NDqugHz) [(bg qT; + 6%9 - 1)V9 log qg]
)

where m = aqp(y|z) + (1 — a)p(y|x) denotes the token-
wise mixture distribution. We define the coefficient of the
negative log likelihood (NLL) term <% in SKL as Agkr,

and the term (log ok
tively. As shown in Figure 1(b), Askr. > 0 and Agyq < O,
yielding SKL’s pulling-up effect (amplifying student con-
fidence on selected samples) and SRKL’s pushing-down
effect (suppressing confidence), with formal proof in Ap-
pendix B.2. The Monte-Carlo formulation establishes both
the inherent directional dichotomy of S(R)KL and the mono-
tonic relationship between skewness a and gradient coeffi-
cients(§3.2)—forming the theoretical cornerstone for adap-
tive skewness and novel optimization objective in ASKD.

— 1) in SRKL as Ay, respec-

3.2 Adaptive Skewness via Quality Supervision

To evaluate the quality of generated answers, we introduce
an external supervised signal in the form of a rule-based re-
ward (Mu et al. 2024). We then design a mapping function
that transforms the normalized reward—using group nor-
malization, consistent with the setting in the advantage es-
timation of GRPO—into a skewness value. This mapping
function serves to amplify the gradient (pulling-up”) for
high-quality TGOs while attenuating the gradient (’pushing-
down”) for high-quality SGOs. By explicitly differentiating
sample quality during the learning process, this approach has
been empirically shown to yield improved performance.

Contribution of Skewness in S(R)KL We begin by ana-
lyzing the contribution of skewness in gradient computation.
By randomly selecting a pair of samples from the TGOs and



Algorithm 1: Training algorithm of ASKD.
Input: Training epochs F, iterations 7', quality supervision
function R, skewness projection function A, gradient clip-
ping function &, teacher p, student gg, with parameter 6o,
prompt set, learning rate 7, and scaling factor £3.
Output: Student model gy, with trained parameter 6..

1: fore =1to E do

2:  Sample responses y;, ys from teacher p(-|x) and stu-
dent gy, _, (+|z) for the given prompt x
3:  Compute r; = R(x,y;),rs = R(z,ys) and normal-
ized reward in each batch
4:  Compute sample-wise skewness «;, s using o =
A(r, B)
5:  Construct Dy = {(x,ys,ys, s, 5)} for training
dataset for training epoch e
6: Initialize 0, <+ 0._4
7. forr=1toT do ) , ,
8 Sample {(z®, 4", y{", 0", a{")}E] from D,
9: Compute VDgkr, by Eq. (8) on y;, o
10: Compute VDgsri 1 by Eq. (9) on ys, as
11: Compute VL = VDgskr + kVDsrkr
12: Update 6. by 0, < 0. —nVL
13:  end for
14: end for

SGOs, we observe from Figure 1(a) that a higher value of
o leads to an increase in gradient magnitude for both SKL
and SRKL, which corresponds to a larger pulling-up effect
in SKL and a smaller pushing-down effect in SRKL, respec-
tively. This observation can be further substantiated through
a detailed gradient analysis, where the coefficients of NLL
in SKL and SRKL are as follows:

T

age 1
A == = _— 10
SKL 151;[11-#(%—1)0:& (10)
T T 1
Asrir = Y log((1—cha+1)+ [[ —5— -1,
t=t oy 1t (& = Der
(11)
Py [Y<sr,®)

where c¢; denotes the ratio . For Agkp, since

a0 (Yer 1Y <47 ,T)
a € (0,1) and é > 1, AgkrL increases monotonically with
a over (0,1): zero gradient at « = 0, and degenerating to
vanilla KL loss (A = 1) at « = 1. For Ay, Figure 1(c) and
sampling assumptions (for TGOs: p > q; for SGOs: p < q)
imply ¢; < 1, so Agk also increases monotonically with «
over (—1,0): degenerating to vanilla RKL loss at & = 0, and
zero gradient at & = 1. To ensure that the resulting skewness
parameter fully satisfies the specified requirements, the pro-
posed mapping function should be positively correlated with
the reward and constrained within the interval (0, 1).

Skewness Mapping Function We project skewness « in
S(R)KL using normalized rule-based rewards. Following the
SOTA reinforcement learning framework (Shao et al. 2024),
we sample responses based on question groups and com-
pute group-wise normalized rewards. The mapping function

34784

Advantage Distribution Alpha Distribution

400

B student 300- EEstudent
300- Emmteacher skewness mm teacher
200- Mapping
100- ‘ 100- ‘
0- " — 0- : : y 4
-2 0 2 0.25 0.50 0.75 1.00

Figure 2: Distribution of advantage and according skewness
projected by the skewness mapping function(SMF), which
depicts the distribution transform from N (0, 1) to U(0, 1),
with monotonic relationship and boundaries guaranteed.

is formally defined as follows:

1P
5):E/_we
(12)

where ®(r) is the cumulative distribution function (CDF) of
the standard normal distribution and S is the scaling con-
stant. The mapping function owns the following key proper-
ties, which rigorously satisfy all the prior assumptions:

a(r;z,y) = A(r) = ®(r; 2,

* Monotonicity: The function exhibits a strict monotonic
increase, as evidenced by its derivative: 44 = ¢(r) =

dr
ﬁe‘ﬁzﬁﬂ >0 VrelR.

Range and Boundaries: The function maps real num-
bers to the unit interval, with well-defined limits:
lim, oo A(r)=0, lim, ,. A(r)=1, and A(r) €
(0,1) for all .

Probability Integral Transform: Under the standard

normal distribution assumption, the function satisfies:
If r ~ N(0,1), then A(r) ~ Uniform(0, 1).

Its monotonicity ensures that higher reward signals (indicat-
ing higher-quality responses) correspond to larger « values,
thereby enhancing the positive gradient update in SKL and
mitigating the negative gradient in SRKL. The strict bound-
edness within [0, 1] aligns perfectly with the valid parameter
range of . And transformation of reward contributions from
a normalized to uniform distribution is theoretically benefi-
cial in subsequent analysis. Figure 2 presents a sample of the
projection process with 5 = 1, where Skewness is projected
by normalized reward. Section 4 establishes rigorous the-
oretical guarantees for ASKD’s superiority, demonstrating
uniform convergence property and enhanced training stabil-
ity. Further analysis rigorously presents the strengths of our
advantage projection mechanism over conventional multi-
plicative factor approaches in GRPO, providing formal jus-
tification for the proposed quality-adaptive framework.

3.3 Gradient Clipping for High-Quality SGOs

As discussed in Section 1, prior methods rely on the greedy
assumption of teacher superiority, which can have detri-
mental effects on high-quality SGOs, particularly when the
teacher is unlikely to generate them (Agarwal et al. 2024).
This adverse effect is prevalent in long-chain reasoning
tasks (Chen et al. 2025). To optimize training, we propose
utilizing quality supervision, implemented through the adap-
tive skewness in §3.2, to differentiate the magnitudes of
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Figure 3: Diagram of ASKD framework for mathematical reasoning tasks (group=4), illustrating three core components: (1)
Monte-Carlo S(R)KL formulation (§3.1), (2) quality-adaptive skewness (§3.2), and (3) high-quality SGO gradient clipping
(§3.3). Reward group normalization and importance sampling (practically applied) are omitted for visual clarity.

sample-level updates. Surprisingly, merely clipping the gra-
dients of high-quality SGOs in the SRKL training loss leads
to significant improvements. This underscores the advantage
of preventing the “pushing-down effect” on samples that the
student model already handles correctly:

k(y|z) = 0if answer (y|x) is correct else 1. (13)

4 Theoretical Analysis
4.1 Uniform Convergence of Adaptive Skewness

KD aims to minimize the distributional discrepancy be-
tween student and teacher models. We establish that our
adaptive skewness framework achieves uniform conver-
gence (Weierstrass 1894) (Theorem 1), guaranteeing con-
vergence to the optimal parameter 6* where gy fully aligns
with teacher distribution p (6, = 0,). While our loss for-
mulation permits negative values (Dgrykr. < 0), indicating
student superiority on specific samples, the global optimum
remains perfect alignment with p due to scaling law—unlike
fixed-o approaches that converge to mixture distribution
m # p, or vanilla KL losses that exhibit high variance and
gradient instability (Ko et al. 2024).

Theorem 1 Under the following conditions:

1. Bounded reward: 3 B < oo such that |r| < B;

2. Bounded probability ratio: 3 cpin > 0, Cax < 00 With
Pyely<s) o

a0 (y¢ly<e,x)

Compact parameter space: bounded gradients: 3 My <

oo such that ||Velogqe(y | )| < Ms V(z,y,0).
The parameter update rule 011 = 0 — nVoL(0y) with
L(8) = Dii(pligo) satisfies: |01 — 0| < x|y —
0*||, where k = 1—2nu+ n*B% € (0,1) for some
u >0, 8 >0, and step size n < Z—‘Q‘ The contraction rate K
is independent of (r,{c:}).

Ct = [cmirn Cmax]§

To prove Theorem 1, we first establish three lemmas:
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Lemma 1 The gradient coefficient \(@(r);{c,}) is jointly
Lipschitz continuous in (r,{c;}) with respect to the Eu-
clidean norm (Rudin 1976). Formally, there exists a constant
Lioint > 0 such that:

IA(r1,¢1) = A(ra, ¢2)| < Lioin/(r1 — 12)2 + [lex — ca|?

Lemma 2 At the optimal point 0%, the Hessian of the loss
Sfunction (Eq 7) is positive definite:

L(Ox) = L£(07) = pl|6; — 67|

Lemma 3 The gradient of our loss function (SKL) is Lips-
chitz continuous (Asadi, Misra, and Littman 2018):

IVeL(0) — VoL(6)] < B[6 — 6|
With the three lemmas, we can conclude that:
16+1 — 071> < (1 = 2nu+0*5%)]|6) — 67|
Thus, for n < Z—‘;, we obtain k = 1 — 2nu + 1?82 € (0,1).
This implies that with detailed adaptation of the learning

rate, our method guarantees uniform convergence. Detailed
proof is presented in Appendix B.3.

4.2 Skewness Projection vs. Utilizing Reward as
Multiplicative Factor

This subsection addresses a critical design choice:

“Why project advantage onto skewness rather
than adopt GRPQO’s multiplicative factor ap-
proach regarding advantage usage?”

Our skewness projection mechanism offers two theoretical
advantages over GRPO-based multiplicative scaling when
integrating rewards into SKL:

* Training Stability: GRPO suffers from sparse-reward
degeneracy (Rengarajan et al. 2022), where sample-
deficient groups yield zero normalized rewards and van-
ishing gradients. ASKD circumvents this by mapping



Qwen2-7B-Inst—Qwen2-1.5B
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Gemma2-9B—Gemma2-2B

Method AlpacaEval Evollnst UltraFeed AVG. AlpacaEval Evollnst UltraFeed AVG. AlpacaEval Evollnst UltraFeed AVG.
WR(%) WR(%) WR(%) WR(%) WR(%) WR(%) WR(%) WR(%) WR(%) WR(%) WR(%) WR(%)
M (Teacher Model) 88.4 70.7 69.3 76.1 91.9 73.5 83.6 83.0 95.8 88.8 859 90.2
M3 (Student Model) 51.1 18.0 219 30.3 48.2 12.8 20.1 27.0 425 16.7 26.6 28.6
SFT 58.2 29.5 39.3 423 55.7 16.3 40.2 374 61.4 324 529 489
KD(Hinton, Vinyals, and Dean 2015) 57.5 28.2 379 412 60.2 18.2 41.6 40.0 61.8 3255 54.4 49.5
SeqKD(Kim and Rush 2016) 58.0 29.1 384 41.8 59.8 18.5 42.1 40.1 624 332 552 50.3
ImitKD(Lin et al. 2020) 59.4 30.6 39.9 433 58.3 17.9 40.9 39.0 63.1 31.9 53.9 49.6
GKD(Agarwal et al. 2024) 66.1 44.6 57.7 56.1 69.8 24.5 57.7 50.7 81.4 50.6 712 69.7
AKL(Wu et al. 2024) 67.2 44.6 579 56.6 70.2 264 56.0 50.9 82.6 53.7 714 712
MiniLLM(Gu et al. 2024) 62.0 42.7 48.2 50.9 59.7 25.6 48.9 447 69.8 413 65.3 58.8
Speculative KD(Xu et al. 2025) 61.5 45.0 56.8 54.4 64.6 38.9 60.0 54.5 78.5 57.1 722 69.3
DistiLLM-2(Ko et al. 2025) 69.9 47.1 59.1 58.7 74.0 32.8 62.5 56.5 86.0 59.5 79.0 74.8
ASKD 71.7 48.6 59.9 60.0 74.8 355 65.4 58.6 84.2 61.1 79.9 75.1

Table 1: Comparison of winning rates (WR%) on three instruction-following benchmarks. The baselines are text-davinci-003
(AlpacaEval) and gpt-3.5-turbo (Evol-Instruct/UltraFeedback), and judges are GPT-4o0 (AlpacaEval/Evol-Instruct) and GPT-
40-mini (UltraFeedback). Best and second-best rates in bold and underline.
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Qwen2.5-Math-7B-Inst
— Qwen2.5-Math-1.5B

Qwen?2.5-Coder-7B-Inst
— Qwen2.5-Coder-1.5B

DS-Coder-6.7B-Inst
— DS-Coder-1.3B

Method Method

GSM8K MATH AVG. GSM8K MATH AVG. HEval MBPP AVG. HEval MBPP AVG.

Pass@1 Pass@1 Pass@1 Pass@1 Pass@1 Pass@1 Pass@1 Pass@1 Pass@1 Pass@1 Pass@] Pass@]
Mr 8324 64.00 73.62 88.78 66.12 7745 Mr 7134  75.10 73.22 8598 8250 84.24
Mg 7521 41.60 5841 7878 44.82 61.80 Mg 3720 63776 50.48 59.15 7490 67.02
GKD 7589 4227 59.08 80.56 45.16 62.86 GKD 37.80 64.02 5091 6037 76.19 68.28
MiniLLM 74775 4198 5837 7892 4498 61.95 MiniLLM 38.41 65.61 52.01 6098 7593 68.45
AKL 76.24 4298 59.61 8192 4598 63.95 AKL 37.80 6534 5157 6220 7593 69.46
DistiLLM-2 77.52 4393 60.73 81.58 46.14 63.86 DistiLLM-2 39.63 66.14 52.890 6098 76.72 68.72
ASKD 7892 4520 62.06 82.72 46.88 64.80 ASKD 40.24 66.14 53.19 6340 77.19 70.30

Table 2: Comparison results on the GSM8K and MATH
benchmarks. The best pass@1 score is highlighted in bold.

zero-normalized rewards to o = 0.5 via ®(r), ensuring
robust gradient propagation. Crucially, while Agky, main-
tains bounded updates satisfying Theorem 1, the GRPO

coefficient A\grpo = - remains unbounded.

__ao'r
a’+(1—a’)c

Directional Consistency: Multiplicative application of
negative rewards reverses SKL’s inherent pulling-up
mechanism. Our approach preserves S(R)KL’s direc-
tional properties by scaling update magnitudes without

altering gradient directionality.

For SRKL, multiplicative advantage integration is funda-
mentally incompatible: Agrgr is uniformly negative (with
magnitude inversely proportional to teacher-student simi-
larity). Positive rewards r multiplied by negative Agrky, re-
verses intended optimization directions (Padarha 2025). In-
troducing sign corrections might align reward direction but
compromises the theoretical role of Agrgy, in representing
distributional differences. Consequently, SRKL either con-
flicts with reward semantics or misrepresents divergence
properties with multiplicative advantage usage. To conclude,
skewness projection provides a theoretically grounded and
practically superior framework for reward integration, re-
solving the directional conflicts and stability limitations in-
herent in multiplicative scaling approaches.
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Table 3: Comparison results on the HEval and MBPP bench-
marks. The best pass@ 1 score is highlighted in bold.

5 [Experiments

We evaluate ASKD on instruction-following, mathematical
reasoning and code generation tasks. We adopt batch sam-
pling (Rosset et al. 2024) and determine scaling factor (3
via ablation studies(Appendix D). For instruction following
and code generation tasks, we employ single-response sam-
pling with batch-computed advantages(Reinforce++ (Hu,
Liu, and Shen 2025)), whereas mathematical reasoning uti-
lizes group sampling with fixed size 4 and group-computed
advantages(GRPO). Compared baselines are as follows: (1)
supervised fine-tuning(SFT); (2) KD; (3) SeqKD, apply-
ing SFT to TGO; (4) ImitKD, employing KLD on SGO;
(5) MiniLLM, utilizing a policy gradient approach on RKL
and SGO; (6) GKD, using JSD on a mixture of SGOs and
fixed datasets; (7) AKL, proposing adaptive fusion of KL
and RKL; (8) Speculative KD, using speculative generation
for vanilla KL; (9) DistiLLM-2, a contrastive method using
SKL for TGOs and SRKL for SGOs. Further details of the
experimental setup are in Appendix C.

5.1 General Instruction Following

Setup Following Ko et al. (2025), we construct training
datasets by randomly sampling 50k prompts from Ultra-
Chat200k (Ding et al. 2023), with responses generated by



(1) (2) B) Qwen2 () Qwen2.5 () AVG. (1)

ASKD (Full) 79.58 84.22 81.90
w/o (2,3) v v 78.25 83.06 80.66
wlo (1) v 79.24 83.75 81.50

w/o (2) v 77.80 82.28 80.04
wio(123) v v V 77.52 81.58 79.55

Table 4: Ablation study validating the necessity of ASKD’s
three core components, where v'denotes component re-
moval. Consistent performance degradation across all re-
moval variants confirms the critical contribution of each el-
ement to the framework’s efficacy.

teacher and student models. We use LLM-as-a-Judge (Zheng
et al. 2023) to rate the win rate between sampled answers
and baseline (text-davinci-003), using this as supervised re-
ward to correct skewness. We evaluate ASKD on general
instruction-following via AlpacaEval Li et al. (2023), Evol-
Instruct (Xu et al. 2024), and UltraFeedback (Cui et al.
2023), with LLM-as-a-Judge using GPT-40 or GPT-40-mini.
We use Qwen2-7B (Hui et al. 2024), Mistral-7B (Jiang
et al. 2023), Gemma-2-9B (Deepmind Team et al. 2024)as
teacher models and Qwen2-1.5B, Danube2-1.8B (Singer
et al. 2024), Gemma-2-2B as student models respectively.

Results Experimental results are reported in Table 1.
Comparisons between ASKD and other baselines highlight
the superiority of our method, with the exception of Spec-
ulative KD on Daube2-1.8B for Evollnst and DistiLLM-2
on Gemma2-2B for AlpacaEval. Overall, our method out-
performs all baselines by 1.3%, 2.9%, and 0.3% over the
second-best methods on Qwen2-1.5B, Daube2-1.8B, and
Gemma?2-2B, respectively.

5.2 Mathematical Reasoning

Setup We conduct experiments on two standard math-
ematical reasoning benchmarks: GSM8K (Cobbe et al.
2021) and MATH (Hendrycks et al. 2021). For teacher-
student pairs, Qwen2-Math-7B-Inst and Qwen2.5-Math-7B-
Inst serve as teacher models, with Qwen2-Math-1.5B and
Qwen2.5-Math-1.5B as student models. Student models
are trained on 50k randomly selected samples from Meta-
MathQA (Yu et al. 2024), specifically via supervised fine-
tuning on the full dataset for one epoch.

Results Table 2 summarizes the effectiveness of ASKD in
comparison to recent competitive baselines, including GKD,
MiniLLM, AKL and DistiLLM-2. In both the Qwen2 and
Qwen2.5 experimental setups, ASKD demonstrates signif-
icantly higher performance than the other baselines on the
GSMB8K and MATH evaluations, highlighting the strong po-
tential of our method for reasoning tasks.

5.3 Code Generation

Setup For the accessibility of supervised signal, we uti-
lize code-rl (Liu and Zhang 2025a) dataset for training, and
use verified accuracy as reward. We apply Deepseek-Coder-
6.7B-Inst and Qwen-2.5-Coder-7B-Inst as teacher mod-
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Qwen2-Math-1.5B Qwen2.5-Math-1.5B

Method GSMS8K MATH AVG. GSM8K MATH AVG.
GRPO 78.24 4456  61.42 81.88 46.52  64.20
ASKD 78.92 4520 62.06 82.72 46.88  64.80

Table 5: Comparison of advantage usage: skewness projec-
tion (ASKD) and multiplicative factor (GRPO) in SKL.

els and Deepseek-Coder-1.3B and Qwen2.5-Coder-1.5B as
student models, respectively. We evaluate performance on
two Code benchmarks: HumanEval (Chen et al. 2021) and
MBPP (Austin et al. 2021).

Results Table 3 presents the pass@1 scores on Hu-
manEval and MBPP. ASKD outperforms all baselines, in-
cluding GKD, MiniLLM, AKL and DistiLLM-2, on both
tasks. Notably, the RKL variant with SGOs (Gu et al. 2024)
but without SFT performs worse than the base model, high-
lighting the superiority of ASKD’s RL-style loss.

5.4 Ablation Study

Ablation studies are conducted on mathematical reasoning
tasks, where reward accessibility is straightforward, includ-
ing component ablation and a comparison of reward usage
(skewness projection vs. GRPO-based multiplicative factor).
Additional experiments are detailed in Appendix D.

Component Ablation ASKD consists of three core com-
ponents: (1) an RL-type loss function based on the Monte-
Carlo formulation (§3.1); (2) adaptive skewness projected
by quality rewards (§3.2); (3) selection of low-quality SGOs
during training (§3.3). Component ablation (Table 4) val-
idates each ASKD element’s necessity, with performance
degrading when any component is removed from the full
framework, proving every sub-component’s effectiveness.

Usage of Advantages ASKD employs advantages via
skewness projection. Through detailed projection function
design, we theoretically and experimentally demonstrate the
superiority of quality-supervised adaptive skewness. In §3.2,
we theoretically analyze why advantages are not used as
multiplicative factors in S(R)KL (like GRPO) and present
an ablation study on usage variance in Table 5, indicating
that this novel advantage usage is more effective in KD.

6 Conclusion

In this study, we address the limitations of existing KD
methods, which are constrained by the greedy assumption of
teacher superiority and suffer from approximation biases in
KL divergence estimation. A novel KD framework, termed
ASKD, is presented, which introduces three key innova-
tions: a Monte Carlo formulation of S(R)KL, adaptive skew-
ness through quality supervision, and gradient clipping for
high-quality SGOs. We provide rigorous theoretical proofs
for key properties, including the Lipschitz continuity of up-
date coefficients and the uniform convergence of the loss,
ensuring both stability and reliability. Empirically, ASKD
consistently outperforms SOTA KD methods across various
tasks, particularly excelling in reasoning-intensive domains
where the assumption of teacher superiority often fails.
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