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Abstract

Test-time compute scaling has emerged as a powerful
paradigm for enhancing mathematical reasoning in large lan-
guage models (LLMs) by allocating additional computational
resources during inference. However, current methods em-
ploy uniform resource distribution across all reasoning sub-
problems, creating fundamental bottlenecks where challeng-
ing sub-problems receive insufficient attention while rou-
tine operations consume disproportionate resources. This uni-
form allocation creates performance bottlenecks where addi-
tional computational resources yield diminishing returns. In-
spired by dual-process theory, we propose SCALE (Selec-
tive Resource Allocation), a framework that selectively al-
locates computational resources based on sub-problem dif-
ficulty. SCALE operates through four stages: (1) problem
decomposition into sequential reasoning sub-problems, (2)
difficulty assessment of each sub-problem to distinguish be-
tween routine operations and computationally challenging
sub-problems, (3) selective processing mode assignment be-
tween System 1 for simple sub-problems and System 2
for complex ones, and (4) sequential execution with con-
text propagation. By concentrating resources on challenging
sub-problems while processing routine operations efficiently,
SCALE achieves substantial performance improvements with
superior resource utilization. Extensive experiments demon-
strate that SCALE significantly outperforms uniform scaling
baselines, achieving accuracy improvements of up to 13.75
percentage points (57.50% to 71.25% on AIME2S5) while re-
ducing computational costs by 33-53%, representing a major
advance in test-time scaling that addresses fundamental limi-
tations of current approaches.

Code — https://github.com/Xiao Yang66/Dual Thinking

Data — https://huggingface.co/datasets/YangXiao-
nlp/DualThinking

Introduction

Mathematical reasoning remains a fundamental challenge
for large language models, requiring sophisticated multi-
step reasoning across diverse cognitive demands. Inference-
time compute scaling has emerged as a transformative
paradigm that invests additional computational resources
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during inference rather than relying exclusively on larger
model parameters (Snell et al. 2024; Guo et al. 2025). Re-
cent breakthroughs achieve this scaling by training mod-
els to generate extended reasoning traces during infer-
ence: supervised fine-tuning approaches like s1 and LIMO
train models on long reasoning demonstrations to elicit ex-
tended inference-time reasoning, while reinforcement learn-
ing methods such as DeepSeek-R1’s GRPO algorithm
directly incentivize models to develop longer chain-of-
thought reasoning patterns through reward-based optimiza-
tion (Muennighoff et al. 2025; Ye et al. 2025; Guo et al.
2025).

However, existing methods face a fundamental limita-
tion of “overthinking” in their resource allocation strate-
gies (Chen et al. 2024; Chiang and Lee 2024). While recent
adaptive approaches (Shen et al. 2025; Zhang et al. 2025;
Yang, Lin, and Yu 2025) have made progress by dynam-
ically adjusting reasoning depth based on global problem
difficulty—using techniques such as Token Length Budget
metrics and length-aware reward shaping—they still employ
uniform resource allocation within individual problems, ir-
respective of sub-problem complexity.

Consider a mathematical problem containing both rou-
tine arithmetic operations and complex algebraic deriva-
tions: current methods allocate comparable computational
budgets to elementary computations (e.g., v/16 = 4) and in-
tricate sub-problems requiring extensive reasoning tokens.
Such uniform allocation creates critical inefficiencies where
resources are systematically underutilized on routine opera-
tions while challenging solution-determining sub-problems
receive insufficient computational attention, leading to per-
formance bottlenecks where additional computational bud-
get yields diminishing returns. The fundamental issue is that
even within complex problems, individual reasoning sub-
problems can vary significantly in their cognitive demands,
ranging from simple computations to advanced mathemati-
cal reasoning.

As shown in Figure 1, we propose SCALE (Selective
Resource Allocation), a novel framework that overcomes
traditional performance bottlenecks by implementing fine-
grained selective resource allocation based on the difficulty
of individual reasoning sub-problems. It is motivated by
dual-process theory from cognitive science, which distin-
guishes human cognitive strategies into System 1 (fast, au-
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Figure 1: SCALE Framework Overview. SCALE operates through four stages: (1) Problem Decomposition - breaks the math-
ematical problem into sequential sub-problems; (2) Difficulty Assessment - computes difficulty scores for each sub-problem
to distinguish between routine operations and computationally challenging sub-problems; (3) Adaptive Mode Selection - as-
signs sub-problems to either fast processing (System 1) or deliberate reasoning (System 2) based on difficulty threshold; (4)
Sequential Execution - processes sub-problems with full context propagation. This selective resource allocation concentrates
computation on challenging sub-problems while efficiently handling routine ones.

tomatic, intuitive) and System 2 (slow, deliberate, effortful)
(Kahneman 2011). For a reasoning model, our approach op-
erates through four sequential stages that mirror human cog-
nitive processing strategies. (1) Problem Decomposition:
the model decomposes the mathematical problem into a se-
quence of discrete reasoning sub-problems with explicit log-
ical dependencies. (2) Difficulty Assessment: it performs
difficulty assessment for each sub-problem, distinguishing
between routine operations and computationally challeng-
ing sub-problems. (3) Adaptive Mode Selection: leverag-
ing existing models’ built-in dynamic thinking mode switch-
ing capabilities, it dynamically selects System 1 processing
for straightforward sub-problems or System 2 processing for
complex sub-problems demanding extensive reasoning re-
sources. (4) Sequential Execution: it solves sub-problems
sequentially while propagating contextual information, in-
cluding previous solved sub-problems and corresponding
intermediate results, to maintain coherent reasoning chains
throughout the solution process.

Extensive experiments across challenging mathematical
reasoning benchmarks demonstrate that SCALE achieves
substantial improvements over uniform inference-time scal-
ing baselines. SCALE directly enhances the reasoning
model’s performance by overcoming the bottlenecks inher-
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ent in uniform resource allocation, achieving accuracy im-
provements of up to 13.75 percentage points (from 57.50%
to 71.25% on AIME25 with Qwen3-32B) while reducing to-
ken usage by 33-53% compared to baseline methods like In-
ftyThink (Yan et al. 2025). Through supervised fine-tuning
on SCALE-generated reasoning traces, non-reasoning mod-
els learn to adopt SCALE’s inference-time scaling approach,
significantly enhancing their reasoning capabilities with ac-
curacy improvements of up to 38.93 percentage points
(from 24.58% to 63.51% on AIME24 with Llama3.3-70B-
Instruct).

Our contributions are threefold: (1) We identify the
sub-problem-level resource allocation bottleneck in current
inference-time scaling approaches, where uniform alloca-
tion prevents effective scaling. (2) We propose SCALE, a
cognitively-inspired framework that selectively allocates re-
sources based on sub-problem difficulty, concentrating com-
putation on solution-critical reasoning ones. (3) We demon-
strate SCALE’s versatility across both enhancing existing
reasoning models and enabling non-reasoning models to ac-
quire deep thinking capabilities, achieving substantial per-
formance improvements in mathematical reasoning tasks.



Method
SCALE Framework Overview

SCALE (Selective Resource Allocation) addresses the fun-
damental bottleneck of uniform resource allocation in cur-
rent test-time scaling approaches by implementing selec-
tive resource distribution based on sub-problem difficulty.
The framework operates through four sequential stages: (1)
decomposing mathematical problems into logically ordered
sub-problems, (2) evaluating difficulty by distinguishing
routine operations from complex reasoning sub-problems,
(3) dynamically assigning System 1 processing for sim-
ple sub-problems and System 2 processing for challenging
ones based on difficulty thresholds, and (4) executing sub-
problems sequentially while maintaining complete contex-
tual information to ensure coherent reasoning chains.

Mathematical Formulation

Let P denote a mathematical problem to be solved. SCALE
processes P through four sequential stages that work collab-
oratively to achieve optimal resource allocation.

Problem Decomposition The decomposition stage trans-
forms the original problem P into a sequence of n logically
ordered reasoning sub-problems that build systematically to-
ward the final solution:

D(P):{817827"°78n} (1)

where s; represents a specific sub-problem with clearly
defined objectives and logical dependencies on previous
sub-problems. The decomposition ensures that each sub-
problem either builds upon previous results or can be exe-
cuted independently while contributing meaningfully to the
overall solution pathway.

To ensure robustness, SCALE generates multiple alterna-
tive decompositions and selects the optimal one:

*

D By AP O
where D; represents a different decomposition, and
Q(D;, P) evaluates the decomposition quality based on
logical correctness, clarity, completeness, and relevance to
achieving the final solution. In practice, we prompt the LLM
to generate multiple alternative decompositions and prompt
them to compare these candidates and select the decomposi-
tion that demonstrates the highest quality and effectiveness
for the given problem.

Difficulty Assessment For each sub-problem s; in the se-
lected decomposition, SCALE prompts the model to assess
the complexity of the sub-problem:

d; = .A(Si, Cl) € [0, 1] 3)

where C; represents the accumulated context including the
original problem P and all previously solved sub-problems
{s1, 82, ..., 8;—1} with their solutions. The assessment con-
siders computational complexity, mathematical sophistica-
tion required, reasoning depth needed, and solution uncer-
tainty.
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Adaptive Mode Selection Modern large language mod-
els, including the Qwen3 series (Yang et al. 2025) and
Claude family (Anthropic 2024), support switching be-
tween different thinking modes. SCALE utilizes this mode-
switching capability by dynamically selecting the appropri-
ate processing mode based on sub-problem difficulty.

Based on difficulty assessment, SCALE assigns each sub-
problem to one of two LLM processing modes:

LLMsysteml ifd; <7

i = . 4
" {LLMsystemz ifd; > )

where m; represents the processing mode assigned to sub-
problem s;, and 7 represents the difficulty threshold that
determines the boundary between routine (easy) and com-
plex (hard) sub-problems. For models supporting dual pro-
cessing modes (e.g., Qwen3), System 1 mode utilizes the
model’s efficient processing capabilities for direct compu-
tation, while System 2 mode activates deliberate reasoning
with chain-of-thought processing and comprehensive analy-
sis. For reasoning-only models (e.g., QwQ (Qwen 2025)),
we pair them with Qwen3’s System 1 counterpart to en-
sure fair comparison. This threshold-based selection ensures
that computational resources are allocated based on the sub-
problem’s actual complexity rather than assumptions about
problem difficulty.

Sequential Execution with Context Propagation
SCALE processes sub-problems sequentially while
maintaining coherent contextual information throughout
the solution process. For each sub-problem s;, the system
constructs a comprehensive context that includes the
original problem, all previous sub-problems with their
corresponding solutions:
P ifi=1

¢ {PUU;‘_Q{SJ'vS(Sj)} ifi >2
where S(s;) represents the solution or reasoning output
generated for sub-problem s;. This ensures that each sub-
problem is solved with full awareness of both its specific
requirements and the complete reasoning history.
The solution process adapts to the assigned processing
mode:

®)

S(si) = mi(Ci, si) (6)

Finally, SCALE extracts the final answer from the solu-

tion of the last sub-problem S(s,,), ensuring that the com-

plete reasoning chain culminates in a coherent solution to
the original problem P.

SCALE Process Formalization

SCALE’s complete process can be formalized as generat-
ing the final answer by integrating solutions from all sub-
problems through the four-stage pipeline. This process rep-
resents a conditional probability that depends on the com-
plete reasoning chain:

P(Answer|P) = H P(S(s;:)|C5, si)

i=1

)



where the final answer is conditioned on the original prob-
lem, the sequential pairs of sub-problems, and their solu-
tions. The specific prompts utilized for each stage of the
SCALE framework are provided in the appendix.

Experimental Setup

We evaluate SCALE through two complementary experi-
mental settings designed to demonstrate its versatility and
effectiveness. In the first setting, we examine SCALE as
a prompt-based framework that directly enhances the per-
formance of existing reasoning models at inference time.
In the second setting, we investigate SCALE’s effective-
ness in generating high-quality synthetic reasoning traces for
improving non-reasoning models through supervised fine-
tuning. This setting demonstrates SCALE’s versatility as a
data generation tool for model training.

Setting 1: Enhancing Reasoning Model
Performance

In this setting, we deploy SCALE as a prompt framework
to improve the test-time performance of state-of-the-art rea-
soning models without requiring any additional training.
We evaluate SCALE on four advanced reasoning-capable
models: Qwen3-32B (Yang et al. 2025), QwQ (Qwen
2025), DeepSeek-R1-Distill-Llama-70B, and DeepSeek-
R1-Distill-Qwen-32B (Guo et al. 2025). For brevity, we re-
fer to the DeepSeek-R1 distilled variants as Distill-Llama-
70B and Distill-Qwen-32B, respectively, in our result tables.

We compare SCALE against three baseline approaches:
(1) The first is zero-shot chain-of-thought (Wei et al. 2022),
denoted as CoT, which serves as the standard baseline using
the prompt “Please reason step by step, and put your final
answer within \boxed{}.” (2) The second baseline is Infty-
Think (Yan et al. 2025), a recent method that transforms
monolithic reasoning into an iterative process with inter-
mediate summarization. (3) The third baseline is Majority-
Voting (Wang et al. 2023), which samples multiple reason-
ing chains from the base model using CoT prompting and
selects the most frequent answer among the generated re-
sponses. This approach leverages the diversity of multiple
reasoning paths to improve robustness and accuracy through
ensemble voting.

Setting 2: Enhancing Non-Reasoning Model
Performance

The second setting explores SCALE’s effectiveness as a
framework for generating high-quality synthetic reasoning
traces that can be used to enhance non-reasoning models
through supervised fine-tuning.

For our experimental setup, we utilize the problem
set from the LIMOPro (Xiao et al. 2025) and apply
our SCALE framework on QwQ to synthesize reason-
ing traces for these problems. To ensure data quality and
consistency, we filter out instances where the final an-
swers generated by SCALE differ from the original LIMO-
Pro answers, resulting in a curated dataset of 800 high-
quality question-response pairs with SCALE-generated rea-
soning traces. We then perform supervised fine-tuning on
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four base models: Qwen2.5-14B-Instruct, Qwen2.5-32B-
Instruct, Qwen2.5-72B-Instruct (Qwen et al. 2025), and
Llama3.3-70B-Instruct (Al@Meta 2024), using the same
training configurations as LIMOPro, including hyperparam-
eters, optimization schedule, and fine-tuning procedures. We
use ”-I” to denote “-Instruct” for brevity in the table.

Evaluation Benchmarks and Metrics

Both experimental settings are evaluated on three chal-
lenging mathematical reasoning datasets: (1) AIME 2024
(AIME24) (MAA. 2024), which contains problems from
the 2024 American Invitational Mathematics Examination
representing high-school competition-level mathematics; (2)
AIME 2025 (AIME25) (MAA. 2025), featuring the most
recent AIME problems to test the models’ ability to gen-
eralize to unseen mathematical challenges; and (3) AMC
2023 (AMC23) (MAA. 2023), comprising problems from
the 2023 American Mathematics Competitions that cover a
broader range of mathematical topics.

To comprehensively assess both effectiveness and effi-
ciency, we employ three key metrics. Ace measures pass@ 1
accuracy as the percentage of problems solved correctly, ob-
tained by sampling each model eight times. Since InftyThink
involves multiple rounds of iterative reasoning while our ap-
proach generates different sub-problems, we introduce Tpi
(tokens per iteration) as a metric to fairly compare resource
allocation granularity across different methods. Tpi calcu-
lates response tokens per iteration or sub-problems. Tok
records total response tokens per problem, directly correlat-
ing with computational cost and inference time.

For inference parameters, all models use a temperature of
0.6 to balance creativity and consistency, with top-p set to
0.95 for nucleus sampling. Other settings follow the default
configurations of their respective models.

Enhancing Reasoning Model Performance

We evaluate SCALE’s effectiveness in enhancing reasoning
model performance. Table 1 presents comprehensive results
comparing SCALE against other baselines.

Main Results

Table 1 presents the comprehensive evaluation of SCALE
against baseline approaches across three challenging mathe-
matical reasoning benchmarks. The results demonstrate that
SCALE’s selective resource allocation strategy effectively
overcomes the performance bottlenecks inherent in uniform
resource distribution methods.

Overcoming Performance Bottlenecks. Compared to
CoT baselines, SCALE achieves substantial improvements
across all model-dataset combinations, with the most pro-
nounced gains on AIME24 and AIME2S5. For Qwen3-32B,
SCALE improves accuracy by 9.59 percentage points on
AIME24 (from 73.33% to 82.92%) and 13.75 percent-
age points on AIME25 (from 57.50% to 71.25%). Simi-
lar patterns emerge across other models: QwQ shows im-
provements of 4.40 and 6.88 percentage points on AIME24
and AIME2S5, respectively. These results demonstrate that



SCALE addresses the fundamental bottleneck where uni-
form distribution prevents effective scaling despite increas-
ing computational resources.

Superior Performance-Resource Trade-offs. When
compared to InftyThink, SCALE demonstrates substantial
performance improvements while achieving remarkable ef-
ficiency gains. SCALE consistently outperforms InftyThink
on AIME2S5 across all models, with notable improvements
of 10.42 and 7.50 percentage points for DeepSeek variants,
and 4.68 percentage points for QwQ. On AIME24, SCALE
shows strong gains with DeepSeek models (+5.83 and +1.67
percentage points) and QwQ (+2.15 percentage points).
Against Majority Voting approaches, SCALE achieves com-
petitive accuracy while using 2-3x fewer computational re-
sources. This highlights SCALE’s ability to match Majority
Voting while avoiding the computational overhead that cre-
ates diminishing returns in uniform scaling approaches.

Enhanced Resource Utilization Through Selective Al-
location. A key insight from our results is that SCALE
achieves superior performance while demonstrating signif-
icantly improved resource utilization. Examining tokens per
iteration (Tpi), SCALE consistently reduces the average
computational cost per reasoning step—achieving 3,550 Tpi
versus InftyThink’s 5,900 Tpi on Qwen3-32B for AIME24,
representing a 40% reduction. This efficiency translates to
total token usage (Tok) that is 33-53% lower than Infty-
Think across different model-dataset combinations while
maintaining superior accuracy. For instance, on AIME25
with Qwen3-32B, SCALE uses only 26,643 total tokens
compared to InftyThink’s 36,640 tokens while achieving
higher accuracy (71.25% vs 70.00%). Notably, the Major-
ity Voting approaches consume substantially more resources
(54,719-88,696 total tokens) yet fail to consistently outper-
form SCALE, highlighting the efficiency of selective allo-
cation over brute-force ensemble methods. This enhanced
resource utilization directly validates our core hypothesis:
concentrating resources where they can maximize impact
yields better returns than uniform allocation strategies that
create performance bottlenecks.

Model-Agnostic Bottleneck Resolution. The consis-
tency of SCALE’s improvements across diverse model
architectures—from Qwen3-32B, QwQ, to Llama vari-
ants—demonstrates that SCALE addresses fundamental
bottlenecks in test-time scaling rather than exploiting model-
specific characteristics. Notably, SCALE achieves an aver-
age accuracy improvement of 3.41 percentage points over
CoT baselines across all models and datasets, with the
framework showing particular effectiveness on the more
challenging AIME benchmarks where the bottlenecks of
uniform resource allocation are most pronounced.

These results establish SCALE as a significant advance-
ment in test-time scaling that can overcome the performance
bottlenecks that limit uniform computational distribution ap-
proaches.

Inference-Time Scaling Properties of SCALE

To investigate SCALE’s adherence to inference-time scaling
laws and validate our selective resource allocation hypothe-
sis, we systematically vary the Qwen3-32B’s maximum to-
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Figure 2: Inference-time scaling of SCALE for Qwen3-32B-
SCALE across three benchmarks.

ken limit for System 2 processing across different computa-
tional budgets ranging from 4,096 to 32,768 tokens. This ex-
perimental design allows us to examine how SCALE’s per-
formance scales with increased computational resources of
System 2 while maintaining the token limit of System 1 pro-
cessing for routine sub-problems. The result is demonstrated
in Figure 2.

Validation of Selective Resource Allocation. The dra-
matically different scaling curves between AMC23 and
AIME benchmarks provide direct empirical validation
of our core analysis about selective resource allocation.
AIME24 and AIME2S exhibit steep, almost linear scaling
trajectories, while AMC23 shows a more gradual improve-
ment curve that begins to plateau. This divergence directly
reflects the underlying distribution of sub-problem difficul-
ties: AIME benchmarks inherently contain a higher pro-
portion of difficult sub-problems, whereas AMC23 prob-
lems consist relatively more of routine computational sub-
problems. In our experiments, as we increase the maxi-
mum token limit, only sub-problems classified as hard re-
ceive additional computational resources, while simple sub-
problems maintain constant resource allocation. Therefore,
when SCALE processes AIME problems, a larger fraction of
sub-problems are identified as challenging and benefit from
the increased token budget, resulting in steep performance
gains. This empirical evidence confirms that concentrating
resources on difficult sub-problems—rather than distribut-
ing them uniformly—yields superior performance improve-
ments.

Adherence to Inference-Time Scaling Laws. Beyond
validating our selective allocation approach, the results
demonstrate that SCALE successfully preserves the fun-
damental scaling law principle—that increased computa-
tional resources during inference lead to improved perfor-
mance. The monotonic improvement across all token bud-
gets (from 4,096 to 32,768 tokens) confirms that SCALE’s
selective allocation does not disrupt the underlying scaling



Model/Method ‘ AIME24 ‘ AIME25 ‘ AMC23 ‘ Ave. Acc (%)
|Acc (%) Tpi Tok |Acc(%) Tpi Tok |Acc(%) Tpi Tok |
Qwen3-32B-CoT 73.33 7,409 7,409 57.50 6,839 6,839 96.88 5,789 5,789 75.90
Qwen3-32B-InftyThink 83.75 5,900 38,451 | 70.00 6,538 36,640| 98.12 3,723 23,117 83.96
Qwen3-32B-Majority-Voting 76.67 / 59,279 | 53.33 / 54,719 | 97.50 / 46,315 75.83
Qwen3-32B-SCALE 82.92 3,550 25,581| 71.25 3,709 26,643| 98.44 1,991 12,556 84.20
QwQ-CoT 75.00 9,957 9,957 63.33 11,087 11,087| 96.88 6,161 6,161 78.40
QwQ-InftyThink 7725 8,722 62,557| 65.53 10,114 73,473 | 97.19 5,449 34,725 79.99
QwQ-Majority-Voting 76.67 / 79,663 | 63.33 / 88,606 | 97.50 /49,291 79.17
QwQ-SCALE 7940 4,157 29,812 70.21 4,673 33,965| 96.25 2,551 16,259 81.95
Distill-Llama-70B-CoT 70.00 8,159 8,159 | 61.37 8,218 8,218 95.31 4,825 4,825 75.56
Distill-Llama-70B-InftyThink 69.58 5,921 42,143 | 54.58 5,362 38,763 | 93.75 3,844 24,327 72.64
Distill-Llama-70B-Majority-Voting | 76.67 / 65,277 | 56.67 / 63,830 95.00 / 38,605 76.11
Distill-Llama-70B-SCALE 71.25 4,313 30,696| 62.08 4913 35517 96.88 2,566 16,238 76.74
Distill-Qwen-32B-CoT 72.50 7,909 7,909 | 58.75 8,699 8,699 95.00 4,994 4,994 75.42
Distill-Qwen-32B-InftyThink 67.50 5,244 37,062 | 48.75 4,915 35,187 92.81 3,711 23,332 69.69
Distill-Qwen-32B-Majority-Voting | 80.00 / 63,276| 60.00 / 69,595 | 95.00 / 39,953 78.33
Distill-Qwen-32B-SCALE 73.33 4,270 30,175| 59.17 4,140 29,641| 95.63 2,672 16,804 76.04

Table 1: Performance comparison of SCALE against baseline methods on mathematical reasoning benchmarks. Acc: accuracy

(%), Tpi: tokens per iteration, Tok: total tokens per problem

Threshold ‘ AIME24 ‘ AIME25

| Acc Tok Hard | Acc Tok Hard
0.2 78.75 22,5 75.61 63.75 232 75.78
0.3 7750 192 56.66 | 61.67 20.6 57.53
0.4 73.33  19.5 55.66 | 51.67 205 57.93
0.5 7458 203 55.68 | 56.25 21.0 58.53
0.6 70.00 17.8 47.69 | 5875 19.0 50.97
0.7 50.00 122 17.68 | 39.17 11.7 19.60
0.8 4625 114 14.08 | 3583 10.6 13.95
0.9 27.50 8.2 0 25.00 6.8 0

Table 2: Analysis on difficulty threshold values for Qwen3-
32B-SCALE across AIME datasets. Acc: accuracy percent-
age, Tok: total tokens per problem in thousands, Hard: per-
centage of sub-problems classified as hard.

dynamics but rather amplifies them. By concentrating ad-
ditional resources precisely where they provide maximum
benefit, SCALE achieves more efficient scaling compared
to uniform allocation approaches. This is particularly evi-
dent in the near-linear scaling observed for AIME bench-
marks, where each doubling of the token budget yields con-
sistent accuracy improvements of approximately 10-15 per-
centage points, demonstrating that selective allocation cre-
ates more favorable scaling conditions for problems with
heterogeneous cognitive demands.

Difficulty Threshold Analysis

To understand the impact of the difficulty threshold 7 on
SCALE’s performance, we conduct a comprehensive analy-
sis using Qwen3-32B across different threshold values rang-
ing from 0.2 to 0.9. The difficulty threshold determines the
boundary for classifying sub-problems as easy (processed by
System 1) or hard (processed by System 2), making it a crit-
ical hyperparameter for optimal resource allocation. Table 2
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presents the results.

The results show a clear trend: lower thresholds consis-
tently achieve higher accuracy across both datasets. Optimal
performance is achieved at 7 0.2, reaching 78.75% on
AIME24 and 63.75% on AIME2S5, with accuracy system-
atically decreasing as the threshold increases. At 7 = 0.2,
approximately 75% of sub-problems are classified as hard
and processed through System 2, indicating that allocating
more sub-problems to System 2 substantially benefits math-
ematical problem-solving, even at the cost of increased com-
putation.

Notably, even with higher thresholds that reduce accu-
racy, SCALE maintains substantial advantages over CoT
baselines. For instance, on AIME24, SCALE with
0.5 achieves 74.58% accuracy—still outperforming CoT’s
73.33%. On AIME25, SCALE at 7 = 0.6 (58.75%) exceeds
CoT performance (57.5%). This demonstrates SCALE’s ro-
bustness: even suboptimal threshold settings preserve com-
petitive performance while requiring significantly fewer
sub-problems (47.69% and 50.97% respectively) to undergo
System 2 processing.

The inverse relationship between threshold and token us-
age presents practical deployment opportunities. As 7 in-
creases from 0.2 to 0.9, total tokens decrease dramati-
cally—by 63% on AIME24 (from 22,454 to 8,229 tokens)
and 71% on AIME25 (from 23,212 to 6,811 tokens). Corre-
spondingly, the percentage of hard sub-problems decreases
from over 75% at low thresholds to 0% at 7 = 0.9. This
flexibility allows practitioners to adjust 7 based on compu-
tational budgets—using lower thresholds when accuracy is
paramount, or higher thresholds when operating under strict
resource constraints while still maintaining advantages over
baseline methods.



| AIME24 | AIME25 | AMC23

Model
| Acc Tok| Acc Tok | Acec Tok
Qwen2.5-14B-1 | 13.75 1.0 [13.33 09 [57.19 0.8
w/ SCALE 27.50 24.4{20.00 25.0|61.88 14.5
Qwen2.5-32B-1 | 17.92 09 |16.67 0.9 |68.75 0.7
w/ SCALE 53.33 22.0(39.17 22.2(86.23 10.7
Qwen2.5-72B-1 | 17.92 1.2 |12.92 1.0 |66.87 0.9
w/ SCALE 54.17 21.1(47.50 21.4(88.12 11.7
Llama3.3-70B-1|24.58 1.2 | 542 1.0 |57.81 1.0
w/ SCALE 63.51 15.7|44.83 16.5|83.23 10.7

Table 3: Performance comparison of SCALE-enhanced
models against base models. Acc: accuracy (%), Tok: total
tokens per problem in thousands.

Enhancing Non-Reasoning Model
Performance

In addition to enhancing reasoning-capable models, we in-
vestigate SCALE’s effectiveness in generating high-quality
synthetic reasoning traces for improving non-reasoning
models through supervised fine-tuning. This setting demon-
strates SCALE’s versatility as a data generation tool for
model training.

Table 3 presents the comprehensive comparison between
base models and their SCALE-enhanced counterparts across
four different models. The results demonstrate substantial
and consistent improvements across all model sizes and
datasets.

Significant Performance Gains Across All Bench-
marks. All fine-tuned models show remarkable improve-
ments over their base versions, with gains ranging from
4.69 to 39.41 percentage points across different benchmarks.
The most notable improvements occur on challenging AIME
problems, where Llama3.3-70B-Instruct achieves dramatic
gains of 38.93 percentage points on AIME24 (from 24.58%
to 63.51%) and Qwen2.5-32B-Instruct improves by 35.41
percentage points on the same benchmark.

Cross-Architecture Generalization and Scaling Ef-
fects. SCALE demonstrates strong generalization across dif-
ferent model architectures and sizes. Within the Qwen2.5
family, clear scaling trends emerge: the 32B and 72B mod-
els achieve substantially larger gains than the 14B model,
particularly on challenging AIME problems. However, the
performance gap between 32B and 72B models is rela-
tively small (53.33% vs 54.17% on AIME24), suggesting
diminishing returns beyond a certain capacity threshold. Im-
portantly, Llama3.3-70B achieves competitive performance
(63.51% on AIME24), demonstrating that SCALE’s effec-
tiveness transcends specific architectural choices.

Enhanced Reasoning Pattern Transfer. The consistent
improvements across different problem difficulties indicate
that SCALE-generated reasoning traces effectively trans-
fer sophisticated reasoning patterns to non-reasoning mod-
els. This is particularly evident on challenging AIME prob-
lems, where base models initially struggled with accuracy
rates below 25%. After fine-tuning with SCALE-generated

34040

data, larger models reach 44-63% accuracy on AIME bench-
marks, representing performance gains that would typically
require substantially larger model parameters or architec-
tural modifications.

Related Work

The evolution of reasoning capabilities in large language
models has progressed from early chain-of-thought (CoT)
prompting techniques (Wei et al. 2022; Zhang et al. 2023)
to process reward models (Lightman et al. 2023; Uesato
et al. 2022). Advanced reasoning models like OpenAI’s ol
and DeepSeek-R1 employ internal test-time scaling, gener-
ating extended chain-of-thought sequences before produc-
ing final answers (Guo et al. 2025; Jaech et al. 2024). How-
ever, Large Reasoning Models exhibit the “overthinking
phenomenon” where longer reasoning sequences improve
performance but introduce significant computational over-
head (Sui et al. 2025; Chen et al. 2024). To address effi-
ciency concerns, recent work has explored adaptive reason-
ing frameworks that dynamically adjust computational allo-
cation based on task complexity. Several approaches focus
on mode switching mechanisms, including Self-Route for
automatic capability-based routing, ThinkSwitcher for sys-
tematic fast-slow thinking transitions, and Qwen3’s seam-
less switching between thinking and non-thinking modes
(He et al. 2025; Liang et al. 2025; Yang et al. 2025). Other
methods target reasoning length optimization, such as Au-
toL2S which combines long and short chain-of-thought data
adaptively, and TLDR for controlled reasoning compression
(Luo et al. 2025; Li et al. 2025). Additional innovations in-
clude AdaptThink’s learning-based reasoning engagement
and various hybrid approaches like Llama-Nemotron, KAT-
V1, and AdaCoT that integrate multiple adaptive strate-
gies (Zhang et al. 2025; Bercovich et al. 2025; Zhan et al.
2025; Lou et al. 2025). Despite these advances in adaptive
reasoning strategies, existing methods primarily operate at
the problem level without fine-grained resource allocation
within sub-problems. SCALE addresses this gap through
fine-grained resource allocation at the sub-problem level,
achieving superior computational efficiency through selec-
tive cognitive resource distribution.

Conclusion

This work addresses a fundamental bottleneck in test-time
compute scaling for mathematical reasoning: the inefficient
uniform resource allocation that prevents effective scal-
ing despite increasing computational budgets. Our proposed
SCALE framework overcomes these limitations through se-
lective resource allocation inspired by dual-process theory.
By decomposing problems into sequential reasoning sub-
problems, assessing their difficulty, and dynamically as-
signing appropriate processing modes, SCALE concentrates
computational resources where they can maximize impact.
Extensive experiments demonstrate SCALE’s effectiveness,
achieving substantial accuracy improvements while demon-
strating superior resource utilization efficiency compared to
uniform scaling approaches.
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