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Abstract

Large language models (LLMs) have achieved remarkable
success in a wide range of tasks. However, their reasoning
capabilities, particularly in complex domains like mathemat-
ics, remain a significant challenge. Value-based process ver-
ifiers, which estimate the probability of a partial reasoning
chain leading to a correct solution, are a promising approach
for improving reasoning. Nevertheless, their effectiveness is
often hindered by estimation error in their training annota-
tions, a consequence of the limited number of Monte Carlo
(MC) samples feasible due to the high cost of LLM inference.
In this paper, we identify that the estimation error primarily
arises from high variance rather than bias, and the MC estima-
tor is a Minimum Variance Unbiased Estimator (MVUE). To
address the problem, we propose the Compound Monte Carlo
Sampling (ComMCS) method, which constructs an unbiased
estimator by linearly combining the MC estimators from the
current and subsequent steps. Theoretically, we show that our
method leads to a predictable reduction in variance, while
maintaining an unbiased estimation without additional LLM
inference cost. We also perform empirical experiments on the
MATH-500 and GSM8K benchmarks to demonstrate the ef-
fectiveness of our method. Notably, ComMCS outperforms
regression-based optimization method by 2.8 points, the non-
variance-reduced baseline by 2.2 points on MATH-500 on
Best-of-32 sampling experiment.

1 Introduction

In recent years, large language models (LLMs) have demon-
strated remarkable capabilities across various reasoning
tasks that require complex multi-step reasoning, such as
mathematics and programming (Hurst et al. 2024; Yang
et al. 2024a,b; Dubey et al. 2024), yet they still make mis-
takes when solving challenging problems. To address this is-
sue, verification-based method has recently emerged to im-
prove LLM reasoning (Uesato et al. 2022; Lightman et al.
2024). In general, verification models are trained to eval-
uate and potentially correct the reasoning trajectories dur-
ing the reasoning process, which can ensure higher accuracy
and consistency in LLM outputs by re-ranking candidate re-
sponses. They can also provide valuable feedback for further
improvement of LLMs (Li et al. 2023; Wu et al. 2023).
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Figure 1: [llustration of the estimation variance across differ-
ent ground-truth values. We compare variances with num-
ber of trials ranging from {8, 10,16}, and variance apply-
ing ComMCS. The variance after using our method (8-trials,
ComMCYS) is approximately the variance obtained by using
25% more sampling samples (10-trials).

Verification-based methods can be categorized by annota-
tion granularity and strategy, with the value-based process
verifier being one approach in this classification. Specif-
ically, value-based process verifier is a kind of process-
supervised verifier, as the training annotations are based
on evaluations of each reasoning step. Value-based process
verifier is also a kind of value-based verifier, as the verifier
aims at predicting the success rate of each reasoning step,
which is the empirical probability of this step leading to the
correct final answer in mathematical reasoning scenario, i.e.,
the value of the current step. The training data of value-based
process verifier mainly relies on Monte Carlo (MC) estima-
tion. Typically, multiple reasoning trajectories are indepen-
dently generated by LLMs, and the success rate is computed
as the average outcome correctnesses across all trajectories.
Outcome correctness is verified through reliable rule-based
matching. However, the value estimation is inaccurate due to
the limitation of sampling size, which is restricted due to the
high cost of LLM inference (Zhang et al. 2025b). This moti-
vates us to study the following research question: is it possi-
ble to reduce the estimation error when estimating values
without introducing additional LLM inference overhead?

In this paper, we present an analysis about the MC esti-
mation error in mathematical reasoning scenario from the
perspective of Markov Decision Process (MDP) in §4.1. We



build a bridge between the MC estimation and the Bino-
mial distribution, and conclude that the MC estimation is the
Minimal Variance Unbiased Estimator (MVUE). The con-
clusion implies that estimation error is due to estimation
variance instead of biased estimation, and the variance can-
not be reduced without introducing additional information.

Based on the analysis, we propose ComMCS in §4.2,
an unbiased estimation method that utilizes compound MC
sampling results to reduce variance without additional LLM
inference overhead. This core idea is conceptually analogous
to variance reduction techniques in reinforcement learning,
such as Temporal Difference (TD) learning, where future
value estimates are used to update current ones. We adapt
this principle to the context of LLM verifiers. Specifically,
we quantify the form of the variance of MC estimation that is
based on current step, and the compound variance of MC es-
timation that is based on the subsequent few steps. Through
theoretical analysis, we show that (1) the linear combination
of MC estimations of subsequent few steps is also an unbi-
ased estimation of the value of current step, and (2) under
specific conditions, the estimation variance can be reduced.
Typically, the condition is related to the distribution of future
values and the coefficients of linear combinations.

We provide the practical implementation of ComMCS in
§4.3, where we narrow down the linear combination into two
items, the current step and its next step. We make several ap-
proximations. First of all, we use a categorical distribution
to estimate the one-step value distribution, which models the
shape of distribution of next step value and is used to esti-
mate the variances. The categorical distribution is modeled
by the output of our value-based process verifier, and the
verifier is then optimized by cross entropy loss. Secondly,
we assume that the one-step value distribution follows the
Gaussian distribution class. Finally, we use the MC estima-
tions of values as the proxy of true values to estimate the
variances. These practical approximations allow us to calcu-
late and compare variances, after which we find the suitable
coefficients for items in the linear combination heuristically
and optimize verifier iteratively. The simulated effect of our
variance reduction method is shown in Figure 1, where we
assume value distribution follows Gaussian distribution.

We then perform extensive experiments on two mathe-
matical reasoning tasks: MATH-500 (Lightman et al. 2024)
and GSMB8K (Cobbe et al. 2021) to demonstrate the effec-
tiveness of our method across different model series and
search strategies. Compared with verifiers that preform re-
turn distribution modeling or regression, the value distri-
bution modeling method can achieve comparable perfor-
mances. After performing our method, we observe a con-
sistent improvement across different settings. For example,
our method trained on Deepseek-math-7b-instruct outper-
forms baselines by 2-3 points on Math-500 on Best-of-N
sampling. In beam search experiments, our method trained
on Deepseek-math-7b-instruct outperforms other baselines
by 1-2 points on MATH-500.

Our contributions are summarized as follows:

* We are the first to systematically identify and address the
high variance of MC estimators as key bottleneck limit-
ing the performance of value-based process verifiers.
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* We propose ComMCS, a theoretically-grounded method
that reduces variance by compounding estimators from
subsequent steps without extra LLM inference cost.

* QOur extensive experiments show that ComMCS achieves
improved performance over baseline verifiers and
demonstrate the potential for diversification in modeling
the objective of value-based process verifiers.

2 Related Work
2.1 Test-time Scaling for Math Reasoning

Math reasoning task remains a significant challenge for
LLMs (Lightman et al. 2024; Zheng et al. 2024). The test-
time scaling technique requires models to generate long
Chain-of-Thought (CoT) explicitly or implicitly as its rea-
soning steps, which can effectively improve the reason-
ing capabilities of LLMs (Snell et al. 2024; Wang et al.
2024a; Liu et al. 2025). Prior efforts have explored different
methodologies to improve the math reasoning capability of
language models, such as training-based methods including
pre-training (Azerbayev et al. 2024) and fine-tuning (Luo
et al. 2025; Yu et al. 2024; Wang et al. 2023), and prompt-
based methods like few-shot prompting (Wei et al. 2022)
and in-context learning (Zhou et al. 2022). However, these
approaches can be resource-intensive (Lu et al. 2024) or re-
quire human-crafted demonstrations (Qin et al. 2024). Un-
like methods that directly modify parameters or prompts,
our method is based on verification-based method, which
focuses on training an additional verification model to se-
lect the desired output from the candidate model outputs.

2.2 Process-Supervised Verifier (PSV)

Researchers have found that PSVs that are trained on fine-
grained annotations are effective for LLM reasoning, com-
pared with Outcome-Supervised Verifiers (OSV, Lightman
et al. (2024)). Depending on the definition of fine-grained
annotations, PSVs can be classified as several variants: (/)
Reward-based Process Verifiers. The annotations are based
on the correctness of current reasoning step (Lightman et al.
2024) or rule-based strategies like calculation errors and for-
matting errors (Xi et al. 2024; Zheng et al. 2024). (2) Value-
based Process Verifiers. The annotations are based on the
expected return of current reasoning step, where the super-
vision signals are collected via repeated rollouts and MC
sampling (Wang et al. 2024b; Luo et al. 2024). (3) Genera-
tive Verifiers. The annotations are based on the CoT capabil-
ities of LLMs (Zhang et al. 2025a; Zhao et al. 2025; Khalifa
et al. 2025). Among the many variants of PSVs, our work
focuses on optimizing value-based process verifier, which is
able to balance short-term mistakes and long-term gains, i.e.,
achieve credit assignments (Setlur et al. 2024).

3 Preliminaries
3.1 Modeling Math Reasoning as an MDP

Given a question ¢, the answer generation process of LLM 7
can be broken down into several non-overlapped reasoning
steps. The atomic reasoning step can be a single line that is
split by delimiters like “\n” (Lightman et al. 2024), sentence



separated by supporting clauses (OpenAl 2025), or implic-
itly reflect (Shinn et al. 2023) on their past reasoning steps
and do inner-monologue (Huang et al. 2022) with sentences
that start with “wait”.

The reasoning process can thus be conceptualized as an
MDP (S, A, T,R,~), where the state s; € S denotes the
concatenation of the question and the partial reasoning trace
already generated by timestep ¢ — 1 and s; = g as the initial
state. The action a;, = 7(-|s;) € A represents that for any
time step ¢, the reasoning step a; is generated by 7 given
current state s;. The state transition 7 is deterministic in
math reasoning scenario, as the state transition from state
s¢ to sy4+1 is accomplished through a simple operation of
concatenation. The reward R is often outcome-based, where
for each intermediate reasoning step, the reward is set to 0,
as acommon practice in previous studies (Wang et al. 2024b;
Lightman et al. 2024). Let T be the terminal state, the reward
can be represented as follows:

1
0

t =T A [s¢; a] is correct
otherwise

R(se,a1) = { W
and the discount factor ~y is set to 1.

The state value V7 (s) = E[G:|S: s] is the ex-
pectation of the return G given state s, where return
Gy =, .1 7""'"'R;. The state-action value Q" (s, a) =
E[G{|S: = s, A; = a] is the expectation of the return G
when taking action « at state s. The state value V'™ (s) can
be expressed as the expected value of Q™ (s, a) under the
policy 7:

VT(s) = 3 w(als) - Q7 (s.a).

acA

@)

Following the MDP settings in math reasoning scenarios, the
return G; depends on the outcome reward only:

T
Gi= ) 7'""'Ri=Rr,
i=t+1

3)

which allows for an estimation of state value V™ (s) via MC
estimation that samples different returns under the state s:
VW(S) = E[Gt|St = S}
= ]E[RT‘St = S]
N

>

TO~m(]s)

1 “

Q

[RY[s, 7],

where 7() is the i-th trajectory sampled under 7 at state s.

3.2 Value-based Process Verifier

A value-based process verifier fy : S x A — [0, 1] is trained
to estimate Q™ (s, a) for each intermediate or final state, act-
ing as a surrogate for expensive MC sampling during the rea-
soning process, which is commonly used in previous stud-
ies (Snell et al. 2025; Luo et al. 2024; Wang et al. 2024b).
Given state s and action a, we use policy 7 to acquire
the estimated state-action value Q™ (s, a) by MC estimation.
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Then an offline dataset D = {s,a, Q™ (s, a)} is collected to
train the value-based process verifier.

The value-based process verifier can be trained to model
the return distribution of Q™ based on the binary support set
{0,1}. The verifier is then optimized by minimizing a soft
Binary Cross-Entropy (BCE) loss:

Ebce(fQ) = ]E(S’a’Q,,(s’a))ND[—Qﬂ(S, CL) log f&(sa a)]a (5)

where fy(s,a) =0-Py(y =0|s,a)+1-Py(y = 1|s,a). As
an alternative to the soft BCE loss, the value-based process
verifier can be trained to predict value directly by minimiz-
ing a Mean-Squared Error (MSE) loss:

Lumse(fo) = E(S,a,Qw(s7a))~D* [fo(s, a)—@”(s, a)]2, (6)

where fy(s,a) is a regression model that predicts Q7 (s, a)
directly. We provide more details in Appendix.

4 Methodology

In this section, we start with an introduction on the statis-
tics properties of MC estimation, which is used to esti-
mate Q™ (s, a) in every intermediate reasoning steps. Then,
we formally introduce ComMCS, our variance reduction
method that utilizes Compound Monte Carlo Sampling re-
sults, which aims at reducing the estimation variance while
maintaining the unbiasedness property. Furthermore, we in-
troduce the practial implementation of ComMCS by model-
ing value distribution of next state-action value distribution.
All proofs are provided in Appendix.

4.1 Analysis of MC Estimation

First of all, we build a bridge between the current math rea-
soning problem and classical Binomial distribution. The fol-
lowing theorem holds under current MDP condition:

Theorem 4.1. (Equivalence of MC Value Estimation for Bi-
nary Returns and Binomial Distribution) Suppose the mini-
mal support set of the return distribution is {0,1}. Let V™ (s)
be the true state value for given policy T, i.e., the expected
return starting from state s and policy .

Suppose we estimate V'™ (s) via MC estimation, i.e.,

* Simulating N independent episodes starting from state s
and following policy .
* For each episode i € {1, ..., N}, observing the realized
return G € {0,1}.
o Estimating the value V™ (s) as the empirical average of
the observed returns: V™ (s) = + Ef\il G,
Then, the MC estimation process is probabilistically equiv-
alent to sampling from a binomial distribution, where the
probability of success is p = V7 (s) and the number of trials

is N. Specifically, the sum of observed returns, Eivzl G,
Sfollows a binomial distribution B(N,V™(s)).

The equivalence allows us to analyze the properties of MC
estimation under a predefined distribution class, which is the
binomial distribution class. Given the number of trials N
and the true state value V™ (s), define X as the sum of N
Bernoulli trials, the expectation of MC estimation is

]

1
=—E

E[V7(s)] = E[ NEX]=V7(s), ©)

N



and the variance of MC estimation is
| V) 0= VT(s)

N N

As the expectation of MC estimation is exactly V™ (s), the
estimation is unbiased. The variance of MC estimation is af-
fected by the number of trials NV and state value V™ (s). For
math reasoning scenarios, the number of trials are restricted
due to the high cost of LLM inference, which results in the
unneglectable estimation error and inferior performance of
models trained on the estimated values (Zhang et al. 2025b;
Chen et al. 2025). However, it is difficult to reduce the vari-
ance while maintaining the unbiasedness, which is due to the
MVUE property of MC estimation.

Theorem 4.2. (Optimality of the MC Estimator) Let
X1,Xo,..., X, be independent and identically dis-
tributed (i.i.d) random variables following a Bernoulli
distribution with parameter p, i.e.,

X; ~ Bernoulli(p),i =1,2,...,n

VIV™(s)] = V[ (8)

Define the MC estimator as the sample mean: p,
% Z?:l X;. Then, the MC estimator is the Minimum Vari-
ance Unbiased Estimator (MVUE).

The theorem implies that MC estimation achieves the
minimum variance among all unbiased estimators, given the
limited information (i.e., number of trials) defined by Fisher
Information in Appendix. In the following section, we intro-
duce our approach towards reducing the variance of value
estimation while maintaining the unbiasedness of MC es-
timation by incorporating additional unbiased information,
which is inspired by Temporal Difference (TD).

4.2 Variance Reduction via Compound Sampling

We now formally derive ComMCS, our variance reduction
method that reduces the estimation variance while maintain
the unbiasedness property. To put it simply, we try to com-
pound the MC results of multiple steps as additional infor-
mation to reduce the variance of the MC estimation of cur-
rent step. We start with the Bellman Equation between state-
action value Q™ (s, a) and next state value V™ (s’) under de-
terministic transition scenario:

QW(Sv a) = R(S7 CL) + VVW(S/)v ©

where s’ the next state transited from current state s and ac-
tion a. Under the MDP condition defined in §3.1, the above
expression can be further simplified assuming V™ (s') =
R(s') when s’ being the terminal state:

Q" (s,a) =V (s).
Combining Eq. (2) and Eq. (10), we have

V7(sn) = Z

an€A

(10)

T(anlsn) - V™ (Snt1)

Z H T(antilSn+i) V7 (8m)

[an; - jam]EAM—n+1 =0

Ex[V™(8m|5n)]s

(11)
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where s, is the m-th state subsequent to the current state
sn. The above equation implies that we are able to estimate
the value of current step (i.e.,V ™ (s,,)) through MC sampling
from any future step (e.g.,V ™ (s.,,]$5)). We can also estimate
V7™ (s,,) through the linear combination of MC estimations
based on several future steps. Let {c¢; } be the coefficients of
different expectations with ) . ¢; = 1, we have

[{c:}|

St

The MC estimation via Eq. (12) is an unbiased estimation
due to the linear additivity of expectations.

Let 02 be the variance of a Bernoulli distribution with
parameter p = V7 (s,,). We can rewrite the variance of MC
estimation at state s and policy 7, given Eq. (8) and the total
number of trials N:

2

V[Vﬂ—(sn)} = No—nv

and rewrite the compound variance when estimating V™ (s,,)
via the linear combination of MC estimations of several fu-
ture steps into the expression introduced in Theorem 4.3.

Theorem 4.3. (Compound variance of MC estimation) Fol-
lowing c;, o2 defined in Eq. (12) and (13). Let V,,, Vi,
be the true value and the MC estimated value under state
Sny V[Vioym|sn] be the compound variance when estimat-
ing V,, by the linear combination of the MC estimations of
states from s, to s, conditioned on state s,,. The variance

V[Vnﬂm|sn} satisfies
Z 2
+ Z

n<i<j<m
To achieve that the compound variance is lower than the
variance of MC estimation of current step, i.e.,
V[Valsn] > VIVissmlsnl, (15)

we need to model the value distribution of future states, and
adjust the parameter ¢; heuristically, which is theoretically
intractable but can be practically approximated.

71' Sn+l|sn)] (]2)

(13)

o (14)
2¢;¢;Cov[V;, Vj|sy].

4.3 One-step Value Distribution Modeling
In this section, we provide a practically tractable approxima-
tion method to model the compound variance V[Vn_m |$n)
and optimizing value-based process verifier.

Theorem 4.3 implies that for any subsequent states, the
covariance should be accounted for due to shared depen-

dencies from previous reasoning steps. Let m = n + 1,
V[Vi—m|$n] can be simplified as
. i 1
V[Viosmlsn] =Y e (Elo7|sn] + V[Visn])
, N
i=n (16)
=2 iU +c, (= ! E[02,|sn] + V[Viu|sn])
n N n N m )

and the covariance term is 0 as proved in Appendix. We fo-
cus on the case where m = n + 1 in the following part.



One-step Value Distribution. First of all, we introduce
the definition of one-step value distribution.

Definition 4.4. (One-step Value Distribution) Given state s,,
and policy 7, the one-step value distribution DV;(s,,) is a
continuous distribution within the interval [0,1]. The cumu-
lative distribution function of DV (s,,) satisfies

Fx(b) = Fx(a) = > m(an|sn), (17)
an €A’
where A’ satisfies A’ C A and
Van S AlyQﬂ—(snaan) € (a7b]7 (18)

VYa,, € .A—.A/,Qﬂ(sman) ¢ (aab]'

DVi(s,) measures the distribution of next state value
given current state s,,, whose expectation is exact V™ (s,,).
We can represent the expectation of variance E[o2, |s,,] and
the variance of expectation V[V;,,|s,] in Eq. (16) as follows:

1
sl = [ 10@)-a(1 = 2o
(19)
|5n / (") Vn)zdxa

where X ~ DVi(s,), )((")(x) is the probability density

function of DV (s,). However, it is difficult to model the
continuous distribution parametrically.

Categorical Distribution Approximation. We introduce
the categorical distribution Z as a parametric approxima-
tion of the true value distribution DV;(s,,) under mild as-
sumptions. We follow the definition of categorical distribu-
tion in Farebrother et al. (2024), and project DV (s,,) onto a
histogram with bins of width £ = 1/|Z|. These bins are cen-
tered at z;, and the probabilities p; for each bin are obtained

by integrating over the interval [z; — £/2, z; + £/2]:
T
=A@ 0)
zi—£/2

The locations {z; } zll are evenly distributed within the inter-
val [0,1]. The Dirac delta function ¢, is defined as 0, = z;.

The categorical distribution is equivalent to DV;(sy,)
when the number of intervals satisfying m — oco. When
m is limited, we make the assumption that for any action a;
whose state-action value Q" (s, a;) lies within the interval
[2:—&/2,2;+£/2], Q™ (s¢, a;) is approximately equal to the
bin center z;. This approximation allows us to convert statis-
tical expectations over the continuous value distribution into
discrete summations over the categorical bins. Specifically,
Eq. (19) can be expressed as:

1Z]
m|5n sz Zz 1*21
21
|Z\ 2D
V[Vinlsn] = sz 2 = Vo)?,

and then the variance V[Vn_>m|sn} can be estimated. Our
goal is to model one-step categorical distribution, as an ap-
proximation to the one-step value distribution, which is the
optimization objective of the value-based process verifier fy.
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Practical Verifier Optimization. We estimate the cate-
gorical distribution by assuming it belongs to a specific dis-
tribution class, specifically the Gaussian distribution. We
provide an empirical analysis about the reasonableness of
the Gaussian approximation in Appendix. This assumption
allows us to model the distribution effectively with limited
sampled data. More precisely, we estimate the distribution’s
first moment (mean) to be the linear combination of V7 (s,, )

and V”(sn+1), as introduced in previous section. Subse-
quently, the distribution’s second moment (variance) is es-
timated by using the difference between V™ (s,,11) and the
calculated first moment for the standard deviation.

To determine the appropriate coefficients that satisfy
Eq. (15), we employ a heuristic search over a predefined
set of candidate coefficients, where we need to estimate
V[Valsn] and V[V, 11|85 ] respectively. Firstly, V[V, |sy]
is obtained by treating the MC estimation of V™ (s,) as
an approximation of the true V™ (s,,), and then applying
the operation defined in Eq. (8). Secondly, V[‘A/n_>7,,+1|sn]
is estimated by first deriving DV; (s,,) from the output of
the value-based process verifier fy, and then performing
the operations defined in Eq. (16) and Eq. (21). After all,
the heuristic search will find the coefficients that satisfies
Eq. (15). If no coefficient from the predefined set satisfies the
criterion, the estimated state value remains to be Vn, aiming
at preventing the potential variance increase.

We then proceed to obtain a Gaussian distribution us-
ing the updated state value V7 (s,,) and the estimated state-

action value Q™ (s,,, a, ). This Gaussian distribution is then
mapped to the categorical distribution Z following the
methodology as introduced in Eq. (20). The value-based ver-
ifier is optimized using a cross-entropy loss function:

|Z|
_E(s,,“an)~D Z f@ (Zi|5na an) logp(zz|3n7 an) P

=1

‘CCG

where p(z;|s, a) is the probability of the categorical distribu-
tion Z at a specific location z; and fy(2;|sn, a,,) denotes the
output probability of the value-based process verifier at lo-
cation z;. To provide a clear image, we illustrate variance re-
duction method and practical implementation in Appendix.

5 Experiments
5.1 Experimental Settings

Tasks. We conduct experiments using the test split of two
widely used math reasoning datasets: GSM8K (Cobbe et al.
2021) and MATH-500 (Lightman et al. 2024). Besides, we
test our method on different base models across differ-
ent model families: Qwen2.5-Math-7B-Instruct (Yang et al.
2025) and Deepseek-math-7b-instruct (Shao et al. 2024).
Following (Wang et al. 2024b), the generator in our experi-
ments is LLemma-7b (Azerbayev et al. 2024).

Baselines. For variants trained on different objective func-
tions, we include the return distribution modeling method
that trained on BCE loss (Vpcg, (Wang et al. 2024b)), and
regression method that trained on MSE loss (Vysg, (Lu



Method MATH-500 GSMSK
8 16 32 64 128 8 16 32 64 128
Oracle | 29.8 358 404 457 49.6 | 894 926 943 959 96.8
Qwen2.5-Math-7B-Instruct
VumsE 242 268 28.6 29.8 30.6 | 8.1 873 885 89.8 904
VBcE 242 266 284 304 314 | 856 874 882 895 900
Ve w/o ComMCS (ours) | 246 270 29.0 294 316 | 84 876 882 89.5 903
Vce w/ ComMCS (ours) | 244 272 290 306 318 | 857 880 886 903 91.1
Deepseek-math-7b-instruct
Vuse 21.0 232 23.0 23,6 244 | 821 828 835 836 835
VicE 21.8 236 236 242 258 | 828 84.6 849 854 856
Vcg w/o ComMCS (ours) | 21.0 230 236 248 250 | 832 845 847 851 854
Vce w/ ComMCS (ours) | 214 244 258 262 26.6 | 835 851 851 86.6 86.6

Table 1: Performance of Best-of-N sampling on MATH-500 and GSMS8K with different base models. The results are reported
as the average accuracy across three random seeds. 8, 16, 32, 64, 128 denote the accuracy with Best-of-8/16/32/64/128, respec-
tively. The oracle results are calculated as whether there is correct answer in the sampled /N answers. Vysg denotes verifiers
trained with mean-squared error loss. Vpcg denotes verifiers trained with soft binary cross entropy loss. Vg denotes verifiers
trained with cross entropy loss, with (w/) or without (w/o) our method (ComMCS). The best results are marked in bold. All

results are passed with significance test (p <.05).

et al. 2024)). For variants trained to modeling value distribu-
tion (Vcg) and with or without the variance reduction tech-
nique, we include the results of verifiers trained on cross-
entropy loss only. We present more details in Appendix.

Implementation Details. We train our generator first,
then the generator is used to generate reasoning trajectories
to construct the training dataset of the verifiers. Specifically,
we construct a dataset of 180, 000 samples, each sample is
a reasoning trajectory consists of several reasoning steps,
and each reasoning step has a value annotation that is es-
timated via 8 rollouts and their corresponding correctness
labels. In the training phase, we use 180, 000 sampled solu-
tions to train different verifiers for one epoch with a learning
rate set to 2 x 107, More details are provided in Appendix.

Evaluation Metrics. Following Lightman et al. (2024);
Wang et al. (2024b); Lu et al. (2024), we conduct Best-of-
N (BoN) sampling and beam search experiments as an eval-
uation of our method. We provide more details about evalu-
ation metrics in Appendix.

5.2 Results

We present the comparable performances of models trained
with different methods for BoN sampling and beam search
experiments in Table 1 and Table 2, respectively. Our ob-
servations are as follows: (1) Modeling value distribu-
tion is a meaningful replacement to methods that model
return distribution, or regression. The verifier trained
on CE loss shows competitive performance in most cases,
compared with that trained on BCE and MSE. For in-
stance, Vg based on Qwen2.5-Math-7B-Instruct outper-
forms Vysg and Vgcg on MATH-500 dataset in some
cases. We also observe that Vysg and Vpcg outperforms
Vg based on Deepseek-math-7b-instruct on MATH-500
dataset, showing that the value distribution modeling is not a
complete upper-level replacement to modeling return distri-
bution or performing regression. We also observe that Vg
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Method \ MATH-500 GSMS8K
Qwen2.5-Math-7B-Instruct

VMse 56.0 88.2

VicE 55.2 88.6

Ve w/o ComMCS (ours) 56.4 88.1

Vee w/ ComMCS (ours) 57.8 88.9
Deepseek-math-7b-instruct

Vuse 42.6 81.0

VBcE 46.8 84.7

Vce w/o ComMCS (ours) 46.4 84.7

Vce w/ ComMCS (ours) 47.2 84.8

Table 2: Performance of Beam Search sampling on MATH-
500 and GSM8K with different base models. The results are
reported as the average accuracy across three random seeds.
The beam size of our experiments is set as 8.

outperforms Vpcg and Vysg after performing ComMCS
in most cases, showing that the value distribution modeling
method can be further improved. (2) Our variance reduc-
tion method improves value distribution modeling with-
out additional LLM inference overhead. We observe a
consistent improvement after applying our variance reduc-
tion method when comparing the varieties of Vg with or
without using ComMCS in different tasks and different set-
tings. The results show that the practical approximations
we introduced in §4.3 is tolerable. We note that a similar
performance for Vg varieties based on Qwen2.5-Math-
7B-Instruct on MATH-500 dataset. We contribute the phe-
nomenon as the limited accuracy of our distribution approx-
imation and heuristic search method regarding to the coef-
ficients, and thus there is still room for further optimization
in terms of value distribution approximation. Similar results
can also be observed in the beam search experiments.



. . MATH-500
CoefficientSetting 3 16 3 64 128
Oracle | 29.8 358 404 457 49.6

Deepseek-math-7b-instruct
Static (0.9) 21.0 232 258 258 258
Static (0.99) 214 238 252 258 256
Static (1.0) 21.0 23.0 23.6 248 250
Dynamic 214 244 258 262 26.6

Table 3: Performance of Best-of-N sampling on MATH-500
with different coefficient settings. The results are reported
as the average accuracy across three random seeds. “Static”
denotes using a fixed coefficient during the training loop,
while “Dynamic” denotes using different coefficient that is
decided by the variance comparison during the training loop.

MATH-500
Method 1 8 16 32 64 128
Deepseek-math-7b-instruct
Ve 11]21.0 230 236 248 250
Veg w/ComMCS | 1 | 214 244 258 262  26.6
Ve 2 | 216 242 246 248 246
Veg w/ComMCS | 2 | 22.0 230 252 254 252
Ve 31216 242 246 254 248
Veg w/ComMCS | 3 | 21.8 248 25.6 258 253

Table 4: Performance of Best-of-N sampling on MATH-500
with different scales. The results are reported as the aver-
age accuracy across three random seeds. A denotes the dif-
ference between the MC estimation of V™ (s,,) (for static
methods) or the updated estimation of V™ (s,,) (for dynamic
methods) and the MC estimation of Q™ (s,,, a,,).

6 Analysis and Discussions

6.1 Comparison between Static and Dynamic
Coefficients

We conduct a further analysis of the coefficients of linear
combination in our method. Specifically, we compare dif-
ferent coefficient selection strategies, including static coef-
ficients ranging from {0.9,0.99,1.0} and dynamic coeffi-
cients that are derived from heuristic search as introduced
in Appendix. We report the BoN results in Table 3. We ob-
serve that the verifier trained with dynamic coefficient shows
a consistent improvement compared with those trained with
static methods. In contrast, the performance between differ-
ent static coefficients varies. We conclude that: (1) Different
estimation variance can result in different performances.
Although all the labels of the training dataset were obtained
through unbiased estimation, the estimation variances in dif-
ferent experiments were not the same. The varying variances
directly lead to the differences in experimental results. (2)
The optimal coefficient is not static. Our experimental re-
sults show that the performance of models trained with dif-
ferent static coefficients can produce mutually competitive
results under different experimental conditions. As implied
by Theorem 4.3, the variance of linear combination of sev-
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eral reasoning steps is influenced by the value distributions
of each states and the coefficients. Given the coefficient to
be static, it cannot take into account the differences between
value distributions and thus cannot result in a minimal esti-
mation variance for different value estimations. (3) The dy-
namic coefficient works. Through variance modeling and
variance comparison, our distribution modeling and variance
estimation method can help to achieve a better estimation
while maintaining the condition of unbiased estimation.

6.2 Comparison between Different Value
Distribution Hypothesis

In the main experiments, we estimate Gaussian distribu-
tion by setting the variance to be the difference between

V™ (sn+1) and calculated first moment. In this section, we
conduct a further analysis of our distribution hypothesis
and the generalization ability of our method under differ-
ent distributions. Specifically, we regard the difference be-
tween V”(sn) and Q”(sn, ay,) to be one, two or three stan-
dard deviations, which means that 68%, 95% or 99.7%
of all sampled values are within the range of [V™(s,,) —
Q™ (Sn,an), V™ (sn) + Q™ (5n, a,)]. When more standard
deviations are used for estimation, the sampled Q™ (s,,, a,, )
will be treated as a value that is more distant from distribu-
tion center, which makes the estimated distribution acute.

We report the BoN results in Table 4. We find that after
variance reduction, the verifiers can achieve better perfor-
mances compared with their baselines that trained without
variance reduction in most cases. The result shows that un-
der different distribution hypothesis, our method can pro-
vide a stable improvement without additional LLM infer-
ence cost, which reveals the generalization ability and solid-
ness of our method.

7 Conclusion and Discussion

In this work, We introduced ComMCS, a theoretically-
grounded method that reduces the estimation variance when
performing MC estimations for the training annotations of
value-base process verifiers without additional LLM infer-
ence cost. Utilizing the linear combination of MC estima-
tions of current step and its subsequent step, we refine the
state value of current step heuristically while maintaining
the unbiased property of MC estimation. Our experiments
demonstrate the effectiveness of our method across various
math reasoning tasks, outperforming existing value-based
verifier optimization methods like MSE and BCE. Through
detailed analysis, we highlight the effect of variance reduc-
tion and variance modeling. We also note that there are some
potential limitations of our method. Firstly, our method re-
lies on the Gaussian distribution hypothesis. While effective
in practice, our method may not hold for all tasks or dis-
tributions. Secondly, applying ComMCS to other reasoning
domains, such as code generation, presents an exciting av-
enue for research. We hope that our approach contributes
valuable insights to the field of MC estimation optimization
and value-based process verifier optimization.
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