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Abstract

External reasoning systems combine language models with
process reward models (PRMs) to select high-quality reason-
ing paths for complex tasks such as mathematical problem
solving. However, these systems are prone to reward hacking,
where high-scoring but logically incorrect paths are assigned
high scores by the PRMs, leading to incorrect answers. From
a causal inference perspective, we attribute this phenomenon
primarily to the presence of confounding semantic features.
To address it, we propose Causal Reward Adjustment (CRA),
a method that mitigates reward hacking by estimating the true
reward of a reasoning path. CRA trains sparse autoencoders
on the PRM’s internal activations to recover interpretable fea-
tures, then corrects confounding by using backdoor adjust-
ment. Experiments on math solving datasets demonstrate that
CRA mitigates reward hacking and improves final accuracy,
without modifying the policy model or retraining PRM.

Code — https://github.com/Ruike-Song/CRA.git

Introduction
Large language models (LLMs) have been widely recog-
nized as a central focus of contemporary artificial intelli-
gence research (Shao et al. 2024a; Zhao et al. 2023). One
prominent direction in LLM research is external reason-
ing, which relies on external reward signals such as Pro-
cess Reward Models (PRMs) to guide the reasoning process
(Lightman et al. 2023; Snell et al. 2024a). This approach
has demonstrated strong performance on complex tasks such
as mathematical problem solving (Wei et al. 2022; Light-
man et al. 2023; Uesato et al. 2022; Liu et al. 2025). How-
ever, external reasoning systems are vulnerable to a critical
flaw known as reward hacking, where reward models as-
sign higher scores to incorrect reasoning steps than to cor-
rect ones (Skalse et al. 2022). As a result, the system might
select high-score steps that are logically wrong, which ulti-
mately reduces the accuracy of the final output.

To better understand the mechanism underlying the re-
ward hacking phenomenon, we adopt a causal inference per-
spective and formulate the problem using a Structural Causal
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Model (SCM). In our formulation, the input reasoning path
is denoted as X , the score as Y , and semantic features
unrelated to correctness as Z. These features may include
stylistic elements, step length, or frequently used expres-
sions. Ideally, logically correct reasoning paths (X) should
causally lead to higher reward scores (Y ), represented by the
direct path X → Y . However, in observed training data, due
to annotation biases or inherent preferences of annotators,
reasoning paths that contain certain semantic patterns (Z)
frequently receive higher labeled rewards. As a result, the
presence of these semantic features (Z) creates a spurious
correlation between reasoning paths (X) and reward scores
(Y ), represented by a backdoor path X ← Z → Y . Here,
the semantic feature Z acts as a confounder, leading to a con-
founding effect where the observed distribution E[Y | X]
no longer accurately represents the true causal relationship
X → Y . Consequently, the PRM trained on such biased ob-
servational data learns to assign rewards based not only on
logical correctness (X → Y ) but also on the presence of se-
mantic features (Z → Y ), causing the reward hacking phe-
nomenon. This confounding effect can be addressed using
a backdoor adjustment. Specifically, it involves evaluating
how a given reasoning path X would be scored under differ-
ent values of Z. These scores are then averaged, weighted
by how frequently each semantic feature occurs in the data.
This neutralizes the influence of the confounder and recov-
ers the true causal effect.

Inspired by the above causal analysis, we propose a
causally grounded method called Causal Reward Adjust-
ment (CRA). CRA consists of three steps: (1) extracting
interpretable features from the reward model, (2) identify-
ing confounding features associated with reward hacking,
and (3) implementing backdoor adjustment using the iden-
tified features to mitigate the reward hacking problem. In
the first step, we train a sparse autoencoder (SAE) on the
hidden representations of PRM. The SAE learns to encode
each internal representation into a sparse latent vector, where
each dimension corresponds to a distinct semantic feature.
This design ensures that the latent space is interpretable and
suitable for identifying the reward hacking feature. In the
second step, we detect which latent feature is the reward
hacking feature. We compute the activation distribution of
each feature over two groups of reasoning steps, those la-
beled as reward hacking and those considered normal, and
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apply two-sample t-tests to quantify their statistical separa-
tion. Features with both statistically significant differences
and sufficiently high activation are selected as potential re-
ward hacking features. In the third step, we perform back-
door adjustment by marginalizing over the identified fea-
tures. Specifically, we simulate the reward scores that would
be assigned to a given reasoning path under different values
of the confounding features, and compute a weighted aver-
age using their empirical frequencies in the training data.
This procedure removes the influence of spurious correla-
tions and yields an unbiased estimate of the true causal ef-
fect of the reasoning path on the reward, thereby directly
addressing the reward hacking problem.

To evaluate the effectiveness of CRA, we conduct experi-
ments on two mathematical reasoning benchmarks: GSM8K
and MATH. Results show that CRA significantly mitigates
reward hacking and improves the reasoning correctness. Fur-
thermore, ablation studies show that intervening on features
identified by our CRA method effectively suppresses re-
ward hacking, while random interventions have little impact.
These findings validate both our causal analysis and the ef-
fectiveness of the proposed intervention strategy. Our main
contributions are summarized as follows:

• We provide a causal explanation for reward hacking,
showing that semantic confounders induce spurious cor-
relations between reasoning steps and rewards. As a re-
sult, the reward model may assign high scores to incor-
rect reasoning steps simply because they contain pre-
ferred stylistic patterns.

• We propose CRA, a causally grounded three-step method
that (i) extracts interpretable features via sparse autoen-
coders, (ii) identifies features responsible for reward
hacking, and (iii) performs backdoor adjustment to elim-
inate their spurious influence, thereby mitigating the re-
ward hacking effect.

• Experiments on GSM8K and MATH show that CRA re-
duces reward hacking and improves reasoning perfor-
mance, demonstrating the effectiveness of our approach.

Related Works
Inference Methods in Large Language Models. Recent
advances in LLMs have led to the development of exter-
nal reasoning methods, which enhance complex problem
solving by decoupling inference-time reasoning from model
parameters. These approaches construct multiple candidate
reasoning paths using frozen LLMs, and rely on sampling-
or search-based mechanisms guided by an external verifier
to select high-quality solutions (Lightman et al. 2023; Wu
et al. 2024; Snell et al. 2024b; Yao et al. 2023; Sel et al.
2024; Besta et al. 2024; Zhang et al. 2022; Brown et al.
2024; Liu et al. 2025). Compared to internal approaches
that improve reasoning via reinforcement learning (Madaan
et al. 2023; Saunders et al. 2022; DeepSeek-AI 2025; Shao
et al. 2024b), external methods offer flexibility and modu-
larity, enabling dynamic inference-time optimization with-
out retraining. This paradigm has shown strong performance
on math-reasoning benchmarks such as MATH (Hendrycks
et al. 2021), and GSM8K (Cobbe et al. 2021).

Reward Hacking. PRMs can guide LLM reasoning but
can also be exploited: models may produce reasoning that
receives high PRM scores yet is clearly incorrect. This
“high score but incorrect” behavior is called reward hacking,
where models find unintended shortcuts in the reward func-
tion (Weng 2024; Skalse et al. 2022; Pan et al. 2024; Liu
et al. 2024). This is captured by Goodhart’s Law(Goodhart
2015): “when a measure becomes a target, it ceases to be a
good measure.” Amodei et al.(Amodei et al. 2016) identified
reward hacking as a core safety concern, emphasizing the
risks of models exploiting flawed objectives. In single-agent
settings, mitigation strategies include information-theoretic
regularization (Miao et al. 2024) and intent-inference frame-
works such as Inverse Reward Design (IRD) and Coop-
erative Inverse Reinforcement Learning (CIRL) (Hadfield-
Menell et al. 2020), which seek to recover human prefer-
ences from observed behavior. In multi-agent reinforcement
learning, sparse or misspecified rewards are handled through
targeted communication and exploration (Sun et al. 2024a,
2021, 2024b, 2025; Zang et al. 2025).

Problem Formulation
In this section, we formalize the reward hacking problem in
external reasoning tasks. We first describe the external rea-
soning framework, where policy models generate reasoning
paths scored by reward models, then define reward hacking
as assigning a high score to an incorrect reasoning path.

Solving Reasoning Problem with External Reward
Reasoning tasks typically involve problems and their
ground-truth answers drawn from a distribution (x, y∗) ∼
D. The primary goal of external reasoning systems is to
maximize the expected accuracy of solving these problems.
To achieve this, external reasoning relies on PRMs to iden-
tify and select high-quality reasoning paths. An external rea-
soning system comprises three main components: (i) A pol-
icy model πθ : X×R(t−1) → ∆(S). Given an input problem
x ∈ X and the sequence of previously generated reasoning
steps r(t−1) = (s1, s2, . . . , st−1), the policy model gener-
ates a distribution over possible next reasoning steps st ∈ S.
Here, πθ is a language model parameterized by θ, X repre-
sents the space of input problems, S is the set of potential
reasoning steps, and ∆(S) denotes the probability distribu-
tion over S. (ii) A PRM Rϕ : X × R(t) → R, which eval-
uates the quality of a reasoning trajectory up to the current
step r(t) = (s1, s2, . . . , st) and provides a numerical score.
The PRM, parameterized by ϕ, assigns higher scores to tra-
jectories that better reflect accurate or desirable reasoning.
(iii) A search algorithm, such as beam search, which utilizes
these reward scores to iteratively guide the construction of
reasoning paths.

The external reasoning process using beam search begins
with an empty reasoning trajectory for a given problem x.
At each time step t, the policy model πθ proposes candi-
date next steps for each partial trajectory currently retained.
These expanded trajectories are then scored by the reward
model Rϕ. Next, the top-K highest-scoring trajectories are
preserved for further expansion, while lower-scoring alter-
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Figure 1: Example of reward hacking in mathematical rea-
soning. PRM scores are shown in brackets: green indicates
correct steps, red indicates erroneous steps. The little hacker
icon identifies reward hacking instances where logically
flawed steps receive high scores.

natives are discarded. This iterative cycle of expansion and
selective pruning continues until complete reasoning paths
emerge. Finally, the output (r̂, ŷ) is selected by:

(r̂, ŷ) = argmax
(r,y)∈Complete

Rϕ(x, r) (1)

where Complete is the set of all fully formed reasoning paths
terminating with a final answer.

The ultimate goal of external reasoning is defined as max-
imizing the expected accuracy over the distribution D:

E(x,y∗)∼D[I[ŷ = y∗]] (2)

where I[·] is the indicator function representing correct pre-
dictions, and y∗ denotes the ground-truth answer corre-
sponding to input problem x. In summary, achieving this
goal critically depends on the PRM’s ability to accurately
score reasoning trajectories that lead to correct answers.

The Reward Hacking Problem
External reasoning systems rely on PRMs to rank candidate
reasoning paths. However, these models occasionally assign

Figure 2: The SCM showing the relationship between spuri-
ous patterns (Z), reasoning paths (X), and reward scores (Y).

high scores to reasoning steps that are not mathematically
correct. As a consequence, the system tends to favor incor-
rect paths with higher scores, rather than correct ones with
lower scores. This phenomenon is known as reward hacking.

To illustrate the reward hacking phenomenon, we present
a concrete example from mathematical reasoning in Fig-
ure 1, which demonstrates an instance of reward hacking.
Specifically, Step 3 introduces constraints “5 ≤ x ≤ −5;
4 ≤ y ≤ −4”, which are mathematically impossible since
no number can simultaneously satisfy being greater than 5
and less than -5. Despite this clear logical contradiction, the
reward model assigns a high score of 0.973 to this step. This
led to an incorrect final answer.

Causal Analysis
During external reasoning, we observed that PRM occasion-
ally assign high scores even to reasoning steps that are log-
ically incorrect. To better understand the underlying causes
of this phenomenon, we adopt a causal inference perspec-
tive. Specifically, we identify that the issue stems from the
confounding effects induced by specific semantic patterns
during the reward evaluation process. Based on the analysis,
we argue that the true reward of a reasoning step can be es-
timated through backdoor adjustment, motivating novel ap-
proaches to mitigating reward hacking.

Structural Causal Model
We formalize the problem using a Structural Causal Model
(SCM) to describe causal relationships between observa-
tional variables (Pearl, Glymour, and Jewell 2016), as illus-
trated in Figure 2. Let variable X represent the sequence
of reasoning steps, Y the correctness score that reflects the
logical validity of the reasoning, and Z the semantic fea-
tures unrelated to correctness, such as stylistic elements, step
length, or frequently used expressions.

In the SCM, the directed edge X → Y signifies that
coherent and logically correct reasoning paths X should
causally increase the reward score Y . The edge Z → X
means that semantic patterns Z, such as step length, stylis-
tic phrases, or frequently used templates, often appear in the
generated reasoning steps. These features influence how the
model constructs X . The edge Z → Y means that human
annotators or automated annotation processes tend to assign
higher scores to reasoning steps that contain such semantic
patterns, regardless of their logical correctness (Zhang et al.
2025). Together, X ← Z → Y forms a backdoor path, in-
troducing a spurious correlation between X and Y .
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The Confounding Effect
The structure of the SCM described above implies that, in
observational data, the correctness score Y is influenced
not only by the logical validity of the reasoning path X
(X → Y ), but also by the presence of certain semantic
features Z (X ← Z → Y ). Specifically, Z acts as a con-
founder, simultaneously affecting the generation of reason-
ing steps and the labels assigned during annotation.

In practice, the PRM is trained to predict the probability
that Y = 1 by approximating the conditional expectation
E[Y | X]. In the presence of confounding, the conditional
expectation learned by the PRM can be decomposed as:

E[Y | X] =
∑

z∈{0,1}

E[Y | X,Z = z]P (Z = z | X). (3)

When annotation biases yield P (Y = 1 | Z = 1) ≫
P (Y = 1 | Z = 0), the term E[Y | X = x, Z = 1]
is close to one while E[Y | X = x, Z = 0] is near zero.
Therefore, the conditional expectation simplifies to:

E[Y | X = x] ≈ P (Z = 1 | X = x). (4)
Equation 4 shows that the PRM learns to predict whether
the confounding feature Z is present in the reasoning path,
rather than assessing the true logical validity of X , directly
leading to the reward hacking phenomenon.

Motivation
Given that the PRM’s prediction E[Y | X = x] is biased
by the confounding influence of Z, we seek to recover the
true causal effect of the reasoning path on reward by remov-
ing this bias. Specifically, the backdoor adjustment formula
states that the true causal effect of X on Y , represented as
E[Y | do(X = x)], can be estimated by marginalizing over
the confounder Z according to its marginal distribution:

E[Y | do(X)] =
∑
z

E[Y | X,Z = z] P (Z = z). (5)

This means that, for any given reasoning path X = x, the
estimated reward is computed as if the confounding feature
Z could take either value, regardless of whether x actually
contains Z or not. In practice, it is common to assume a bal-
anced distribution, i.e., P (Z = 1) = P (Z = 0) = 0.5,
so that neither presence nor absence of the confounder dom-
inates the estimated score. As a consequence, the adjusted
reward is independent of spurious semantic patterns, thereby
effectively eliminating reward hacking. This motivates using
a backdoor adjustment to mitigate reward hacking.

Methodology
Grounded in our causal analysis, we propose Causal Re-
ward Adjustment (CRA), a method designed to address re-
ward hacking through backdoor adjustment. CRA consists
of three steps: (1) Training SAEs on reward models to de-
compose internal activations into interpretable semantic fea-
tures, (2) Identifying reward hacking semantics by statis-
tically analyzing which features discriminate between re-
ward hacking and normal reasoning steps, and (3) Imple-
ment backdoor adjustment using the identified features to
mitigate the reward hacking problem and improve system
accuracy. The overall framework is illustrated in Figure 3.

Training Sparse Autoencoders on Reward Models
To identify interpretable semantic features within the reward
model that may contribute to reward hacking, we train a set
of SAEs to decompose the internal activations of the model
into sparse, disentangled components.

Token-Level Activation Collection. To collect the train-
ing data for training SAEs, we first construct a cor-
pus of reasoning paths by prompting multiple instruction-
tuned LLMs (Qwen2.5-0.5B-Instruct, Qwen-2.5-math-7B-
Instruct, LLaMA-3.1-8B-Instruct) to perform step-by-step
reasoning on problems from training sets of GSM8K and
MATH. Each resulting path consists of a sequence of inter-
mediate reasoning steps, which are then processed token-
by-token by the reward model Rϕ to extract internal acti-
vations. And for each reasoning path, we tokenize the input
and extract the hidden representation hl,k ∈ Rd for each to-
ken position k from each Transformer block l ∈ {1, ..., L}.
These token-level activations will serve as input data for
layer-specific autoencoders.

Layer-Wise SAE Architecture. We train one SAE for
each Transformer block layer in the reward model. At each
layer l, the SAE encoder maps the hidden activation at token
position k to a sparse feature vector:

zl,k = ReLU(W (l)
e hl,k + b(l)e ), (6)

and the decoder reconstructs the original activation:

ĥl,k = W
(l)
d zl,k. (7)

Here, hl,k ∈ Rd denotes the hidden representation of token
k at layer l in the reward model, and zl,k ∈ Rm is the cor-
responding sparse latent vector. The encoder consists of a
weight matrix W

(l)
e ∈ Rm×d and a bias vector b(l)e ∈ Rm,

while the decoder W (l)
d ∈ Rd×m uses the transpose of W (l)

e

to reconstruct the input, i.e., W (l)
d = W

(l)⊤
e Here, d is the

hidden size of the reward model, and m is the number of la-
tent features in the sparse representation. We set m = 8d to
promote overcomplete and disentanglement representations.

We train the SAE at each layer l by minimizing the fol-
lowing empirical loss over the training setHl of token-level
activations:

L(l) =
1

|Hl|
∑

hl,k∈Hl

[
1

d
∥hl,k − ĥl,k∥22 + α∥zl,k∥1

]
. (8)

Here,Hl denotes the set of hidden activations collected from
layer l across all tokens and reasoning paths in the training
corpus, ∥ · ∥2 denotes the Euclidean norm, and ∥ · ∥1 denotes
the ℓ1 norm. The first term ensures accurate reconstruction
of the reward model’s activations, and the second term en-
forces sparsity in the latent features. Besides those, the spar-
sity coefficient α is a hyperparameter.

Feature Interpretation. After training, the sparse au-
toencoder provides interpretable semantic features. Specif-
ically, each row vector f

(l)
i ∈ Rd of the decoder weight

matrix W
(l)
d represents a distinct semantic feature in layer

l, effectively serving as a basis vector capturing specific pat-
terns in the activation space. To understand how these fea-
tures work in practice, consider an input token sequence
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Figure 3: (1) Training Sparse Autoencoders on Reward Models. Given some input problems, the policy model generates
reasoning steps. These steps are then passed through selected transformer blocks in the reward model to extract step-level
activation vectors. The activations are used to train SAEs. (2) Identifying Reward Hacking Semantics. The reasoning steps
are manually labeled as normal (blue) or reward hacking (red with a hacker icon). These labeled samples are then encoded using
the SAE trained in (a), and the activation distributions of individual features are obtained. Those with significant distribution
differences are regarded as reward hacking features. (3) Implementing Backdoor Adjustment. Based on the reward hacking
features identified in the previous step, the influence of these features during the scoring process can be cut off through backdoor
regulation, thereby addressing the reward hacking issue.

T = [k1, k2, . . . , kN ]. The hidden activation hl,kN
∈ Rd at

the final token kN in layer l can be decomposed as a linear
combination of these learned semantic basis vectors:

hl,kN
≈

m∑
i=1

z
(i)
l,T f

(l)
i = W

(l)
d zl,T , (9)

where zl,T ∈ Rm is the sparse code computed by the en-
coder over the input sequence T . Each coefficient z(i)l,T re-
flects the presence and strength of the i-th semantic feature
in the representation of T : if z(i)l,T = 0, the feature f

(l)
i is in-

active; if large, it strongly influences the output. Due to the
enforced sparsity, only a few features are active per input,
making their contribution interpretable. Empirically, these
features align with symbolic computations, common logical
substeps, or spurious patterns exploited by reward hacking
(Bricken et al. 2023). In the next section, we analyze these
features to identify those correlated with reward hacking.

Identifying Reward Hacking Semantics
After obtaining SAEs, we can decompose the reward model
activations into interpretable features with them. Next, we
identify which specific features are responsible for reward
hacking behavior. This process involves two key steps: (1)
constructing a labeled dataset of reward hacking versus nor-
mal reasoning steps, (2) applying statistical analysis to iden-

tify discriminative features. Through this analysis, we can
pinpoint the features that cause reward models to favor re-
ward hacking steps.

Dataset Construction for Feature Analysis. To identify
reward hacking features, we construct labeled examples by
analyzing reasoning trajectories from the beam search pro-
cess. We isolate every intermediate reasoning step and as-
sign binary labels based on two criteria: mathematical va-
lidity and reward score. Specifically, we label yi = 1 for
steps that are mathematically incorrect yet receive high re-
ward scores (reward hacking instances), and yi = 0 for all
other steps (normal instances). This labeling process yields
N1 reward hacking steps and N0 normal steps, providing
sufficient data for statistical analysis.

Statistical Feature Selection. Building on our causal
analysis, we aim to leverage SAEs to identify semantic fea-
tures responsible for reward hacking. To achieve this, we
propose a statistical screening approach: Each labeled rea-
soning step is first encoded into a sparse representation
zi ∈ Rm using the trained SAEs, where m denotes the num-
ber of learned semantic features. We then identify reward
hacking features by selecting those whose activation dis-
tribution differs significantly between reward hacking steps
and normal reasoning steps.

For each sparse dimension j, we compute the mean acti-
vations µ1,j and µ0,j , and variances σ2

1,j and σ2
0,j within the
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Figure 4: Examples of features with high t-statistics showing systematic differences between reward hacking (red) and normal
(blue) reasoning steps. Dashed vertical lines indicate mean activation values for each condition.

two classes. We then compute the two-sample t-statistic:

tj =
µ1,j − µ0,j√

σ2
1,j/n1 + σ2

0,j/n0

(10)

where n1 and n0 are the numbers of reward hacking and
normal samples, respectively.

Features with high |tj | values represent the confounding
variable Z in our SCM, since they exhibit systematic dif-
ferences between the two conditions, indicating their role in
creating spurious correlations between reasoning paths and
reward scores. We retain dimensions satisfying both statisti-
cal significance and activation thresholds:

|tj | > τt and max(µ1,j , µ0,j) > τa (11)

where τt controls statistical significance and τa filters
out low-activation noisy dimensions. We show in Fig-
ure 4 the probability distributions of activation values
for representative features. The vertical dashed lines in-
dicate the mean activation values for each condition,
showing systematic shifts between the two distributions.
Having identified the observable confounding features
F∗ = j : |tj | > τt ∧max(µ1,j , µ0,j) > τa, we can imple-
ment causal intervention based on backdoor adjustment.

Implementing Backdoor Adjustment
Once we identify which SAE latent corresponds to a reward-
hacking semantic feature, we can perform backdoor adjust-
ment based on this latent. This process consists of four steps:
(1) We collect the activation values of the reward-hacking
feature across the dataset to estimate its prior distribution.
(2) For each reasoning step, we substitute the activation
value of the reward-hacking feature with different possible
values, reconstruct the hidden state, and obtain the corre-
sponding conditional rewards from the PRM. (3) The final
CRA score, R̂CRA, is computed as the weighted average of
all conditional rewards, using the estimated prior as weights.
(4) We then use R̂CRA to replace the original PRM scores
when selecting reasoning paths in external reasoning.

Building Prior Distribution. According to Equation 5,
implementing backdoor adjustment requires estimating two
components: the prior distribution P (Z) and the conditional
rewards E[Y | X,Z]. To estimate the prior, we first collect

the activation values of the reward-hacking feature across
all reasoning steps. These activation values are then grouped
into non-overlapping bins to construct an empirical distribu-
tion. For each bin i with range [zi, zi+1], the prior probabil-
ity is calculated as

P (Z ∈ [zi, zi+1]) =
ni

N
, (12)

where ni is the number of steps within the bin and N is the
total number of steps. The midpoint of each bin is used as
the intervention value z in subsequent calculations.

Compute Conditional Rewards. To obtain E[Y |X,Z =
z], for each reasoning step t, we edit the SAE latent vector
zt by replacing the activation value at the target dimension
with z, while keeping all other dimensions unchanged:

z̃
(j)
t =

{
z, if j ∈ F⋆

z
(j)
t , otherwise

(13)

We then decode z̃t to obtain the hidden state h̃t = Wdz̃t, and
input it into the PRM. The resulting PRM output is taken as
the conditional reward E[Y |X,Z = z].

Perform Backdoor Adjustment. Finally, the adjusted re-
ward is computed as the weighted average over all condi-
tional rewards:

R̂CRA(x) =
∑
z

E[Y | X,Z = z] · P (Z = z). (14)

By this construction, R̂CRA(x) removes the PRM’s bias to-
ward the semantic feature Z, thereby mitigating the reward
hacking problem.

System Integration and Evaluation. We integrate the
adjusted reward into the external reasoning pipeline by re-
placing the original PRM score with the adjusted reward
R̂CRA at each reasoning step. During beam search, this ad-
justed score guides the selection of partial trajectories, which
downgrades the rewards of incorrect steps even if they con-
tain the semantic feature Z.

Experiments And Results
In this section, we evaluate the effectiveness of CRA by
comparing external reasoning accuracy before and after
CRA integration on mathematical benchmarks, assessing
whether it improves the reasoning accuracy.
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Policy Model Qwen2.5-0.5B-Instruct Qwen-2.5-math-7B-Instruct Llama-3.2-3B-Instruct

Reward Model
Dataset MATH GSM8K MATH GSM8K MATH GSM8K

Math-Shepherd-PRM-7B 40.1 55.1 77.0 96.8 48.3 78.1
Qwen2.5-Math-PRM-7B 46.6 60.9 78.1 96.5 53.9 80.1

⋆ Math-Shepherd-PRM-7B + CRA 43.7 58.0 80.3 97.1 51.7 80.7
⋆ Qwen2.5-Math-PRM-7B + CRA 48.6 62.3 80.6 97.0 56.4 82.1

Table 1: Performance comparison using beam search (beam = 4) across different policy models. ⋆ represents our trained models.

Experimental Setup
Datasets. We evaluate our method on GSM8K(Cobbe et al.
2021) and MATH(Hendrycks et al. 2021). For SAE train-
ing, we construct a corpus of 18,000 reasoning trajectories,
comprising over 190,000 reasoning steps.

Models and Architecture. We use Qwen2.5-0.5B-
Instruct as the primary policy model, with additional
evaluations on Qwen-2.5-math-7B-Instruct and Mistral-7B-
Instruct. For reward models, we employ Math-Shepherd-
Mistral-7B and Qwen2.5-Math-PRM-7B. We train layer-
wise SAEs with sparse dimension m = 8d to encourage
interpretable feature discovery.

Implementation Details. We implement our approach
using PyTorch 2.0 on 8 Tesla V100 GPU with mixed-
precision training. Beam search is configured with a beam
size of 4. At each expansion step, 8 candidate steps are
generated, and 8 complete reasoning paths are produced as
final outputs. SAEs are trained using the Adam optimizer
(lr=0.001, cosine annealing) for 50 epochs with a batch size
of 2,048 and a sparsity coefficient α = 0.001. For feature
selection, we use thresholds τt = 4.0 and τa = 0 to identify
discriminative features for intervention.

Results
The results are shown in Table 1. From Table 1, we can ob-
serve that CRA consistently improves performance in all
settings. On MATH, the average accuracy increases from
57.3% to 60.2%, with an average gain of 2.9 percentage
points. On GSM8K, the accuracy improves from 77.9%
to 79.5%, with an average gain of 1.6 percentage points.
Specifically, in the combination of Qwen2.5-Math-PRM-7B
and LLaMA-3.2-3B-Instruct as the policy model, GSM8K
accuracy improves from 80.1% to 82.1%, indicating that
CRA provides consistent benefits even in strong model con-
figurations. These results confirm that CRA mitigates reward
hacking and improves external reasoning reliability.

Ablation Experiment
We conduct ablation studies to validate CRA by compar-
ing it against a random intervention baseline. Both methods
share the same technical pipeline, differing only in feature
selection: CRA intervenes on features identified by their sta-
tistical significance (highest t-statistics), while the random
baseline selects features arbitrarily.

(a) Causal intervention (b) Random intervention

Figure 5: Score change distributions after feature interven-
tion. “RH Steps” denotes reward hacking steps, and “Normal
Steps” denotes non-hacking reasoning. Both panels share
the same vertical scale. (a) Causal intervention markedly re-
duces scores for reward hacking instances while minimally
affecting normal steps. (b) Random intervention produces
negligible, non-discriminative effects on both step types.

Experimental results (Figure 5) show a clear advantage
for CRA. When intervening on selected features, CRA
specifically lowers the scores of reward-hacking steps (aver-
age decrease ≈ −0.04) without significantly impacting nor-
mal reasoning steps. Conversely, random feature interven-
tions produce negligible effects with score changes tightly
clustered around zero. These findings confirm that precise,
causally informed feature identification is critical for effec-
tively mitigating reward hacking.

Conclusion
We study reward hacking in external reasoning systems
through a causal lens and attribute it to confounding se-
mantic features that jointly affect reasoning generation and
reward evaluation. Building on this analysis, we propose
Causal Reward Adjustment (CRA), which trains sparse au-
toencoders on process reward models to identify such con-
founders and applies backdoor adjustment to compute de-
biased rewards. Experiments on GSM8K and MATH show
that CRA reduces the selection of flawed reasoning steps and
improves final accuracy, without modifying policy models
or retraining reward models.
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