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Abstract

Recent advances in large language models (LLMs) have
broadened their applicability across diverse tasks, yet special-
ized domains still require targeted post-training. Among ex-
isting methods, Group Relative Policy Optimization (GRPO)
stands out for its efficiency, leveraging groupwise relative re-
wards while avoiding costly value function learning. How-
ever, GRPO treats candidate responses as independent, over-
looking semantic interactions such as complementarity and
contradiction. To address this challenge, we first introduce a
Structural Causal Model (SCM) that reveals hidden depen-
dencies among candidate responses induced by condition-
ing on a final integrated output, forming a collider structure.
Then, our causal analysis leads to two insights: (1) projecting
responses onto a causally-informed subspace improves pre-
diction quality, and (2) this projection yields a better baseline
than query-only conditioning. Building on these insights, we
propose Group Causal Policy Optimization (GCPO), which
integrates causal structure into optimization through two key
components: a causally-informed reward adjustment and a
novel KL-regularization term that aligns the policy with a
causally-projected reference distribution. Comprehensive ex-
perimental evaluations on various benchmarks demonstrate
that GCPO consistently surpasses existing methods.

Code — https://github.com/ML-TASA/GCPO

Introduction
Recent advances in large language models (LLMs) have
significantly broadened their application potential, demon-
strating remarkable capabilities in general tasks (Lai et al.
2025; Zhao et al. 2025; Minaee et al. 2024b; Jaech et al.
2024). However, fully harnessing their practical effective-
ness, particularly in specialized domains, requires focused
post-training adjustments (Tie et al. 2025). While founda-
tional pre-training establishes linguistic fluency and gen-
eral reasoning, supplementary methods such as reinforce-
ment learning with human feedback (RLHF) (Bai et al.
2022) are essential for adapting LLMs to specific applica-
tions and aligning their outputs with human preferences and

*These authors contributed equally.
†Corresponding Author.
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Figure 1: Examples of (a) Supportive chains: A1 provides
precise computation, A2 offers geometric insight, and A3
quickly verifies the result via Pythagorean triple recognition;
combined, they robustly lead to the optimal answer 13; (b)
Conflicting chains: B1 yields 7 due to calculation errors, B2
outputs 169 by omitting the square root, and B3 misinter-
prets the question to give 17; their conclusions conflict, and
mixing them with correct paths introduces errors.

ethical norms. Among these approaches, the recently pro-
posed Group Relative Policy Optimization (GRPO) (Shao
et al. 2024) has garnered considerable attention due to its
significant reduction in computational overhead and mem-
ory requirements. By introducing a scalable and efficient
training mechanism, GRPO has demonstrated substantial
performance gains on many benchmarks (Guo et al. 2025).

While GRPO introduces an efficient mechanism by es-
timating advantages through groupwise relative rewards, it
adopts a simplifying assumption: all candidate responses
within a group are treated as independent and unrelated. This
design choice helps reduce computational complexity and
makes the method more scalable, especially when compared
to traditional value-based approaches like PPO (Schulman
et al. 2017; Ouyang et al. 2022). However, in many real-
world reasoning tasks, responses generated for the same in-
put often contain rich semantic connections. For an example
shown in Figure 1, some responses may complement each
other by covering different aspects of the problem, jointly
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forming a more complete reasoning chain; others may con-
tradict each other, revealing logical conflicts or alternative
interpretations. These interactions—whether supportive or
conflicting—are not captured in the current formulation of
GRPO. As a result, although GRPO successfully leverages
relative reward signals within a group, it may overlook valu-
able information encoded in the relationships between re-
sponses. Incorporating such intra-group dynamics could en-
able models to better understand the structure of the output
space, leading to more nuanced learning and potentially im-
proved alignment with human reasoning preferences.

To address this challenge from a causal perspective, we
introduce a Structural Causal Model (SCM) that explicitly
captures the relationships between the original query and
the generated candidate responses. Specifically, consider a
scenario in Figure 2 where a user inputs a query into the
LLM, resulting in multiple independently generated candi-
date answers. Initially, these candidate outputs seem unre-
lated since each is generated independently based solely on
the query. However, if we subsequently use these candidate
answers collectively to produce a final, refined response, we
unintentionally create a collider structure. In causal infer-
ence terms (Pearl, Glymour, and Jewell 2016; Pearl 2009),
a collider is a scenario where two or more independent vari-
ables influence a common variable, such that conditioning
on this common variable makes these previously indepen-
dent variables become interdependent. In our case, candi-
date responses are initially independent when conditioned
solely on the query. But when these responses jointly in-
fluence a final integrated output, conditioning on this final
result (the collider) introduces dependencies among the can-
didate responses. Practically speaking, knowing the content
of the final integrated response can reveal previously hidden
relationships among candidate answers. For example, one
candidate response might provide context missing from an-
other, forming a complementary relationship; another might
present contradictory logic, creating a conflicting relation-
ship. Recognizing and explicitly modeling these collider-
induced relationships might help the model better leverage
hidden structural patterns within generated answers.

Formally, our causal analysis (refer to Section: Causal
Analysis and Motivation for more details) provides a rig-
orous theoretical basis for this intuition. Specifically, The-
orem 1 indicates that when the query-response generation
process follows a collider structure, predicting an output
based on a causally adjusted baseline—that is, the projec-
tion of the original predictions onto a subspace that re-
spects this collider structure—will consistently yield im-
proved accuracy. In other words, rather than directly predict-
ing responses based solely on independent evaluations, in-
corporating a causally informed adjustment significantly en-
hances prediction performance. Moreover, Corollary 2 com-
plements this by showing that even the original query-based
predictions can benefit from incorporating this causally pro-
jected baseline. Intuitively, this can be thought of as adding
a causal “lens” through which predictions are viewed, en-
abling the model to correct latent biases or misunderstand-
ings that arise from ignoring structural dependencies.

Motivated by these causal insights, we propose a novel

optimization method called Group Causal Policy Optimiza-
tion (GCPO). Unlike GRPO, which evaluates each candidate
response purely based on its reward relative to the group
average, GCPO explicitly incorporates causal relationships
within the group of generated outputs. Guided by Theorem 1
and Corollary 2, GCPO introduces two major adjustments
to the original GRPO framework: (1) a causally-adjusted re-
ward mechanism, and (2) a novel KL-divergence regular-
ization term that explicitly considers causal structures. First,
the reward mechanism in GCPO is enhanced by projecting
each candidate response onto a causally-informed baseline.
Practically, the reward of each candidate answer is adjusted
based on how closely it aligns with this causally projected
reference. Intuitively, this approach rewards responses that
are not only individually strong but also structurally co-
herent with other responses. Second, to further encourage
structural consistency, GCPO introduces an additional KL-
divergence regularization term. Specifically, during training,
we first compute the model’s output distribution conditioned
solely on the query. Next, we calculate a causally-adjusted
distribution that captures interdependencies among candi-
date responses. The sum of these two components forms
a new reference distribution, representing the model’s cor-
rected belief after considering group-level causal structures.
By minimizing the KL-divergence between the model’s cur-
rent output and this causally-informed reference, GCPO ex-
plicitly guides the model towards structurally consistent pre-
dictions. To further illustrate intuitively, the original GRPO
method measures divergence by comparing the current pol-
icy model to a standard reference model trained without
causal adjustments. GCPO, however, measures this diver-
gence against a structurally enhanced baseline, explicitly en-
couraging the policy model to conform to inferred depen-
dencies among candidate responses. The main contributions
of this paper can be summarized as:

• Causal insight into candidate dependencies. We estab-
lish that conditioning on a final integrated output in-
duces a collider structure among candidate responses.
Theoretically, we prove that projecting predictions onto
a causally-informed subspace reduces test error, offering
a more reliable baseline than query-only conditioning.

• A causality-aware policy optimization method. We pro-
pose GCPO, which enhances GRPO with a causally-
adjusted reward and a KL regularizer aligned to a pro-
jected reference distribution. This enables structurally
consistent and semantically robust policy updates.

• Consistent gains across benchmarks. Experiments on
math and code reasoning tasks show that GCPO consis-
tently outperforms GRPO. Ablations confirm the critical
role of both proposed components.

Related Work
In recent years, LLMs have made remarkable progress on
a wide range of tasks, including question answering (Bot-
tou, Curtis, and Nocedal 2018; Bai et al. 2024; Sun et al.
2024b), code generation (Sadik and Govind 2025; Wang
et al. 2025b), and mathematical reasoning (Minaee et al.
2024a; Wang et al. 2025a; Muennighoff et al. 2025; Sun
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et al. 2025). However, achieving optimal performance on
specialized tasks often requires targeted post-training adap-
tation (Tie et al. 2025; Sun et al. 2024a, 2021). Common ap-
proaches such as Supervised Fine-Tuning (Raffel et al. 2020;
Devlin et al. 2019; Zang et al. 2025) and Instruction Tuning
(Sanh et al. 2022; Chung et al. 2022; Ouyang et al. 2022) use
labeled data or instructional examples to align model outputs
with specific objectives, delivering strong results. Neverthe-
less, these post-training methods are prone to exposure bias
and may generalize poorly to novel scenarios (Touvron et al.
2023; Ballon, Algaba, and Ginis 2025).

To address these limitations, reinforcement learning (RL)
has been adopted to tailor LLMs for domain-specific appli-
cations and align their outputs with human preferences and
ethical standards (Ouyang et al. 2022; Bai et al. 2022). Un-
der RL-based strategies, GRPO (Shao et al. 2024) has gar-
nered widespread attention with its efficiency in lowering
computational and memory burdens. It introduces a scalable
group-wise optimization framework, where policy updates
leverage relative advantages within groups of candidate re-
sponses. This design enables flexible integration of process
rewards and preference signals, resulting in great perfor-
mance. Building upon GRPO, a number of variants have
been proposed, leveraging process-level reward estimation,
adaptive reward shaping, and regularization strategies to fur-
ther improve efficiency and generalization. Specifically, LC-
R1 (Cheng et al. 2025) employs a novel combination of a
length reward for overall conciseness and a compress reward
that is specifically designed to remove the invalid portion of
the thinking process. GVPO (Zhang et al. 2025) incorporates
the analytical solution to KL-constrained reward maximiza-
tion directly into its gradient weights, ensuring alignment
with the optimal policy. Dr.GRPO (Liu et al. 2025) improves
token efficiency while maintaining reasoning performance.
L2T (Wang et al. 2025a) proposes an information-theoretic
reinforcement fine-tuning framework for LLMs to make the
models achieve optimal reasoning with fewer tokens.

However, these exist RL-based policy optimization meth-
ods often treat candidate responses as independent, thus ig-
noring the rich structural and causal relationships that are
embedded in the interrelationships among responses. To ad-
dress this, in this work, we propose GCPO that explicitly
models and leverages intra-group dependencies to improve
the general coherence and reasoning capability of LLMs.

Causal Analysis and Motivation
This section begins by introducing an SCM. Based on this
foundation, we construct a causal analysis framework to
evaluate the quality of reasoning strategies in LLMs. We
conclude by outlining the motivation that informs the design
of the proposed approach.

Causal Analysis
Consider an SCM illustrated in Figure 2. Here, the vari-
able q represents the original input query. The variables
y0, y1, · · · , yn−1 respectively denote the corresponding out-
puts obtained by independently feeding the same query q
into the function π. The variable yn is a new output derived

Figure 2: The SCM under our setting. q is the input query,
{y0, · · · , yn−1} represents the set of outputs obtained by
feeding q into a LLM n times, and yn denotes the final out-
put produced by inputting {q, y0, · · · , yn−1} into a LLM.

by feeding q, y0, y1, · · · , yn−1 into the π. Consequently, the
SCM includes causal paths: {q → yi → yn}n−1

i=0 and
q → yn. In addition, the path q → {y0, y1, · · · , yn−1} forms
a fork structure, while the path {y0, y1, · · · , yn−1} → yn
forms a collider structure (Pearl 2009). These structures lead
to two conditional independence relations (Pearl, Glymour,
and Jewell 2016): conditioned on q, the variables in {yi}n−1

i=0
are mutually independent; however, conditioned addition-
ally on yn, these variables become mutually dependent.

From a Bayesian perspective, when a model is trained
to optimality by minimizing the cross-entropy loss or mean
squared error loss, it can be viewed as estimating the con-
ditional expectation of the output distribution given the in-
put context (Zhang and Bowman 2018; Goodfellow, Ben-
gio, and Courville 2016; Bengio et al. 2003). More pre-
cisely, if the function π is trained using cross-entropy loss
and achieves optimality, then statistical decision theory im-
plies that π(X) = E[Y | X], where X refers to the input
in a general sense, and Y refers to the corresponding out-
put. For clarity of distinction, let π denote a function that
outputs a probability, similar to the formulation used during
training based on cross-entropy loss minimization, and let
π∗ denote its Bayesian optimal counterpart. Then, we have
π(y0 | q) = pπ(y0 | q) and π∗(q) = E[y0 | q]. Based on the
conditional independence relations discussed in the previous
paragraph, the following conclusion can be drawn:

E [π∗(x)− π∗(q) | q, y1:n−1]
= E [E [y0 | x]− E [y0 | q] |q, y1:n−1]
= E [y0 | q, y1:n−1]− E [y0 | q, y1:n−1] = 0,

(1)

where x = {q, y1, · · · , yn}, y1:n−1 = {y1, · · · , yn−1}.
It is important to note that the variables y0, y1, · · · , yn−1

are used as generic placeholders. In other words, Equa-
tion (1) still holds when y0 is exchanged with any yi ∈
{y1, · · · , yn−1}. All subsequent results in this section fol-
low this property, and we will not reiterate it in the follows.

Let F denote the space of square-integrable functions, we
can obtain that π∗ ∈ F . Let Φ be a functional operator acting
on π∗(x), defined as the following:

Φ · π∗(x) = E[π∗(x)|q, y1, · · · , yn−1]. (2)

Based on this, we define a causal-related mapping Ψ as: Ψ =
Id− Φ, where Id denotes the identity mapping. Noting that
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the output of Φ can be viewed as the image space, while the
output of Ψ corresponds to the kernel space associated with
Φ. Meanwhile, let X be the random variable of the query and
Y be the random variable of the answer, assume X × Y ∼
p(X,Y ) where p(X,Y ) is the joint probability distribution
of X and Y . Given π∗

1 , π
∗
2 ∈ F , ∆ is defined as:

∆(π∗
1 , π

∗
2) = E

p(X,Y )
[Y − π∗

1(X)]

− E
p(X,Y )

[Y − π∗
2(X)] .

(3)

Equation (3) can be interpreted as the test error or the ex-
pected risk. Then, the following conclusion can be drawn:
Theorem 1 Given the condition of Equation (1) and the
SCM shown in Figure 2, for ∀π∗ ∈ F , the following holds:

∆(π∗(x),Ψ · π∗(x) + π∗(q)) ≥ 0. (4)

The proof of Theorem 1 is presented in the Appendix. We
provide an intuitive understanding of Theorem 1. First, the
collider structure makes us realize that, although some vari-
ables may appear independent on the surface, they could po-
tentially be dependent through a common influence. If this
relationship is not captured, it may affect the accuracy of the
LLM. Second, π∗(x) is tasked with predicting an outcome
based on the input. From a causal perspective, π∗(x) serves
as a generative function. If we know that the data generation
process follows a collider structure, we can project the hy-
pothesis space formed by all π∗(x) onto a subspace formed
by those π∗(x) that can recognize the collider structure. This
is akin to adding a pair of “glasses” to π∗(x), helping it iden-
tify latent dependencies that are not immediately apparent,
thereby improving its predictive accuracy on new data. Fur-
thermore, π∗(q) represents the model’s initial prediction in
the absence of the collider structure’s influence, and it can be
viewed as a preliminary estimate of the input. By incorporat-
ing this initial estimate, we can further optimize the model,
ensuring that the final output does not merely rely on the
preliminary estimate but fully considers the inherent struc-
ture of the data. Similarly, the follows can also be drawn:
Corollary 2 Given the condition of Equation (1) and the
SCM shown in Figure 2, for π∗ and Ψ, the following holds:

∆(π∗(q),Ψ · π∗(x) + π∗(q)) ≥ 0. (5)

The proof of Corollary 2 is provided in the Appendix.
Since the intuitive interpretation of Corollary 2 closely par-
allels that of Theorem 1, we omit a redundant explanation.
Together, Theorem 1 and Corollary 2 suggest that when the
query generation process involves a collider structure, it is
possible to project the hypothesis space of an LLM onto a
subspace that better aligns with this structure. By incorporat-
ing a baseline function, the model can be further optimized.
This approach leverages conditional independence relations
encoded in the causal graph, thereby improving the general-
ization capability of the LLM and enabling more stable and
reliable performance on unseen queries.

Motivation Analysis
GRPO has been widely adopted for post-training LLMs due
to its efficiency and simplicity. It treats the model as a pol-
icy and optimizes it by comparing relative rewards among

candidate responses generated for the same query. However,
GRPO assumes that all candidates are independent, over-
looking potential semantic interactions such as complemen-
tarity or contradiction (see Figure 1). This limits the reward
signal expressiveness and may hinder LLMs generalization.

From the above causal analysis, while candidate re-
sponses are independently sampled from the query, they of-
ten influence a final integrated output, thus forming a col-
lider structure. Under this structure, responses become con-
ditionally dependent when the final output is observed. Our
theoretical findings (Theorem 1 and Corollary 2) show that
projecting predictions onto a causally-informed subspace,
expressed as Ψ ·π∗(x)+π∗(q), indeed leads to consistently
lower test error than using π∗(q) or π∗(x) alone.

This insight motivates a principled revision of GRPO’s
preference mechanism. Instead of favoring candidates
purely based on relative rewards, we can additionally con-
sider their alignment with the causally projected output.
This adjustment allows the model to exploit latent depen-
dencies among responses, encouraging structurally coherent
and semantically accurate outputs. Furthermore, we can in-
troduce a causal regularization term that aligns the policy
with a causally-informed reference distribution. Together,
these changes form the basis of the following proposed
GCPO, a causality-aware optimization framework that en-
hances model performance by integrating structural reason-
ing signals into the learning process.

The Proposed Method
In this section, we propose GCPO, a new post-training algo-
rithm for LLMs. GCPO can be viewed as a variant of GRPO,
with the primary differences lying in two aspects: the rela-
tive advantage function and the KL Divergence.

A Brief Introduction to GRPO
For a given query q, GRPO samples a set of outputs
{y0, y1, · · · , yn−1} from the old policy πθold . It then updates
the policy πθ by maximizing the objective:

JGRPO = E[q∼P,{y0,y1,··· ,yn−1}]

1
n

n−1∑
i=0

1
Ti

Ti∑
j=0

{[min(Ri,j(θ)Ai,Ξij ·Ai)]

−βDKL(πθ ∥ πref)},

(6)

where ϵ and β are hyperparameters, Ξij = clip(Ri,j(θ), 1−
ϵ, 1 + ϵ), clip(·) is a truncation function ensuring sta-
ble updates, P denotes the distribution of queries. Be-
cause an LLM generates a output yi = (yi,1, . . . , yi,Ti

)
token-by-token in an autoregressive manner, where Ti de-
notes the token length of yi, thus, Ri,j(θ) and DKL(·) are
also calculated in a token-by-token manner. Then, the KL
divergence term DKL(πθ ∥ πref) is computed as:

πref(yi,j |q, yi,<j)

πθ(yi,j |q, yi,<j)
− log

πref(yi,j |q, yi,<j)

πθ(yi,j |q, yi,<j)
− 1, (7)

where πref is a fixed reference policy and often set to πθold .
The relative advantage Ai is calculated within each sampled
group to capture the comparative quality of outputs:

Ai = [ri −mean(r0, · · · , rn−1)]/std(r0, · · · , rn−1), (8)
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where ri = reward(yi) combines task-specific accuracy and
formatting rewards, while mean(·) and std(·) are the mean
and standard deviation over the reward group. At last, the
importance ratio Ri,j(θ) is defined as:

πθ(yi,j |q, yi,<j)/πθold(yi,j |q, yi,<j). (9)

Details of the Proposed GCPO
For a query q, GCPO also samples a group of outputs
{y0, y1, · · · , yn−1} from the old policy πθold . Different from
GRPO, GCPO then input q and {y0, y1, · · · , yn−1} into the
old policy πθold for n times to obtain a final outputs yn and
{yn,i}n−1

i=1 . GCPO optimizes the policy model πθ by maxi-
mizing the following objective:

JGCPO = E[q∼P,{y0,y1,··· ,yn},{yn,i}n−1
i=1 ]

1
n

n−1∑
i=0

1
Ti

Ti∑
j=0

{[min(Ri,j(θ)Bi,Ξij ·Bi)]

−βDKL(πθ ∥ πref)} − κDKL(πθ ∥ π′
ref),

(10)

where κ is a hyper-parameter, Bi is the newly proposed rel-
ative advantage function, π′

ref is the newly proposed pre-
defined policy model, and DKL(πθ ∥ π′

ref) is the newly pro-
posed regularizer. In the following, we conduct an in-depth
study of the terms Bi and DKL(πθ ∥ π′

ref).
Design of Relative Advantage Function. Formally, we

define Bi = Ai · Υi, where Ai is computed in the same
way as in GRPO. We next describe the procedure for de-
signing and computing Υi. The design of Υi is inspired by
Corollary 2. According to Equation (2), when we focus on
the answer variable y0, the expected risk of the output from
π∗(q) is higher than that of Ψ ·π∗(x)+π∗(q). This suggests,
conservatively, that the output quality of Ψ · π∗(x) + π∗(q)
is better than that of π∗(q). Based on this observation, the
advantage value for each candidate answer corresponding to
a given query can be designed as follows: the closer the can-
didate is to the output of Ψ · π∗(x) + π∗(q), the higher the
advantage value it receives.

The proposed approach faces two practical challenges
during implementation: (1) how to approximate Ψ ·π∗(x)+
π∗(q); and (2) how to measure the similarity between model
outputs. Since π∗ represents concrete generated content,
which typically includes both intermediate reasoning steps
and the final answer, we propose to approximate Ψ ·π∗(x)+
π∗(q) using the feature representation of the output. Then,
we measure similarity based on the cosine distance between
these feature representations. The detailed procedure is as
follows: Step 1: Approximating π∗

θ(q). Given a answer yi,
we define oi as the combination of yi and the intermedi-
ate reasoning steps leading to it. We then feed oi back into
πθ, and extract the hidden representation of the final token
from the last layer as the feature representation of oi, de-
noted by zi. Then, let z̄ = mean(z0, · · · , zn−1), which can
be regarded as a Monte Carlo approximation of the output
representation of π∗

θ(q); Step 2: Approximating π∗
θ(x) for

yi ∈ {yi}n−1
i=0 . Because that π∗

θ(x) = E [y0 | x], when we
focus on yi, it equals to that y0 is exchanged with yi, and the
condition x is exchanged with xi = {q, y0, · · · , yn} \ {yi}.
We then feed xi into πθ for n times to obtain the corre-
sponding outputs {Oi,j}nj=1 and representations {Zi,j}nj=1.

Let Z̄i = mean(Zi,1, · · · , Zi,n), which can be regarded
as a Monte Carlo approximation of the output representa-
tion of π∗

θ(x) for yi; Step 3: Approximating Φ · π∗(x) for
yi ∈ {yi}n−1

i=0 . According to the definition of Φ, we first
define yn,0 = yn and xi,j = {q, y0, · · · , yn,j} \ {yi},
where j ∈ {0, · · · , n − 1}. We repeat “Step 2” for the
set {xi,j}n−1

j=0 to obtain the corresponding representations
{Z̄i,j}n−1

j=0 . The average of it is denoted by Z̄ ′
i, which serves

as a Monte Carlo approximation of the output representation
of Φ·π∗(x) for yi. Step 4: Approximating Ψ·π∗(x)+π∗(q).
Combining the previous steps, Z̄i − Z̄ ′

i + z̄ serves as a
Monte Carlo approximation of the output representation of
Ψ · π∗(x) + π∗(q). Step 5: Finally, Υi is calculated by:

Υi = α · cos(zi, Z̄i − Z̄ ′
i + z̄), (11)

where α is a scaling hyperparameter, and cos(·, ·) denotes
the cosine similarity between two vectors.

Design of KL Divergence. The design of DKL(πθ ∥
π′
ref) is directly inspired by Theorem 1. According to Equa-

tion (4), the expected risk of π∗(x) is higher than that of
Ψ · π∗(x) + π∗(q). This suggests that the output generated
by Ψ · π∗(x) + π∗(q) may have better quality than the one
produced by π∗(x). Since π represents the probability distri-
bution over output tokens, while π∗ corresponds to the actual
generated content, a natural way to improve the performance
of π is to encourage its output distribution to align with that
of Ψ ·π(x)+π(q). This motivates the use of KL divergence
as a regularization term. Specifically, for DKL(πθ ∥ π′

ref),
the definition follows a procedure similar to Equation (7):

n−1∑
i=0

[
π′
ref(xi)

πθ(yi,j |xi, yi,<j)
− log

π′
ref(xi)

πθ(yi,j |xi, yi,<j)
− 1], (12)

where π′
ref(xi) = Ψ · π(yi,j |xi, yi,<j) + π(yi,j |q, yi,<j).

Based on the analysis in the previous paragraph, we derive
the following approximations: (1) Φ · π(yi,j | xi, yi,<j) can
be approximated by

∑n−1
l=0 π(yi,j | xi, yn,l, yi,<j), and (2)

the analytical expression of Ψ · π(yi,j | xi, yi,<j) + π(yi,j |
q, yi,<j) can be approximated by the following equation:

π(yi,j | xi, yi,<j)−
n−1∑
l=0

π(yi,j | xi, yn,l, yi,<j)

+π(yi,j | q, yi,<j).
(13)

Note that, similar to GRPO, the computation in Equation
(12) is also carried out in a token-wise manner. Finally, the
training process is also similar to GRPO. In the appendix,
the overall procedure of the GCPO training is illustrated
through the pseudocode.

Experiments
In this section, we conduct comprehensive experiments and
ablation studies on multiple reasoning benchmarks to evalu-
ate the effectiveness of our proposed method.

Experimental Settings
We conduct evaluations of our method across several reason-
ing benchmarks, including AIME24-25, AMC, MATH500
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Base model + Method AIME 2024 AIME 2025 AMC 2023 MATH500 MinervaMATH Avg.

DeepScaleR-1.5B-Preview 42.8 36.7 83.0 85.2 24.6 54.5
+GRPO (Shao et al. 2024) 44.5 (+1.7) 39.3 (+2.6) 81.5 (-1.5) 84.9 (-0.3) 24.7 (+0.1) 55.0 (+0.5)
+ReST-MCTS (Zhang et al. 2024) 45.5 (+2.7) 39.5 (+2.8) 83.4 (+0.4) 84.8 (-0.4) 23.9 (-0.7) 55.4 (+0.9)
+GVPO (Zhang et al. 2025) 46.1 (+3.3) 39.7 (+3.0) 83.6 (+0.6) 85.7 (+0.5) 25.3 (+0.7) 56.1 (+1.6)
+Dr.GRPO (Liu et al. 2025) 45.8 (+3.0) 39.6 (+2.9) 82.1 (-0.9) 85.3 (+0.1) 25.1 (+0.5) 55.6 (+1.1)
+GCPO (Ours) 46.7 (+3.9) 40.3 (+3.6) 84.1 (+1.1) 86.3 (+1.1) 25.9 (+1.4) 56.8 (+2.3)

DeepSeek-R1-Distill-Qwen-1.5B 28.7 26.0 69.9 80.1 19.8 44.9
+GRPO (Shao et al. 2024) 29.8 (+1.1) 27.3 (+1.3) 70.5 (+0.6) 80.3 (+0.2) 22.1 (+2.3) 46.0 (+1.1)
+ReST-MCTS (Zhang et al. 2024) 30.5 (+1.8) 28.6 (+2.6) 71.1 (+1.2) 80.4 (+0.3) 20.3 (+0.5) 46.4 (+1.5)
+GVPO (Zhang et al. 2025) 30.6 (+1.9) 28.2 (+2.2) 71.5 (+1.6) 80.5 (+0.4) 23.1 (+3.3) 46.7 (+1.8)
+Dr.GRPO (Liu et al. 2025) 30.4 (+1.7) 28.4 (+2.4) 71.3 (+1.4) 80.8 (+0.7) 22.9 (+3.1) 46.9 (+2.0)
+GCPO (Ours) 31.0 (+2.3) 29.0 (+3.0) 71.8 (+1.9) 81.6 (+1.5) 23.4 (+3.6) 47.4 (+2.5)

DeepSeek-R1-Distill-Qwen-7B 55.5 50.2 85.1 87.4 42.1 64.1
+GRPO (Shao et al. 2024) 56.9 (+1.4) 51.7 (+1.5) 85.5 (+0.4) 87.7 (+0.3) 43.5 (+1.4) 65.1 (+1.0)
+ReST-MCTS (Zhang et al. 2024) 57.1 (+1.6) 52.4 (+2.2) 85.7 (+0.6) 87.9 (+0.5) 42.8 (+0.7) 65.2 (+1.1)
+GVPO (Zhang et al. 2025) 57.5 (+2.0) 52.1 (+1.9) 86.3 (+1.2) 88.5 (+1.1) 44.2 (+2.1) 65.7 (+1.6)
+Dr.GRPO (Liu et al. 2025) 57.4 (+1.9) 52.3 (+2.1) 86.4 (+1.3) 88.2 (+0.8) 44.0 (+1.9) 65.7 (+1.6)
+GCPO (Ours) 58.3 (+2.8) 53.0 (+2.8) 87.3 (+2.2) 89.1 (+1.7) 45.0 (+2.9) 66.5 (+2.4)

Table 1: Pass@1 performance on various math reasoning benchmarks. We compare base models trained with different fine-
tuning approaches. The best results are highlighted in bold.
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Figure 3: Performance analysis and ablation study. (a) shows the performance on code reasoning tasks. (b) and (c) shows the
results for parameter sensitivity, i.e., hyperparameter α and κ. (d) shows the evaluation of similarity metric in Υi.

(Hendrycks et al. 2021), MinervaMATH (Lewkowycz et al.
2022), and HumanEval (Chen et al. 2021). Our exper-
iments use DeepScaleR-1.5B-Preview and DeepSeek-R1-
Distill-Qwen-1.5B, and DeepSeekR1-Distill-Qwen-7B, and
Qwen2-7B-Instruct as base models. We compare our method
against classic and SOTA reinforcement learning methods,
including GRPO (Shao et al. 2024), GVPO (Zhang et al.
2025), ReST-MCTS (Zhang et al. 2024), and Dr.GRPO (Liu
et al. 2025). DeepScaleR-1.5B-Preview, having been previ-
ously fine-tuned on 40k math QA pairs, is further fine-tuned
on 919 AIME problems from 1989 to 2023. DeepSeek-R1-
Distill-Qwen-1.5B is fine-tuned on a random subset of 4,000
QA pairs from NuminaMath (Li et al. 2024). Following
(Wang et al. 2025a), all training and evaluation stages are
constrained to a token budget of 16,384. We adopt a learn-
ing rate of 1e−6, weight decay of 0.01, and batch size of
256. All experiments are conducted on A100 GPU clusters.

Performance Analysis

Performance on Mathematical Reasoning Tasks. We
evaluate our method against all baseline approaches across

a comprehensive set of benchmarks, including AIME
2024, AIME 2025, AMC 2023, MATH500, and Miner-
vaMATH. We compare three widely used base models,
including DeepScaleR-1.5B-Preview, DeepSeek-R1-Distill-
Qwen-1.5B, and DeepSeek-R1-Distill-Qwen-7B. We report
the pass@1 accuracy following (Wang et al. 2025a). Ta-
ble 1 shows the pass@1 performance. From the results,
we can observe that across all settings, GCPO consistently
achieves the best average performance, outperforming both
the base models and all competitive baselines. Specifi-
cally, for DeepScaleR-1.5B-Preview, GCPO delivers an av-
erage improvement of 2.3% over the base model. Simi-
lar trends are observed for DeepSeek-R1-Distill-Qwen-1.5B
and DeepSeek-R1-Distill-Qwen-7B, where GCPO yields
average improvements of 2.5% and 2.2%, respectively.
Compared to SOTA RL baselines such as GRPO and GVPO,
GCPO offers stronger gains on more challenging datasets
(e.g., over 1% on AIME and MinervaMATH), highlight-
ing its effectiveness in capturing complex reasoning patterns
through causally informed optimization. Notably, the perfor-
mance margins between GCPO and the strongest baseline

30839



Configurations of GCPO AIME 2024 AIME 2025 AMC 2023 MATH500 MinervaMATH Avg.

GCPO (Full) 46.7 40.3 84.1 86.3 25.9 56.8
w/o Adv. Weighting 45.0 39.0 83.0 85.4 24.6 55.4
w/o KL Term 45.3 39.4 83.3 85.3 24.9 55.6

Table 2: Ablation study of the components within GCPO. We report Pass@1 on five benchmarks. Removing either the advantage
weighting or KL divergence degrades overall performance, indicating both are essential.

are largest on the hardest benchmarks, indicating that the
benefits of causal group structure modeling become more
pronounced as task complexity increases. Moreover, the
consistent improvements demonstrate that GCPO is robust
to model scale and architecture, providing a generalizable
fine-tuning strategy for math reasoning tasks.

Performance on Code Reasoning Tasks. Further, for
code reasoning tasks, we run different fine-tuning pipelines
on Qwen2-7B-Instruct and evaluate them using the stan-
dard HumanEval protocol. The results are summarized in
Figure 3(a), which reports both 0-shot and 5-shot Pass@1
accuracies for each method. From the results, we can ob-
serve that across both evaluation settings, GCPO achieves
the strongest performance among all compared methods. In
particular, GCPO attains a 0-shot Pass@1 of 65.1% and a 5-
shot Pass@1 of 72.0%, outperforming the foundation model
by 2.9% and 5.5%, respectively. Relative to other policy
optimization methods, such as GRPO and GVPO, GCPO
consistently delivers higher accuracy. Notably, the gap be-
tween GCPO and previous methods becomes even more
pronounced in the multi-shot evaluation, highlighting the
advantage of incorporating causal projection and structure-
aware regularization in leveraging contextual information
and enabling compositional reasoning. These results further
demonstrate the effectiveness of the proposed GCPO.

Visualization Analysis Given the substantial computa-
tional cost of training LLMs, maintaining stable training dy-
namics is crucial. To assess this, we use the gradient norm
(as a proxy for policy variance) to measure training stabil-
ity. We record the gradient norm during training for both the
baseline methods and the proposed GCPO. The results, pre-
sented in the Appendix (Figure 1), demonstrate that GCPO
achieves the highest stability, with the gradient norm re-
maining consistently steady throughout training.

Ablation Study
The effect of different components. To assess the effect
of each component in GCPO, we conduct ablation studies.
Specifically, we consider two alternative configurations: (i)
removing the advantage weighting term (i.e., reusing Ai for
all i); and (ii) removing the additional KL divergence term
(i.e., setting κ = 0). Notably, the overall contribution of
our reward formulation has already been substantiated in Ta-
ble 1. Here, we focus on isolating the impact of these indi-
vidual mechanisms. The ablation results are shown in Ta-
ble 2. We can observe that both terms are critical for LLM
reasoning. These findings underscore the advantages of our
design and the effectiveness of GCPO.

Parameter sensitivity. We select the hyperparameters of
GCPO based on a systematic evaluation of reasoning per-
formance. We conduct a grid search over the hyperparame-
ter α and the KL regularization coefficient κ to identify the
optimal configuration. For α, we explore a range of values:
[0, 0.5, 1, 1.4, 1.8, 2, 2.4, 2.8, 3, 3.4]. For κ, we first perform
a coarse grid search over [0.02, 0.04, 0.06, 0.08] with a step
size of 0.02, and subsequently conduct a finer search within
the promising interval using a step size of 0.01. For each
configuration of (α, β), we record the Pass@1 performance.
Figure 3(b)-(c) show that model accuracy initially increases
with larger values of α and κ, but plateaus or slightly de-
grades when these values become too large; the best results
are consistently achieved with α = 2 and κ = 0.06. These
values are thus adopted as our hyperparameter settings.

Evaluation of metric for Υi According to Eq. 11, we
compute Υi by calculating the cosine similarity cos(·). To
evaluate the impact of this metric on performance, we con-
duct an ablation study comparing different similarity mea-
sures, including cosine similarity, Euclidean distance, and
Gaussian distance. The results are shown in Figure 3(d).
With the introduction of the hyperparameter α, the perfor-
mance differences among various similarity measures are
negligible. We ultimately select cosine similarity as the de-
fault metric, primarily because it allows for more flexible
and convenient tuning of α (See the Appendix for details).

Conclusion
In this paper, we present GCPO, a novel post-training
method that integrates causal structure into policy optimiza-
tion for large language models. Building on the limita-
tions of GRPO, GCPO addresses the overlooked interde-
pendencies among groupwise candidate responses by mod-
eling them through an SCM. Our analysis reveals that
conditioning on a final integrated response induces a col-
lider structure, which in turn exposes latent dependen-
cies among originally independent candidates. Guided by
this insight, GCPO introduces two key components: (1) a
causally-adjusted reward mechanism that projects individ-
ual responses onto a structurally coherent subspace, and (2)
a KL-divergence regularization term that aligns the policy
with a causally-informed reference distribution. Extensive
experiments across multiple reasoning benchmarks demon-
strate that GCPO substantially outperforms existing base-
lines, confirming the benefits of incorporating causal rea-
soning into groupwise optimization. Our findings under-
score the importance of structural awareness in reinforce-
ment learning for LLM post-training and suggest promising
directions for future work on causality-aware RLHF.
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