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Abstract

In-context learning (ICL) enhances large language mod-
els (LLMs) by incorporating demonstration examples, yet
its effectiveness heavily depends on the quality of se-
lected examples. Current methods typically use text em-
beddings to measure semantic similarity, which often intro-
duces bias in multi-step reasoning tasks. This occurs be-
cause text embeddings contain irrelevant semantic informa-
tion and lack deeper reasoning structures. To address this, we
propose GraphIC, a graph-based retrieval model that lever-
ages reasoning-aware representation and specialized similar-
ity metric for in-context example retrieval. GraphIC first con-
structs thought graphs—directed, node-attributed graphs that
explicitly model reasoning steps and their dependencies—for
candidate examples and queries. This approach filters out su-
perficial semantics while preserving essential reasoning pro-
cesses. Next, GraphIC retrieves examples using a novel sim-
ilarity metric tailored for these graphs, capturing sequen-
tial reasoning patterns and asymmetry between examples.
Comprehensive evaluations across mathematical reasoning,
code generation, and logical reasoning tasks demonstrate that
GraphIC outperforms 10 baseline methods. Our results high-
light the importance of reasoning-aware retrieval in ICL, of-
fering a robust solution for enhancing LLM performance in
multi-step reasoning scenarios.

Code — https://github.com/jialefu/GraphIC

1 Introduction
In-context learning (ICL) (Brown et al. 2020; Peng et al.
2024; Jiang et al. 2025) allows large language models
(LLMs) to adapt to new tasks by incorporating a few demon-
stration examples within the input prompt, without updating
model parameters. However, studies reveal that ICL perfor-
mance heavily depends on the quality of selected in-context
examples (ICEs) (Zhao et al. 2021; Yang et al. 2023a; Li
et al. 2024), motivating extensive research on ICE selec-
tion strategies. Current approaches (Liu et al. 2022; Rubin,
Herzig, and Berant 2022) typically use text embeddings to
measure semantic similarity between queries and candidate

*Corresponding author
Copyright © 2026, Association for the Advancement of Artificial
Intelligence (www.aaai.org). All rights reserved.

examples, achieving success in semantic-centric tasks like
text classification and translation (Agrawal et al. 2023).

However, these text-based methods face significant lim-
itations in multi-step mathematical and logical reasoning
tasks. This is because text embedding encodes a substantial
amount of shallow semantic information, which is irrelevant
to the underlying reasoning processes. This extraneous in-
formation introduces bias in the selection of ICEs (An et al.
2023). As shown in Figure 1 (left), when solving a speed
calculation problem, text-based methods may retrieve ex-
amples about distance/time calculations due to shallow se-
mantic similarity, inducing incorrect reasoning paths (e.g.,
calculating distance instead of speed). This observation mo-
tivates our key insight: Effective ICE selection for reasoning
tasks requires representations that explicitly model cognitive
processes rather than textual surface forms.

Drawing from cognitive science (Friston 2008) and
graph-based reasoning works (Besta et al. 2024; Yao
et al. 2023), we propose thought graphs—directed node-
attributed graphs where nodes represent reasoning steps and
edges denote step dependencies (i.e., a child step can only
proceed after the parent step is completed). This represen-
tation filters irrelevant semantics while preserving essential
reasoning patterns. An example of a thought graph is shown
in Figure 2 (a).

Furthermore, we propose a similarity metric for thought
graphs tailored to multi-step reasoning tasks. Specifically,
we introduce a parameter W to model the reasoning pattern
of a given process. Given two thought graphs, G1 and G2,
we first estimate the reasoning pattern parameter W1 for G1,
then assess its applicability to G2. This applicability serves
as the similarity measure s(G1, G2). Our approach naturally
captures the sequential structure of reasoning steps and ac-
counts for the inherent asymmetry between examples, which
we discuss in detail in Section 3.2.

Building upon these foundations, we introduce GraphIC,
a Graph-based In-Context Example Retrieval Model.
GraphIC achieves reasoning-aware example selection
through three key phases: (1) constructing thought graphs
for both the query and candidate examples, (2) calculating
graph similarity using our proposed metric, and (3) retriev-
ing the top-k most relevant examples. As illustrated in Fig-
ure 1 (right), GraphIC effectively identifies examples that
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Q: Jeannie hikes the 12 miles to Mount Overlook at a pace of 4 
miles per hour, and then returns at a pace of 6 miles per hour. 
How long did her hike take, in hours?

A: ...

Q: Sadie, Ariana and Sarah are running a relay race. Each part of 
the race is a different length and covers different terrain. It takes 
Sadie 2 hours to run through the forest at an average speed of 3 
miles per hour. Ariana sprints across the open field on her section 
at 6 miles per hour for half an hour. If Sarah runs along the beach 
at four miles per hour and their total time for the race is four and 
half hours, what is the total distance of the race?

A: ...

Q: Rachel is stuffing envelopes. She has eight hours to complete 
the task, and there are 1,500 envelopes. In the first hour, Rachel 
stuffs 135 envelopes. The second hour she stuffs 141 envelopes. 
How many envelopes will Rachel need to stuff per hour to finish 
the job?

A: ...

Q:  Allie has 9 toys, which are in total worth $52. If we know that 
one toy is worth $12, and all the other toys have the same value, 
how much does one of the other toys cost?

A: ...

Text-based Retrieval: Graph-based Retrieval:

12 miles / 4 mph = 3 hours
She has already walked for 1 + 1 + 1 = 3 hours
She has 3 - 3 = 0 hours left to walk the remaining distance
She has 0 miles left to walk

Marissa has walked 4 + 2 = 6 miles so far.
She has 12 - 6 = 6 miles left to walk.
She wants to walk the entire trail in 12 miles / 4 mph = 3 hours.
She has already walked for 1 + 1 = 2 hours.
She has 3 - 2 = 1 hour left to walk the remaining 6 miles.
She needs to walk 6 miles / 1 hour = 6 mph.

Output: Output:

Marissa is hiking a 12-mile trail. She took 1 hour to walk the first 4 miles, then another hour to walk the next two miles. If she wants her 
average speed to be 4 miles per hour, what speed (in miles per hour) does she need to walk the remaining distance?

Question:

✓

Figure 1: ICL with different ICE retrieval mechanisms. The left panel shows examples retrieved via BERT embedding (Devlin
et al. 2019), while the right panel displays examples retrieved via GraphIC. Semantically related terms are highlighted in blue,
and quantities or variables needing resolution are highlighted in green.

align with the reasoning process (such as calculations for the
number of envelopes to stuff per hour or unit price), even if
they lack semantic similarity to the query (e.g., speed com-
putation). This enables the LLM to solve the problem cor-
rectly.

Through comprehensive evaluations across mathemati-
cal reasoning, code generation, and logical reasoning tasks,
GraphIC demonstrates superior performance over 10 base-
line methods including both training-free and training-based
approaches. To sum up, our key contributions are:
1. A representaion. We introduce a novel graph-based rep-

resentation, called thought graph, to model multi-step
reasoning processes. This representation effectively fil-
ters out irrelevant shallow semantic information while
preserving the essential reasoning steps.

2. A similarity metric. We introduce a similarity metric for
thought graphs tailored to multi-step reasoning tasks that
capture the sequential nature of the steps and the asym-
metry between examples.

3. Empirical validation. Our experimental results indicate
that GraphIC, despite being a training-free model, out-
performs both training-free and training-based models
across various multi-step reasoning tasks.

2 Related Work
Existing ICE selection techniques can be classified as either
training-free or training-based, depending on whether a re-

triever needs to be trained.

Training-free approaches are generally divided into two
types: (i) those that use heuristic criteria such as similar-
ity (Liu et al. 2022; Hu et al. 2022), diversity (Cho et al.
2023; Zhang et al. 2022; Levy, Bogin, and Berant 2023;
Hongjin et al. 2022; Zhang et al. 2023), complexity (Fu et al.
2022), or combinations of these (Agrawal et al. 2023; Ton-
glet et al. 2023; Gupta, Gardner, and Singh 2023) to select
in-context examples (ICEs); (ii) those that leverage feed-
back from LLMs, such as probability distributions (Wu et al.
2023; Nguyen and Wong 2023; Li and Qiu 2023; Yang et al.
2023b), perplexity (Gonen et al. 2023), or the model’s gen-
erated output (An et al. 2023) to guide the selection pro-
cess. Training-free approaches eliminate the computational
and time costs of model training, but their simpler architec-
ture often leads to lower performance than training-based
methods.

Training-based methods are generally divided into two
types. The first learns to select individual examples and then
extends this to k-shot scenarios (Rubin, Herzig, and Berant
2022; Xiong et al. 2024; Gupta, Rosenbaum, and Elenberg
2024). The second models the selection of a group of exam-
ples as a whole (Ye et al. 2023; Wang et al. 2023; Zhang,
Feng, and Tan 2022; Scarlatos and Lan 2023; Lu et al. 2022;
Xu, Banburski, and Jojic 2024; Yang et al. 2024). Training-
based approaches often deliver better performance, but they
are computationally expensive and time-consuming.
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node_1 = [add](20, 0.3)
node_2 = [divide](0.4, 20)
node_3 = [minus](node_1, 1)
node_4 = [multiply](node_2, node_3)

node_1

node_2

node_4

node_3

(b). Formalized Reasoning Representation

(a). Thought Graph

Figure 2: An example of a thought graph (a) and its corre-
sponding FRR (b).

Our proposed GraphIC involves using LLM-generated
output to select ICEs, similar to Skill-kNN and DQ-LoRe.
Although methods increase retrieval time due to invoking
the LLM during the retrieval, their use of LLMs makes them
suitable for more complex tasks.

3 The Proposed GraphIC
3.1 Thought Graphs
Introduction of Thought Graphs. As outlined earlier,
thought graphs are directed, node-attributed graphs designed
to model the reasoning process explicitly. In a thought graph,
each node i is attributed with an embedding vector xi ∈ Rd

of a text, representing the key information of the current rea-
soning step. Directed edges between vertices represent the
dependencies between steps. For example, if step B depends
on the completion of step A, there is an edge from step A to
step B.

As illustrated in Figure 2 (a), the text corresponding to
each vertex is ”divide”, ”add”, ”minus”, and ”multiply”.
Therefore, the attributes of each vertex are Emb(”divide”),
Emb(”add”), Emb(”minus”), and Emb(”multiply”), repre-
senting four base operations in a mathematical reasoning
task. Here, Emb(·) represents calculating the embedding of
a given text using an embedding model, such as BERT. In
this graph, an edge from the vertex labeled ”add” to the ver-
tex labeled ”multiply” indicates that addition is performed
first, and its result is then used in multiplication.

Due to the inherent differences between tasks, the text
used to compute embedding varies slightly. Specifically, for
mathematical reasoning, code generation, and logical rea-
soning tasks, we use mathematical operations, code snip-
pets, and intermediate conclusions, respectively, as input
texts. This is because, in mathematical reasoning tasks, a
reasoning step can be represented by ”which mathemati-
cal operations were performed on which variables”; in code
generation tasks, it corresponds to ”what code was exe-
cuted”; and in logical reasoning tasks, it reflects ”which ex-

isting conclusions were used to derive new conclusions”.
Examples of thought graphs for the four benchmark datasets
are provided in the supplementary material.

Construction of Thought Graphs. For candidate exam-
ples, which include ground-truth natural language reason-
ing processes (i.e., chain-of-thought answers), we employ
the following method to generate thought graphs. First, we
use an LLM to formalize the reasoning process for each ex-
ample. This formalized representation is called the Formal-
ized Reasoning Representation (FRR). FRR filters irrelevant
shallow semantics and extracts the key information from the
reasoning process. Moreover, FRR is designed to be easily
converted to a graph by applying rule-based parsing. The
prompts used for generating FRRs and the pseudocode for
parsing FRRs are shown in the supplementary material.

Figure 2 (b) illustrates the FRR of a thought graph. Each
line in the FRR follows the format A = [B](C), where
A represents the name of the vertex, denoting the vertex it-
self. B represents the label of the vertex, which will be used
to compute its embedding. C denotes the parent vertex of the
given vertex. For example, in the FRR shown in Figure 2 (b),
by parsing the first line, we create node_1, set its label to
”add”, and add edges from ”20” and ”0.3” to node_1. The
remaining lines are parsed similarly to the first one. Note that
in Figure 2 (a), the vertices representing numbers are indi-
cated by dashed lines, which signifies that these vertices do
not represent specific operations and will be removed once
the entire graph is constructed.

For queries, since they lack ground-truth reasoning pro-
cesses, we first use an LLM to generate pseudo natural lan-
guage reasoning processes. We then follow the same proce-
dure as with candidate examples to create thought graphs.
Note that it is unnecessary to ensure the correctness of the
generated reasoning process, as it is only used to aid in the
retrieval of ICEs and is not part of the final answer. In fact,
when a generated answer is incorrect, it is often not entirely
wrong, but partially correct, which still reflects the reason-
ing process and can be helpful for retrieving examples. This
ensures that GraphIC is robust to inaccuracies in the gener-
ated reasoning process. Even when the reasoning process is
incorrect, GraphIC still maintains high accuracy. A detailed
discussion and related experiments are provided in the sup-
plementary material.

3.2 Similarity Measure for Thought Graphs
In this subsection, we first introduce a simplified case to il-
lustrate our core idea, then extend it to propose our similarity
measure.

Simplified Case. Consider a thought graph G with ver-
tices v1, . . . , vn, where each vertex vi corresponds to a rea-
soning step with an attribute vector xi ∈ Rd (e.g., an embed-
ding of a mathematical operation). Let X = [x1, . . . , xn] ∈
Rn×d denote the matrix of concatenated attributes. The ad-
jacency matrix A of G is defined such that Aij = 1 if there
is a directed edge from vi to vj , and Aij = 0 otherwise. For
a vertex vi, let pa(vi) denote the set of its parent vertices
(direct predecessors).

Generally, given two thought graphs G1 and G2, the simi-
larity s(G1, G2) is computed in two steps: (1). Extract Rea-
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soning Pattern: Solve Equation (1) for G1 to obtain W1,
which encapsulates G1’s reasoning pattern. (2). Compute
Applicability: Evaluate how well the reasoning pattern W1

applies to thought graph G2. This applicability, denoted as
A(W1;G2), serves as the similarity measure s(G1, G2). We
now provide a detailed explanation of these two steps:

Firstly, we derive a matrix W that captures directional re-
lationships in G. This is achieved by solving the following
optimization problem:

W = argmax
W∈Rd×d,
∥W∥F=1

A(W ;G), where

A(W ;G) =
n∑

i=1

(
∑

j∈pa(vi)

xj)
⊤

︸ ︷︷ ︸
zi

Wxi.
(1)

Here, the term zi =
∑

j∈pa(vi)
xj calculates the sum of the

attributes of vi’s parent nodes, aggregating precursor infor-
mation for step vi. z⊤i W represents a linear transformation
of this information. z⊤i Wxi measures the inner product sim-
ilarity between transformed precursor information Wzi and
the current step’s attribute xi. By maximizing A(W ;G) un-
der the Frobenius norm constraint (∥W∥F = 1), W learns
to predict the attribute of the next step based on precursor in-
formation, effectively encoding the directional relationships
in G.

For instance, consider a thought graph G with two ver-
tices: v1 with attribute x1 = Emb(”add”) and v2 with x2 =
Emb(”multiply”), connected by an edge v1 → v2. In this
setup, W learns to map x1 (”add”) to x2 (”multiply”), indi-
cating that ”multiply” typically follows ”add” in G. When
this learned mapping is applied to another graph G′, a high
value of A(W ;G′) suggests that G′ also contains frequent
”add” → ”multiply” sequences, reflecting similar problem-
solving logic. Therefore, A(W ;G′) quantifies how well the
reasoning pattern of G applies to G′. A higher A(W ;G′)
indicates an alignment between the two graphs’ transitions,
indicating that G′ follows a similar problem-solving trajec-
tory. This metric, therefore, provides an effective measure
of the similarity in reasoning between G and G′, making it
suitable for retrieving ICEs that share compatible problem-
solving logic.

Proposed Similarity Metric. The similarity metric in
GraphIC builds upon the simplified case while introducing
two critical enhancements to better model reasoning dynam-
ics and computational efficiency.

Firstly, in Equation (1), the information state zi for each
node aggregates only its direct parent attributes. However,
human reasoning often incorporates information from mul-
tiple prior steps and occasionally revisits initial premises. To
capture this, we propose an iterative aggregation process:

Z(h+1) = [(1− λ)Ã+ λB̃ + I]Z(h), (2)

where Z(h) represents node information states at it-
eration h; Z(0) is initialized with node attributes X;
I is identity matrix; Ã = D

− 1
2

A AD
− 1

2

A , DA =

diag(degout(v1), . . . , degout(v1)); B̃ = D
− 1

2

B BD
− 1

2

B , and

B is traceback matrix enabling backtracking to root nodes,
defined as Bij = 1 if degin(vj) = 0 and degin(vi) > 0, oth-
erwise Bij = 0, with degin(vj) representing the in-degree
of node vj . A visual example of matrix B is presented in
the supplementary material. λ is a balancing hyperparame-
ter (0 ≤ λ ≤ 1).

In each iteration, zi is updated by combining three infor-
mation sources, corresponding to the matrices A, B, and I .
Specifically, AZ(h) aggregates information from direct par-
ent nodes, similar to the simplified case; BZ(h) facilitates
backtracking in the reasoning process; and IZ(h) maintains
current information.

Secondly, we observe that directly solving the optimiza-
tion problem in Equation (1) presents challenges related to
both uniqueness and computational efficiency. Specifically,
the number of vertices n in the thought graph is typically
much smaller than the embedding dimension d (i.e., n ≪ d).
For instance, in the GSM8K dataset, thought graphs often
contain fewer than 10 vertices, whereas the embedding di-
mension d can reach up to 768 when using BERT. This large
disparity in dimensions leads to a non-unique solution for
W . Additionally, storing and computing a d × d matrix is
computationally expensive. To address both the issues of
uniqueness and computational efficiency, we constrain W
to be rank 1, allowing it to be expressed as W = αβ⊤. As a
result, A(W ;G) simplifies to:

A(W ;G) = A(α, β;G) =
n∑

i=1

z⊤i αβ⊤xi. (3)

Both theoretical analysis and empirical evidence, presented
in the supplementary material, demonstrate that the rank-1
assumption has minimal impact on solving the optimization
problem.

Furthermore, with the rank-1 assumption, we can obtain
the closed-form solution of Equation (1), as shown in Equa-
tion (4), which greatly reduces the computational complex-
ity of solving the optimization problem. The proof is shown
in the supplementary material

W = αβ⊤, α = U [0, :], β = V [0, :]

where U,Σ, V = SVD(X⊤Z).
(4)

Discussion. Here, we compare proposed similarity with a
widely used attributed-graph similarity to highlight two key
properties of our metric: encoding directional relationships
and asymmetry.

A common attributed-graph similarity metric computes
the graph’s embedding through an iterative formula, and
then evaluates the similarity between graphs by calculating
the cosine similarity of their embeddings. The iterative for-
mula generally takes the following form:

X(h+1) = ÃX(h), X(0) = X. (5)
Firstly, the embedding-based approach fails to effectively

capture the sequential relationships between vertices, which
are crucial in multi-step reasoning tasks. In these tasks, the
order of operations can significantly alter the reasoning pat-
tern. Therefore, the embedding-based similarity is not well-
suited for such tasks. In contrast, our proposed similarity ac-
counts for the transformation of information from previous
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vertices to current ones, inherently capturing these sequen-
tial relationships.

Secondly, our proposed similarity is asymmetric. Specif-
ically, for two thought graphs G1 and G2, s(G1, G2) ̸=
s(G2, G1). This asymmetry reflects real-world scenarios.
For instance, as illustrated in the supplementary material,
mathematical problem A might be a subproblem of problem
B. In such a case, referencing B can help resolve A, but ref-
erencing A does not necessarily resolve B.

3.3 Example Retrieval
After introducing thought graphs and the proposed similar-
ity metric, we now describe how GraphIC enhances ICL.
During the preparation stage, GraphIC generates thought
graphs for all candidate examples and estimates their rea-
soning patterns, denoted as W1, . . . ,WN , where N is the
number of candidates. Then, given a query, GraphIC creates
a thought graph for the query, denoted as Gq , computes the
applicability of each reasoning pattern to this thought graph,
A(Wi, G

q), and then selects the top k as ICEs.

4 Experiments
4.1 Experimental Setup
Datasets and Evaluations. We conduct experiments across
four multi-step reasoning tasks: mathematical reasoning
(GSM8K (Cobbe et al. 2021) and AQUA (Ling et al. 2017)),
code generation (MBPP (Austin et al. 2021)), and logical
reasoning (ProofWriter (Tafjord, Dalvi, and Clark 2021)).
Model performance is measured by answer accuracy for
GSM8K, AQUA, and ProofWriter, and by the pass@1 met-
ric (Chen et al. 2021) for MBPP.

Models and Hyper-parameters. We use both an open-
source and a closed-source model. For the open-source
model, we select Llama-3.1-8B-Instruct (hereafter referred
to as Llama-3), one of the most advanced 7B-level mod-
els. For the closed-source model, we choose GPT-4o-mini,
balancing performance and testing costs. Unless explicitly
mentioned otherwise, all evaluations use an 8-shot setting,
which is the most common setting in chain-of-thought sce-
narios. We set the temperature to 1e-5 to minimize random-
ness, ensuring consistency across generations, and use 3 iter-
ations in Equation (2) with λ values from {0, 0.1, 0.2, 0.3}
(see the supplementary material for specific details). More
experiment details are in the supplementary material.

4.2 Baselines
We compare GraphIC against six training-free retrieval
methods spanning random, similarity-based, diversity-
based, and complexity-based approaches, including:
(1) Random randomly selects k unique ICEs from the
candidate set; (2) BM25 (Robertson, Zaragoza et al.
2009) selects the top k examples based on BM25 scoring;
(3) BERT (Devlin et al. 2019) is a dense retriever using
cosine similarity with BERT-base-uncased embeddings;
(4) Complex-CoT (Fu et al. 2022) selects k examples based
on complexity, quantified by newline characters; (5) Au-
to-CoT (Zhang et al. 2022) clusters candidates and selects
the closests to each cluster center; and (6) Skill-kNN (An

et al. 2023) prompts LLM to generate task-relevant skills
for query and candidates, followed by dense retrieval.

We also compare with four training-based methods,
which encompass both single-example and combination-
example retrieval strategies, including: (1) EPR (Rubin,
Herzig, and Berant 2022) is trained to retrieve the single
most relevant ICE, with top k examples being selected dur-
ing inference; (2) CEIL (Ye et al. 2023) uses determinantal
point processes to select ICEs balancing similarity and di-
versity; (3) DQ-LoRe (Xiong et al. 2024) uses dual queries
and low-rank approximation re-ranking to identify ICEs;
and (4) GistScore (Gupta, Rosenbaum, and Elenberg 2024)
encodes task-specific information into gist tokens for select-
ing ICEs.

4.3 Main Results
Table 1 shows the performance comparison results. As
a training-free method, GraphIC consistently outperforms
both training-free and training-based baselines in most set-
tings.

We find that training-based baselines generally outper-
form training-free baselines, as they learn explicit pat-
terns from in-context examples. For instance, with Llama-
3, training-based methods average over 67% performance,
while the top training-free baseline (Complex-CoT) reaches
only 66.54%. Among the training-based baselines, DQ-
LoRe is the most effective, reaching 68.33%. This method
leverages LLM-generated outputs during retrieval, demon-
strating that incorporating LLM outputs improves perfor-
mance on reasoning tasks. Among training-free baselines,
Complex-CoT and BM25 perform best. Notably, both use
asymmetric retrieval, reinforcing that asymmetric retrieval
aligns well with real-world reasoning scenarios.

GraphIC integrates the strengths of existing meth-
ods—utilizing LLM outputs for reasoning tasks and asym-
metric retrieval—while introducing a reasoning-aware rep-
resentation and similarity metric. Consequently, it not only
surpasses all training-free baselines by (2.57% with GPT-
4o-mini and 4.29% with Llama-3), but also outperforms all
training-based methods (by 1.18% using GPT-4o-mini and
2.5% using Llama-3), highlighting its effectiveness in rea-
soning tasks.

A closer analysis highlights GraphIC’s substantial advan-
tages in mathematical and logical reasoning tasks compared
to code generation, particularly for complex problem in-
stances. For example, on GSM8K, GraphIC outperforms all
baselines by 0.65% and 3.57% with the two LLMs. In the
more challenging AQUA dataset, the performance improve-
ments become even more pronounced, reaching 3.47% and
7.64%.

4.4 Ablation Study
We conduct a series of ablation studies to systematically
evaluate the contribution of each component in GraphIC, fo-
cusing on three main aspects: filtering shallow semantic in-
formation, integrating the graph structure, and the proposed
similarity metric.

To this end, we develop several variants of the GraphIC
model: (1) Text relies solely on text embedding, the same as
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LLM Model GSM8K AQUA MBPP ProofWriter Avg.

GPT-4o-mini

Random 92.90 (0.31) 71.58 (0.72) 72.76 (0.74) 64.90 (0.93) 75.54 (0.36)
BM25 92.64 70.47 73.4 66.25 75.69
BERT 93.02 66.93 74.2 65.25 74.85

Complex-CoT 92.49 67.32 74.2 64.25 74.57
Auto-CoT 92.72 69.69 73.8 62.25 74.62
Skill-kNN 92.34 71.65 72.0 66.00 75.50

EPR 93.02 72.04 73.8 68.50 76.84
CEIL 92.57 72.44 73.8 69.50 77.08

DQ-LoRe 93.32 69.69 74.6 66.50 76.03
GistScore 93.25 69.69 72.8 67.00 75.69

GraphIC 93.48 73.62 75.2 70.75 78.26

Llama-3.1
-8B-Instruct

Random 78.86 (0.87) 53.15 (1.85) 57.72 (1.06) 76.10 (2.45) 66.46 (0.84)
BM25 77.71 46.85 62.0 77.75 66.08
BERT 74.15 50.39 60.8 73.75 64.77

Complex-CoT 79.30 50.00 58.6 78.25 66.54
Auto-CoT 72.78 42.91 58.4 78.00 63.02
Skill-kNN 77.56 50.39 60.8 74.00 65.69

EPR 75.66 53.94 62.0 79.25 67.71
CEIL 75.51 51.97 62.4 81.00 67.72

DQ-LoRe 77.93 54.33 59.8 81.25 68.33
GistScore 74.60 44.49 60.4 79.50 64.75

GraphIC 79.98 57.48 61.6 84.25 70.83

Table 1: Main results on two LLMs and four datasets. For random retrieval, we present the mean and standard deviation derived
from five independent experiments.

the BERT approach; (2) FRR retrieves examples using text
embeddings of FRRs; (3) Graph employs Equation (5) to
generate graph embeddings and use cosine similarity to re-
trieve examples; (4) Graph+B employs Equation (2) to gen-
erate graph embeddings and use cosine similarity to retrieve
examples; (5) Graph+S excludes the backtracking mech-
anism from the full GraphIC model during computing Z;
and (6) Graph+B+S represents the full GraphIC model, in-
tegrating all components.

We conduct experiments using Llama-3 across four
datasets, with the results presented in Table 2. First, we ob-
serve that employing FRR to compute text embeddings sig-
nificantly improves performance (FRR versus Text), espe-
cially on GSM8K and ProofWriter, with performance in-
creasing from 74.15 to 78.31 and from 73.75 to 82.50, re-
spectively. This improvement is due to FRR’s ability to filter
out substantial shallow semantic noise. Second, converting
FRR into a graph representation (i.e., a thought graph) fur-
ther improves performance (Graph versus FRR), as seen on
the AQUA dataset, where performance rises from 50.78 to
54.72. This suggests that the graph structure is better suited
for capturing the reasoning process than linear text. Third,
introducing the reasoning-aware similarity metric also en-
hances performance (Graph+B+S versus Graph), increasing
from 54.72 to 57.48 on AQUA, highlighting the effective-
ness of reasoning-aware similarity. Additionally, our experi-
ments show that incorporating the traceback mechanism bet-
ter simulates the thought process, leading to further perfor-

mance gains (Graph+B versus Graph, and Graph+B+S ver-
sus Graph+S).

In summary, the findings emphasize that each component
of GraphIC contributes significantly to improving model
performance, with the most substantial gains occurring
when all components are combined.

Model GSM8K AQUA MBPP ProofWriter

Text 74.15 50.39 60.8 73.75
FRR 78.31 50.78 60.4 82.50
Graph 78.46 54.72 60.4 83.50

+B 78.92 56.30 61.0 83.75
+S 79.07 49.21 60.4 84.25
+B+S 79.98 57.48 61.6 84.25

Table 2: Ablation Study.

4.5 Analysis
The performance of GraphIC steadily improves as k in-
creases. We analyze how the performance of GraphIC and
top training-based/free baselines (DQ-LoRe and Complex-
CoT) changes as k increases. Specifically, we vary the num-
ber of examples k in the set {1, 2, 4, 8} and use Llama-3 as
LLM.

As shown in Figure 3, we observe that model perfor-
mance generally improves with k. Notably, GraphIC consis-
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(a) GSM8K (b) AQUA (c) MBPP (d) ProofWriter

Figure 3: Performance of GraphIC and Top Training-based/Training-free Baselines (DQ-LoRe and Complex-CoT) across 1–8
Shot Settings.

(a) Ground-Truth (b) Complex-CoT (c) DQ-LoRe (d) GraphIC

Figure 4: Ground-truth matrix and score matrices of various models. The matrix values have been linearly scaled to the range
[0,1], with darker shades representing values closer to 1, and the diagonal elements have been set to 1.

tently performs better as k increases, whereas other methods
experience performance degradation. Additionally, training-
based and training-free methods show different trends with k
increases. Specifically, training-based methods, such as DQ-
LoRe, directly optimize the probability of LLM generating
correct answers in 1-shot scenarios. As a result, they tend
to achieve superior performance in low-shot settings, espe-
cially in 1-shot cases. However, as k increases, the perfor-
mance gains of these methods tend to slow down or even de-
cline. In contrast, training-free methods, like Complex-CoT
and GraphIC, typically underperform compared to training-
based methods in low-shot settings. However, as the value
of k increases, they exhibit more stable improvement.

Asymmetric retrieval aligns more closely with real-
world scenarios. As previously discussed, GraphIC is an
asymmetric method that reflects real-world scenarios. To
further validate this asymmetry, we randomly select 10 ex-
amples from GSM8K and compute their ”improve matrix”
S, which captures the mutual improvement relationships be-
tween examples. In this matrix, Sij is defined as the proba-
bility of solving the j-th example correctly when using the
i-th example as the ICE. The resulting improve matrix (Fig-
ure 4 (a)), clearly illustrates the asymmetry in real-world
scenarios: while the i-th example may aid in solving the j-th
example accurately, the reverse is not necessarily true.

Additionally, we examine the alignment between the
score matrices of GraphIC and top training-free/based mod-
els with the ground-truth improve matrix. Existing ICE re-
trieval methods select ICEs by assigning scores to (can-
didate, query) pairs and comparing them. Similar to the
improve matrix, we can compute a score matrix for each
method, reflecting the mutual improvement relationships be-
tween examples estimated by the method. Naturally, the
closer a method’s score matrix aligns with the improvement
matrix, the better it captures real-world relationships. The
score matrices of Complex-CoT, DQ-LoRe, and GraphIC
are shown in Figure 4 (b), (c), and (d), respectively. The re-
sults clearly demonstrate that GraphIC aligns well with the
ground-truth, while the other two models exhibit noticeable
deviations.

5 Conclusion

We propose GraphIC, which employs a reasoning-aware
representation—thought graph and a similarity metric to re-
trieve ICEs. Our experiments show that GraphIC outper-
forms both training-free and training-based baselines, high-
lighting the importance of modeling reasoning structures
and providing insights for future research on graph-based
solutions for complex problem-solving.
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