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Abstract

Subset selection under budget constraints is critical in appli-
cations like multi-robot patrolling, crime deterrence, and tar-
geted marketing, where multiple agents must jointly select
targets and plan feasible routes. We formalize this challenge
as Multi-Subset Selection with Budget-Constrained Routing
(MSS-BCR), involving complex, non-additive cost structures
that defy traditional methods. We propose GRIP, a graph-
based framework integrating spatial reward fields and pol-
icy learning to enable coordinated, budget-aware target se-
lection and routing. GRIP uses attention-based embeddings
and constraint-triggered pruning with utility recovery to pro-
duce high-quality, feasible solutions. Experiments based on
multiple synthetic and real-world datasets show GRIP out-
performs baselines in reward efficiency and scalability across
varied scenarios.

Introduction
A wide range of decision-making problems in science and
engineering require selecting a subset of informative or
high-reward elements under resource constraints. This broad
class of problems is generally known as the Subset Selec-
tion (SS) problem (Natarajan 1995; Davis, Mallat, and Avel-
laneda 1997) and has been extensively studied across fields
such as operations research, machine learning, and data min-
ing. Classical examples include maximum coverage (Feige
1998) and influence maximization (Kempe, Kleinberg, and
Tardos 2003), where the goal is to select a subset that max-
imizes a utility function while satisfying additive cost con-
straints, that is, the total cost is defined as the sum of indi-
vidual element costs and must not exceed a given limit such
as subset size, total weight, or budget. Owning to the simple
additive nature of these constraints, a variety of algorithms
(e.g., greedy methods with approximation guarantees) have
been developed to solve SS efficiently.

With the increasing complexity of real-world applica-
tions, single-agent formulations have become insufficient
to capture the collaborative and distributed nature of many
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decision-making tasks. This has motivated the development
of the Multi-Subset Selection (MSS) framework (Ohsaka
and Yoshida 2015; Qian et al. 2017a; Rafiey and Yoshida
2020; Oshima 2021; Spaeh, Ene, and Nguyen 2025; Nguyen
and Thai 2021), where a team of agents, each with dis-
tinct budgets, operational scopes, or deployment objectives,
jointly select subsets from a shared ground set to optimize
a global utility. MSS naturally arises in scenarios such as
multi-robot exploration, coordinated vehicle dispatch, and
distributed workforce deployment, and introduces new chal-
lenges stemming from inter-agent coordination.

However, even the MSS formulation falls short in many
realistic scenarios where the cost of selecting elements is no
longer additive, but is governed by the feasibility of planning
routes among the selected elements (Zhang and Vorobeychik
2016; Qian et al. 2017b; Bian et al. 2020; Roostapour et al.
2022). For example, in door-to-door marketing, each sales-
person must select a subset of potential customers to visit
and construct a daily route that maximizes marketing impact
while staying within time or travel constraints (Zhang and
Vorobeychik 2016; Roostapour et al. 2022). In urban crime
monitoring and deterrence, police patrol vehicles are tasked
with visiting a subset of high-crime or high-risk areas to en-
hance public safety. However, each vehicle has operational
constraints such as fuel capacity or shift time, which limits
the total patrol length (Sun et al. 2022; Lin et al. 2023; Hepp,
Nießner, and Hilliges 2018). Moreover, to be effective, the
patrol path must form a feasible tour connecting the selected
hotspots. This requires jointly optimizing both which areas
to visit and how to traverse under strict budget constraints.

These scenarios share a unifying structure: each agent
must select a subset of targets and construct a cost-feasible
route through them, where the cost, such as travel time or
path length, is determined by solving a combinatorial rout-
ing problem. Crucially, the cost of a subset depends not only
on the elements selected but also on their spatial configura-
tion, violating the additive assumptions that underlie clas-
sical SS and MSS models. We formalize this practically
important yet computationally challenging class of prob-
lems as Multi-Subset Selection with Budget-Constrained
Routing (MSS-BCR). Despite its relevance to domains such
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as robotics, logistics, and public safety, MSS-BCR has re-
ceived limited attention, particularly with regard to scalable,
learning-based approaches capable of handling real-world
complexity.

To address these challenges, we propose GRIP (Graph-
based Routing-aware Information Planning), a novel
learning-based framework for efficiently solving the MSS-
BCR problem. GRIP is fundamentally driven by Informa-
tion Field Theory (Enßlin 2013; Bai et al. 2021; Said et al.
2021), which models the spatial distribution of reward as
a continuous information field. Guided by this field, GRIP
integrates information-driven subset assignment via graph
policy learning, constraint-trigger field collapse and route
refinement and field-gradient reinsertion for residual util-
ity capture. Leveraging an S-sample batch reinforcement
learning paradigm, GRIP generalizes across diverse envi-
ronments and scales to large problem instances. Extensive
experiments on both synthetic benchmarks and a real-world
crime patrol task demonstrate GRIP’s superiority in reward
accumulation, constraint satisfaction, and cost efficiency.

Our main contributions are summarized as follows:
• We formulate the MSS-BCR problem, a novel extension

of subset selection to multi-agent, routing-constrained
settings, motivated by real-world applications such as
crime deterrence patrol, robotic sensing, and logistics
planning.

• We introduce GRIP, a learning-based framework explic-
itly driven by Information Field Theory, which serves as
both a theoretical foundation and a design principle guid-
ing graph-based subset allocation, routing optimization,
and local re-insertion for reward enhancement.

• We conduct comprehensive experiments on synthetic
and real-world datasets, demonstrating that GRIP con-
sistently outperforms strong learning-based and heuristic
baselines in global reward maximization, constraint com-
pliance, and scalability.

Related Work
To contextualize our work, we review the literature from two
complementary perspectives: (1) Problem Settings and Ap-
plication Background, and (2) algorithmic Solutions.

Problem Settings and Application Background
Subset selection problems arise in many fields, where the
goal is to choose a subset of elements that maximize a utility
under cost constraints.

Subset Selection (SS) is the classical setting with addi-
tive costs, studied in applications such as maximum cov-
erage (Feige 1998) and influence maximization (Kempe,
Kleinberg, and Tardos 2003). Greedy algorithms with per-
formance guarantees are common here (Nemhauser, Wolsey,
and Fisher 1978).

Multi-agent Subset Selection (MSS) extends SS by in-
volving multiple agents, each selecting a subset under indi-
vidual budgets to maximize a joint objective. Typical appli-
cations include multi-topic influence maximization (Ohsaka
and Yoshida 2015) and multi-sensor placement (Nguyen and

Thai 2021). Most MSS work assumes additive costs (Ward
and Živnỳ 2014; Spaeh, Ene, and Nguyen 2025).

Subset Selection with Budget-Constrained Routing (SS-
BCR) further generalizes SS by introducing routing-based,
non-additive costs. Examples include door-to-door mar-
keting (Zhang and Vorobeychik 2016) and robotic sens-
ing (Hepp, Nießner, and Hilliges 2018), where the selected
subset must be connected via a feasible route respecting
travel budgets. This coupling of subset selection and rout-
ing makes the problem NP-hard.

Algorithmic Solutions
Algorithmic approaches for these problems can be divided
into two main categories: greedy algorithms and Evolution-
ary Learning (EL) algorithms.

Greedy algorithms iteratively add or remove elements
based on marginal gains to optimize the objective. The
seminal work by Nemhauser et al. (Nemhauser, Wolsey,
and Fisher 1978) established performance guarantees for
greedy algorithms in SS. For MSS, Ward et al. (Ward and
Živnỳ 2014) proposed a multiple greedy algorithm. Re-
cently, Spaeh et al. (Spaeh, Ene, and Nguyen 2025) devel-
oped a greedy method for online MSS, where elements ar-
rive sequentially rather than being predetermined. Zhang et
al. (Zhang and Vorobeychik 2016) proposed the first greedy
algorithm tailored for SS-GCC.

Evolutionary Learning (EL) algorithms explore a larger
solution space and often achieve better empirical perfor-
mance than greedy methods. Qian et al. (Qian, Yu, and Zhou
2015) theoretically proved that EL can achieve the same ap-
proximation ratio as greedy algorithms and experimentally
showed superior performance. However, EL methods can
be computationally expensive. To alleviate this, parallel and
distributed EL algorithms have been developed (Qian et al.
2016, 2018), accelerating the learning process using multi-
ple processors. EL algorithms have also been adapted specif-
ically for SS-GCC problems (Bian et al. 2020; Qian et al.
2017b; Roostapour et al. 2022).

Limitations of Existing Work
Despite significant progress, current research faces several
limitations when applied to MSS-GCC problems:
• Most MSS algorithms (Ohsaka and Yoshida 2015; Rafiey

and Yoshida 2020; Spaeh, Ene, and Nguyen 2025) as-
sume the additive costs, which are not suitable for appli-
cations with routing-based constraints.

• While EL algorithms (Bian et al. 2020; Qian et al.
2017b; Roostapour et al. 2022) are more expressive, they
are computationally expensive and scale poorly in high-
dimensional or multi-agent settings.

• To the best of our knowledge, no existing work has
systematically addressed the MSS-BCR problem using
learning-based frameworks that jointly consider subset
selection and routing.

These limitations motivate our work, which proposes a
novel reinforcement learning (RL)-based approach, GRIP, to
tackle the MSS-BCR problem by integrating spatial reward
modeling and routing feasibility within a unified framework.
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MSS-BCR Problem Formulation
We study the Multi-Subset Selection with Budget-
Constrained Routing (MSS-BCR) problem, which models
scenarios where multiple agents must each select and visit a
subset of nodes by traversing a cost-feasible route, with the
goal of maximizing the total collected reward.

Notations
Let V = {v1, v2, . . . , vN} denote a set of N nodes, each
associated with a non-negative reward r(vi) ∈ R≥0. Let
A = {a1, a2, . . . , aM} be a set of M agents. Each agent
aj has a start location sj and a budget Bj representing the
maximum allowed route cost. Let d(u, v) denote the travel
cost (e.g., Euclidean distance) between nodes u and v. Each
agent aj selects a subset of nodes Vj ⊆ V , such that the
cost of the planned tour Tj over Vj satisfies cost(Tj) ≤ Bj .
The subsets are mutually disjoint, i.e., Vj ∩ Vj′ = ∅ for any
j ̸= j′. The objective is to maximize the total collected re-
ward.

Problem Definition
Let X = [xij ] ∈ {0, 1}N×M be the assignment matrix,
where xij = 1 if node vi is assigned to agent aj , and 0 oth-
erwise. Let Pj(X) denote the planned route (tour) for agent
aj visiting nodes assigned by X. The MSS-BCR problem is
formulated as:

max
X

M∑
j=1

∑
vi∈Pj(X)

r(vi) (1)

s.t. cost(Pj(X)) ≤ Bj , ∀j = 1, . . . ,M (2)
M∑
j=1

xij ≤ 1, ∀i = 1, . . . , N (3)

xij ∈ {0, 1}, ∀i = 1, . . . , N, j = 1, . . . ,M (4)

This problem is combinatorially hard due to the coupling
between node assignment and budget-constrained routing.

GRIP Framework
This section introduces the proposed GRIP (Graph-based
Routing-aware Information Planning) framework, designed
to efficiently solve the MSS-BCR problem. GRIP is driven
by Information Field Theory, treating agents as dynamic
entities that perceive and act within a latent spatial-reward
field defined over a graph. To operationalize this perspec-
tive, GRIP proceeds in four stages.

Stage I: Modeling Node Environments as a Latent
Information Field
GRIP begins by formulating the environment as a discrete
latent information field defined over the graph G = (V, E)
to enable information-theoretic reasoning under spatial con-
straints. Kernel operations include:

Information Potential Encoding In G, Each node vi ∈ V
serves as a spatial stimulus, contributing to the overall field
through an intrinsic information potential. We explicitly de-
fine the node-wise information potential as

ϕi = β · ri (5)

where ri denotes the intrinsic reward of node vi, and β is a
tunable scaling coefficient. This scalar field {ϕi}Ni=1 repre-
sents a reward landscape over the spatial graph and serves
as the foundation for downstream agent perception and in-
teraction.

Graph-Aware Embedding Initialization While (5) en-
codes explicit node utility, topological context is captured
implicitly via learnable embeddings. Each agent aj is ini-
tialized with feature vector fj = [cj ; dj ;Bj ] ∈ Rd, where cj
is the agent’s current position, dj is the depot location, and
Bj denotes its path-length budget. Similarly, each node vi
is described by hi = [xi;ϕi] ∈ Rd, where xi is the node’s
coordinate.

These inputs are projected into initial embeddings through
agent- and node-specific multilayer perceptrons (MLPs):

f
(0)
j = Wjfj + bj (6)

h
(0)
i = Wihi + bi (7)

with learnable parameters Wj ,Wi, bj , bi.

Multi-Directional Attention Propagation To encode
higher-order field interactions, GRIP applies L layers of
message-passing attention across three relational dimen-
sions:
• Node→ Node (Spatial Context Propagation): Each node
vi communicates with all other nodes to capture long-
range spatial and structural dependencies via a multi-
head attention (MHA) module with K heads as (8)-(12).

q
(l)
i,k = W

(l)
q,kh

(l−1)
i (8)

y
(l)
n,k = W

(l)
y,kh

(l−1)
i , s

(l)
n,k = W

(l)
v,kh

(l−1)
i (9)

u
(l)
ni,k =

(q
(l)
i,k)

T y
(l)
n,k√

dy
, t

(l)
ni,k =

u
(l)
ni,k∑
j u

(l)
ji,k

(10)

q̂
(l)
i,k =

∑
n

t
(l)
ni,ks

(l)
n,k (11)

h
(l)
i =

∑
k

W
(l)
a,k q̂

(l)
i,k (12)

• Node → Agent (Perception Assimilation): Each agent
receives field-level messages from all nodes through a
node-to-agent attention module, allowing the agent to in-
tegrate environmental potential. This module follows the
structure of (8)–(12), replacing queries with agent fea-
tures f (l−1)

j .
• Agent → Agent (Mutual Awareness): Agents exchange

messages via an agent-to-agent MHA module, enabling
them to infer relative positions, loads, and overlapping
coverage patterns.
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Contextual Feature Fusion Since each agent receives
signals from both nodes and other agents, we fuse these
streams via a weighted context aggregation:

f̂
(l)
j = W (l)

na · f
s(l)
j +W (l)

aa · f
a(l)
j (13)

where f
s(l)
j and f

a(l)
j are the node- and agent-sourced em-

beddings, respectively. A residual connection, batch normal-
ization, and linear projection are applied to finalize the layer
update:

f
(l)
j = FC(l)

a

(
BN(l)

a

(
f̂
(l)
j + f

(l−1)
j

))
(14)

Latent Field Embedding Through multi-level attention
and contextual fusion, each agent and node acquires a per-
sonalized latent representation of the environment, that is, an
information field shaped by both spatial reward distribution
and cooperative interactions. This learned embedding serves
as a compact perceptual prior, guiding the downstream graph
policy learning and subset assignment in Stage II.

Stage II: Information-Driven Assignment via
Graph Policy Learning
In Stage II, GRIP operationalizes the latent information field
constructed in Stage I by learning a routing-aware node-to-
agent assignment policy. This is achieved through a graph-
based stochastic policy network π(θ), which outputs a soft
probabilistic mapping from nodes to agents. Specifically, the
policy is represented as a matrix P ∈ R|V |×M , where each
entry Pi,j denotes the likelihood that node vi is assigned to
agent aj .

Graph-Based Policy Generation Stage I produces the la-
tent field embeddings, specifically agent and node embed-
dings,denoted by {h(L)

i }Ni=1 and {f (L)
j }Mj=1. These embed-

dings encapsulate each entity’s spatial configuration and
topological context as shaped by the latent information field.
To derive actionable assignment decisions from this repre-
sentation, GRIP projects the embeddings into a shared latent
interaction space using learnable linear transformations:

fj = Wpaf
(L)
j , hi = Wpnh

(L)
i (15)

where Wpa and Wpn are parameter matrices specific to
agents and nodes. This shared space allows agents and nodes
to interact in a field-aligned manner.

The affinity between node vi and agent aj is then com-
puted via a bounded bilinear interaction:

uij = C1 · tanh(hif
⊤
j ) (16)

where C1 is a temperature constant controlling the sharpness
of interaction. Intuitively, this operation measures the direc-
tional alignment of node vi’s potential vector with agent aj’s
trajectory within the information field, which is analogous to
computing local field strength in classical potential theory.

These affinity scores are normalized across all agents us-
ing a softmax function to yield a distributional assignment
policy:

pij =
euij∑M
k=1 e

uik

(17)

Algorithm 1: Bi-Criteria Pruning via Field Collapse
Input : Tour T , length L, coordinates x, rewards r,

budget B, trade-off α
Output: Pruned tour T ∗ with L ≤ B
Initialize open list with (T , L,R =

∑
vi∈T ri);

while L > B do
foreach internal node vi ∈ T do

Estimate ∆Li by shortcutting vi:
∆Li =
d(vi−1, vi) + d(vi, vi+1)− d(vi−1, vi+1);

Estimate ∆Ri = ri;
Compute score
δi = α · (1−∆Li/L) + (1− α) ·∆Ri/R;

Remove node vk = argmaxi δi from T ;
Update L and R accordingly;

return T ∗

where pij ∈ (0, 1) quantifies the likelihood of assigning
node vi to agent aj . In this view, the policy network acts
as a differentiable, field-sensitive inference mechanism that
dynamically interprets spatial task utility and agent capabil-
ities under a constrained assignment regime.

Stage III: Constraint-Triggered Field Collapse and
Route Refinement
Given the initial assignment matrix P ∈ R|V |×M , each
agent aj is assigned a candidate node set Sj through sam-
pling on P ∈ R|V |×M . With Sj , a tentative tour Tj can be
constructed using a standard TSP solver (e.g., OR-Tools).
However, when the tour cost L(Tj) exceeds the agent’s bud-
get Bj , the agent must prune its path. The step is modeled
as a collapse of the agent’s effective information field, i.e.
contracting its region of influence to satisfy operational con-
straints.

To guide the pruning, we propose a bi-criteria heuristic
that jointly considers: (i) the relative path length reduction,
and (ii) the relative reward loss. For each internal node vi in
the tour, we compute:

δi = α ·
(
1− ∆Li

L

)
+ (1− α) · ∆Ri

R

where ∆Li is the length saved by removing vi, and ∆Ri =
ri is the reward lost. Nodes with the highest δi are iteratively
removed until the tour becomes budget-feasible. The process
is detailed in Algorithm 1.

This mechanism promotes removal of nodes that con-
tribute least in terms of information per unit path cost, lead-
ing to a dynamic contraction of the agent’s effective field.
Moreover, the pruning results are fed back into Stage II dur-
ing training, enabling the policy to learn more efficient as-
signment strategies

Stage IV: Field-Gradient Reinsertion for Residual
Utility Capture
While pruning ensures feasibility, it may prematurely dis-
card nodes with high latent potential due to local subopti-
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Algorithm 2: Residual Field Reinsertion for
Budget-Feasible Tour Enhancement

Input: Node coords X, rewards r; current tours {Tj}
with lengths {ℓj}; budgets {Bj}

Output: Enhanced tours {T̂j}
repeat

Let U ← unassigned nodes ;
Initialize best gain γ∗ ← 0 ;
foreach agent aj do

foreach vi ∈ U do
foreach insertion point (vj , vj+1) ∈ Tj
do

Compute ∆Li via (18) ;
if ℓj +∆Li ≤ Bj then

Compute γi = ϕi/∆Li via (19) ;
if γi > γ∗ then

Record best (aj , vi, j) and
update γ∗ ;

end
end

end
end

end
if valid insertion (a∗, v∗, j∗) found then

Insert v∗ between vj∗ and vj∗+1 in Ta∗ ;
Update ℓa∗ and remove v∗ from U ;

end
until no feasible reinsertion found;
return {T̂j}

mality. To mitigate this, GRIP performs a final field-gradient
reinsertion phase that greedily recovers residual value by
leveraging the information field’s gradient.

Let U denote the set of unvisited nodes after pruning. For
each unassigned node vi ∈ U and agent aj , we evaluate the
marginal insertion cost ∆Li between two consecutive nodes
(vj , vj+1) in tour Tj :

∆Li = d(vj , vi) + d(vi, vj+1)− d(vj , vj+1), (18)

and define a reinsertion priority based on the field-efficiency
ratio:

γi =
ϕi

∆Li
, (19)

where ϕi is the information potential from the latent field,
shown in (5) in Stage I. A reinsertion is allowed only if it
respects the agent’s budget constraint: ℓj +∆Li ≤ Bj .

Algorithm 2 details this residual completion procedure.
At each iteration, feasible insertion points across all tours are
evaluated, and the node with the highest γi is inserted. This
continues greedily until no further improvement is possible.

This final stage can be interpreted field-theoretically as
extending each agent’s local decision boundary along the
residual gradient of its collapsed field. Rather than re-
optimizing full tours, the agent incrementally advances into
nearby high-potential regions, recovering previously dis-
carded utility in a budget-aware manner. By aligning local

reinsertion with the latent field structure, GRIP completes a
fully differentiable, field-aware information acquisition loop
that integrates feasibility, reward efficiency, and spatial rea-
soning.

GRIP Training
To effectively train GRIP in the context of the MSS-
BCR problem, we adopt an S-sampled batch reinforce-
ment learning (RL) framework (Hu, Yao, and Lee 2020;
Hu et al. 2024). Unlike traditional single-sample policy gra-
dient methods, this approach utilizes multiple sampled as-
signments per graph instance to estimate the expected per-
formance of downstream routing, thereby reducing gradient
variance and improving convergence speed.

Given a training dataset D and a graph instance g ∼ D,
we sample S complete node-to-agent assignments {πs}Ss=1
from the learned assignment policy π(θ) where θ represents
all learnable parameters. The policy is defined by the assign-
ment probabilities {Pi,j}N,M

i=1,j=1, and the reward Ψ(πs|g)
for each assignment is computed by executing the down-
stream routing process in Stage III.

To guide training, we compute a normalized advantage
function by (20), which quantifies the relative merit of each
sample against the batch average.

A(πs|g) = Ψ(πs|g)−
1

S

S∑
k=1

Ψ(πk|g) (20)

The overall objective is to maximize the expected
advantage-weighted log-likelihood of sampled assignments
under the current policy:

L(θ|D) = Eg∼D

[
S∑

s=1

logPθ(πs|g) ·A(πs|g)

]
(21)

where Pθ(πs|g) denotes the joint likelihood of constructing
the assignment πs via independent sampling over all nodes:

Pθ(πs|g) =
N∏
i=1

pi,j∗i , where j∗i = πs(vi) (22)

GRIP Inference
At inference time, GRIP operates in a deterministic and effi-
cient manner by deploying its learned assignment policy to
generate agent routes. Specifically, we apply greedy decod-
ing by assigning each node vi to the agent aj with the highest
assignment probability: j∗ = argmaxj pij . Each agent’s
assigned node set then undergoes budget-constrained route
refinement via the field-collapsing heuristic described in
Stage III (Algorithm 1). After initial pruning, the algorithm
performs field-gradient-based reinsertion (Algorithm 2) to
augment agent tours by capturing high-value nodes within
residual budget margins.

Evaluation
This section presents the experimental setup, including syn-
thetic evaluation under in-domain and out-of-domain set-
tings, cross-domain generalization to real-world data, and
an ablation study on GRIP’s design components.
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Type Method R ↑ RPCB ↑ VLP ↑ R ↑ RPCB ↑ VLP ↑ R ↑ RPCB ↑ VLP ↑ R ↑ RPCB ↑ VLP ↑

N
T

<5,50> <5,100> <7,70> <10,100>
EL 15.229 3.773 0.545 24.192 5.201 0.405 25.000 4.080 0.637 39.542 4.380 0.710
Greedy 15.666 3.534 0.524 25.609 5.457 0.414 25.777 3.951 0.624 41.545 4.438 0.717
GRIP 17.329 3.930 0.661 28.696 6.048 0.520 28.680 4.533 0.791 45.442 5.255 0.889

G
T

<5,200> <5,300> <10, 500> <20, 1000>
EL 31.667 6.648 0.252 35.996 7.370 0.188 74.587 7.629 0.235 159.283 8.103 0.251
Greedy 39.567 8.217 0.310 50.968 10.307 0.263 125.953 12.829 0.395 338.740 17.223 0.540
GRIP 43.272 8.877 0.369 54.062 10.805 0.299 138.061 13.976 0.478 367.544 18.704 0.669

Table 1. Performance on Synthetic Dataset under Normal and Generalization Testing. < M,N > indicates the number of
agents (M ) and candidate nodes (N ).

Experimental Setup
Training and Testing Scales GRIP is trained on synthetic
instances with the number of agents M ∈ [5, 10] and can-
didate nodes N ∈ [5M, 100]. Evaluation includes two set-
tings: Normal Testing (NT) matches the training scale, while
Generalization Testing (GT) extends M and N beyond the
training range to assess scalability.

Synthetic Dataset Generation Each synthetic instance is
constructed by uniformly sampling M +N points in [0, 1]2.
Node rewards are drawn from [0, 1]; M depots are randomly
chosen from these points to serve as both start and end
points. Agent path-length budgets are sampled from [0, 2].
This setup follows prior work (Gao et al. 2023; Hu et al.
2025; Park, Kwon, and Park 2023; Kim, Park, and Park
2023). For each pair ⟨M,N⟩, we generate 1000 instances.

Real-World Dataset We use public incident data from
Seattle (Department 2024b), Los Angeles (Department
2024a), and Denver (Mooney 2014), containing coordinates
of accidents and crimes. Each city is normalized to [0, 1]2

while preserving spatial layout. Incidents are clustered into
M + N groups via K-Means; cluster sizes define rewards.
M centers are randomly selected as depots, and agent bud-
gets are sampled as in the synthetic case. We generate 100
test instances per scale.

Implementation Details Experiments are run on an
NVIDIA V100S GPU with Ubuntu 22.04, Python 3.10, and
PyTorch 2.5.1. The learning rate is set to 5 × 10−5, with
α = 0.7 in the pruning heuristic and S = 12 in (20).

Evaluation Metrics The three metrics together reflect
each method’s effectiveness, efficiency, and coverage.
• Total reward (R) : The accumulated reward across all

agents, reflecting the total task value achieved.
• Reward per Consumed Budget (RPCB): Defined as the

total reward divided by the actual consumed budget. It
evaluates cost-efficiency.

• Visited Location Proportion (VLP): The ratio between
the number of visited nodes and the total available candi-
date nodes, capturing spatial task coverage.

Baselines As no prior work directly solves MSS-BCR, we
extend two representative single-agent budget-constrained
subset selection methods to the multi-agent setting:

(a) M = 5 (b) M = 10

Figure 1: Scalability evaluation on synthetic dataset. Total
reward vs. number of candidate nodes N under fixed agent
numbers (a) M=5 and (b) M=10.

• Evolutionary Learning (EL) (Bian et al. 2020): Each
agent independently applies evolutionary search to select
and route among unvisited nodes, with selected nodes
broadcast to avoid duplication.

• Greedy Algorithm (Greedy) (Zhang and Vorobeychik
2016): Iteratively assigns nodes to agents based on
marginal reward, stopping when all nodes are selected
or budgets are exceeded.

Performance on Synthetic Dataset
As shown in Table 1, GRIP consistently achieves superior
performance across all problem scales. In NT scenarios,
GRIP yields the highest total reward and RPCB across all
scales. For example, at < 10, 100 >, GRIP surpasses EL
and Greedy by 15% and 9.4% in reward, and by 20% and
18.4% in RPCB, respectively. Notably, GRIP also maintains
the highest VLP, indicating that more target locations are
effectively covered under budget constraints. In GT scenar-
ios where both the number of agents and candidate nodes
exceed training conditions, GRIP demonstrates strong gen-
eralization. At < 20, 1000 >, GRIP achieves the highest
reward (367.5), significantly outperforming EL (159.3) and
Greedy (338.7). Moreover, GRIP’s RPCB and VLP continue
to dominate, indicating not only its reward-maximizing ca-
pability but also its ability to scale effectively while main-
taining spatial exploration efficiency.

To further examine scalability under varying candidate
node densities, we plot the total reward as a function of node
number N under fixed agent counts M=5 and M=10 in
Fig. 1.
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<5,50> <10,100> <5,300> <10,500>
Dataset Method R ↑ RPCB ↑ VLP ↑ R ↑ RPCB ↑ VLP ↑ R ↑ RPCB ↑ VLP ↑ R ↑ RPCB ↑ VLP ↑

D
en

v e
r EL 390923 3.611 0.765 420756 2.839 0.884 171156 4.222 0.227 214622 3.577 0.297

Greedy 405577 3.818 0.797 443648 3.286 0.940 303083 7.428 0.471 413431 6.919 0.719
GRIP 422117 4.516 0.869 447098 4.507 0.975 324510 7.977 0.548 437612 7.438 0.825

L
A

EL 170043 3.359 0.797 186643 3.256 0.902 72098 4.883 0.242 85551 4.882 0.299
Greedy 177488 3.576 0.832 194233 3.771 0.948 138281 9.335 0.520 179301 10.364 0.733
GRIP 185772 4.168 0.911 196206 5.268 0.987 141191 9.492 0.565 185950 10.910 0.805

Se
at

tle EL 261534 2.638 0.876 273613 2.339 0.940 138642 3.885 0.265 162582 3.834 0.331
Greedy 267033 2.793 0.900 277924 2.680 0.965 222641 6.235 0.546 274048 6.501 0.784
GRIP 272572 3.646 0.960 278549 4.038 0.995 233787 6.567 0.634 284201 6.910 0.883

Table 2. Performance Comparison on Real-world Datasets (Denver, LA, Seattle)

(a) < 5, 50 > on Denver (b) < 5, 50 > on LA

(c) < 10, 100 > on Denver (d) < 10, 100 > on Seattle

Figure 2: Visualized Planned Paths of GRIP on Real-World Datasets.

All methods benefit from increased node availability, but
GRIP consistently achieves the highest reward across all set-
tings. This further validates GRIP’s advantage in efficiently
navigating large, combinatorial decision spaces via its hier-
archical policy.

Performance on Real-world Data
Table 2 presents the performance on urban incident datasets
from Denver, LA, and Seattle. Across all cities and problem
scales, GRIP consistently achieves the best performance on
all three metrics. In Denver at < 10, 500 >, GRIP achieves

a 5.8% reward gain over Greedy and a significant 104% gain
over EL. GRIP also shows better RPCB and VLP, indicating
both improved efficiency and broader incident site coverage.

The improvements are particularly pronounced in larger-
scale settings. In LA at < 10, 500 >, GRIP yields a VLP
of 0.805, compared to 0.733 and 0.299 for Greedy and EL,
respectively. This reflects GRIP’s superior ability to plan
diverse and effective paths under budget constraints. Simi-
lar trends are observed in Seattle, where GRIP outperforms
in all metrics and scales, especially in budget efficiency
(RPCB: 6.91 vs. 6.50/3.83) and spatial coverage.
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Method <5,50> <5,100>
R ↑ RPCB ↑ VLP ↑ R ↑ RPCB ↑ VLP ↑

GRIP-S3 6.319 1.833 0.216 9.157 2.436 0.148
GRIP-S3S4 14.067 3.201 0.527 22.842 4.886 0.415
GRIP-S1S2S3 16.352 3.920 0.608 26.084 5.803 0.450
GRIP-Full 17.329 3.930 0.661 28.696 6.048 0.520

Table 3. Ablation Study on GRIP Variants.

To qualitatively assess the behavior of GRIP in realistic
environments, we visualize four representative planning in-
stances in Fig. 2. Across all scenarios, GRIP demonstrates a
consistent ability to construct well-structured and spatially
diverse routes that effectively cover high-reward regions.
These cases further validate GRIP’s capacity for coordinated
multi-agent planning under complex real-world constraints.

Ablation Study
We perform an ablation study to evaluate the contribution of
each GRIP component, as summarized in Table 3. GRIP-
S3, which uses only the pruning stage (Stage III), per-
forms poorly across all metrics, showing that local greedy
pruning alone is ineffective without prior assignment guid-
ance. Introducing policy feedback in GRIP-S3S4 signifi-
cantly boosts reward and coverage, highlighting the value
of constraint-aware adaptation. Adding node assignment
stages in GRIP-S1S2S3 brings further gains, confirming that
directing agents toward high-potential regions provides a
strong initialization. Finally, the full GRIP model achieves
the best results, demonstrating the effectiveness of integrat-
ing global assignment, local pruning, and feedback in a uni-
fied framework.

These results demonstrate the complementary roles of
each stage in GRIP, especially the necessity of combining
learning-based node assignment with field-based constraint-
aware pruning. The progressive improvement across variants
validates the effectiveness of our hierarchical design.

Conclusion
We propose GRIP to solve the MSS-BCR problem, inte-
grating multi-agent subset selection with budget-constrained
routing. GRIP achieves superior performance in reward
efficiency and coverage across synthetic and real-world
datasets. In future work, we plan to extend GRIP to dy-
namic environments and incorporate temporal or priority-
aware constraints.
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