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Abstract
Understanding the emergence of collective behaviors of
multi-agent systems requires investigating the learning
dynamics. However, the theoretical analysis of large-
scale graph-structured multi-agent reinforcement learning
(MARL) systems remains challenging due to agent hetero-
geneity and the intrinsic coupling between state transitions
and individual Q-value updates. In this work, we develop a
unified theoretical framework that captures the evolution of
agent behaviors at both individual and population levels. By
leveraging the pair approximation technique from statistical
physics, we derive a closed set of evolution equations that ac-
curately describe the temporal dynamics of the system. Our
analysis also reveals a separation of time scales. For small
learning rates, state transitions equilibrate rapidly, while Q-
value updates evolve slowly with stationary state distribu-
tions. Through extensive agent-based simulations, we vali-
date the robustness of our theoretical results and explain the
mechanisms that lead to the emergence of cooperation in so-
cial dilemmas. Our framework offers new perspectives for
bridging complex systems science and MARL, providing in-
sights for the design of cooperative and resilient AI.

Introduction
Reinforcement learning (RL) is a paradigm for sequential
decision-making in complex environments, with applica-
tions across diverse fields (Sutton and Barto 2018). In sociol-
ogy and psychology, RL has been used to study how animals
and humans acquire and adapt their behaviors (Lee et al.
2004; Dayan and Daw 2008). In computer science and arti-
ficial intelligence, RL is a foundational framework for mod-
eling and improving autonomous decision-making (Mnih
et al. 2015; Silver et al. 2017). Recently, applying RL to
large language models has led to substantial improvements
in their capabilities (Bai et al. 2022; Guo et al. 2025). Al-
though single-agent RL has achieved remarkable progress
over the years, multi-agent reinforcement learning (MARL)
remains a thriving field with many open challenges, includ-
ing non-convergence, system instability, and catastrophic
failures that may cause a complete breakdown of coordina-
tion among agents (Hammond et al. 2025; Pan et al. 2025).
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In addition, individuals can sometimes spontaneously ex-
hibit emergent behaviors, such as cooperation (Leibo et al.
2017) and social learning (Ndousse et al. 2021), that are not
explicitly encoded by the underlying rules. Therefore, it is
essential to understand MARL systems from the perspective
of collective learning dynamics (Barfuss et al. 2025). Such
insights not only guide the development of more effective
learning algorithms but also inform the design of mecha-
nisms that promote social fairness and cooperation, mitigate
social dilemmas, and enhance collective welfare (Hughes
et al. 2018; Dafoe et al. 2020; Tacchetti et al. 2025).

One of the central challenges in understanding the dy-
namics of large-scale MARL systems is managing the com-
plex patterns of interaction among agents. A straightforward
modeling approach is to describe the system at the indi-
vidual level, which involves formulating a set of evolution
equations for each agent. Early work investigated the rela-
tionship between the dynamics of RL algorithms and the
replicator equation in two-player settings. Börgers and Sarin
(1997) and Tuyls, Verbeeck, and Lenaerts (2003) demon-
strated that, in two-player normal-form games, Cross learn-
ing and Q-learning correspond to replicator and replicator-
mutator dynamics, respectively. The problem becomes more
complex when the environment itself can change dynami-
cally. From the perspective of a single agent, its surround-
ing environment is non-stationary, as neighboring agents are
continuously adapting their behaviors. This results in a feed-
back coupling between the evolution of agents’ policies and
the transitions of environmental states. Hennes, Tuyls, and
Rauterberg (2009); Hennes, Kaisers, and Tuyls (2010) ex-
tended the replicator dynamics framework to accommodate
changing environments. More recently, Barfuss, Donges,
and Kurths (2019) introduced a batch learning framework
to analyze the dynamics of temporal-difference learning in
stochastic games.

However, this individual-level approach rapidly becomes
intractable as the size of the system increases, due to the
well-known “curse of dimensionality.” Rather than follow-
ing each agent’s trajectory separately, recent studies have
instead adopted a population-level perspective, focusing on
modeling the distribution of agent behaviors across the en-
tire system. Hu, Leung, and Leung (2019) and Hu et al.
(2022) derived a continuity equation for multi-agent Q-
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learning in normal-form games. Regarding different inter-
action structures, Leung, Hu, and Leung (2022) investigated
the effects of local interactions and incomplete information;
Chu et al. (2022) analyzed the dynamics on regular graphs;
and Hussain et al. (2025) examined the convergence of my-
opic stateless Q-learning in random network systems. For
dynamic environments, Chu et al. (2023) studied myopic
stateless Q-learning dynamics in stochastic games.

The existing studies above either treat the environment
as static (i.e., assuming that agents adopt stateless learning
rules) or adopt a deterministic mean-field limit that over-
looks the intrinsic stochasticity arising from the exploratory
policies, the state transitions, and the heterogeneity of neigh-
bor distributions. To achieve a comprehensive understanding
of emergent behaviors in complex and dynamic multi-agent
environments, an effective theoretical framework for large-
scale MARL systems should capture the above stochastici-
ties, and also link the individual-level and population-level
phenomena.

In this work, we consider a graph-structured popula-
tion of agents engaged in pairwise stochastic games (Shap-
ley 1953), with agents adapting their policies using Q-
learning (Watkins and Dayan 1992). We introduce a unified
theoretical framework that can scale effectively to large, de-
centralized settings. To simultaneously represent individual
strategies and their game states, we employ a heterogeneous
graph to characterize the population. Starting from a micro-
scopic description of the system, we derive a stochastic dif-
ferential equation (SDE) that governs the evolution of a rep-
resentative agent’s Q-value. This SDE naturally corresponds
to a Fokker-Planck equation (FPE), which describes the evo-
lution of the distribution of Q-values on the population level.
Meanwhile, the evolution of the distribution of environmen-
tal states can be captured by a master equation.

By integrating the master equation that describes state
transitions with the FPE that characterizes the evolution
of Q-values, and leveraging the pair approximation tech-
nique (Hauert and Szabó 2005; Ohtsuki et al. 2006; Chu
et al. 2023) from statistical physics, we obtain a complete
set of equations for the MARL system. Although Q-value
updates and state transitions are coupled, we find that for
small learning rates, these processes occur on two distinct
time scales and can thus be analyzed separately. In partic-
ular, the environmental states quickly reach their stationary
distribution, allowing the agents’ learning dynamics to be
effectively studied within this stable environment. This sep-
aration of time scales enables us to derive a reduced FPE
that accurately captures the dynamics of the system. We val-
idate the effectiveness of our theoretical framework through
extensive agent-based simulations. In addition, our model
successfully predicts the emergence of cooperation even in
social dilemmas with adverse payoff structures.

In summary, we present a unified theoretical framework
that characterizes the dynamics of multi-agent reinforce-
ment learning in stochastic games within large-scale, graph-
structured populations. We identify that state transitions and
Q-value updates occur on two distinct time scales and ac-
cordingly derive a reduced FPE with time-scale separation
that accurately captures the dynamics of the system at both

microscopic and macroscopic levels. Our theoretical anal-
ysis bridges complex system science and multi-agent rein-
forcement learning, revealing new insights into the emer-
gence of collective behaviors, especially the emergence of
cooperation in large-scale graph-structured multi-agent sys-
tems.

Model
Although the theoretical framework developed in this pa-
per is applicable to broader scenarios, including multiplayer
games and other temporal-difference learning algorithms,
we focus our analysis on a graph-structured population in-
teracting in pairwise stochastic games, and Q-learning for
clarity. The components of our model are formally defined
in the following subsections, and the overall procedure is
outlined in Algorithm 1.

Environment: Stochastic Game
In contrast to normal-form games, in which the envi-
ronmental state remains static, a stochastic game G =
⟨N ,S,A, T,R⟩ is characterized by multiple states with dy-
namic state transitions. Here, N = {1, 2} denotes the set of
players, and S = {s1, . . . , sK} denotes the set of states. At
each time step, both players simultaneously select an action
from the action set A(s) available in the current state s. For
simplicity, we assume that the action set is identical across
all states, i.e., A(s) ≡ A = {a1, . . . , aM} for all s.

When both players are in state s and select the joint action
a = (a, ã), each receives a reward determined by the reward
function R : N×S×A×A → R, which specifies the reward
of each player under the joint action a in state s. Since we
assume a symmetric reward structure, the rewards can be
represented by a payoff matrix U(s):


a1 a2 · · · aM

a1 U(s, a1, a1) U(s, a1, a2) · · · U(s, a1, aM )
a2 U(s, a2, a1) U(s, a2, a2) · · · U(s, a2, aM )
...

...
...

. . .
...

aM U(s, aM , a1) U(s, aM , a2) · · · U(s, aM , aM )

.

(1)
Here, U(s, ai, aj) denotes the reward for the row player
when selecting action ai against the column player using aj
in state s.

Given the current state s and joint action a, the subsequent
environmental state s′ ∈ S is determined by the Markovian
transition kernel T : S × A×A× S → [0, 1]. Specifically,
T (s,a, s′) gives the probability of transitioning from state s
to state s′, given the joint action a.

Population Structure: Heterogeneous Graph
Each agent i maintains a Q-function Qt(i, s, a) for each
state-action pair (s, a) ∈ S × A, representing the value
of executing action a in state s at time t. To simulta-
neously capture the population structure and the environ-
mental state, we represent the system as a heterogeneous
graph G = (V,E,Qt, st) of average degree k. Here, V =
{i|i ∈ {1, 2, . . . , N}} denotes the set of agents, and E =
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{eij |i, j ∈ V, i interacts with j} denotes the pairwise inter-
action relationships between agents. Each edge eij ∈ E rep-
resents the stochastic game interaction between agents i and
j. Under this graph representation, the Q-value Qt(i, s, a)
becomes the attribute of node i, and the environmental state
of the interaction between agents i and j is characterized as
an edge attribute st(i, j) that evolves over time.

Policy Update Rule: Q-learning
The agent’s policy Xt(i, s, a) specifies the probability of se-
lecting each action a ∈ A in a given state s, and is defined
by the Boltzmann distribution (softmax):

Xt(i, s, a) =
exp

[
βQt(i, s, a)

]∑
a′∈A exp

[
βQt(i, s, a′)

] , (2)

where β > 0 is the inverse temperature, controlling the
exploration-exploitation trade-off. As β → ∞, agent i de-
terministically selects the action with the highest Q-value;
i.e., Xt(i, s, a) = 1 if a = argmaxa′ Qt(i, s, a

′), and 0
otherwise. Conversely, as β → 0, agent i selects actions
uniformly at random, i.e., Xt(i, s, a) = 1/M for all a ∈ A.

Agents improve their policies by updating Q-values using
the temporal-difference (TD) learning rule:

Qt+1(i, s, a) = Qt(i, s, a) + α δt(i, s, a), (3)
where the learning rate α ∈ (0, 1) determines the weight
assigned to new information in the update process, and
δt(i, s, a) is the TD error, which relies on information ob-
tained through interactions with their neighbors. Specifi-
cally, at time step t, i interacts with each of its neighbors
j in the current state st(i, j) by executing its pre-selected
action at(i, st(i, j)), with neighbor j simultaneously exe-
cuting its own action. As a result of this interaction, agent i
receives a reward rt(i, st(i, j), j) and observes the next state
st+1(i, j). The TD error for this interaction and Q-learning
is given by:

rt(i, st(i, j), j) + γmax
a′

Qt(i, st+1(i, j), a
′)

−Qt(i, st(i, j), at(i, st(i, j))),
(4)

where γ is the discount factor, quantifying the degree to
which future rewards are valued relative to immediate re-
wards. These TD errors are then aggregated for each state-
action pair (s, a) and averaged over the relevant neighbors j
to obtain the TD error δt(i, s, a).

Theoretical Derivation
Before proceeding with the derivation, we introduce
some notation. Since we aim to describe the evolution
of Q-values at both individual and population levels,
we characterize agents by their Q-value vectors rather
than by fixed identities. For example, X(Q) denotes
the policy of an individual with Q-value vector Q =
[Q(s1, a1), Q(s1, a2), · · · , Q(sK , aM )], and δ(Q) denotes
the TD error for such an individual. Plain symbols refer to
specific components of their corresponding vector quanti-
ties. For instance, Q(Q, s, a) and X(Q, s, a) denote the Q-
value and policy probability of the agent with Q-value Q in
state s and action a. In addition, we abbreviate Q(Q, s, a)
as Q(s, a) for convenience.

Algorithm 1: Multi-Agent Q-Learning for Pairwise Stochas-
tic Games on a Graph

1: Input: Graph-structured population of size N , pairwise
stochastic game G, and maximum time steps T

2: for t = 0, . . . , T − 1 do
3: for each agent i do
4: for each state s ∈ S do
5: Sample action at(i, s) ∼ Xt(i, s, ·)
6: end for
7: end for
8: for each connected unordered agent pair (i, j) do
9: Agents i and j interact in state st(i, j), receive re-

wards rt(i, st(i, j), j) and rt(j, st(i, j), i), and the
state transitions to st+1(i, j)

10: end for
11: for each agent i do
12: for each state s ∈ S where agent i interacted with

some neighbor j in state s do
13: Compute average TD-error δt(i, s, a) and update

Q-value
14: Qt+1(i, s, a)← Qt(i, s, a) + αδt(i, s, a)
15: end for
16: end for
17: end for

Individual-Level Dynamics: SDE
To investigate the population-level evolution of Q-value dis-
tributions, it is essential to first understand how Q-values
evolve at the individual level. The dynamics of a represen-
tative agent’s Q-values are influenced by multiple sources
of randomness, including stochastic state transitions and ex-
ploratory policies. To capture both the typical learning tra-
jectory and the random fluctuations that arise during the
learning process, we adopt an SDE framework to model the
evolution of a representative individual’s Q-value vector Q.
This SDE describes how the Q-value vector Q changes in-
finitesimally over an infinitesimal time interval dt:

dQ = µ(Q) dt +
√

Σ(Q) dξt. (5)

Here, we omit the subscript t for the vector quantities
µ and Σ for simplicity. The term µ(Q) is the drift vec-
tor, which represents the deterministic component of the Q-
value dynamics, indicating the average direction and rate
of change. Each entry µt(Q, s, a) corresponds to the ex-
pected change in the specific Q-value Q(s, a) per unit
time. Compared to the ordinary differential equation (ODE)
framework, the SDE framework contains an additional term√
Σ(Q) dξt, accounting for the stochastic fluctuations in Q-

value updates. The matrix
√
Σ(Q) ∈ R(KM)×(KM) char-

acterizes the magnitude and correlation structure of these
fluctuations across different state-action pairs, where

√
·

denotes the matrix square root. In Σ(Q), the diagonal en-
tries represent the variances of the one-step change in each
Q(s, a), while the off-diagonal entries represent the covari-
ances between changes in different Q-values. The notation
ξt denotes a standard (K × M)-dimensional Wiener pro-
cess. In the following, we sketch the derivation of µ(Q),

29452



leaving the full details of µ(Q) and Σ(Q) to the Supple-
mentary Material.

When a focal agent with Q-value vector Q selects action
a, its opponent chooses action ã in state s, and the environ-
ment transitions to s′, the TD error δt(Q, s, a, ã, s′) for this
interaction is given by:

U(s, a, ã) + γmax
a′

Q(s′, a′)−Q(s, a). (6)

The average TD error δ̄t(Q, s, a) when the focal agent se-
lects action a in state s is computed by averaging over the
distribution of the opponent’s Q-value vector Q̃, the oppo-
nent’s selected action ã, and the next state s′. Formally, this
average is given by:

δ̄t(Q, s, a) :=

∫ ∑
ã,s′

X(Q̃, s, ã)δ(Q, s, a, ã, s′)·

T (s, a, ã, s′)pt(Q̃|Q, s) dQ̃,

(7)

where we use the shorthand dQ̃ for the product of differ-
entials dQ̃(s1, a1), dQ̃(s1, a2), · · · , dQ̃(sK , aM ). The con-
ditional probability distribution of the opponent’s Q-value
vector Q̃ is defined as:

pt(Q̃|Q, s) =
pt(Q, s, Q̃)∫
pt(Q, s, Q̃) dQ̃

, (8)

where pt(Q, s, Q̃) is the probability density of the edge that
is state s and connected to agents with Q-values Q and Q̃

Recall that the Q-learning update is given by Equation (3),
with the TD error defined in Equation (4), and that only the
Q-value corresponding to the action chosen and executed by
the focal agent is updated. Therefore, the drift term corre-
sponds exactly to the expected change in Q(s, a) per unit
time:

µt(Q, s, a)=α[1− (1− pt(s|Q))k]X(Q, s, a)δ̄t(Q, s, a).
(9)

where pt(s|Q) is the proportion of stochastic games involv-
ing an individual with Q-values Q that are in state s.

Population-Level Dynamics: FPE and Master
Equation
The evolution of agents’ Q-values is fundamentally inter-
twined with the evolution of states: updates to Q-values de-
pend on the rewards received in particular states and the
subsequent state transitions, while the states themselves are
influenced by the agents’ policies, which are in turn deter-
mined by their Q-values. Although the SDE in Equation (5)
captures the microscopic, stochastic evolution of Q-values
for an individual agent, it does not account for the dynam-
ics of state transitions. Moreover, our primary interest often
lies in understanding the collective behaviors and emergent
phenomena that arise within large populations.

To address this, we focus on two key macroscopic quanti-
ties: the distribution of Q-values across agents in the popula-
tion, denoted by pt(Q), and the conditional state distribution
pt(s|Q, Q̃), which describes the distribution of interaction

states between agents with Q-values Q and Q̃. Equivalently,
these two quantities can be jointly represented by the dis-
tribution pt(Q, s, Q̃). In deriving the evolutionary dynamics
of this joint distribution, we decompose it into three com-
ponents: the distribution of the focal agent’s Q-value, the
distribution of the neighbor’s Q-value, and the distribution
of the interaction state between them.

From SDE to FPE When shifting our perspective from a
single agent to the entire population, the SDE that describes
an individual agent’s trajectory becomes the generator for
an evolving ensemble of agents in the high-dimensional Q-
value space. Each agent’s path is still driven by the SDE with
drift µ(Q) and diffusion Σ(Q), but we are now interested
in how the ensemble of agents is distributed in the Q-value
space, i.e., how the population-level density pt(Q) evolves
over time. The population-level dynamics corresponding to
the SDE are exactly the following FPE:

∂pt(Q)

∂t
=−∇Q ·

[
µ(Q) pt(Q)

]
+

1

2
∇Q ·

{
∇Q ·

[
Σ(Q) pt(Q)

]}
.

(10)

Here, ∇Q · (∗) =
∑

s,a ∂Q(s,a)(∗) is the divergence oper-
ator, and ∇Q ·

{
∇Q · (∗)} =

∑
s,a,s′,a′ ∂2

Q(s,a)Q(s′,a′)(∗)
corresponds to the sum of all elements of the Hessian matrix
of the given function. Analogous to its microscopic coun-
terpart, the FPE contains two transport mechanisms. The
convective term −∇Q ·

[
µ(Q) pt(Q)

]
transfers probability

mass along the deterministic learning flow dictated by the
drift µ. The density increases in regions where the drift
points inward and decreases where it points outward, much
like how a current concentrates or disperses suspended par-
ticles. Complementing this advection, the diffusive contri-
bution 1

2∇Q ·
{
∇Q · [Σ(Q) pt(Q)]

}
captures the cumula-

tive impact of random fluctuations encoded in the covariance
matrix Σ, which gradually fan out high-density peaks and
smooth sharp gradients, broadening the distribution in direct
proportion to the local diffusion strength.

At the individual level, the SDE provides a particle-based
mechanics of learning for a single agent, with µ prescribing
the expected increment of Q and Σ setting its fluctuations.
At the population level, the FPE provides a continuum, fluid-
like portrait, where the same µ steers the centroid of the
density ensemble and the same Σ governs the rate at which
it disperses. The SDE and the FPE form a dual description,
as an ensemble of a large number of SDE trajectories, and
the solutions of the FPE that are initialized with the same
density p0(Q) will evolve identically in distribution.

Pair Approximation for Neighbor Distribution Track-
ing the evolution of the distribution pt(Q) of Q-values re-
quires the conditional distribution pt(Q̃|Q, s) of the first-
order neighbor’s Q-values. In turn, tracking pt(Q̃|Q, s) re-
quires the conditional distribution pt(

≈
Q|Q, s, Q̃, s̃) of the

second-order neighbor’s Q-values. If this cascade of depen-
dencies were fully resolved, we would need to track the Q-
values of all agents and all the states governing their interac-
tions, which is exactly the individual-level description and is
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Figure 1: Pair approximation for neighbor distribution. This
figure illustrates the pair approximation technique under a
lattice population structure. Each blue node represents an
agent with a specific Q-value vector, and each edge rep-
resents a stochastic game between the connected agents,
with the edge color indicating the game state. With node
Q as the focal agent, we approximate the distribution
pt(

≈
Q|Q, s, Q̃, s̃) of the second-order neighbor

≈
Q (dashed

box) using the distribution pt(
≈
Q|Q̃, s) of the first-order

neighbor (solid box), as if we treat the neighbor Q̃ as the
focal agent.

computationally intractable for a large population size N . To
manage this complexity, we employ the pair approximation
technique. As illustrated in Figure 1, this approach truncates
the infinite series of higher-order correlations by approxi-
mating the distribution for a neighbor’s neighbor using the
distribution for a direct neighbor:

pt(
≈
Q|Q, s, Q̃, s̃) ≈ pt(

≈
Q|Q̃, s). (11)

Consequently, the neighbor distribution pt(Q̃|Q, s) evolves
according to the same dynamic equation (Equation (10)) that
governs the marginal distribution pt(Q). As a result, the sys-
tem’s dynamics can be fully described by the joint distribu-
tion of the triplet pt(Q, s, Q̃).

Master Equation for State Transitions To obtain the
evolutionary dynamics of pt(Q, s, Q̃), it remains to account
for the effect of state transitions on the joint distribution of
the triplet. When only state transition is considered, the tran-
sition rate λss′(Q, Q̃) from s to s′ between two agents with
Q-values Q and Q̃ is given by the transition kernel averaged
over the policies of both players:

λss′(Q, Q̃)=
∑
a,ã

Xt(Q, s, a)Xt(Q̃, s, ã)T (s, a, ã, s′).

(12)
To describe state transitions at the population level, we

multiply the transition rate by the density at state s to obtain
the probability flux from s to s′ per unit time:

Jss′(Q, Q̃) = pt(Q, s, Q̃)λss′(Q, Q̃). (13)

The temporal evolution of the joint probability density
pt(Q, s, Q̃) is determined by the net difference between the
probability flux into state s from all other states and the
flux out of state s to all other states. This conservation law
leads to the master equation that describes the dynamics of
pt(Q, s, Q̃):

∂pt
(
Q, s, Q̃

)
∂t

∣∣∣
α=0

=
∑
s′ ̸=s

[
Js′s(Q, Q̃)−Jss′(Q, Q̃)

]
. (14)

Full Characterization of the System By coupling the
FPEs arising from the SDEs for Q and Q̃, and the master
equation for the state transitions, we finally arrive at the dy-
namic equation for pt(Q, s, Q̃) that accounts for both Q-
value updates and state transitions. The resulting equation is
as follows:

∂pt
(
Q, s, Q̃

)
∂t

=
∑
s′ ̸=s

[
Js′s(Q, Q̃)− Jss′(Q, Q̃)

]
︸ ︷︷ ︸

state-transition inflow/outflow

−
∑

F∈{Q,Q̃}

∇F ·
[
µ(F ) pt(Q, s, Q̃)

]
︸ ︷︷ ︸

Q-values drift (deterministic change)

+
1

2

∑
F∈{Q,Q̃}

∇F ·
{
∇F ·

[
Σ
(
F
)
pt(Q, s, Q̃)

]}
︸ ︷︷ ︸

Q-values diffusion (stochastic fluctuations)

.

(15)

Separation of Time-Scales
In the FPE component of Equation (15), the master equation
is of order O(1) in α, the drift term is of order O(α), and
the diffusion term is of order O(α2). This allows us to ex-
press the evolution equations for pt(Q) and pt(s|Q, Q̃) as
follows:

∂pt(Q, Q̃)

∂t
= −

∑
F∈{Q,Q̃}

∇F ·
[
µ(F )pt(Q, Q̃)

]
+O(α2).

(16)
∂pt

(
s|Q, Q̃

)
∂t

=
∑
s′

λs′s(Q, Q̃) · pt(s′|Q, Q̃)

−
∑
s′

λss′(Q, Q̃) · pt(s|Q, Q̃) +O(α).

(17)
When the learning rate α is sufficiently small (i.e., α ≪

1), state transitions happen significantly faster than Q-value
updates. On this fast time scale, the conditional state dis-
tribution pt(s|Q, Q̃) rapidly approaches the slow manifold
defined by ∂pt(s|Q,Q̃)

∂t = 0, which ensures zero net probabil-
ity flux for any state s. As a result, the slow variables Q and
Q̃ evolve along the slow manifold, as if the system is em-
bedded in a stationary environment. Throughout this work,
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Figure 2: Visualization of Eq. (15) for two-state stochastic
games. Each point represents a pair of agents with Q-values
Q and Q̃ in a specific state. For visualization purposes, Q
and Q̃ are simplified to one-dimensional values. The prob-
ability mass p(Q, s, Q̃)dQdQ̃ is transferred between cor-
responding positions on the two planes through the state-
transition flows Jss′ and Js′s (gray arrows). Meanwhile, the
mass evolves on each plane through drift arising from aver-
age deterministic learning dynamics (solid blue arrows) and
diffusion driven by stochastic fluctuations (dashed blue ar-
rows).

such quantities under stationary state distributions are de-
noted with an asterisk (e.g., p∗(s|Q, Q̃), µ∗(Q)), indicating
that all fast state inflows and outflows have reached equilib-
rium in Eq. (17).

Under this time-scale separation, the stationary state dis-
tribution p∗(s|Q, Q̃) becomes the function of Q-value pairs
Q and Q̃. Specifically, the stochastic game between these
two agents induces a Markov chain over the state space S ,
where the transition probability from s to s′ is exactly the
transition rate λss′(Q, Q̃) in Equation (12). The stationary
distribution p∗(s|Q, Q̃) is the unique solution to the follow-
ing set of equations for all s ∈ S:

p∗(s|Q, Q̃) =
∑
s′

p∗(s′|Q, Q̃)λs′s(Q, Q̃). (18)

Consequently, the dynamics can be fully described by Q-
value pairs with the state distribution reaching its stationary
form:

∂pt(Q, Q̃)

∂t
= −

∑
F∈{Q,Q̃}

∇F ·
[
µ∗(F )pt(Q, Q̃)

]
, (19)

where in the calculation of µ∗(Q), we have

p∗(Q̃|Q, s) =
pt(Q, Q̃) · p∗(s|Q, Q̃)∫
pt(Q, Q̃) · p∗(s|Q, Q̃) dQ̃

. (20)

Here, p∗(s|Q, Q̃) denotes the stationary distribution of state
s between two interacting agents with Q-values Q and Q̃.

The resulting Equation (19) is an FPE without diffusion.
In other words, under time-scale separation, although agents
randomly select their actions to interact, the learning dynam-
ics of each agent follow a deterministic trajectory.

Experiments
In this section, we conduct agent-based simulations to vali-
date the theoretical predictions. We first consider a two-state
Prisoner’s Dilemma game (Hilbe et al. 2018) on a regular
lattice. In each state, agents can choose between two actions:
cooperation (action a1) or defection (action a2). Coopera-
tion incurs a cost and provides a benefit to the other agent,
so that defection always yields a higher payoff. However,
mutual cooperation yields higher social welfare, creating a
social dilemma scenario. The payoff matrices for the two
states are given by:

U(s1) =

(
b1 − c1 −c1

b1 0

)
, U(s2) =

(
b2 − c2 −c2

b2 0

)
,

(21)
where c1, c2 > 0 represent the costs of cooperation in states
s1 and s2, respectively, and b1, b2 > 0 are the corresponding
benefits received when the opponent cooperates. The transi-
tion structure captures the intuition that mutual cooperation
tends to maintain favorable conditions, while defection leads
to environmental degradation. The system transitions to state
s1 with probability p1 and to s2 with probability 1 − p1 if
both agents cooperate (choose a1), and with probability p2
and 1− p2 if at least one defects (chooses a2).

Figure 3 presents the theoretical predictions and agent-
based simulation trajectories averaged over 10 runs for the
two-state Prisoner’s Dilemma game. We observe a clear
time-scale separation in the system dynamics. As shown in
subfigure (a), the state distribution converges to the theo-
retical stationary distribution (marks) within just one time
step, demonstrating the rapid equilibration of the state dy-
namics relative to the Q-value evolution. Subfigures (b) and
(c) display the mean policies of agents in states s1 and s2,
respectively. Our FPE theoretical model accurately captures
the policy evolution of the system, with theoretical predic-
tions closely matching the simulation results. Despite both
states presenting social dilemma scenarios, agents converge
to full cooperation in both states.

In Figure 4, we explore the mechanism that drives the
emergence of cooperation. In subfigures (a) and (b), the pay-
off matrices are identical for both states (b1 = b2 = 1.2). In
such a case, cooperation does not emerge since there is no
environmental incentive to promote it. However, as shown
in subfigures (c) and (d), the dynamics change when mu-
tual cooperation leads the system to the prosperous state
s1 (b1 = 5) and defection leads to the degraded state s2
(b2 = 1.2). Although defection can yield a higher imme-
diate reward, the degradation into s2 results in lower future
payoffs. Agents that sufficiently value future rewards (e.g.,
with γ = 0.8) can recognize this trade-off and become more
cooperative. This conclusion for large-scale MARL popu-
lations is consistent with previous findings in other multi-
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Figure 3: Simulation results and theoretical predictions for the two-state Prisoner’s Dilemma game on a regular lattice. We
omit variance indicators as all trajectories are nearly identical across simulations. In addition, cooperation behavior emerges as
the average probability of cooperation (action a1) in both states converges to 1, even though both states are social dilemmas.
Parameters: N = 100, α = 0.001, β = 1, γ = 0.8, b1 = 5, b2 = 1.2, c1 = c2 = 0.5, p1 = 0.8 and p2 = 0.3.

Figure 4: Mechanism of the emergence of cooperation. Ex-
cept for the parameters shown in the figure, all other param-
eters are the same as in Figure 3.

agent systems (Nowak 2006; Hilbe et al. 2018; Su et al.
2019; Barfuss et al. 2020).

In Figure 5, we examine the robustness of our model in
the learning rate α and the degree k of the graph. The time-
scale separation holds effectively with α < 10−3, as in sub-
figures (a) and (b), the theoretical results derived from the
stationary distribution closely match the simulation trajecto-
ries. In subfigures (c) and (d), we vary the network topology
by employing random regular graphs with different degrees.
As the degree k increases, individuals converge faster and
the learning trajectory gradually approaches that of a com-
plete graph (where k = N − 1). When an individual has
k neighbors, it effectively performs Q-learning with a batch
size of k. Therefore, increasing the network degree is equiv-
alent to increasing the batch size, which accelerates the in-
dividual learning process. To further validate the generaliz-
ability of our theoretical framework, we include additional
cross-validation between theoretical predictions and simula-
tion results in the Supplementary Material.

Figure 5: Parameter sensitivity analysis. Our theoretical
framework accurately captures the dynamics across differ-
ent parameter values. Except for the parameters shown in
the figure, all other parameters are the same as in Figure 3.

Conclusion

Beyond accurately predicting agent behaviors, our frame-
work provides the following additional contributions. For
networked MARL systems in dynamic environments, our
use of a heterogeneous graph representation enables the
application of the pair approximation technique to de-
rive closed-form equations describing the joint evolution
of Q-values and states. These equations reveal an intrinsic
timescale separation between rapid state mixing and slower
Q-value updates, allowing us to apply fast-slow systems the-
ory for further analysis. Intuitively, when the learning rate is
small, although the environmental states continuously tran-
sition, the distribution of states remains stable before the
agents’ policies undergo a significant change. These theo-
retical approaches demonstrate that statistical physics and
complex systems science can significantly enhance our un-
derstanding of MARL systems.
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In experiments, we extend the findings on collective be-
havior to large-scale MARL systems, showing that the emer-
gence of cooperation requires agents sufficiently value fu-
ture rewards. From the perspectives of dynamical systems
and control theory, our framework enables the characteriza-
tion of equilibrium solutions and their stability, providing an
efficient approach to enhancing the controllability of such
systems. For example, it informs the design of mechanisms
that promote cooperation (McAvoy et al. 2025). In summary,
our work expands the methodological toolbox for studying
large-scale, networked MARL systems in dynamic environ-
ments and offers insights for the development of cooperative
and resilient AI.
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