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Abstract

Bandit multiple hypothesis testing has broad applications in
biological sciences, clinical testing for drug discovery, and
online A/B/n testing. The framework utilizes an adaptive
sampling strategy for multiple testing which aims to maxi-
mize statistical power while ensuring anytime false discovery
rate control. This paper proposes a robust approach for bandit
multiple testing, allowing for (at most) € fraction of arbitrary
distribution corruption, as in Huber’s contamination model.
Specifically, we introduce two adaptive sampling strategies
designed to minimize the number of samples required to ex-
ceed a target true positive rate, while providing anytime con-
trol over the false discovery rate. We analyze the sample com-
plexity of our proposed methods and perform numerical sim-
ulations to demonstrate their efficiency and robustness. Fur-
thermore, we extend our methods to address scenarios where
distributions have infinite variance and situations involving
multiple agents collaborating on the same bandit task.

1 Introduction

Consider a scenario with K potential treatments, such as
drugs in a clinical trial. Each treatment either has a positive
expected effect relative to a baseline (an actual positive) or
no effect (null). The goal is to identify as many actual posi-
tive treatments as possible within a total measurement bud-
get of B. A common approach is to allocate B/ K measure-
ments to each treatment on average and then identify pre-
dicted actual positives based on the measured effect sizes. To
further enhance statistical power, the bandit multiple testing
framework has been proposed (Yang et al. 2017; Jamieson
and Jain 2018; Xu, Wang, and Ramdas 2021). This method
adaptively allocates the measurement budget and achieves
near-optimal statistical power while maintaining control of
the false discovery rate (FDR).

In this paper, we investigate bandit multiple testing under
the critical assumption that measurements may be subject to
adversarial corruption. Specifically, consider K arms, where
the reward from an arm ¢ € [K] := {1,..., K} is drawn
from a sub-Gaussian distribution IP;. At each round ¢, the ob-
served reward may be corrupted with probability . When a
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reward sample is corrupted at time ¢, it is replaced by a sam-
ple drawn from a contamination model with distribution Q;,
which is distinct from P;. This setup has significant practical
implications. For example, in the context of measuring drug
responses, multiple compounds are tested to identify those
with a positive effect on a disease. It is reasonable to assume
that a fraction of the test results may be reported incorrectly
or that some samples may be contaminated (Keogh-Brown
et al. 2007).

1.1 Problem Statement

Consider the bandit model of K arms. The reward of arm 7 €
[K] is generated from a probability measure P; with mean
u; € R. At each round ¢, a player interacts with the bandit
by pulling one of the arm A; € [K], generating the random
reward X 4, ; € R. Then, the adversary flips a coin, whose
outcome is denoted by the random variable D;, where D; ~
Bern(e)!. If D; = 0, the adversary sends the true reward
to the player; if D; = 1, the adversary replaces the true
reward with a corrupted sample drawn from an adversarial
distribution Q 4, .

Hence, at each round ¢, the adversarial action can be mod-
eled by a Bernoulli random variable D; ~ Bern(e), deter-
mining the form of the observed reward as follows:

X At ™ PA”

EA t =
ts )Lr/
Aht ~ QAt?

The contamination model mentioned above is first intro-
duced in Huber (1964) to study the theory of robust estima-
tion. Accordingly, the contamination model for arm ¢ € [K]
in the bandit instance is described by a mixture distribution:

P; = (1 —&)P; + Q. 2)
For a known threshold (i, define the sets
Hi={i € [K]:p;>porandHo={i € [K]: p; < po}-

The means y; for i € [K] and the size of H; are un-
known. Arms (treatments) in H; have means greater than
1o (indicating a positive effect), while those in Hy have
means less than or equal to 1o (indicating no effect over the

if D, =0

. 1
iftD, =1 M

'A Bernoulli random variable Bern(e) takes the value 1 with
probability e and the value 0 with probability 1 — ¢.



baseline). Accordingly, each arm ¢ is associated with a null
hypothesis H; o : p; < po and an alternative hypothesis
H; 1 @y > po. At each round t, after the player selects an
arm, the player also outputs a set of indices S; C [K] that are
interpreted as discoveries or rejections of the null hypothe-
sis. For a 7 € N, the objective is to maximize the number
of true discoveries |S; N H;1|, while keeping the number of
false alarms |S; N Ho| small uniformly over all times ¢ € N.
We now formally define the concepts of false discovery rate
(FDR) and true positive rate (TPR) as in (Jamieson and Jain
2018).

Definition 1 (False Discovery Rate, FDR-§). Fix some § €
(0,1). We say an algorithm is FDR-0 if, for all possible prob-

lem instances ({P; }X |, uo), it satisfies
| <
for all ¢ € N simultaneously.

|S: N Ho|

|Se| V1
Definition 2 (True Positive Rate, TPR-J, 7). Fix some
d € (0,1). We say an algorithm is TPR-J, 7 on instance

(B o) if
TPR(S:) :=E [ ] >1-4,

forallt > .

Definition 3 (Sample Complexity). Fix some § € (0,1) and
an algorithm 4 that is FDR-J over all possible problem in-
stances. Fix a particular problem instance ({P; } X, 110). At
each time ¢ € N, A chooses an arm ¢ € [K] to obtain an ob-
servation, and before proceeding to the next round outputs a

set S; C [K]. The sample complexity of A on ({P; } X ;| 1)
is the smallest time 7 € N such that A is TPR-0, 7.

FDR(S,) :=E [

‘Stﬂ’Hl‘

[Hi

The main contributions of this paper are as follows:

e We address the bandit multiple testing problem under
the critical assumption of adversarial corruption in obser-
vations. We propose two algorithms that adaptively se-
lect arms to minimize the number of samples required to
achieve the desired TPR, while ensuring anytime control
of the FDR.

We provide a detailed analysis of the sample complexity
of the proposed methods and validate their efficiency and
robustness through numerical simulations.

We extend our methods to tackle scenarios where the un-
derlying distributions exhibit infinite variance and situa-
tions involving multiple agents collaborating on the same
bandit task.

1.2 Related Work

Framework for Bandit Multiple Testing. Bandit Multiple
Testing integrates the challenges of multiple hypothesis test-
ing with multi-armed bandits (MAB). In a doubly sequen-
tial style, Yang et al. (2017) propose replacing a sequence
of A/B tests with a sequence of best-arm MAB instances
that can be continuously monitored by data scientists. In
this setup, each MAB instance is used to compare a sin-
gle placebo arm with several treatment arms. If at least one
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treatment arm is found to outperform the placebo, the goal is
to identify and return the best treatment arm. Consequently,
each MAB instance functions as a single adaptive sequen-
tial hypothesis test. The primary goal in Yang et al. (2017)
is to control FDR throughout the entire sequence of MAB
instances.

In contrast, Jamieson and Jain (2018) focus on a single
MAB instance, where the objective is to adaptively identify
treatments that are positive relative to a baseline. They pro-
pose an algorithm that improves the sample complexity to
exceed a target TPR while guaranteeing anytime control of
FDR. The improvement in sample efficiency is driven by a
carefully designed adaptive sampling strategy.

Xu, Wang, and Ramdas (2021) propose a unified frame-
work that separates each algorithm into two components:
an exploration component and an evidence component.
Additionally, the proposed meta-algorithm leverages “e-
processes,” which are introduced as an alternative to p-
processes by Ramdas et al. (2022) for addressing various
testing problems. Wang and Ramdas (2022) highlight nu-
merous advantages of e-values over p-values, emphasizing
their flexibility. This flexibility opens the door to exploring
how bandit multiple testing can be applied to other settings.

Robust Statistics. In recent years, the concept of statis-
tical robustness has primarily referred to the framework in-
troduced by Huber (1964), which addresses scenarios where
data are subject to a certain level of contamination. This con-
tamination can occur either at the level of the underlying
distribution (Huber 1964; Maronna et al. 2019; Diakoniko-
las et al. 2019) or directly on the observed data (Lecué and
Lerasle 2020; Lugosi and Mendelson 2021; Minsker and
Ndaoud 2021).

Prominent approaches in robust estimation include M-
estimators and trimming. M-estimators, introduced by (Hu-
ber 1964), enhance robustness by curbing and limiting the
influence of individual data points on statistical estimates.
In contrast, trimming refers to the direct removal of outliers
(Anscombe 1960), and trimmed means have been widely
recognized as robust estimators for decades (Bickel 1965).

2 Algorithm
2.1 False Discovery Rate Control

We introduce our main technical tool for ensuring FDR
control at stopping times: e-processes (Ramdas et al. 2023,
2022; Fan, Jiao, and Wang 2024; Zhou and Liu 2024). An e-
variable, E, is a nonnegative random variable that E[FE] < 1
under the null hypothesis. The term “e-value” refers to the
realized values of an e-variable E. A null hypothesis can
be rejected when observing a large e-value. For instance,
to control the FDR at 0.05 for a single hypothesis, we re-
ject the null when e > 20. This follows from Markov’s in-
equality, which ensures P[E > 20] < 0.05. E-processes ex-
tend e-variables to sequential settings. A stochastic process
(Eyt)¢>1 is called an e-process if it satisfies sup, . E[E;] <
1, where 7 denotes the sets of all stopping times.
e-Benjamini-Hochberg (e-BH) controls FDR. The e-
BH procedure proposed by Wang and Ramdas (2022) uses
e-values to control FDR. In this case, let eq, ..., ex be the



realized e-values for a set of e-variables F1,..., Fx. De-
fine ef;) to be the ith largest e-value for i € [K]. The e-BH
procedure rejects all hypotheses with the largest k* e-values,
where

k 1
k* :max{kE[K]:;[,k]Zé}. 3)
The resulting rejection set is given by:
eBH[0](e1,...,ex) ={i € [K]:e; > ep-}.  (4)

Proposition 1 (e-BH controls FDR. (Wang and Ramdas
2022)). FDR(eBH[d](eq,...,ex)) < 0 regardless of the
dependence structure among the e-values.

Proposition 1 holds regardless of the dependence struc-
ture of the e-variables, which is crucial in our setting. Bandit
algorithms often induce complex dependencies between re-
ward statistics (Nie et al. 2018; Shin, Ramdas, and Rinaldo
2019, 2020). These dependencies are further compounded
when using both adaptive sampling and stopping rules. Nev-
ertheless, e-variable-based algorithms allow us to guarantee
FDR control without assumptions on the sampling method.

Robust Test Martingale. Nonnegative martingales play a
central role in characterizing admissible e-processes—every
e-process is upper bounded by a nonnegative martingale
(Ramdas et al. 2020, Corollary 24). A stochastic process
{M;}>1 adapted to the filtration {F;};>1 is called a mar-
tingale if E[M;|F;_1] = M;_1 and a supermartingale if
E[M;|Fi—1] < M;_1.Inthe following, we demonstrate how
to construct a test martingale, given a sequence of adversar-
ially corrupted data.

Consider testing the null hypothesis H; o : i < po
against the alternative H; ;1 : p; > po, given a sequence

of corrupted data R; 4, () P P; = (1-e)P;+eQ;, s > 1.
We construct a nonnegative test supermartingale as follows:

Ty (t
B © exp(O(A (R, (s) — Ho)))
Ei.=]] o : (5)
et 14+ A202/2+ 1.5¢
where ) is a tunable parameter, T;(t) := 2221 {As =i}

represents the number of times arm ¢ has been pulled up to
time ¢, ¢;(s) := inf{t > 1 : T;(t) > s} denotes the time at
which arm ¢ has been pulled s times. The function ¢ is the
influence function, defined in (Catoni 2012) as:

— log 2, T < —1,

log(1+ x 4+ 22/2), -1<z<0,
o) = 2 ©

—log(l—x+4+2%/2), 0<z<]l,

log 2, z > 1.

It is straightforward to verify that ¢ satisfies:
—log(1 —z + 22/2) < é(z) < log(1 + x + 2%/2),

and |¢(x)| < log2. The constant 1.5 in Eq (5) is not arbi-
trary; it stems from the fact that the maximum and minimum
values of exp(¢(z)) are 2 and 1/2, respectively, with a dif-
ference of 3/2. In fact, the proof of Proposition 2 relies on
the boundedness of exp(¢(x)), as detailed in Appendix A.
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Proposition 2. For any o-sub-Gaussian P;, arbitrary Q;

and A > 0, let Ri}ti(l)a Ri,ti(2)7 e L ﬁni =(1-¢)P; +
€Qi, {Ei }i>1, with E;g = 1, is a nonnegative super-
martingale.

Since {E;;}+>1 is a nonnegative supermartingale, it is
an e-process by optional stopping theorem (Grimmett and
Stirzaker 2001).

2.2 Sampling Strategies

To minimize the time required to identify the positive arms,
it is intuitive to repeatedly pull the arm currently believed
to be the best until it is rejected. However, since the true
mean is unknown, we must gather sufficient evidence to de-
termine which arm is likely the best. This section presents
two sampling strategies: one based on the trimmed mean and
the other on e-processes.

Mean-based Sampling Strategy. While the sample mean
is widely used as an estimator for the true mean, it is not
robust to adversarial corruption. Instead, we adopt the a-
trimmed mean, a well-known robust estimator for the mean
(Bickel 1965).

For each arm i € [K], let R} := {R;; () : 1 <
s < T;(t)} denote the sequence of samples. We denote

Wi, Wa,...,Wr,4) as the order statistics of R!. The a-
trimmed mean for R§ is defined as in (Bickel 1965):
1 Ti(t)fr
() = e Y W, 7
fui(t) E@—%.z: (7)
i=r+1

where = | T;(t)«] is the integer part of T; (¢) v, with « rep-
resenting the trimming proportion. For the trimmed mean,
we have the following concentration results.

Lemma 3 (Lemma 4.1 in Mukherjee et al. (2021)). In the
presence of adversary, for the a-trimmed mean estimator
with o« = ¢/2, there exist T(c,8) = 2 log + such that
Sorallt > T(«,d), we have with probability at least 1 — 6,

/2100 2
PG

where U = O (051 /log é) is an uncertainty term and fi; is

the a-trimmed mean based on t samples, and |1 is the true
mean.

N o
e —pl <U+ ——

= ®)

The concentration bound for the a-trimmed mean esti-
mator indicates that it holds when the sample size is at
least T'(«v, ). This threshold ensures that the estimator ef-
fectively removes outliers with high probability. Notably, the
uncertainty associated with the a-trimmed mean estimator,
U=0 (os
lower bound on uncertainty that any estimator can achieve
under Huber’s contamination model Eq (2), assuming a sub-
Gaussian distribution (Diakonikolas and Kane 2019). Based
on the trimmed mean, we propose the mean-based method,
outlined in Algorithm 1.

log(1/ s)) , is consistent with the fundamental



Algorithm 1: A mean-based algorithm for bandit multiple
testing under adversarial contamination.

Algorithm 2: An e-process-based algorithm for bandit mul-
tiple testing under adversarial contamination.

Input: Threshold 1, desired level of FDR control 6, con-
tamination level ¢.

Initialize: Sy = (), ;0 = 1 forall ¢ € [K], N; = 1 for
all i € [K]

Define ¢(s) : KngQ -‘ ,s=1,2,...

Sample each arm in [K] for ¢(1) times.
fori=1,2,... do

t= Zszl t_(Ni) R
Ay = argmingg g s, it + (1—5752\/TL
Sample arm A; for t(N, + 1) — t(Ng4,) times.
Ny, < Ny, +1
Update e-process for each queried arm not in S;_1 as
in Eq (5).
S, = eBH[d](e1 4, - -
end for

s

<y eK’t).

The proposed mean-based method involves a sorting
routine to compute the trimmed mean, with a com-

putational complexity of O (Zfil T;(t) logTZ-(t)). Ad-
ditionally, the e-BH subroutine requires sorting, con-

tributing O(K log K). Consequently, the total computa-
tional cost for the mean-based method up to time 7' is

O (LI S T log Ti(t) + TK log K ).

This method incurs a per-update cost of
O(Zfil T;(t) log T;(t) + K log K'), which scales with the
number of samples. Such scaling can result in significant
computational overhead when the sample size is large. To
mitigate this issue, we propose the e-process-based method
as a more computationally efficient alternative.

E-processes-based Sampling Strategy. The e-process
defined in Eq (5) exhibits faster growth for arms with larger
true means, reflecting their stronger potential to provide ev-
idence against the null hypothesis. Leveraging this property,
we propose an adaptive sampling strategy that dynamically
prioritizes arms with higher e-process values, thereby effi-
ciently allocating resources to the most promising arms. This
strategy, detailed in Algorithm 2, ensures that sampling is
continuously guided by the evolving evidence, optimizing
the detection of positive arms.

Updating the e-process for each arm requires only con-
stant time, resulting in a computational cost of O(K) for
this step. Selecting the arm with the largest e-process value
involves a sorting routine with complexity O(K log K),
and the e-BH subroutine also operates with complexity
O(K log K). Thus, the total computational cost for the e-
process-based method up to time 7" is O(T K log K)).

Importantly, the e-process-based method incurs a fixed
computational cost of O(K log K') per update, making it
computationally efficient and constant with respect to the
number of updates when the number of arms K is fixed.
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Input: Threshold p, desired level of FDR control 4, con-
tamination level .
Initialize: Sy = 0, ¢, = 1 forall i € [K], B(d,¢) :=

4™ log (55 ) |

fort > 1do
ift < KB(d,e) andt mod K # 0 then
A; =1t mod K.
end if
if t mod K = 0 then
At :K
end if

ift > KB(J,¢) then
A = argmax;c g\ s, €it—1-
Update e-process for each queried arm not in S;_1
as in Eq (5).
St = eBH[(;](eM, e 76K,t)-
end if
end for

3 Theoretical Guarantees

In this section, we assume that the distribution of each arm
in [K] is o-sub-Gaussian.

Assumption 4. For every i € [K], there exists ¢ > 0 such
that Exp, [exp(t(X — 11;))] < exp(c?t?/2),Vt, where
p; = Ex.p,[X] is the mean reward of arm ¢ and o > 0
is a known constant.

From Lemma 3, we note the presence of an uncertainty
term that persists even with an infinite number of samples.
This inherent uncertainty is unavoidable when estimating
the mean in a contamination setting (Diakonikolas and Kane
2019). To address this challenge, we make the following as-
sumption to ensure the feasibility of identifying the true pos-
itive arms.

Assumption 5. The indexes of the positive arms remain un-
affected by contamination, meaning that for every ¢ € H,,
the following condition holds:

A ::J%l;{nl(uj —U)=(ni+U) >0,

©))

where U represents the uncertainty induced by the con-
tamination defined in Lemma 3.

We provide a theoretical guarantee for the mean-based
sampling strategy, with the proof deferred to Appendix B.

Theorem 6 (Sample Complexity for Mean-based Strategy).
Under Assumptions 4 and 5, suppose 0 < & < 1/7, \2
oz and minjey, piy > po + 14o4/e, for all t € N, the
rejection set produced by Algorithm 1 satisfies:

55

Moreover, with probability at least 1 — 20, there exists T

‘éﬁfﬁ?iﬂ
S,V 1



such that:
2

202 Km co
T< ] Alog —7
= Z AZ(1—¢)2 <°g 125 T8 Ai(1—5)>
1€Ho
8v/3|H, | 4 M| 8V3K
+ me2 log 62 + me2
mﬂﬁwaﬂtZ]ﬁE[E%%ﬂ]21—5

Remark 7. The sample complexity is decomposed into two
parts: (i) the sampling cost associated with null arms H,,
which scales inversely with the squared difference in mean
Af; and (ii) the cost associated with non-null arms, which
depends on the number of true signals and the total number
of arms K.

Theorem 8 (Sample Complexity for E-process-based Strat-
egy). Under Assumption 4, suppose 0 < ¢ < 1/7, A2 = =

and minjeyy, pj > po + 140+/e, for all t € N, the rejection
set produced by Algorithm 2 satisfies:

E |:|Stﬁ7'[0:|

|Se| V' 1
Moreover, with probability at least 1 — 0, there exists T such
that:

402

<9

41, |
52

41K
T < 4Ke 'log (52>—|—4H1|s_1 log (

|SeNHq |

and for all t > T, E | S22

}21—&

Remark 9. The theorem guarantees that the e-process-based
strategy controls the FDR within ¢ and achieves high TPR
once sufficient samples are collected. The convergence rate
depends on K, |H1|, and ¢, ensuring statistically efficient
identification of positive arms even under adversarial con-
tamination. The proof is provided in Appendix B.

4 Numerical Simulations

We conduct simulations in the sub-Gaussian setting to il-
lustrate the empirical efficiency of our proposed algorithm
based on e-processes.

Simulation Setup. We set the true distribution to be P; =
N (i, 1) where pu; = 0if i € Hp and p; = 1if ¢ € Hy, with
1/10 change of contamination from a Lévy stable distribu-
tion with location parameter 1000 and skewness parameter
0.5. We consider 3 setups, where we set the number of non-
null hypotheses to be |H1| = 2, |log K| and | VK|, to see
the effect of different magnititudes of non-null hypotheses
on the sample complexity of each method. We set § = 0.05
and compare three different methods. The first exploration
method is simply uniform sampling across each arm. The
second is our proposed e-process-based method. The third
is our proposed mean-based method. When using e-BH, we
set our e-processes as in (5) with A\ = y/¢/20 as suggested
in (Wang and Ramdas 2023).

Results. Figure 1 illustrates the empirical estimate of
E[|S; NH1|/|H1|] at each time step ¢ for each algorithm,
averaged over 500 trials. The gray dashed line in Figure 1

)+4Kg*,
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Figure 1: The performance of three methods. Each solid
curve represents the average |S; N H1|/|H1| over 500 trials
for each method, evaluated at each time step. This compari-
son highlights the efficiency and robustness of our proposed
approach.

represents the threshold level of 0.95. From Figure 1, we
observe that our proposed e-process-based method achieves
the desired true positive rate (TPR) in the shortest time. In
contrast, the TPR of our proposed mean-based method be-
gins to grow later than that of our proposed e-process-based
method. This delay can primarily be attributed to the time
required for the trimmed means to converge. However, once
the trimmed means converge, the TPR rapidly reaches the
desired level.

Figure 2 shows the performance of three methods on dif-
ferent number of non-null hypotheses. From Figure 2, we
can see that our proposed e-process-based method demon-
strates superior performance among the three methods. No-
tably, the performance gap between the uniform sampling
method and the e-process-based method widens as the num-
ber of arms increases. In contrast, the performance gap
between the mean-based method and the e-process-based
method remains largely unaffected by changes in the num-
ber of arms.

5 Extensions
5.1 Infinite Variance

We have demonstrated how to design a robust bandit mul-
tiple testing procedure in the sub-Gaussian setting, where
the variance is finite. Next, we extend our analysis to the
case where the true distribution only has finite p-th moments
(1 < p < 2). Let M! denote the set of all distributions with
finite mean, and p : M! — R represent the mean func-
tional:

Mm:/@w. (10)

For p > 1, we define MP as the subset of M consist-
ing of distributions with both finite means and finite p-th
moments. Let v,(P) : MP — R denote the p-th absolute
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Figure 2: The plot presents a comparison of the time ¢ of the three methods required to obtain a rejection set S; that satisfies
TPR(S;) > 1 — 0 and FDR(S;) < 4, where § = 0.05. The comparison spans three different methods across varying numbers
of arms (K) and densities of non-null hypotheses (|1]). Time is reported as a ratio relative to the time taken by the e-process-
based method. The results highlight that the e-process-based method consistently outperforms the other methods, requiring less

time to achieve the desired performance metrics.

central moment functional:
w(®) = [ |o - u@)Pap.

Finally, we define M? = {P € MP : v,(P) < k} as the
set of distributions within M? whose p-th absolute central
moment is bounded by x.

We now turn to the situation where distributions of each
arm P; belong to M? for 1 < p < 2. Instead of (6), we
define

Y

— logp, T < —1,
log(1+z +[z[’/p), —1<xz<0,
¢P(x) = D (12)
—log(l—z+2P/p), 0<z<l,
log p, x> 1.
We now construct e-processes as follows:
EX =0,
Ti(t (13)

H) exp(dp(MRi 1, (5) — Ho0)))

EY = :
vt 1+ Mk/p+(p—1/p)e

s=1

The following proposition demonstrates that the stochastic
process in (13) is a valid e-process. The proof is deferred to
Appendix C.

Proposition 10. For any P; € M2, arbitrary Q; and

iid.
A >0, let Ri,ti(l)a Ri,ti(Q)a S P, = (1 — E)Pl + £Q;,
{Ez‘(?}tzb with E; o = 1, is a nonnegative supermartin-
gale.

Since {Ei(’;)}tzl is a nonnegative supermartingale, it is
an e-process by optional stopping theorem (Grimmett and
Stirzaker 2001). Using Egp ), we propose a bandit multiple
testing procedure tailored for scenarios where the true dis-
tributions have infinite variance. This procedure is detailed
in Algorithm 3 which is provided in Appendix D.
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Example. Consider the following setup: the rewards
for all arms are drawn from a heavy-tailed Student’s t-
distribution with 2 degrees of freedom?, with a 1/10 chance
of contamination by a Lévy stable distribution with a loca-
tion parameter of 1000 and a skewness parameter of 0.5. The
shifted mean of each arm is determined as follows: p; = 0
fori € Hy, and p; = 5fori € H;. Note that the Student’s t-
distribution with 2 degrees of freedom has infinite variance.
For p = 1.85, an upper bound for v, (P) is x = 50.

We set the number of non-null hypotheses to |H;| = 2
and the total number of arms to K = 50. Our proposed Al-
gorithm 3 is compared to uniform sampling under this set-
ting. When using the e-BH procedure, the e-processes are
defined as in (13), with A = (¢/r)/?.

Figure 3 demonstrates the superior performance of our
proposed method compared to uniform sampling, highlight-
ing its robustness and effectiveness in handling heavy-tailed
rewards with infinite variance.

5.2 Multiple Agents

There are numerous scenarios where multiple agents inter-
act with the same bandit and aim to cooperatively accumu-
late evidence. For instance, a research group might resume
studying a hypothesis previously investigated by others and
wish to combine existing evidence with new data collected
from their own experiments. Another example is when mul-
tiple groups work on different subsets of a broader set of hy-
potheses, each contributing evidence that can be aggregated
for a comprehensive analysis.

In such situations, the shared evidence—whether from
prior studies or concurrent collaborators—might only be
available in the form of e-values or p-values, with the raw
data being obfuscated to maintain privacy. Consequently,
these scenarios necessitate methods for merging multiple
statistics into a single statistic that effectively represents the

2The probability density function of the Student’s t-distribution
is given by f(t) oc (1 +t2/v)~*+1/2 where v is the number of
degrees of freedom.
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Figure 3: Performance of our proposed method compared to
uniform sampling. Each solid curve represents the average
|S: N H1|/|H1| over 500 trials for each method, evaluated
at each time step. This comparison highlights the efficiency
and robustness of our proposed approach.

total evidence for rejecting a hypothesis. This allows for ef-
ficient collaboration and decision-making while respecting
privacy constraints.

Suppose there are m agents, each contributing an e-value
Eq, ..., E,, that tests the same hypothesis. When these e-
variables are independent, a natural way to combine them is
by defining the ie-merging function fpyoq as the product of
the individual e-values:

foroa(Br, .., B) = [ [ B (14)
i=1
Proposition 11. If FE,,...,E, are independent e-

variables, the combined value foroa(En, ..., Ey,) remains
a valid e-variable.

This result follows from a basic property of independent
random variables: the expectation of their product equals the
product of their expectations. Hence, the validity of each in-
dividual e-variable ensures the combined value satisfies the
e-variable property.

When the e-values E, ..., E,, are dependent, however,
the product may no longer preserve the e-variable property.
In this case, we use an alternative approach:

1 m
MM&“EW:EE&' (15)
Proposition 12. If E, ...
the function frean(E1, . . .

This result holds because the mean of e-values, regardless
of their dependence structure, satisfies the necessary prop-
erties of an e-variable. Averaging provides a robust way to
merge evidence without assuming independence.

Vovk and Wang (2021) provide a theoretical foundation
for symmetric e-merging functions. They show that the only
admissible functions in this class are convex combinations
of finean and the constant 1. Furthermore, they demonstrate

, By, are arbitrarily dependent,
, Ev) is still a valid e-variable.
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Figure 4: True Positive Rate (TPR) as a function of the total
number of pulls for different values of A and the merged
e-value method. Each solid curve represents the average
|S: N H1|/|H1| over 500 trials for each value of A, evalu-
ated at each time step.

a unique dominance property for fproa: When all input e-
values are at least 1, fproq produces the largest combined
e-value among all symmetric ie-merging functions.

Utilizing the e-merging function, we design an algorithm
specifically suited for scenarios involving multiple agents
collaborating on the same bandit task. The details of this
algorithm are provided in Algorithm 4 which is deferred to
Appendix D.

Example. We set the true distribution as P; = A (u;, 1),
where u; = 0if ¢ € Hg and u; = 1if ¢ € Hq, with
a contamination probability e = 1/10 from a Lévy stable
distribution (location parameter 1000, skewness parameter
0.5). The total number of arms is K = 10, with |H1| = 2
non-nulls. For the tunable parameter A in (5), we consider
5 agents, each selecting a different value: /2, \/2/2, \/¢/3,
Ve/4, and 1/ /5, resulting in 5 different e-processes per hy-
pothesis. To account for dependency, we use the e-merging
function f,ean to aggregate evidence across the e-processes.
Figure 4 demonstrates that the largest A achieves the fastest
convergence to the target threshold (o« = 0.95), followed
closely by the merged e-value method (blue curve), while
smaller A values show slower TPR growth.

6 Conclusion

In this paper, we present a robust framework for bandit mul-
tiple testing. By applying the e-BH procedure to the robust
test supermartingale, we guarantee FDR control. We pro-
pose two adaptive sampling strategies, with the e-process-
based method excelling in both statistical and computational
efficiency. Comprehensive theoretical analyses are provided
in Section , and numerical simulations in Section validate
the efficiency and robustness of our approach. Moreover, we
extend our methods to handle distributions with infinite vari-
ance and scenarios with multiple agents collaborating on the
same bandit task.
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