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Abstract

Sharpness-aware minimization (SAM) is widely recognized
for enhancing the generalization performance of deep neu-
ral networks. However, recent works have challenged the
statement that flatness implies generalization, demonstrat-
ing that it is insufficient as the indicator of generalization.
In this paper, we reveal an insightful phenomenon: among
minima of similar sharpness, stochastic optimization algo-
rithms tend to prefer those with lower nonuniformity. We
define nonuniformity by both the magnitude and structure
of the gradient noise, and show that it fundamentally dif-
fers from sharpness and plays a critical role in generaliza-
tion. Specifically, we first theoretically prove that the ex-
pected generalization gap of models trained via stochastic
optimization algorithm is positively correlated with nonuni-
formity (the magnitude of the gradient noise). Empirically,
we show that nonuniformity exhibits a stronger correlation
with generalization than sharpness, especially in Transformer
models. Furthermore, we demonstrate that the nonuniformity
(the structure of the gradient noise) more effectively guides
the algorithm towards sparser solutions and exhibits better
generalization performance than sharpness-based methods in
the high-dimensional sparse regression problem. Finally, ex-
tensive experiments on various datasets and models confirm
the advantages of nonuniformity for generalization: (1) op-
timization guided by nonuniformity achieves better general-
ization compared to those achieved through flatness (includ-
ing standard training, transfer learning, hyperparameter sen-
sitivity and robustness to label noise); (2) model architecture
(such as depth and width) is closely related to nonuniformity.

Code and Extended version —
https://github.com/YingcongZhou/Beyond-Sharpness-
The-Role-of-Nonuniformity-in-Generalization

1 Introduction

Modern deep learnings success in achieving ever-better per-
formance on various tasks has relied significantly on ever-
heavier overparameterization. Many works have shown that
the flatter loss surface often indicates the better generaliza-
tion (Hochreiter and Schmidhuber 1994; Keskar et al. 2016;
Li et al. 2018), and the stochastic optimization methods can
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implicitly converge to flatter regions of the loss landscape
(Zhu et al. 2018; Liu, Ziyin, and Ueda 2020; Wu, Wang, and
Su 2022; Wu and Su 2023). Sharpness-aware minimization
(SAM) (Foret et al. 2020) and its variants (Zheng, Zhang,
and Mao 2020; Du et al. 2021, 2022; Kwon et al. 2021; Liu
et al. 2022; Mi et al. 2022; Zhong et al. 2022; Zhuang et al.
2022; Zhang et al. 2023; Li et al. 2024) have successfully
leveraged this insight and achieved state-of-the-art results
on various tasks (Chen, Hsieh, and Gong 2022; Wang et al.
2024; Chen et al. 2023; Zhang et al. 2022; Yue, Nouiehed,
and Kontar 2020; Zhang et al. 2024), emphasizing the cru-
cial role of sharpness in generalization.

By studying the dynamics of optimization with the un-
biased noise, (Mori et al. 2022; Xie, Sato, and Sugiyama
2020; Liu, Ziyin, and Ueda 2020; Wojtowytsch 2021; Zhu
et al. 2018) have revealed that the anisotropic noise inher-
ent in SGD can effectively help escape from sharp minima.
Furthermore, it has been observed that SGD tends to con-
verge to the solution with the small gradient noise variance,
which quantifies the consistency among the mini-batch gra-
dients (Smith et al. 2021; HaoChen et al. 2020; Wu, Ma, and
Weinan 2018). The gradient noise variance is an important
factor beyond sharpness, that influences generalization.

To understand the impact of the flatness and the gradient
noise on optimization, we conduct the experiments on the
heuristic example suggested by (Wu, Ma, and Weinan 2018)
and demonstrate that when minima exhibit the same sharp-
ness but differ in their gradient noise variances, optimizers
(SGD, MSGD, NSGD and SAM) tend to converge to the so-
lution with the smaller gradient noise variance, as illustrated
in Figure 1. It is a significant challenge to analyze the impact
of the gradient noise (both the magnitude and the structure)
on generalization and use this insight to improved general-
ization in practice.

In the present paper, we introduce the concept of nonuni-
formity, characterized by both the magnitude and the struc-
ture of the gradient noise. By decomposing the stochas-
tic gradient of SGD into the full-batch gradient and gradi-
ent noise, we establish the connections between the gen-
eralization and the nonuniformity. Furthermore, for high-
dimensional sparse regression, incorporating the structure of
gradient noise into the optimization helps the algorithm find
sparser solutions and achieves the superior generalization.
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Figure 1: We visualize the trajectories of SGD, Momentum Stochastic Gradient Descent (MSGD), Nesterov Stochastic
Gradient Descent (NSGD), and SAM on a 1D toy problem (f = 3(fi + f»), where fi = min{z?,0.1(z — 1)},
fo = min{2?,1.9(z — 1)?}) with two global minima of equal flatness but different nonuniformity. All methods consistently
escape the higher-nonuniformity minimum at 1 = (1, 0) and converge to the lower-nonuniformity solution at 25 = (0, 0).

Finally, we verify our theoretical results through extensive
experiments. Our contributions are summarized as follows:

e We establish the expected generalization gap for SGD
that is bounded by nonuniformity. This finding suggests
that nonuniformity, beyond flatness, is a crucial factor
for generalization. Next, we empirically compare the re-
lationship of sharpness with generalization and that of
nonuniformity with generalization in ResNets and Vision
Transformers (ViTs). The results show that for model
ResNets, both metrics accurately reflect generalization.
However, for ViTs, sharpness fails, as sharp and flat min-
ima yield similar generalization, while nonuniformity re-
mains a reliable indicator.

e Moreover, we theoretically show that embedding the
anisotropic structure of gradient noise in SAM can en-
courage it to find the sparser solution and enhances gen-
eralization in high-dimensional sparse regression.

e We embed nonuniformity into the optimization pro-
cess (Algorithm 1 with the convergence rate log 1/ VT)
to guide the algorithm toward lower-nonuniformity so-
lutions. The experiments, including standard training,
transfer learning, hyperparameter sensitivity, and label

noise robustness, show that this method effectively im-
prove the generalization.

2 Preliminaries

2.1 Notations

Let X and Y be the sample space and the label space, re-
spectively. We denote D as the underlying training distribu-
tion on X x Y and let S = {(x;,y;)}"_, denote the train-
ing dataset with n data-points drawn independently from
D.Let @ € © C R? represent the parameters of the
model. We use || - || to denote the Euclidean norm of a
vector and Tr(-) to denote the trace of a matrix. In ad-
dition, we define B(0,p) as the open ball of the radius
p > 0 centered at the point @ in the Euclidean space,
ie, B(@,p) = {6 : || — 0’| < p}. The population
loss is defined as Lp(0) = E(, ,)~p[l(0,2,y)]. In gen-
eral, the supervised learning usually involves minimizing

the empirical loss over the training data S, i.e., Ls(0) :=

% E(wi,yi)es 6(0, Ti, yi) = % Z?:l 61(0), where ZZ(H) =
£(0, x;,y;) represents the loss function for the i-th sample,
and (z;,y;) € S represents the i-th sample in S.

Let VLs(6) and V2 Ls(0) denote the gradient vector and
the Hessian matrix of the loss function Ls(6). Additionally,
we use |A| to represent the cardinality (i.e., the number of
elements) of a set A.

2.2 Stochastic Gradient Descent
We consider Stochastic Gradient Descent (SGD) with the
learning rate 7;, as defined by the update rule
011 =6, —n:VLgp(6y), (1)
where the mini-batch stochastic gradients VLg(6;) =
% Z(zi’yi)eg V{(0:,x;,y;) arise when we consider a mini-
batch B C S of the size b = |B| < n of random indices
drawn uniformly from {1,...,n}. This provides an unbi-
ased estimate of the gradient V Ls(6;). Then we can rewrite
the SGD (1) as
0111 =0; —mVLs(0;) +1: [VLs(0:) — VLp(6y)]

=0; —1:VLs(6:) + 1:€(0:), 2
where €(0;) = n:[VLs(0:) — VLp(0:)] is the gradient
noise. The conditional covariance (without replacement) of
the gradient noise is calculated by the train set S, i.e., gradi-
ent covariance matrix (GCM)

Cov(e(0:)]0;) := C(6;) =

1 n
& |=> VLi(0,)VEi(0:)" — VLs(0:)VLs(6:)" |,
n
i=1

where & = %
2.3 Sharpness-Aware Minimization
The authors of (Foret et al. 2020) proposed Sharpness-Aware
Minimization (SAM), which is an effective procedure that
improves model generalization by penalizing sharpness. In
their work, the sharpness defined by the robustness of the

parameters
max Lgs(0') — Ls(0 3
2 s(0") — Ls(6), 3)
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where 8’ = 0 + €, € is the perturbation of the parameters
and p > 0 is the perturbation radius.

2.4 Algorithm Stability

Let A be a randomized optimization algorithm. We are inter-
ested in the expected generalization gap of .4 when training
with n samples from a distribution D which is given by,
gap(D,n) = E E[Lp(A®B)) — Ls(A®))],
where A(0) denotes the model obtained by running A on S
and @ denotes the sequence of coin tosses used by .A(8) in a
given run. The definition of the algorithm stability (Chatter-
jee and Zielinski 2022) is as follows.
Definition 1 (Algorithm Stability). Let &' = {(z}, y;)}},
be a second dataset of n sample drawn i.i.d. from D. The
expected stability of A is given by

stable(D, n)

Z [E(AG(S(i))axiayi)

(zi,y:)€S

— U(Ae(S), i, )]

where S = {(z1,91), ..., (x5, 4)), ..., (Tn,Yyn)}, that is,
SU) is obtained by replacing the i-th sample (x;,y;) in S
with (25, y%).

Proposition 1. (Stability equals generalization (Chatterjee

and Zielinski 2022)). When training with n samples from a
distribution D, we have,

gap(D,n) = stable(D, n).

3=

E E E|
S~Dm §'~D™ 6

We will establish the expected generalization gap for SGD
in Theorem 1 by Proposition 1.

3 Nonuniformity and Generalization

In this section, we propose the concept of nonuniformity and
study how it influences the optimization dynamics and the
generalization performance.

Nonuniformity (hessian-based), as first introduced in (Wu,
Ma, and Weinan 2018), is a concept that characterizes the
stability properties of global minima (see Definition 2).

Definition 2. Let H = LS H, > =L [p2 - [g?

and H; = V?(;(0*) where 6* is a local minima. The
nonuniformity is defined as s = Amax(X'/?) to be the
nonuniformity.

As defined in Definition 2, nonuniformity involves the
largest eigenvalue of ¥, making it computationally expen-
sive. Moreover, since it depends on the local curvature near
minima, it cannot capture nonuniformity along the full op-
timization trajectory. In this paper, nonuniformity (gradient-
based) is defined by two factors: (1) the magnitude of the
gradient noise; (2) the structure of the gradient noise.

Our definition of non-uniformity, compared to Definition
2, is computationally efficient and can be utilized to improve
generalization performance.
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3.1 The Magnitude of the Gradient Noise

Definition 3. For any 8 € O, we define the magnitude of
the gradient noise €(0) at point 0 as

Tr[C ZIIW WP =IVLs@)*). @

The gradient noise €() arises from the stochasticity of
mini-batch sampling and reflects the deviation of mini-batch
gradients from the full-batch gradient. Smaller noise implies
better directional alignment, leading to more stable updates
and improved generalization. To explicitly promote gradi-
ent consistency, we can directly regularize Tr [C'(€)], which
quantifies the directional variance of stochastic gradients.
Notably, 1-SAM corresponds to a specific case of this reg-
ularization. We give the extreme versions of the b-SAM as
follows

1-SAM: 0,41 = 6, — g ; VU0, + P'VE(6,)), (5)
n-SAM: 9t+1 = 0t — nVLS(Bt + p/VLS(Ot)), (6)

where p’ in (5) and (6) is the perturbation radius of the pa-
rameters. |V¢;(0;)|| and ||V Ls(0;)] is not necessary for
improving generalization, so we will omit it from our theo-
retical analysis (Andriushchenko and Flammarion 2022).

Next, we directly set Tr [C(0)] and the gradient norm as
the penalty term, i.e., Ls(0) = Ls(0) + A|VLs(0)| +
ATr [C(0)], where A is the penalty coefficient. Then, we
approximate the gradient Lgs(60) using the Hessian-vector
product approximation:

VLs(8) = VLs(8) + A\V|VLs(0)||? + AVTr(Cov(8))
A A R
~(1- —,)VLS(O) + ; (1-&)VLs(0+ pVLs(0))
>\ 1
—a— (0 4; 7
+ 56 E +pVEi(9)), (7)
If 2 = 1and & = 1, we can obtain the update rule of

1-SAM. Importantly, the smaller values of the parameter b
lead to better generalization in b-SAM (Andriushchenko and
Flammarion 2022). This aligns with our analysis: 1-SAM
implicitly regularizes Tr[C(6)], thereby reducing gradient
noise. These findings emphasize the role of gradient noise
in generalization.

Nonuniformity and Sharpness. Nonuniformity (Definition
4) is defined over the sample space and reflects the variabil-
ity of mini-batch gradients, while sharpness characterizes
the local curvature of the loss in the parameter space. De-
spite their distinction, they may coincide in special cases, as
shown by a simple example.

Example 1. Ler S = {z; x y; € R x R}
€ R? are parameters of network. We definite

0 = (91702)
the loss is Ls(0) = 5= 7" | (61622 — y;)?.

Algorithms based on sharpness metrics, such as SAM,
implicitly minimize the trace of the Hessian matrix (Wen,
Ma, and Li 2023). Thus, We calculate the trace of H(€) and

' | Is a dataset,
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Figure 2: We visualize the optimization trajectories (left) and
solution norms (right) of SGD, SAM (p = 0.005), and COV
(A = 0.3) on Ls(0) using synthetic data X ~ N (0,1),y =
0705X + N(0, 1), withn = 0.01, b = 100, and k = 10%.

n 2

C(0) as Tr(H(0)
(5 ria?

)= (5 iy #7) - |6]* and Tx(C(8))
vor?a?— L (30 rix;)?) - ||6]|* where the residual
term is r; = (0102x; — y;). The conclusion show that min-
imizing sharpness or nonuniformity is equivalent to obtain-
ing a minimum norm solution. Detailed proof are provided
in Appendix A.7.

We used SAM to reduce sharpness and added Tr(C(6))
as a regularizer to minimize nonuniformity (COV). As
shown in Fig. 2, all three methods converge to a connected
region composed of @ satisfying VLs(6) = 0. Within this
region, SGD nearly stops updating, while SAM and COV
continue exploring to find minimum-norm solutions. This
difference arises from SAMs focus on loss sharpness and
COVs on gradient nonuniformity. Notably, COV tends to
find solutions closer to the minimum-norm solution (i.e.,
the flatter solution under the setting of example 1) than
SAM. However, when the two properties differ, nonunifor-
mity guided solutions may not be flat, providing insight into
why sharp minima can still generalize well.

Before presenting the main theorem, we make some
standard assumptions in the stochastic optimization (An-
driushchenko and Flammarion 2022; Jiang et al. 2023;
Karimi, Nutini, and Schmidt 2016; Ghadimi and Lan 2013).

Assumption 1. We assume that ((-, x;,y;) is y-Lipschiiz for
every (z;,y;) €S, ie,

|€(07 i, y’L) - g(alvxzayz” < ’Y||9 - 0/”7
and (-, z;,y;) is B-smooth, i.e.,
VO, w5, y:) — VO i, y:) || < IO — 0.

Assumption 2. There exists a constant M > 0 for any data
batch B such that

E[|[VLg(0) — VLs(8)|?*] < M,
and exists G > 0 such that E ||V£(0,z;, y;)|| < G.

Generalization. Now, we utilize Theorem 1 to demonstrate
how nonuniformity impact generalization.

Theorem 1. Under Assumption I and 2, if stochastic gradi-
ent descent is run for I' steps on the training set consisting
of n examples drawn from the distribution D, we have the
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following expected algorithm stability bound for the models
trained by SGD

E E E
S~D" (a,y)~D 0

< Z crney/ Tr [C(0:-1)],
]

te[T
where cr is the constant.

IZ(AB(S(i))a vy, i) — U(Aa(S), i, yi)

®)

Remark 1. Combining Theorem 1 (the proof provided in
Appendix A.1) and Proposition 1, we can obtain

|lgap| < Z ermey/ Tr[C(6;-1)].
te[T]

The conclusion shows that generalization is bounded by
nonuniformity: lower nonuniformity (Definition 3) implies
better generalization.

Correlation. Theorem 1 suggests that lower nonuniformity
leads to better generalization. To verify this, we visualize
the correlation between nonuniformity, sharpness, and test
error (1 - test accuracy) using scatter plots. In models like
ResNet, both metrics correlate positively with generaliza-
tion, with nonuniformity showing stronger alignment (Fig.
A.8 in Appendix A.8). However, in ViTs, the correlation be-
tween sharpness and generalization is less pronounced: low
test error can occur at both high and low sharpness (see Fig.
3 and Fig. A.7 in Appendix A.8), suggesting that both sharp
and flat minima can generalize well. The experimental set-
tings are detailed in the Appendix A.8.

3.2 The Structure of the Gradient Noise

The papers (Mori et al. 2022; Xie, Sato, and Sugiyama 2020;
Liu, Ziyin, and Ueda 2020; Wojtowytsch 2021) study the
anisotropic structure of gradient noise. Specifically, GCM
tends to align with Hessian, with larger variances corre-
sponding to sharper directions. This alignment helps opti-
mizers escape sharp minima. (Peng et al. 2025) shows that
the learned models generalize better if the large-variance di-
rections of the final weight covariance have small local cur-
vatures. This motivates perturbing parameters along high-
variance directions. We formalize this idea by defining the
noise energy along the direction v.

Definition 4. For a fixed direction v, the noise energy along
the direction v is defined by
E [(e(0)"v)?] = v C(O)v. )
Definition 4 quantifies the magnitude of nonuniformity
along a given direction v via v' C(@)v. Thus, the geome-
try of the ellipsoid is determined by the anisotropic struc-
ture of the GCM. By utilizing the anisotropic structure of
the GCM, we introduce perturbations within the noise ellip-
soid characterized by this quadratic form. Building on this,
we demonstrate from both theoretical and experimental per-
spectives that incorporating the nonuniformity can further
enhance generalization.

Definition 5. Considering the perturbation in the noise el-
lipsoid defined in (9), the perturbation can be measured by
LS(B + é) — LS(B)

max
eTC(0)e<p?
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Figure 3: The correlation between nonuniformity, sharpness, and generalization during optimization in ViTs. The Pearson

correlation coefficient is given in Appendix A.8.

We apply the Lagrange multipliers method to find the op-
timal perturbation €* which is given by Lemma 1.

Lemma 1. According to Definition 5, the optimal perturba-
tion is calculated by

& =) C(6,) 'VLs(6:)
" V/VLs(0)TC0,) TVLs(6))
The proof can be found in Appendix A.2. According to

Lemma 1, we embed the structure of the GCM in the stan-
dard SAM update, called SAMGCM, i.e.,

0t+1 = Ot — 7’]VL5(9,5 —+ E:)
where €* is updated by (10).

To demonstrate that incorporating nonuniformity can en-

hance generalization, we theoretically explore the implicit
bias of SAMGCM (11) in the diagonal linear network for the
high sparse regression problem introduced by (Woodworth
et al. 2020).
Model. We consider the following two-layer linear diagonal
network, where a linear predictor (6, =) can be parametrized
via 0 = 01 — 62 . In this setting, we investigate the over-
parametrized sparse regression problem, where the ground
truth that 8% is a sparse vector and the loss function used is
the squared loss, i.e.,

L(6) := ﬁ

(10)

(11)

> (62 - 62)zi — )"
i=1

Before presenting the result of SAMGCM'’s implicit bias,
we introduce the key implicit regularizer ¢, (see Appendix
A.3 for details) interpolates between the ¢; and {5 norms in
(Woodworth et al. 2020). The initialization scale determines
the implicit bias of the gradient flow. Specifically, the algo-
rithm, starting from «, converges to the minimum #;-norm
interpolator for the small & and to the minimum /5-norm
interpolator for the large . A smaller « indicates a sparser
solution, which often correlates with better generalization.
To simplify the analysis, we assume that the GCM is diag-
onal, i.e., C(0) = diag(A1, -+, Aq), where \; is the i-th
eigenvalue of GCM. We now present the implicit regulariza-
tion result for SAMGCM in the following theorem.

Theorem 2. Suppose C(0) = diag(A1,- -+, Aq). If the so-
lution of SAMGCM (11) 0oy, started from initial values

0, =0_=ac ]Rio, for the squared parameter problem
(12) satisfies X 0., = vy, then

Ocov,00 = arg éﬁ%& Pae, (0) st XO =y,

(12)
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Figure 4: (Left) The test loss of SGD, SAM and SAMGCM.
(Middle) The train loss of the three algorithms. (Right) The
¢1-norm of the solutions for the three algorithms. We gen-
erate data X ~ N(0,I), initialize the parameters 6y ~
N(0,1) % 0.2. The learning rate is n = 0.05 and the radius
is p = 0.1 for SAM and p = 0.005 for SAMGCM.

where Queoy & ®exp {—% f(f CO(s)) ! (XTr(s))2 ds}
and r(s) = X 10(s) — y is the residual term.

Remark 2. The proof can be found Appendix A.3. Un-
der the same settings, (Andriushchenko and Flammarion
2022) shows that the term Qsqm of SAM is 0tgam ~ @ ©

exp {_ p fot (XT'I’(S))QdS] , which can be derived from

n?
oy by setting C(0) 1. In deep neural networks,
GCM is highly anisotropic, i.e., it has the distinguished
top eigenvalues (Zhu et al. 2018; Xie, Sato, and Sugiyama
2020; Wu et al. 2019). Therefore, C(0)~! has mostly

large eigenvalues and a few small eigenvalues. Let J.o, =
fot C(0(s)) ! (XTr(s))2 ds in aeoy. We disgretize Jeoy as
d -

Jeov & Zne(mt) D=1 L) (XTT(TZ‘))], , where T; €
(0,t) is a partition of the interval (0,t), and j denotes the j-
th element of the vector. Since )\;1 is generally larger than 1

) d 2
Jor most j, we have Jeov >3~ ¢4 2o-1 (XTr(ﬂ-))j

Jsam, where Jygm = fot (XTr(s))2 ds. Then we can obtain
that ||acov|l1 < ||@saml||1- Consequently, the value of c in
SAMGCM is lower than that in SAM, leading to the sparser
solution in SAMGCM, which enhances generalization.

~
~

Empirical evidence for SAMGCM (11). Fig. 4 show that
SAMGCM produces the sparsest solutions, significantly
outperforming SAM and SGD in terms of generalization.
Furthermore, SAMGCM shows superior performance in
preventing overfitting compared to SAM and SGD.



4 Optimization Guided by Nonuniformity

In Sec 3.1 and 3.2, we theoretically analyzed two key con-
tributors to nonuniformity: its magnitude and structure. Uti-
lizing the structural properties of the GCM in practice re-
quires costly matrix inversion, making efficient approxima-
tion a key open challenge for future work. This section in-
vestigates noise magnitude and empirically demonstrates its
superiority over sharpness. While Theorem 1 implies that
minimizing Tr[C(0)] is a natural objective, its practical im-
plementation is computationally expensive because comput-
ing the gradient of per-sample gradient norms involves mul-
tiple backpropagations and Hessian computations. To re-
duce the computational overhead, we approximate Tr[C(6)]
by using mini-batch gradients. According to the Cauchy-
Schwarz inequality, we known that = 37" | [|[V£;(0))? >

%E:’:ﬂ{ |[VLg,(0)||?. Thus, the number of backpropaga-
tion steps is reduced from n to n/b. Since each update is
based on a mini-batch, we can compute the deviation be-
tween mini-batch and full-batch gradients incrementally. Af-
ter a full pass over the training data (i.e., one epoch), this
approach accumulates all such deviations, yielding a more
tractable surrogate for Tr[C(0)]. That is,

2(6) = IVLs(0)]* — [IVLs(6)]*. (13)
According to (13), we can obtain the following constrained
optimization problem to minimize the worst-case loss,

min Eg[Lp(0 + €)], s.t.€ =arg max X(0 +€). (14)
o lelz<p
We now apply the Lagrange multipliers method to find the
optimal perturbation €* ().
Lemma 2. The optimal perturbation €*, which is defined in
(14) can be computed by
— V[VLsO)|* ~ VIVLs(0)]*
IVIVLs(0)]1> = VIIVLs(0)]]?l
The proof can be found in Appendix A.4. We note
that computing €*(0) involves addressing two key chal-
lenges: (1) Calculating the Hessian, i.e., V||V Lz(0)|?
2V2L(0)V Ly(0). (2) Calculating the gradient of the over-
all loss V||V Ls(8,)||. Firstly, for the challenge (1), we can
approximate V||V Lz ()] by using Hessian-vector products

V2L5(0)VLs(0) ~[VLs (6 + pVLs(0)) — VLs(9)]/p
=(9(0,B,p) —9(0,8))/p-
This approach leverages finite differences to approximate

the gradient without explicitly computing the Hessian. Thus,
the optimal perturbation can be calculate as follows

||g(0787p) - 9(078) - [9(6787p) - g(078)H|

For the challenge (2), we estimate g(0,S,p) — g(0,S)
using an exponentially moving average (EMA) of the his-
torical mini-batch gradients, i.e., 1M amy_1 + (1 —
«)[g(0,B,p) —g(0,B)], where 0 < a < 1 is a hyper-
parameter. EMA allows us to approximate the full gradient
g(0,S,p)—g(0,S) with minimal additional computational
overhead. We further demonstrate the effectiveness of this
approximation in Theorem 3, which shows that m; is a reli-
able estimate of the full gradient.

€(0)

~x

€
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Algorithm 1

Input: Batch size b, Learning rate 7, Perturbation radius
Psam, Pecov, Trade-off coefficient v > 0, Small constant .
Parameter: Optional list of parameters
Output: Trained weight 6,

1: Lett =0.

2: while 6; not converged do

3: gl,t = szt (0,5)
4: g2t = VLBt <0t + psamHgflﬁ)
5: my = aMyy_1 + (1 — Oé)(th — th)
6:  Compute adversarial perturbation:
€ = pcovdt/”dtH where d; = g2t — g1t — My.
7:  Compute the gradient: g, = VL B, (01 + peov€t)
8:  Update 0 using gradient descent: 8;,1 = 6; — ng;
90 t+1t+1

10: end while
11: return 6,

Theorem 3. Suppose Assumptions 1, 2 hold. Assume that
Algorithm I uses SGD as the base optimizer with a learning

rate ) = O(1/V/T) and p = O(1/\/T) to update the model
parameter. Then by seiting o = 1 — C'(nf8p + 2p + 21)3,

gfull(eTa S) = g(eTa 87 p) - g(eTa S>7 and aﬁer a SMﬁLi—
ciently large number of iterations T', with probability 1 — §,

1 1 1 1 1 1
[mr — gran (07, S)|| < O(Mg(log(g))gGgﬂgTT)

where C' is the universal constants.

The proof is provided in Appendix A.5. Theorem 3 show
that the EMA approximation is reliable for large 7" (see Fig-
ure A.6 in Appendix A.8). We summarize the algorithmic
steps in Algorithm 1. Furthermore, we analyze the conver-
gence of Algorithm 1 in the non-convex setting.

Theorem 4. Assume Assumptions 1 and 2 hold. Choosing

ne = no/VT < 1/B and py = po/NT, then for any a €
(0,1), Algorithm I ensures that

2ELs(60) — 2ELs(67)

T
1
= 2 EIVLs(8)| <

t=1 UO\/T
2n0 M n 21003 n 2% po
VT VT VT '

where 0* and 0y are a optimal solution and a initial value.

We provide the proof in Appendix A.6. Theorem 4 shows
that Algorithm 1 achieves the convergence rate O(1/v/T).

5 Empirical Validation of Nonuniformity

Standard Training. To evaluate the effectiveness of nonuni-
formity, we compare Algorithm 1 with flatness-based meth-
ods to assess its impact on generalization. The results shown
in Tab. 1 and experimental details are see Appendix A.8.

Robustness to Perturbation Radius. One notable limita-
tion of SAM is its sensitivity to p, needing dataset-specific



MNIST SAM ASAM Ours
FCN-3 98.6510.01 98.6610.01 98.821¢.02
CIFAIR-10 SAM ASAM Ours
Resnet-20 93.574016 93.9640.19 9413412
Resnet-56 95.1 1i0.04 95-10i0.07 95-17i0.12
Resnet-28-6 96.85:|:0,15 96.73:‘:0.12 97'14:|:0.08
Resnet-58-6 96.93:|:0‘03 96.95:‘:0.05 97.19:|:0,12
Pyramidnet110 96.59101  96.611914 96.77102
DenseNet100 87.631018 87.1640.16 88.194¢11
CIFAIR-100 SAM ASAM Ours
Resnet-20 71-38:|:0.18 71.45:|:0.11 71.32:|:0_17
Resnet-56 75754009 76.104013 76.3310.17
Resnet-28-6 81~73i0.12 82.65i0,17 82-97i0.16
Resnet-58-6 82-31:|:O.16 82.28:‘:0.18 82.73:|:0_17
Pyramidnetl 10 81.1740.12 81.7240.17 81.90.(.11
ViT-Small SAM ASAM Ours
CIFAR-10 82231004 82.68:1005 83.031002

Table 1: Comparison of test accuracy (%).

98.0 84.0
e 835
Lors 3;83 .
[#) [3) :
® =
So970 . Se2s B -
8 1
< 82.0
% 96.5 —4— CsAM B —4— CSAM
|9 —4— sAm |981'5 —4— sAm
96'00.05 0.10 0.15 0.20 0.25 81.0 0.1 0.2 0.3 04 05
Rho Rho

Figure 5: Results under different perturbation radii p.

tuning. In contrast, Algorithm 1 enforces gradient nonuni-
formity, resulting in more stable performance and greater
robustness to p, particularly at larger values (see Fig. 5).
Robustness to Label Noise. We introduce the symmetric
label noise by random flipping on CIFAR-10 using ResNet-
28-6. The results show that Algorithm 1 consistently im-
proves the performance from SAM, confirming its improved
generalization (see Tab. 2).

Transfer Learning. Transfer learning shows the generaliza-
tion of models when trained on sufficient labeled data and
finetuned on a novel dataset. We use SGD, ASAM and Al-
gorithm 1 to train ViTs (pre-trained on ImageNet). For the
perturbation radii of ASAM, we performed grid searches
over {2.0,1.0,0.5,0.1,0.05} for ASAM to identify the opti-
mal values (see Tab. 5 in Appendix A.8). We present the
search results to demonstrate the reasonableness of the radii
choices and experimental details are see Appendix A.8. The
results of transfer learning are shown in Tab. 3.

6 Discussion and Conclusion

In this paper, we introduce nonuniformity, a new metric be-
yond sharpness to explain generalization, defined via the
magnitude and structure of gradient noise. Furthermore, we
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Rates  20% 40% 60%
SAM 9245.455 89.5241021 85.5510.25
Ours 93.48i0,05 90.61i0_29 86.15i0_23

Table 2: Results under label noise.

CIFAR-10 SGD ASAM Ours
VlT-TlI’ly 97.46:‘:()'()1 97.82:|:()_()1 98.03:|:(),03
ViT-Small 98.51i0,01 98.65i0,01 98.72i0.01
COI]ViT—TiIly 97.17:‘:0.02 97~41:t0.02 97.82:|:0_02
ConViT—Small 98.06:‘:()'()1 98.40:|:().()1 98.61:|:()‘()1
DeiT—Tiny 96.67i0,02 97.26i0,02 97-52i0.03
DeiT-Small 97.81:‘:0.03 98.13:‘:0_02 98.33:|:0_02
CIFAR-100 SGD ASAM Ours
ViT—Tiny 85-99i0.08 86.67i0_05 87.78i0_ 1
ViT-Small 90.76:‘:0'02 91.55:|:0_02 91.87:|:0_03
COHViT—TiIly 83.91 +0.02 84.40i0,12 84.96i0.11
ConViT-Small 87.86i0.03 88.51i0_04 88.95i0_02
DeiT—Tiny 83.07:‘:0'08 83.29:|:0_07 84.03:|:0_08
DeiT-Small 86.]8i0_06 86.71i0,02 87.33i0,02
Food-101 SGD ASAM Ours
ViT-Tiny 83.45.00 84311015 84.91i0-
ViT-Small 89.96i0.09 90.45 +0.04 90.60i0_05
COIIViT-TiIly 84.44:‘:0.08 85.09i0_09 85.41:|:0_05
ConViT-Small 87.44i0.03 88.03 +0.05 88.23i0,03
DeiT-Tiny 82.074092 8225101 82.45. (1
DeiT-Small 86.48:‘:0.1 86.97:|:0_04 87.16:|:0_03
Tiny-Imagenet SGD ASAM Ours
VlT-TlIly 78.84:‘:0.07 79. l7:t0.02 80.39:|:0_07
ViT-Small 85.85:‘:0.03 86.76:&0.02 87.23:&0,02
COIIViT—TiIly 78.06i0,07 78.63i0,02 79-31i0.03
ConViT-Small 86.98:‘:0.02 87~29:t0.01 88.07:|:0_03
DeiT—Tiny 77-72:t0.06 78.20:&0.07 78.40:&0,06
DeiT-Small 85.87i0,02 87. 13i0.04 87.84i0_07

Table 3: Results on transfer learning by fine-tuning.

validate the effectiveness of nonuniformity through theoret-
ical analysis and extensive experiments. However, there are
still some interesting phenomena and key issues should be
studied.

Network Architecture and Data Distribution. (An-
driushchenko et al. 2023) shows a effective metric of gen-
eralization relates to factors like data distribution and model
family. We empirically study the relation between nonuni-
formity and network architecture (such as depth and width)
as well as data distribution (Appendix A.8).

The inverse of GCM. Since the C(0) € R?*?, where d
represents the number of parameters in the neural network,
a key open problem is efficiently approximating the inverse
of the GCM. We offer a preliminary discussion with further
details in Appendix A.9. This could lead to better general-
ization via structure- and magnitude-aware optimization.
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