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Abstract

The sim-to-real gap, where agents trained in a simulator face
significant performance degradation during testing, is a funda-
mental challenge in reinforcement learning. Extensive works
adopt the framework of distributionally robust RL, to learn a
policy that acts robustly under worst case environment shift.
Within this framework, our objective is to devise algorithms
that are sample efficient with interactive data collection and
large state spaces. By assuming d-rectangularity of environ-
ment dynamic shift, we identify a fundamental hardness result
for learning in online Markov game, and address it by adopt-
ing minimum value assumption. Then, a novel least square
value iteration type algorithm, DR-CCE-LSI, with exploration
bonus devised specifically for multiple agents, is proposed
to find an e-approximate robust Coarse Correlated Equilib-
rium(CCE). To obtain sample efficient learning, we find that:
when the feature mapping function satisfies certain properties,
our algorithm, DR-CCE-LS], is able to achieve e-approximate
CCE with a regret bound of O{dH min{H, == }VK},
where K is the number of interacting episodes, H is the hori-
zon length, d is the feature dimension, and o; represents the
uncertainty level of player ¢. Our work introduces the first
sample-efficient algorithm for this setting, matches the best
result so far in single agent setting, and achieves minimax
optimal sample complexity in terms of the feature dimension
d. Meanwhile, we also conduct simulation study to validate
the efficacy of our algorithm in learning a robust equilibrium.

Code — https://github.com/zewuzheng17/Markov_Game
Extended version — https://arxiv.org/abs/2511.07831

1 Introduction

Reinforcement learning (RL) has experienced significant ad-
vancements across various industrial applications, including
video games, autonomous driving, and large language mod-
els, owing to its capacity to learn complex decision-making
policies directly from data (Sutton and Barto 2018; Mnih et al.
2015; Silver et al. 2017; Ouyang et al. 2022). The complexity
of RL tasks increases substantially when multiple agents op-
erate in the same environment, a scenario commonly referred
to as multi-agent reinforcement learning (MARL) (Vinyals
et al. 2019; Berner et al. 2019). In MARL, the Markov Game
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framework (Littman 1994; Shapley 1953) is widely adopted,
where each agent optimizes its individual reward function
by learning a Markov policy that serves as the best response
to the policies of other agents. The solution to these joint
policies is typically framed as a stable equilibrium, such as
Nash equilibrium (Nash 2024) or coarse correlated equilib-
rium (Aumann 1987). Extensive research has investigated
learning equilibria in Markov Games across various settings,
proposing algorithms with theoretical guarantees on sample
efficiency.

Robustness is essential A critical challenge in reinforce-
ment learning (RL) is the sim-to-real gap, characterized by
discrepancies between simulated training environments and
real-world deployment settings, which often result in de-
graded performance (Koos, Mouret, and Doncieux 2012;
Jiang et al. 2021). This issue has motivated extensive re-
search into distributionally robust reinforcement learning,
where the objective is to develop policies that maintain robust-
ness against variations in environmental dynamics (Iyengar
2005; Nilim and EI Ghaoui 2005; Shi et al. 2023; Liu et al.
2022). The challenge is particularly pronounced in MARL,
as highlighted by (Shi et al. 2024b), where the sensitivity of
equilibrium solutions to minor environmental perturbations
exacerbates the problem.

Large state space with linear function approximation
When state and action space are large, function approxima-
tion are applied to mitigate the curse of dimensionality. The
linear MDP framework, where the transition kernel and re-
ward function are represented as linear functions of low-
dimensional feature vectors, is analytically tractable and ex-
tensively studied by (Jin et al. 2020; Yang and Wang 2020;
Cisneros-Velarde and Koyejo 2023; Wang, Yan, and Fan
2021; He et al. 2023; Li, Zhao, and Zhou 2024) in single
agent RL. However, research on linear Markov Games re-
mains limited (Chen, Zhou, and Gu 2022; Xie et al. 2020),
particularly for multi-player general-sum Markov Games
(Cisneros-Velarde and Koyejo 2023). To date, the study of on-
line robust general-sum Markov Games with linear function
approximation remains an open area, representing a critical
gap in the existing literature. As a result, it is natural to ask:

Can we design a provably sample efficient algorithms
for online robust general sum Markov Game with
linear function approximation?



Our main contributions

* We investigate the inherent hardness of online learning
in robust Markov games by constructing a specific two-
player general-sum Markov game and establishing a lower
bound that demonstrates the impossibility of learning
without additional assumptions in this context. Subse-
quently, we adopt the minimum value assumption intro-
duced by (Lu et al. 2024), providing analysis of its appli-
cability.

* We address the additional challenges posed by distribu-
tionally robust Markov games compared to the single-
agent setting (Liu and Xu 2024; Liu, Wang, and Xu
2024). From an algorithmic perspective, we introduce
agent-specific bonus terms to ensure adequate exploration
and maintain each agent’s own risk preference. From a
technical standpoint, when applying concentration argu-
ments to establish uniform upper bounds for the CCE, we
use the Find-CCE subroutine. This approach handles the
issue that the CCEs of general-sum games are unstable
(i.e., not Lipschitz continuous) with respect to changes
in the payoff matrices, while remaining computationally
feasible.

* We develop an algorithm for interactive data collec-
tion, utilizing ridge regression and deriving an instance-
dependent upper bound via refined analysis. By exploiting
the shrinkage properties of the robust value function and
proposing a general assumption on feature mapping and
transition kernel properties, our algorithm achieves a re-
gret of order O{dH min{H, m}\/?} This bound
exhibits polynomial dependence on all key problem pa-
rameters and is minimax optimal with respect to the fea-
ture dimension d. The algorithm’s efficacy is corroborated
through further simulation studies.

2 Related Work
Robust Online Linear MDPs

The setting of online linear Markov Decision Processes
(MDPs) (Yang and Wang 2019, 2020; Zanette et al. 2020; Jin
et al. 2020; He, Zhou, and Gu 2021; He et al. 2023; Zhou,
Gu, and Szepesvari 2021) has been extensively studied. The
work of (He et al. 2023) achieved minimax optimality in this
setting by incorporating variance-weighted ridge regression
into their algorithm. In contrast, the study of online robust lin-
ear MDPs has only recently been explored in two works (Liu
and Xu 2024; Liu, Wang, and Xu 2024). Specifically, (Liu,
Wang, and Xu 2024) introduced a robust variant of variance-
weighted ridge regression, achieving a regret bound of order
O(dH min{1/o, H}+/K) under full data coverage assump-
tion. However, this result still falls short of the constructed
lower bound, which is of order Q(dH 2 min{1/o, H}VK),
highlighting that the single-agent counterpart of this setting
remains insufficiently explored.

Robust Markov Game

While there has been extensive research on distributionally
robust MDPs (Liu et al. 2022; Clavier, Pennec, and Geist
2023; Shi and Chi 2024; Shi et al. 2023; Wang et al. 2023a;
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Lu et al. 2024), the study of robust Markov games remains
relatively underexplored. Existing works, such as (Kardes,
Ordéiiez, and Hall 2011; Zhang et al. 2020), primarily focus
on proving the existence of equilibria and analyzing con-
vergence properties. In offline setting, a unified framework
P2 M? PO has been proposed by (Blanchet et al. 2023), with

sample complexity of (’)(w). (Shi et al. 2024a,b; Jiao
and Li 2024) extended this framework to generative model
setting, where samples can be obtained from any state-action
pair. In particular, (Jiao and Li 2024) proposed a Q-FTRL
type algorithm, demonstrating that it is minimax optimal and
breaking the curse of multi-agency with a sample complex-
. H3|S|SSm A . 1 ..

ity of O(=—=%==1"" min { H, 1 }). In the more realistic
online setting, the work most relevant to ours is (Ma et al.
2023). However, their approach requires the uncertainty level

. £ Pmin
o; < max {—|S‘H2 ) SR

} for all ¢ € [n]. This constraint
limits the robustness of their framework, especially when
high accuracy is required (¢ — 0 ) or the minimum positive

transition probabilities (ppin — 0).

Online Linear Markov Games

The study of sample complexity in online linear Markov
games encompasses both centralized learning (Xie et al.
2020; Chen, Zhou, and Gu 2022; Cisneros-Velarde and
Koyejo 2023), which employs global linear function approx-
imation, and decentralized learning, which relies on inde-
pendent linear function approximation (Cui, Zhang, and Du
2023; Wang et al. 2023b; Dai, Cui, and Du 2024). While de-
centralized learning is often more favorable in tabular Markov
games due to its ability to alleviate the curse of multi-agency,
extending this approach to linear function approximation re-
quires adopting independent linear function approximation.
However, this deviates from the linear MDP setting com-
monly used in single-agent reinforcement learning. Further-
more, addressing robustness in such decentralized settings
remains an open and challenging problem.

In the context of centralized learning, (Xie et al. 2020;
Chen, Zhou, and Gu 2022) focus on two-player zero-sum
games, which are less general compared to the multi-player
general-sum games considered in (Cisneros-Velarde and
Koyejo 2023). The work in (Cisneros-Velarde and Koyejo
2023) introduced the NQOVI algorithm, achieving a regret

bound of O (\/ d3HSK ) Notably, the incorporation of ro-

bustness into online linear Markov games has not yet been
studied, underscoring the significance of our work in address-
ing this gap.

Notation Throughout this paper, we adopt the notation
[PV](s,a) = Eyp(.|s,a)[V (s")] to represent the expected
value under the transition dynamics. The set of integers
{1,2,...,n} is denoted by [n]. For a vector where the i
element is given by v;, we use the notation [v;];c[q). The
eigenvalues of a square matrix A is denoted by A(A). To

define norms, we write ||¢||4 = /¢ ' Ap, where ¢ € R?
is a vector and A is a positive semi-definite matrix. More-
over, with a set of parameters X' := {d, H, {o;},,1/d},
the expression f(X) = O(g(X)) signifies that there exists a



constant C' such that f(X') < Cg(X), and f(X) = Q(g(X))
indicates f(X) > Cg(X) for some constant C, and both of
the expression omit logarithmic factors. The value [V], = «
if V> a, otherwise [V], = V. To further simplify notation,
we let Q = {(Q1,Q2, -+ ,Qn) : S X A — R"} be the
function class of estimated Q value in our algorithm, and
V be its expectation w.r.t the CCE policy. Finally, we use 7
instead of 7, whenever there is no ambiguity.

3 Preliminaries

In this section, we begin by presenting the foundational con-
cepts of distributionally robust general-sum Markov game,
which serves as the basis for our analysis.

Distributionally Robust Markov Game

A distributionally robust Markov game can be represented as
the tuples:
MGrop = (8, {Ai} 1 cicn - UT (PO) hi<icn, 7, H)

To clarify the notation here, S is the state space, either
discrete or continuous, A; = {1,--- , A;} is the action space
for player i, P° = {P}?}lghg g is the nominal transition
kernel in the simulator, r = {r; r,}1<i<n,1<n<# € [0,1] is
the reward functions, > 0 is the horizon length. The joint
action space for all players is defined as A = A; X - - - X A,,.
By taking joint action a € A at state s € S and time h,
each player ¢ receives his own deterministic scalar reward
ri.1(8, @), then the environment transits to the next state s’
with probability Py (s’|s, a). To incorporate robustness, the
transition kernel P = {Pj, }1<n<pg in test environment is
within a prescribed uncertainty set U (PY) for each player
i, which is centered around a nominal transition kernel P°
and will be introduced shortly.

Robust Linear Markov Game

This paper focuses on distributionally robust Markov games
with linear function approximation. Accordingly, we intro-
duce the fundamental assumptions of linear Markov game
(Jin et al. 2020; Cisneros-Velarde and Koyejo 2023; He et al.
2023).

Assumption 3.1. (Linear Markov game) For any step h,
and player ¢, there exist a known feature map function ¢ :
S x A — R, such that the reward r; ;,(s, @) and transition
kernel P, (s’|s, a) can be represented in following form for
any (s,a,s’,i,h) € S x Ax S x [n] x [H]:
Ti,h(57 a) = <¢sa7 ni,h>
Ph(8/|57 CL) = <¢Saa,u401(3/)>
where 7; , € R? represents a known d-dimensional vec-
tor that characterizes the reward of player i, and 4 is a d

dimensional vector with each element being an unknown
probability measure over S. In addition, we assume that
Z;l:l $;(s,a) = 1, where ¢;(s,a) > 0 is the ' element
of ¢ and we represent ¢(s, a) by ¢4 for simplicity.

With the linearity structure of the transition kernel, we
further adopt the d-rectangular uncertainty set structure in
(Ma et al. 2022; Liu and Xu 2024; Goyal and Grand-Clement
2023).

ey
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Definition 3.2. (d-Rectangular robust linear Markov
game) For a given robust Markov game instance
MG rob = (S, {Ai}1§1§nv{u;iv(PO)}lSiSmr, H),
Ui, (PY) is the d-rectangular uncertainty set for player i
under total variation distance:

Uz (P°) = ®y.s, ATy (P s.a) )
with

Uy (PR s.a) : {0(s, @) T () = pn € UTyy () }
Uz (un) = @jeta) {mng : Drv (sl ) < oi}

where Doy (pin g, 1 ;) = 5 [ies linj(s) — pf) ;(s)|ds.

The d-rectangular robust linear Markov game is essential
since it ensures that the robust action-value function remains
linear, therefore avoiding completeness assumption imposed
in the literature of RL with general function approximation,
i.e, (Jin, Liu, and Yu 2022). In this paper, we focus on the total
variation distance, which is widely used in the distributionally
robust reinforcement learning literature (Shi et al. 2024b,
2023; Liu and Xu 2024; Liu, Wang, and Xu 2024; Wang, Shi,
and Chi 2024; Lu et al. 2024).

Robust value function and Bellman Equation A joint
Markovian policy m = {7, (:|s) : S — A(A)}L | takes any
state s € S as input, and output a probability simplex over
the joint action space of all players. The robust value function
V:,’LU and action value function Qf}f can be define as, for

any (i, h,s,a) € [n] x [H] x S x A:

T __ . ,P o __ .
Vi’h = 1§1f Vi’h , Qi’h = 1an
Peu;t, (P°) PelU’, (PY)

3

QL @
where

w, P H

V() =ErplY,

H
P
Qfn (s,0) =Exp[Y_ rislse,a0)lsn = s,an = a]
Then, V;;” and Q77 satisfy the robust Bellman Equation

(Iyengar 2005; Liu and Xu 2024):
PV

™9(s.a)=r1;n(s, a)+ inf ;
Qz,h( ’ ) l,h< ) ) PGU;@(PSYSJI) i,h+41 (5)

Vfﬂo(s) = Ea~7rh(~|5) [QZ}LU(Sa a)]

Solution concept and optimality In this work, we aim to
find the robust CCE, which is defined as below.

Definition 3.3. A joint policy m = {m), }1<p<m is said to be
a robust CCE if:

V7 (s) = ViTT(s), V(s,i) €S x[n]  (6)

Tt (s, @) |sn = 5]

where 7_; be the joint policy of all players except for the i*"
player, and

Vvi*},:r,i,o(s) _ ‘/ib;(ﬂ',i)Xﬂ',,,j,U(S) _ maﬁ ‘/iﬂéX‘n',i,o’ (7)

) ) 71_1/‘ E )

is the robust best response policy of player ¢ with respect to
opponent policy m_;. A robust CCE ensures that no player
can gain by unilaterally deviating from their current strategy
under worst-case transition, without the requirement that
players should act independently.



The existence of a robust best-response policy and robust
equilibrium, as introduced earlier, has been confirmed by
(Blanchet et al. 2023). In MARL, achieving an e-approximate
robust CCE is computationally feasible. Consequently, to find
such an equilibrium, our goal is to design sample-efficient
algorithms that achieve sublinear regret, where the regret is
defined as

Regret(K maxz { y W’“G - fo”(s’f) 8)

4 Distributionally Robust Markov Game with
Linear Function Approximation
Vanishing Minimal Value

The incorporation of robustness poses a fundamental chal-
lenge in online reinforcement learning and the Markov game
framework. As discussed in detail by (Lu et al. 2024) in the
single-agent case, with the existence of support shift prob-
lem, finding the optimal robust policy is infeasible without
additional assumptions. We present the result in MARL in
the theorem below. Relevant discussion can be found in the
Appendix.

Theorem 4.1. (Online regret lower bound for robust Markov
game) There exist two players general sum robust Markov

game MG’ ;. 0 € (2], such that the following lower bound
holds:

inf sup E [Regret“‘wg (K)] =Q(c-HK) 9)
ALG ge(2]
where RegretALg (K) denote the online regret for algorithm

ALG under robust Markov Game instance MG
shared uncertainty level of both players.

roby O 1S the

The support shift problem arises since the collected sam-
ples may not cover all possible trajectories related to the
worst-case environment, leading to a lack of relevant infor-
mation. Consequently, algorithms operating in such an en-
vironment may perform no better than random guessing in
unobserved states, making it impossible to effectively learn a
reliable equilibrium. This limitation may be less relevant in
other settings, such as generative models or offline scenarios
(Shi et al. 2023; Wang, Shi, and Chi 2024; Blanchet et al.
2023; Shi et al. 2024b). In generative models, algorithms
have access to simulators and can query information starting
from any state. While in offline setting, additional assump-
tions about dataset coverage are often imposed to mitigate
support shift problems.

To address these challenges, we adopt the vanishing min-
imal value assumption introduced by (Lu et al. 2024) and
adapt it to our framework, as stated below.

Assumption 4.2. (Vanishing minimal value for robust
Markov game) We assume that the robust Markov game
adheres to the following conditions:

ha(s) =0

min V"
seS 7

for V(i, h,m) € [n] x [H] x II. In addition, the initial state
so ¢ argmin s V77 (s).
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We derive an intuitive implication of imposing the Vanish-
ing minimal value assumption in our setting by the following
proposition.

Proposition 4.3 (Equivalence of Optimization under Minimal
Value Assumption). For any function withV : S — [0, H],
with minges V(s) = 0, we have ¥(i, h, s,a) € [n] x [H] x
SxA,

inf EP[V} = UiEﬁh [V] (10)
Peuzi, (P, ) e

The transition kernel can be represented as Ph,s,a =
(p(s,a), fin) where fip, = arg inf, cpoi B u[V] and

Byt ={u:

sup | ()}sai} (11)

s'€8,j€[d] Nhj( ) i

Additionally, we have:

Pslsa) = o (12)

Proposition 4.3 ensures that the transition kernels under
the d-rectangular robust linear Markov game assumption
are restricted to stay within the support of the nominal tran-
sition kernel, thereby avoiding the support shift problem.
Additionally, the assumption can be fulfilled by augment-
ing the Markov game with an isolated absorbing fail state
sy in each time step, i.e, PP (sf|sf,a) = 1,7 p(sp,a) =
0,Y(i, h,a) € [n] x [H] x A. Adding a fail state does not
affect the optimal value function and policy in the nominal
environment, and therefore, it extends non-robust Markov
game without loss of generality.

This assumption is reasonable, as it applies to many large-
scale, real-world scenarios. For instance, in warfare, soldiers
face daily risks to their lives; in hospitals, patients undergoing
treatment may not survive each day; and in round-based com-
puter games, players can fail in each round. When the ”game”
ends in every possible step, the associated minimal value is
zero. Similar assumption has been made by (Panaganti et al.
2022; Liu and Xu 2024), to avoid solving for computationally
inefficient optimization problem in both online and offline
RL problems.

Distributionally Robust CCE Least Square Iteration

Training process In each interacting episode k € [K],
players constructs their own robust action-value function es-
timate, {Qi€ h}hH 1> using the data from previous episodes,
{(s},a}), -, (si71 a1 }F_ . Subsequently, the play-
ers update their joint policy ﬂ;‘l' by computing a CCE of a
n-player matrix game(Line 10 of Algorithm 1). The updated
policy w’}f is then used to interact with the environment, gen-
erating new data until the end of the current episode. This
process is repeated until the maximum number of episodes,
K, is reached. Under this algorithmic framework, we present
and discuss on the key steps of our algorithm. In this frame-
work, the robust Bellman Equation (5) can be expressed



as:V(i, h,s,a) € [n] x [H] x S x A:

PV

sz(sv a)=r;p(s,a)+ inf o

Peuzy (P . o)

= Ti,h(sa a) + (Psa, inf E [Vz7r i ]
< ILGUTV(/L ) ht1 >

then, by strong duality (Iyengar 2005; Wang, Shi, and Chi
2024) and Assumption 4.2, one has,

inf E. Vo] =
peuzp g )
max {Eug,, Vzﬂhil]] Uia}
ae [min(\/,:,;il),max(v h+1)]

Therefore, the robust Bellman Equation can be further ex-
pressed as,

Qi1 (s,a) =rip(s,a)+
<¢sa, [IHSX{Vi,h,j (a)

—oia]jela)

where v; 5, j(a) = Eu V35 1)a- Given the collected

data, we then apply ridge regression to estimate v; 5 (a) =
(Vin1(c),- -+ ,vind(a)). The estimator is constructed by

ﬁf’h(a) = arg min Z

veER? T=1

k-1
= (Aﬁ)’l Z ¢ZL[Vilfh+1]a(3iTL+1)
T=1

h+1] )? + vl

(13)
where A = AL+ 33,7, 67(67)" and 6} = 6(sf, ap).
To obtain an robust estimator, we further let wz ng =
maxae[oyH]{yim( a) — oo}, where D] hj( ) is the %" ele-

ment of vector f/f 5 (a). By incorporating the optimistic bonus

term I'j, (s, @), we estimate Qf:’a by:
Qin(s,@) = min {rin(s, @) + (doa b5+

' 14
I}, 1 (s,a), min{H, Ui}} (14)

For more details about the training process, please refer to
Algorithm 1.

About the bonus term In the estimation of QL W
we add a bonus term I} ,(s,a) to guide the explo-
ration of the policy. It has the form T} ,(s,a) =
Bi Z‘;:l \/qu(s, a)17T(A})~11;¢;(s, ). The design of the

bonus term arises from the need to address the optimiza-
tion problem o; = arg max,e(o H]{VZ n,j(@) — oo}, which

depends on the j'* coordinate of 7 2 F.(a). Solving this re-
quires performing d ridge regression tasks for each agent 4,
with the objective being [V, . | (57 1)]a,,J € [d]. Thus, the
bonus term consists of d upper confidence bonuses, which is
different from the non-robust counterpart of linear MDP.
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Algorithm 1: DR-CCE-LSI

1: Require: Parameter S,A > 0
2: Initialize: A}, = AI for each step h € [H]
3: fork =1to K do

4:  Receive initial state s}
5. SetV}Fy =0 Vie|[n]
6: forsteph=H, ---,1do
7: fori=1tondo
8: Update Qf’ ,, according to Equation (14)
9: end for
10: 7 (s) < Apply Find-CCE for the n-player game
(Qhnls, )@k L(s)
11: fori € [n] do
12: Vzkh(s) = Ew;g [Qﬁh(sv a)]
13: end for
14:  end for
15: forSteph=1,--- ,H do
16: take action af < 7F(sk)
17: Receive next state s 41
18: Update Aﬁ“ = A} + ¢(sF,al)p(sF,ak)T
19:  end for
20: end for

Algorithm 2: Find-CCE

1: Input: Matrix game (Q’fyh(s, Dy Qb (s, ))

2: Discretization parameter € > 0 5

3: Pick a tuple (Q1(s,-),Q2(s,+), - ,Qn(s,")) from
the ¢ — cover of function class @ such that
SUD cfu) e | QL (5: @) = Qils, )| < e

4: Let 7 (s) be the CCE of the matrix game with payoff
(Q1(s,), Q2(s,), -+, Qu(s,-))

5: Return: 7} (s)

Technical consideration of Find-CCE In our algo-
rithms, at each iteration k, the estimated value Vlkh(s) =

B [QF (s, )], is derived from the sample tuples (s, a7)

for all 7 < k — 1. Consequently, V; %, exhibits complex sta-
tistical dependencies on the previously collected samples. It
is then unavoidable for us to employ a covering-number
argument to decouple the dependency. Since Qf’ n(s,9)

depends on problems parameters ﬁzf , and AZ and the
norm of both parameters is bounded, we can find an
e—covering set for Q¥, (s, ). However, if the policy 7% (s)
is obtained by solvmg for CCE for the matrix game

Ealss)e e Qu(s)

set for the function class V is challenging due to the inherent
instability of Coarse Correlated Equilibria. As highlighted in
(Xie et al. 2020), a counterexample is provided, with details
in Lemma 4.4 below. Their lemma demonstrates that there
exist two matrix games, although the difference of their pay-
off is smaller than any constant ¢, the expected return of their
Coarse Correlated Equilibrium can still deviate.

, then constructing a covering



Lemma 4.4. ((Xie et al. 2020), Lemma 19.(Modified)) For

any € > 0, there exists a pair of games Q(s,-) and Q' (s, -),
each with a unique CCE 7 and 7', such that

1Q(s,) = Q'(s,)log <26 and ||V =V'[| =1
where V. =TE.[Q(s,-)] and V! = E..[Q’(s,")]

The intuition of the Find-CCE subroutine for solving
this problem is straightforward. We observe that 7 in
Lemma 4.4 is actually 2¢ approximate CCE for the matrix
game )’ (s, -). Therefore, for any Q(s,-) and Q' (s, ) with
1Q(s,-) — Q' (s,")|l.. < 2e, we can find a fix 2e approxi-
mate CCE 7 for both games, while the infinity norm of the
difference between V = Ez[Q(s, )] and V' = Ez[Q'(s, )]
can be bounded by 2e. In this way, we successfully construct
2¢ covering set of V. As highlighted by (Xie et al. 2020),
Find-CCE can be implemented efficiently with computational
feasibility.

5 Theoretical Results

In this subsection, we are ready to provide our theoretical
results for Algorithm 1. Proof can be found in the Appendix.

Theorem 5.1 (Instance Dependent Upper Bound). If we
let \ =1,5; = min{H,ﬂi c;mdlog("dHK)7 = 2
in Algorithm 1. Then, under Assumption 3.1, and 4.2, the

— KH
suboptimality of DR-CCE-LSI satisfies below upper bound
with probability at least 1 — §

Regret(K) < 8min{H, %} 2HK log(:%n)—k
05

4max{ﬂl} Z Z Z \/¢hJ1T Ay) 11j¢lfi,j

k=1h=1j=1
(15)
Where (;SZ’]- = ¢,(sk,ak) be the ' coordinate of ¢}, and §
is any fixed constant in (0,1).

An interesting observation In our algorithm, each player
may have different risk preferences by choosing various un-
certainty levels o;. A player with a smaller uncertainty level
is aggressive and willing to take risks, since he tries to find
a policy that is less robust. The bound above inevitably de-
pends on max;{f;}, which may be large if at least one of
the players is risk seeking. Our theoretical result implies
that, given finite interacting episodes, players learning in the
game should have a common sense of risk preference level
to achieve the best sample efficiency.

Necessity for further assumption The term

POIED SRS Sy \/th AT(AR)11;0F . is  similar
to (Liu, Wang, and Xu 2024; Liu and Xu 2024; Ma et al.
2022; Wang, Shi, and Chi 2024) in single agent RL. Since
(Ma et al. 2022; Wang, Shi, and Chi 2024) consider offline
setting, the term is further upper-bounded under certain data
coverage assumption. While in online learning, (Liu, Wang,
and Xu 2024; Liu and Xu 2024) proposed assumptions that
EE’ [psadZ,] > ¢/d -1 for some constant . This assumption
implicitly requires that the environment is exploratory
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enough, under certain structural properties of feature
mapping ¢ and arbitrary policy 7. In this paper, we are the
first to show that such a bonus term has a learnability issue,
followed by a fine-grained analysis on how the structure of
feature mapping ¢ and properties of the transition kernel
affect the sample complexity of our algorithm.

Theorem 5.2. There exist an MDP instance, with three
states, two actions, and horizon length 2, such that the term

Zk 1Z] 1\/¢le (AR)=11;¢¥ has an order of Q(K).

The Proof of Theorem 5.2 can be found at Ap-
pendix. The theorem implies that we can’t upper bound

Zk 1 Zh 1 Zj 1 \/¢hle (AF) 11j¢2’j without impos-

ing further assumptions, which serves as a unique challenges
for online robust reinforcement learning with linear func-
tion approximation. We address this issue by providing a
sufficient condition to ensure effective learning of our algo-
rithm in the Corollary below, with the Proof postponed to the
Appendix.

Corollary 5.3. Without loss of generality, let S x A C R™
and ¢ : R™ — R withm > d, if we assume:

* ¢ is non-degenerated. i.e. it does not map any m dimen-
sional subset of R™ into d' dimensional subset in R,
where d' < d.

e For any state-action pairs {s’, aJ}J 1 If they sat-
isfy the condition ijl #(s7,a?)p(s7,a?)T > 0,
then there exist a constant ¢ > 0, such that
i1 0ls7,a)é(s7,al)T Z e L

 P{(s'|s,a) is absolutely continuous w.r.t Lebesgue mea-
sure for all (h,s,a,s') € [H xS x Ax S

Then, following the setting in Algorithm 1, the regret of
DR-CCE-LSI is of order O(dH min{H, m}\/ﬁ) with
probability at least 1 — 4.

To clarify, any d’ dimensional subset B in R% with d’ < d
means that, there should be exactly d’ linearly independent
vectors in R?, to represent any vectors in B with linear com-
binations.

In Corollary 5.3, the structural assumption on the feature
mapping ¢ carries significant intuitive implications. A non-
degenerate feature mapping ensures that, when projecting
from a high-dimensional space R™ to R%, the representa-
tion fully utilizes the information in R? without collaps-
ing into a lower-dimensional subspace. Moreover, the con-
dition Z?:l #(s7,a7)¢p(s?,a?)T > c -1 guarantees that
the feature mapping effectively explores the state-action
space. This assumption is independent of the transition ker-
nel P and policy m, which is not controllable during on-
line learning process. In addition, we can reconstruct any
tabular Markov game with linear MDP assumption, i.e. let
#(s,a) = esq € RISI¥IAl and the (s,a)? element of
pn(s') € RISXIAl be PY(s'|s,a). And verify that the fea-
ture mapping ¢ in the tabular case satisfies both assumptions
in Corollary 5.3, implying applicability of our assumption to
a broader range of Markov game instances.



Discussion on upper bound A recent study by (Liu,
Wang, and Xu 2024) applies a variance-weighted ridge re-
gression approach in the single-agent setting, obtaining an
upper bound of O(dH min{H, 1}v/K). This is comple-
mented by an information-theoretical lower bound of order
Q (dHl/2 min{ H, %}\/E) . Our upper bound in the general-
sum Markov game matches that of the single-agent case and
is minimax optimal in terms of the feature dimension d. No-
tably, in online setting with linear function approximation,
our algorithm is the first to achieve minimaxity in terms of
feature dimension. For example, in non-robust counterpart,

the minimax rate is v d2 H3 K, while the best result in online
linear Markov game has an upper of v d3 H4K for two two-

player zero sum game and v'd? H5 K for multi-player general
sum game. For more details, please refer to the discussion in
the Appendix.

6 Simulation Study

We conduct numerical experiments to illustrate the effective-
ness of our proposed algorithm, DR-CCE-LSI, to achieve
robust equilibrium under model uncertainty. And compare
it with the state-of-the-art algorithm NQOVI, which aims
at solving non-robust online linear Markov game (Cisneros-
Velarde and Koyejo 2023). The simulated linear Markov
game consists of 5 states, two players, with a horizon length
H = 3. All the states are designed specifically to highlight
the conflict of interest and environmental perturbation, such
that a robust, stable equilibrium is crucial for good perfor-
mance. For example, when considering personal interest only,
player one will seek to reach state s; for reward maximiza-
tion, while player two prefers reaching state so. The state s,
is a self-absorbing fail state satisfying the minimum value
assumption. The parameter 0 < p < 1 affects the transition
probability of entering the fail state from s; and ss. There-
fore, when our nominal transition kernel has p = 0, a larger
value of uncertainty level p in the target Markov game im-
plies a higher chance of transitioning to the fail state. As a
result, the performance of any policy learned from an algo-
rithm that does not consider robustness will degrade with
the increase of uncertainty level, while any robust algorithms
will present mild performance degradation. For more details
of the experiment setup, please refer to the Appendix.

We can see from Figure 2 that, with increasing uncertainty
level between the nominal Markov game and target Markov
game, our algorithm’s performance is significantly better
than NQOVI, the state-of-the-art in online linear Markov
game that does not account for robustness. This experiment’s
results validate the success of our algorithm in addressing
the sim-to-real gap in our simulated linear Markov game
example.

7 Conclusion

In this paper, we identify the hardness result for online learn-
ing in Markov game, with theoretical validation. To address
this issue, we adopt the minimal value assumption, and pro-
vide an intuitive explanation of this assumption by Propo-
sition 4.3. Then, we propose a novel algorithm, DR-CCE-
LSI, with an instance-dependent upper bound. By further
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Figure 1: Constructed simulated Markov game

151 —— DR_CCE_LSI
NQOVI
1.4
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Figure 2: Comparison of the average reward under different
uncertainty level.

illustration of impossibility of learning and studying an ex-
plicit relation between the structure properties of feature map-
ping ¢, transition kernel and the instance dependent upper
bound, our algorithm is provably sample-efficient in finding
an e—approximate robust CCE (by online to batch conver-
sion) with the regret of order O (dH min{H, ﬁ{m}}\/fi( ).
Simulation studies are conducted to validate the effectiveness
of our algorithm in dealing with the sim-to-real gap.

Building on our findings, future work will focus on refin-
ing our upper bound, particularly w.r.t the horizon length
H, to align with the information-theoretical lower bound.
One possible approach is to incorporate variance-weighted
ridge regression into our algorithm. However, applying a vari-
ance weighted analysis framework to Markov game setting
is highly non-trivial, both theoretically and algorithmically,
since the fundamental requirement of learning a monotonic
value function in this framework is not accessible in multi
agent case. More fine-grained analysis and algorithm design
are required for further improvement in the upper bound.
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