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Abstract

This paper addresses the nonparametric estimation of the drift
function over a compact domain for a time-homogeneous
diffusion process, based on high-frequency discrete observa-
tions from NV independent trajectories. We propose a neural
network-based estimator and derive a non-asymptotic conver-
gence rate, decomposed into a training error, an approxima-
tion error, and a diffusion-related term scaling as log N /N.
For compositional drift functions, we establish an explicit
rate. In the numerical experiments, we consider a drift func-
tion with local fluctuations generated by a double-layer com-
positional structure featuring local oscillations, and show that
the empirical convergence rate becomes independent of the
input dimension d. Compared to the B-spline method, the
neural network estimator achieves better convergence rates
and more effectively captures local features, particularly in
higher-dimensional settings.

Code — https://github.com/yuzhen3001/nn-drift-
estimation-diffusion-process

Extended version — https://arxiv.org/abs/2511.11161

1 Introduction

In this paper, we study the estimation of the drift function
of a time-homogeneous diffusion process using neural net-
works. Specifically, we consider an R¢-valued diffusion pro-
cess X = (X¢);e[o,r) that solves the stochastic differential
equation (SDE)

dXt :b(Xt)dt+U(Xt) dBt7 (11)
where X, is a random vector, B = (Bj)epo,r] is a d-
dimensional standard Brownian motion, and b : R? — R¢
and 0 : R? — R? ® R? are measurable functions. To es-
timate the drift, we assume that N independent and identi-
cally distributed (i.i.d.) sample paths X (") = (Xt("))te[oﬂ,
1 < n < N, are available, each having the same distribution
as X and independent of X . Moreover, each sample path is
observed at high frequency, that is, at discrete time points on
a fine grid:

XM =

to:tm
where t,,, =mA with the time step A= % —0as M — 0.

_t(:lm X(n)

’ ty =T

X'(")

ty e

), 1<n<N, (1.2)

Copyright © 2026, Association for the Advancement of Artificial
Intelligence (www.aaai.org). All rights reserved.

28778

Literature Review

Diffusion processes, as defined by (1.1), are fundamental
stochastic models with various applications in physics, bi-
ology, and mathematical finance (see, e.g., Gardiner (2004);
Bressloff (2014); Karatzas and Shreve (1998)). A central
task is the estimation of the drift function, which has been
extensively studied under two standard frameworks: the
long-time horizon regime, often assuming ergodicity (see,
e.g., Hoffmann (1999); Kutoyants (2004); Dalalyan (2005);
Frishman and Ronceray (2020)), and the high-frequency
regime over a fixed time interval (see, e.g., Comte and
Genon-Catalot (2020); Denis, Dion-Blanc, and Martinez
(2021); Yildiz et al. (2018)).

In recent years, neural networks have become widely
used as effective tools for nonparametric function estimation
in statistical learning (see, e.g., Yarotsky (2017); Schmidt-
Hieber (2020)). They have also been successfully applied to
drift estimation in diffusion processes under the long-time
horizon setting with ergodicity assumptions (see, e.g., Oga
and Koike (2024); Ren et al. (2024)). On the other hand, the
neural network-based drift estimation in the high-frequency
regime over a fixed time interval is beginning to be explored
(see, e.g., (Gao, Barzel, and Yan 2024; Bae, Ha, and Jeong
2025)), and theoretical analyses remain limited. Our work
contributes to this direction by providing convergence guar-
antees.

Contribution and Organization of This Paper

In this work, we address the problem of estimating the drift
function b over a compact set K C R?, using neural net-
works defined further in (2.2), based on discrete observa-
tions of the process over a fixed and finite time horizon
T. Importantly, our approach does not rely on the ergod-
icity of the diffusion process, in contrast to Oga and Koike
(2024). Moreover, since the drift function can be estimated
component-wise, we can focus on estimating each compo-
nent separately and combine these estimators to obtain an
estimator for b. Specifically, for a given i € {1,...,d}, we
consider the i-th component of b restricted to the compact
domain [0, 1]¢. Our estimation target is therefore the func-
tion

fo =0"11,1j0, (1.3)



where 1/ 1)« denotes the indicator function of the domain

[0,1]%. Tt is worth noting that the assumption of a com-
pact domain is standard in the literature (see, e.g., Hoffmann
(1999); Comte, Genon-Catalot, and Rozenholc (2007); Oga
and Koike (2024)). In this paper, the choice of [0, 1]¢ is made
for convenience in theoretical analysis and can be replaced
by any compact set X C RY. In practice, the compact set &
can be determined from the training data distribution (e.g.,
based on sample coverage or through a sample-splitting pro-
cedure).

The main contribution of this paper is Theorem 2.1, which
establishes a non-asymptotic upper bound on the L? estima-
tion risk in terms of the training error from neural network
optimization, the approximation error over the neural net-
work class, the number of training samples [V, and the time
step A of the observation grid. Moreover, under a composi-
tion structure assumption on fy, as considered in Schmidt-
Hieber (2020) and Oga and Koike (2024), we derive an ex-
plicit upper bound on the test error as a function of N.

The paper is organized as follows. In Section 2, we
present the mathematical framework, along with the as-
sumptions and main result (Theorem 2.1). Section 3 pro-
vides a simulation study illustrating the proposed method,
where we compare the performance of our estimator with
that of Denis, Dion-Blanc, and Martinez (2021), which uses
a B-spline-based estimator and ridge estimation. The nu-
merical results show that our estimator outperforms the ref-
erence method in Denis, Dion-Blanc, and Martinez (2021)
in terms of convergence rate and the ability to capture the
local fluctuations, especially in high-dimensional settings.
Finally, a sketch of the proof of the main result is provided
in Section 4.

Notations

For a vector or matrix W, let |WW| denote the Euclidean
norm (if W is a vector) or the Frobenius norm (if W is a
matrix). We write |WW |, for the maximum-entry norm and
|W o for the number of nonzero entries. For 5 € R, |f]
denotes the largest integer strictly smaller than 5. For two
sequences (ay) and (by), we write ay < by if there ex-
ists a constant C' such that ay < Cby for all N, and we
write ay < by if ay < by and by < an. Moreover, for a
function f : R — R, let || f||c = SUP,co,1)¢ | f(x)]. For
a random variable X, we write £(X) for its law. The index
m =0,..., M —1 corresponds to time steps on the discrete
observation grid, while n = 1,..., N indexes the samples
in the training set.

2 Mathematical Setting and Main Result

This section presents the mathematical setting and main re-
sult of the paper. We begin by introducing the neural net-
work class used for estimation, followed by a description of
the proposed estimator and the different loss functions con-
sidered. Finally, we present the assumptions and main result
of the paper.
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Neural Network Class for Estimation

We use feedforward neural networks to estimate the drift
function component-wise. Specifically, let F, , denote the
class of functions defined by neural networks with L hid-
den layers, layer widths given by p = (po, p1,...,PL+1) €
NE+2 ] where po = d is the input dimension and py 11 = 1
is the output dimension. Each f € F p is a function from
R? to R of the form

f(‘r) = WlO'leO.'L', (21)

where W, is a p;11 X p; weight matrix, o(z) = max(x,0)
is the ReLU function applied component-wise, and for v =
(v1,...,0,) € R", 0y : R" — R" denotes the shifted ReLU
function with shift vector v, defined by

Uv((yla“-ayr)T) = (U(yl _Ul)a-'wa(yr_%"))—r

In this paper, we consider neural networks with sparsity
parameter s, and we restrict the neural network functions to
be uniformly bounded by a constant F' > 0. Since the target
function f is supported on [0, 1]¢ (see (1.3)), we define the
class of neural network estimators F (L, p, s, F) as follows:

WLUVLWL,10VL71 e

F(L,p,s, F):= {f]-[o_’l]d : f € Fr p such that

ji{)lf.i..X,L (”WJHOO \4 |Vj|0<>) <1,

L
and > (IWjllo + v;o) < s}. 22)

Jj=0

When there is no ambiguity, we abbreviate F (L, p, s, F) as
F for simplicity, and we also use the notation F (L, p, s) :=
F(L,p,s,00).

Estimator and Loss Functions

Recall that our training data Dy for this estimation problem
consists of discrete observations from independent sample
paths of solutions to (1.1), that is,

Dy = { = (X, ..,

For a fixed n, let X (™) denote the i-th'component of X1,
The classical approach for estimating b* considers the incre-
ment

which is approximately equal to b%(X, xo )) plus a noise
term (see Denis, Dion-Blanc, and Martmez (2021 Appendix
C), Oga and Koike (2024, Equation (4.1)); see also (4.2)).
Unlike in classical regression with neural networks (see
Schmidt-Hieber (2020)), the errors in our setting are neither

normally distributed nor independent of bi(Xt(Z)), which
presents a key challenge in analyzing the estimator’s per-
formance.

Based on the above definition of Yt(:), our neural network
training procedure consists in minimizing

X('l)

toitm

X)), 1=n<N}.

}/t(”) —

m

% (X(")’ — X 2.3)

tm41

N M-1

M Z Z (Y(n)

n=1m=0

2
Qp, (f FEM) e



over f € F(L,p,s, F). In practice, finding an exact mini-
mizer of Op,, (f) may be challengmg To quantify the dis-
crepancy between our estimator f = fx. which is the out-
put of the neural network training procedure applied to the

empirical loss Qp,, (f), and an exact minimizer of OQp , (f)
over F(L, p, s, F), we define

F(f)=E fy— inf . (25

(f) Qpy (f) et e Qpy (f)] - (2.5)

The performance of f is measured by the estimation risk
M—1

. 1 ~ 2

R(f, fo) =E i > (f(Xtm) —fo(Xtm)> ] - (2.6)
m=0

where X = (X¢);c[0,7] is a solution to (1.1) that is indepen-

dent of the training set Dy . In practice (see also the numer-

ical experiments in Section 3), the estimation risk R(f, fo)
is often estimated by the following empirical test error

N M-1

MN’ZZ(

n=1m=0

(n)

~ 2
R(f, fo) = HEM) @

where X (™) = ()?t(n))te[o’T], 1 <n < N’ areiid. sample
paths, independent of the training set Dy.

Assumptions and Main Result

Throughout this paper, we impose the following two as-
sumptions. Assumption 1 ensures the existence and unique-
ness of the solution to the SDE (1.1), while Assumption 2 is
a technical condition that guarantees the convergence result
stated in Theorem 2.1.

Assumption 1. The initial random variable X satisfies
E[|Xo[?] < +oc. The coefficient functions b and o are
globally Lipschitz continuous; that is, there exist constants
Ly, L, > 0 such that for all z,y € R?,

b(z) = b(y)| < Lyl —yl, |o(x) —o(y)| < Lo|z —y|.
Since b and o are continuous, we define
Cp:= sup |b(z)] <occandC, := sup |o(z)| < 0.
z€[0,1]4 z€[0,1]4

It is obvious that || follco < Cb.

Assumption 2. F > max(Cy,1),C, >0, L > 1,5 > 2,
N >2and A < 1.

Our main result is presented in the following theorem.
Theorem 2.1. Suppose that Assumptions 1 and 2 hold.
There exists a constant €, depending only on Cy, Cy, Ly,

Ly, T, and a universal constant C (introduced later in
Lemma 4.3), such that

R f f < 4¥ f + 6 inf R
(fa 0) = (f) fe (1 pos F) (f’ fO)
Llo +logd) + slogdF log N

Remark 2.2. Theorem 2.1 provides a decomposition of the
upper bound on the estimation risk into three components.
The first term reflects the error arising from the training pro-
cedure for finding a global minimizer with respect to the
empirical loss Qp, . The second term can be bounded by
the classical regression error for i.i.d. samples, as analyzed
in Schmidt-Hieber (2020), and does not depend on the diffu-
sion setting. Finally, the third term captures the error due to
the temporal dependence inherent in the diffusion process.

Now let

Cf(D,K):{f:DCRT—HR: > 0% flle
alal<f
n sup 0 f(z) fﬁtg‘j(y)\ SK}.
aclal=|) *VEDTFY [ = yYloo

Let G(q,d,t,8,K) be the function space defined in
Schmidt-Hieber (2020):

g(q7d7t7ﬂaK) = {f:gqo -+ 9o :

gi = (i) + [ai, bi]% — [ait1, bipa]¥ 1,
gij € Cgi([ai,bi]“,K), for some |a;|, |b;| < K}
with d = (dOa"'7dq+1)a t = (t07"'7tq)7 /8 =
(Bos-- -, Bq)- Define BF == B; [T}_,, (B A1) and
287
6N = max N P+ 2.8)

0<i<q

Corollary 2.3. Suppose that Assumptions 1 and 2 hold. As-
sume moreover that fo € G(q,d,t,8, K) and the neural
network estimators set F (L, p, s, F) satisfies

(i) F > max(K,1), L <logy N
(i) Non Sming—1,.. 1 pi, s < NoylogN.
Then there exists a constant C  depending on
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q, dvtvﬁv Fv Cb7 00'7 Lb7 Lg, T SMCI’Z ﬂ’ldl lf
A < ¢nlog® N and U7 (f) < Con log® N,
then R(f, fo) < Cén log® N.

3 Numerical Experiments

In this section, we evaluate the performance of our estimator
using the following drift functions:

-+ ¢ (S(;)) 1d7

where 15 = (1,...,1)7, s(x) 2?21 x;, 0 = 0.2 and
#(2) = 2zexp(—2z?) — 8zexp(—222). In the following,
Figure 3a (True function) illustrates b(z) in one dimension.
The initial condition X is set as a random variable having
standard normal distribution (0, 1), and the diffusion co-
efficient o (x) is set to the identity matrix.

The numerical study consists of three parts. First, we ex-
amine the convergence rate of our estimator with respect
to N. Then, we compare its performance to the B-spline-
based estimator proposed in Denis, Dion-Blanc, and Mar-
tinez (2021), focusing on two aspects: the convergence rate

zeRY— b(z) =

3.1



and the ability to capture the local fluctuations induced by
the function ¢ in the drift. Finally, we conclude this section
with a summary of the comparative results, followed by ad-
ditional remarks on the memory requirements and computa-
tional feasibility of our estimator compared to the B-spline-
based approach.

Experimental Setup

Throughout this section, we fix the time horizon to 7" =
1 and the time step to A 0.01, and we estimate the
first component of the drift coefficient b;(z) : R? — R.
We set the test set size N’ 1000, and the estima-
tion risk is approximated using its empirical version de-
fined in (2.7). The experiments are carried out for a range
of dimensions d € {1,2,10,50} and training size N €
{100, 200, 500, 1000, 2000, 5000}

For the neural network estimator, we perform hyperpa-
rameter tuning for each combination of (N, d). We consider
different hidden layer width

p €{(d,16,16,1), (d, 16,32, 16,1), (d, 16,32, 32,16,1)}.

The number of non-zero parameters s is set as a propor-
tion Sy, of the total number of parameters, with S5, €
{0.25,0.5,0.75}. For the training procedure, we use the
Adam optimizer with a learning rate of 102, The final num-
ber of training epochs is determined via early stopping trig-
gered after 20 consecutive epochs.

Moreover, for each configuration, we repeat the experi-
ment 50 times independently and compute the average error
along with the corresponding 95% confidence interval. All
implementations are performed using PyTorch.

Numerical Study of the Convergence Rate

We first examine how the estimation error evolves with the
number of training trajectories /N. In the setting of Corol-
lary 2.3, we have ¢n N~ for the first component of
the drift function b defined in (3.1). Hence, if U7 (f) <
C¢n log® N, then the theoretical upper bound of R(f, fo)
will be CN 1 log® N for some constant C.

Figure 1 shows the log—log plot of the estimation risk
R(f, fo) as a function of N for d € {1,2,10,50}. The
empirical convergence rate closely matches the theoretical
upper bound for d € {1,2,50}. For d = 10, however, the
empirical error slightly exceeds the theoretical envelope for
certain values of N. This deviation likely results from the
restricted hyperparameter search space, which covered only
a limited range of learning rates, training epochs, network
widths and depths, and regularization parameters. However,
the search grid was intentionally constrained to ensure com-
parability and to maintain a reasonable computational cost
across dimensions.

Comparison with B-Spline-Base Estimator

We now compare our estimator with the B-spline-based es-
timator from Denis, Dion-Blanc, and Martinez (2021), us-
ing the same training and test datasets. The implementation
of the B-spline estimator follows the procedure described in
Denis, Dion-Blanc, and Martinez (2021), with an adaption to
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the multivariate setting using tensor-product B-splines basis
(see e.g. Gyorfi et al. (2002)), and the number of knots se-
lected based on validation performance.

Figure 2 demonstrates that our method achieves a bet-
ter convergence rate of the estimation risk in N. Fur-
thermore, as illustrated in Figure 3, our estimator (p =
(d, 16, 32,16,1), Sraio = 0.75) more accurately captures the
local variations of the drift function, while the B-spline-
based method fails to recover these fine-scale features.

107° 107°
—— Mean (d=1)
95% ClI
—— CxN7tog*N
107t 107!
—— Mean (d=2)
95% CI
—— CxN7tog*N
-2 -2
10 102 103 104 10 102 103 104
107° 107°
107t 107!
—— Mean (d=10) —— Mean (d=50)
95% CI 95% CI
—— CxN-tog*N —— CxN7tog*N
-2 -2
10 102 103 104 10 107 103 104

Figure 1: Convergence rates of our estimator for d = 1 (top
left), d = 2 (top right), d = 10 (bottom left), and d = 50
(bottom right).

107° 107°
B-spline B-spline
95% CI 95% ClI

107! 107!

—e— NN —e— NN
95% ClI 95% ClI
2 -2
10 10? 103 104 10 102 103 104

Figure 2: Comparison of convergence rates for d = 1 (left)
and d = 2 (right).

Conclusion

In summary, Figures 2 and 3 clearly demonstrate that our
neural network-based estimator outperforms the B-spline-
based estimator both in terms of convergence rate and its
ability to capture local fluctuations.

Furthermore, for the B-spline-based estimator, the num-
ber of basis functions grows exponentially with the dimen-
sion d, leading to a substantial increase in memory require-



—— true
B-spline

—— true

-3-2-10 1 2 3
(a) NN estimator, 1D

-3-2-10 1 2 3

(b) B-spline estimator, 1D

(¢) True function, 2D

(d) NN estimator, 2D

(e) B-spline estimator, 2D

Figure 3: Comparison of the ability to capture local fluctuations (N=5000).

ments. For example, when d = 5, assuming 8 basis func-
tions per dimension, the resulting coefficient matrix has size
MN x 32768. If each entry is stored as a 64-bit float (8
bytes), this amounts to over 24GB of memory for M = 100
and N = 1000, not including the additional memory re-
quired for matrix inversion. As a result, the B-spline es-
timator becomes computationally infeasible on a standard
laptop even for moderate values of d, for example d > 3. In
contrast, the neural network estimator only requires storing
the network parameters and minibatch data during training,
making it far more scalable in high-dimensional settings.

4 Proof Sketch

The proof of Theorem 2.1 consists of two steps. In the first
step (see Proposition 4.1), we establish an upper bound of

the risk R(f, fo) defined in (2.6) by using the following ex-
pected empirical train risk Rp,, (f, fo), defined by

ﬁ'DN(fA?fO)
1 N

and an estimation of the covering number of the neural net-
work estimator set F (L, p, s, F'). Recall that for any § > 0,
a subset G C F is called a J-net of F with respect to some
norm || - || on F, if for every f € F, there exists g € G such
that ||f — g|| < §. The minimal cardinality of such d-net
net is called the covering number, denoted by (5, F, || - ||)
(see e.g. van der Vaart and Wellner (2023)). When there is no
ambiguity about the training set, we simplify the notation by
writing R(f, fo) instead of Rop,, (f, fo). In the second step
(see Proposition 4.4), we derive an upper bound on the ex-
pected empirical training risk R(f, fo) in terms of U7 (f),
the approximation error inf s 7 || f — fo||%, the neural net-
work parameters (s, L, F'), and the data parameters A, N,
and d.

M-—1 R B
(P = fo(XI)2], @
m=0

Upper Bound of R ( 1 fo)

This subsection is devoted to establishing the following
proposition.

Proposition 4.1. Suppose that Assumptions 1 and 2 hold.
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Fix an arbitrary € € (0,1), we have

’R'(f7 fO) < 3+ 27%(.]?3 fO)a
N 44F?1log (Cs(Llog s + log d + log 4F — log¢))
N

where C' > 0 is a universal constant.

)

The proof of Proposition 4.1 relies on the following two
lemmas.
Lemma 4.2 (Lemma A.2 in Denis, Dion-Blanc, and Mar-
tinez (2021)). Let X, ..., XN be independent copies of a
random variable X € X. Let G be a class of real-valued
functions on X . For each g € G, and x € X, we assume
that 0 < g(z) < L, with L > 0. We consider Gs an 0-net of
Gw.rt. || - ||sup and we denote by 0(0,G, || - ||sup) its cardi-
nality. Then, the following holds

(E@(X)] -3 (X»)]

n 11Llog (m(&,g, || : Hsup))

N .
Lemma 4.3 (Lemma 4.13 in Oga and Koike (2024)). Let
F C F(L,p,s).If s > 2, wehave forall § € (0,1)

log N (0, F, | - |loo) < Cs(Llog s+ logd — logd)

E [sup

geg

< 3e

where C > 0 is a universal constant.

Proof of Proposition 4.1. In what follows, we adopt the no-
tation Xy, , for (X¢p,...,Xt,, ,) and X;:%Mi1
(Xt(:), . »Xt(:,),l)- For a fixed f € F(L,p, s, F), we de-

fine the function g7 from (R%)™ to R by

for

xz(mo,...,xM,l) —
1= 2
gf(m) =M Z (f(xm) - fO(xm>) )
m=0

which is bounded above by 4F2 by Assumption 2 and sup-
ported on ([0, 1]%)* since both fy and f are supported on
[0, 1]¢. Moreover, we define

g:: {gfle.F(L,p,S,F)}7

equipped with the norm |[|g||sup = Sup,¢(o,174) [9(2)]-



The estimation risk R(f, fo) can be decomposed by

NZ

(X

R(fv fO) <E gf(XtoitM 1 tortm—1

1

+ 27%’(.]?) fO)v

where the first term can be upper bounded as follows

53 05

XM

toitm—1

E gf(XtoitM 1)

N
i (n)
<E gSfUE% <9f<XtoltMl) - N ;gf(Xto ta— 1)>‘|
44F?] :
s 08 (.G |- aup))

N

for any € € (0, 1) by applying Lemma 4.2.

We now provide an upper bound on the covering num-
ber N(e,G, || - |lsup) using the covering number over
F(L,p,s, F).Let N < == N(57, F(L,p,s, F), ||-||oc) and
let Foee == {f1,-- ,fmﬁ} be an j%-net of 7(L,p,s, F).
Then for every f € F(L, p,s F), there exists f= € Foe
such that || f — f = |loc < 55 It follows that

1f = Faellosllf + fiz = 2follc < e

<

Hgf—gfﬁﬂoo

Therefore, Lemma 4.3 implies that

log (‘ﬂ(& g, - Hsup))

3
< log (N7 F (L Py, F), || - [lo0))

< Cs(Llogs+ logd+logdF —loge).

Combining the results above, we get

R(f, fo) < 3¢ +2R(f, fo)
N 44F?Cs(Llogs + logd + log 4F —

loge)
N .

O

Upper Bound of 7A2( 1 fo)

This section aims to establish an upper bound on the ex-

pected empirical training risk 7A2( f , fo). We abbreviate F for
the neural network function class F(L, p, s, F'), and DN for
the covering number 9U(d, F (L, p, s, F), || - |l oo)-

Proposition 4.4. Suppose that Assumptions 1 and 2 hold.
There exists a constant €' depending on Cy,Cy, Ly, Ly, T
and the universal constant C' in Lemma 4.3 such that

RS, fo) < 297(f) + 3 inf R(f. fo)

s(Llogs +logd) + F
N

log N
S

/ 2
€<FA+ N

)

To prove Proposition 4.4, we first note that Yt(,:)’ defined
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in (2.3), admits the following decomposition :

v = b(x))
t7n+1 . _
tx [ ) v
tm+t1
A (X(”))dB(”)

tm

tm

4.2)

where B(”)71 < n < N are ii.d. d-dimensional stan-
dard Brownian motion. Given any two functions fi, fo in
F(L,p,s, F), we define

\IJDN(flafé) =K [QDN(fl) - QDN(fQ)}

with Qp,, defined in (2.4). Let f be an arbitrary function in
F. A direct computation yields the following decomposition

of R(f, fo) :

R(f, fo) = Upy (£, f) 4.3)
1 o 7w (n)
rrvn n 2
+E Wn:“;(f(xt” ) — fo(X;™)) ]
1 N M-1 R o
+2E —NM;WZ:O o (f(Xt(:))—f(Xﬁ:)))]
1 o X ) () = (n)
+ 2E NM 7;1 ’mzzo Ztm (f(Xtm ) - fO(Xtm ))] )

where the last term follows from the fact that f and f,
are deterministic (i.e., independent of the training set), and
E [EE )] = 0 and independent of X, ™) for each m and n.
Let Foot = {f1,--: fors} denote a d-net of F with re-
spect to || - || o> Then, there exists a random index n* valued
in {1,...,9} such that |f — fu«| < J. A reasoning similar
to Oga and Koike (2024, Lemma 4.8, 4.11, 4.12) leads to the
following lemma.
Lemma 4.5. Suppose that Assumptions 1 and 2 hold. Let
C, = 4(C% + C%)exp(4(L} + L2)).
1. Forevery f € Fande € (0,1),

She! (n) 7 ()
[o £ E )]
R . 2
< SR Jo) + SRAT. fo) + 31—21”50*& (44

2. There exists a constant C, depending only on C, such
n=1m=0

that for everyn € {1,...,N},
\/fLQC’ +—/ v/1log N, du.

N M-1
ST R (F - ) (X))

Furthermore, the proof of Proposition 4.4 relies on the fol-

lowing lemma.

4.5)



Lemma 4.6. Suppose that Assumptions 1 and 2 hold. For
every e € (0,1), we have

N M-1

M Z Z tm

n=1 m=0

fo(X)

m

WE

e o
1 (f f0)+’}/€7
where . = 6F(5—|—5F ézc*A—i— TN(10g2+2log’ﬁ5)

Proof sketch of Lemma 4.6. For a fixed function f € F and
for a fixed n, we define the processes M™(f), AT(f),
M(f) and A(f) by

M-—1 SAtm41

)= 3 (- D) [ e (X)aB,
m=0 sAtm
L - 7700
M(f)s =+ M (f)
P>
A(f) = (M),
- - 1 M
A(f) = (M) = 773 DA™,
n=1
It follows that
N M-1 B
T 30 B (e (X Fo(X)
n=1m=0
<E H;M(MT | = 8 [, (40 )r + )]
< %\/ E [,.] (2E [A(fu)r] +2), (4.6)
where for every f € F, we denote by Ef = 2\/%

and Dy = E [A(f)r] + ¢’ for some &’ > 0. As M(f) is
a continuous local martingale for every f € F, it follows
from Oga and Koike (2024, Lemma 4.9) that

E [(VDT’ exp{?ff}} <1.

A(fn)r+Djy
Hence, an argument analogous to Oga and Koike (2024,
Lemma 4.10) yields E [Ei} < Log2 + L log M.
ForE [A(fa+)r|, we have

1L
B[4 30 A0 )]
n=1

and an argument analogous to Oga and Koike (2024, Lemma
4.10) yields

A7

E [A(fa)r] =

N

& A (s

n=1

< 2C2T(R(f, fo) + 4F6) + 8F2L2C,TA.

E
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Finally, inserting the above bounds into (4.6) yields

i i)
< %\/logQ—&-Qlog‘ﬁg

' \/;\lf {CZT(ﬁ(ﬁ fo) +4F3) + 4F2L30*TA} e

N M-1

RIPIEH

n=1m=0

tm

e

By letting ¢/ — 0 and by applying the AM-GM inequality
VTY < Sx+ %y, we get the desired inequality. [

Proof sketch of Proposition 4.4. By inserting the results of

Lemmas 4.5 and 4.6 into (4.3), we obtain, for a an arbitrary
function f in F, fore € (0,1),

UP(f) 1+e¢

oR(Ff0) +
R(fvf()) and

2 )
2Co /\/log‘ﬂudu

86’2 (
eT'N

+

R(fva) <

where we apply ﬁ(f s fo) =
. 3L:C,
€ 2%

UEAN 4642120,

F2L2C,
C‘; A+

By applying Lemma 4.3, we have

1 §
/\/log‘ﬁudug/ V/Cs(Llogs + logd) du
0 0
5
+\/Cs/ v/ —logudu.
0

Using the change of variable { = — log u and the inequality
I'(2,—log(6)) < 36y/—Tlog?d valid for § < exp(—3), we

_ 1 1 ;
sete = 5 and ) =  to obtain

R(f, fo) < 207 (f) + 3R(F, fo)

+ 2eF6 + 2¢

log 2 4 21log Ny).

1 N
+2L20,(3+ &5 )A+01 + =
with
4
Cy =2/2L2C, + —=+/Cs(Llog s +logd) + 2F
3202
+ — (10g2+203(Llogs+logd))
and Cy = 60\/\? + 64CT s We conclude by noting that

R(f, fo) < |If — follo» and that the above inequality holds
for any arbitrary function f € F. O

Proof of Theorem 2.1. Theorem 2.1 follows directly from

Propositions 4.1 and 4.4 by setting & = %. [
Proof of Corollary 2.3. Theorem 1 in Schmidt-
Hieber (2020) provides an upper bound of

inf tcr(.p,s,7) R(f, fo). Corollary 2.3 then follows
directly from Theorem 2.1 and Theorem 1 in Schmidt-
Hieber (2020). O
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