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Abstract

Categorical attributes with qualitative values are ubiquitous
in cluster analysis of real datasets. Unlike the Euclidean dis-
tance of numerical attributes, the categorical attributes lack
well-defined relationships of their possible values (also called
categories interchangeably), which hampers the exploration
of compact categorical data clusters. Although most attempts
are made for developing appropriate distance metrics, they
typically assume a fixed topological relationship between cat-
egories when learning distance metrics, which limits their
adaptability to varying cluster structures and often leads to
suboptimal clustering performance. This paper, therefore,
breaks the intrinsic relationship tie of attribute categories and
learns customized distance metrics suitable for flexibly and
accurately revealing various cluster distributions. As a re-
sult, the fitting ability of the clustering algorithm is signifi-
cantly enhanced, benefiting from the learnable category re-
lationships. Moreover, the learned category relationships are
proved to be Euclidean distance metric-compatible, enabling
a seamless extension to mixed datasets that include both nu-
merical and categorical attributes. Comparative experiments
on 12 real benchmark datasets with significance tests show
the superior clustering accuracy of the proposed method with
an average ranking of 1.25, which is significantly higher than
the 5.21 ranking of the best-performing methods. Code and
extended version with detailed proofs are provided online.

Code & Datasets —
https://github.com/ZHAO-Mingjie/SCOF

Extended Version — https://arxiv.org/abs/2511.09049

1 Introduction

Discrete data such as discrete numerical values (Zhang et al.
2025¢c,a) and point clouds (Li and Cheung 2025, 2024;
Huang et al. 2024) are common in real-world scenarios,
yet categorical data are often overlooked. Clustering anal-
ysis on real data usually deals with categorical attributes
characterized by qualitative values without a well-defined
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Figure 1: Clustering accuracy of our methods and three dif-
ferent distance measurement strategies using k-modes: Cus-
tomized, Uniform, and Weighted on four datasets CA, NU,
AP and TA in Table 1. Additionally, Hamming is also in-
cluded as a baseline. % indicates the number of clusters. Our
method outperforms other strategies on these datasets. The
“Customized” strategy achieved better results than “Uni-
form” and “Weight” because it assigns customized category
relationships to different clusters.

category relationship like the Euclidean distance of numer-
ical data (Agresti 2003; Zhao et al. 2022). For instance,
the distance between “lawyer” and “driver” in an attribute
“Occupation” of a categorical dataset is not universally de-
fined as the distance between 0.5 and 1.2 of numerical data.
Since distance metric is the basis for most clustering al-
gorithms, lacking suitable distance metrics may surely pre-
vent the existing clustering techniques designed for numer-
ical data from achieving satisfactory performance on cate-
gorical data. Moreover, additionally considering the defini-
tion of an appropriate distance metric brings greater chal-
lenges to categorical data clustering (Johnson and Albert
2006; Fernandez-Navarro et al. 2013).



To uncover the implicit distance relationship of the pos-
sible values of categorical data (Agresti 2010; Jain, Murty,
and Flynn 1999; dos Santos and Zarate 2015), some research
primarily focuses on developing distance measures based
on value-mapping techniques (Hamming 1950), information
entropy (Lin 1998; Zhang and Cheung 2022b; Zhang, Che-
ung, and Tan 2020), significance test (Hu et al. 2025e,b,a,d),
and statistical characteristics (Ahmad and Dey 2007; Le and
Ho 2005; Jian et al. 2018b; Ienco, Pensa, and Meo 2012; Bai
and Liang 2022). However, they are all task-independent and
thus incapable of adapting to different clustering tasks across
various categorical datasets. To address this limitation, dis-
tance learning methods further connect the distance to down-
stream clustering tasks using approaches such as similarity
learning based on the distribution probabilities of attribute
values (Jia and Cheung 2017), kernel space mapping (Zhu,
Cao, and Yin 2022), and graph-based learning (Zhang and
Cheung 2022a, 2023; Zhao et al. 2024). While they achieve
competitive clustering performance, the learned category re-
lationships remain uniform for the global cluster distribu-
tion. This approach neglects the subspace specificity of clus-
ters, i.e., some samples may exhibit a compact clustering ef-
fect in a certain subspace spanned by an attribute subset.

Although some subspace categorical data clustering
methods (Bai et al. 2011; Cao et al. 2013; Jia and Cheung
2017) are proposed considering the attribute-cluster rela-
tionship recently, they primarily focus on learning the at-
tributes” importance while still adopting a uniform cate-
gory relationship among the possible values of each attribute
across all the clusters. In fact, the same attribute may ex-
hibit diverse category relationships across different clusters
(i.e., conventional part of Figure 1). For example, when con-
sidering the attribute “occupation” (a,) in a pneumonia pa-
tient dataset, the category relationship of a,’s possible val-
ues {programmer, construction worker, driver, ...} differs in
two diagnosis clusters, one for COVID-19 (C.,), and one for
pneumoconiosis (Cy,, ). That is, for cluster C.,, the occupa-
tional difference between “programmer” and “construction
worker” is relatively small, as their chances of contracting
the highly contagious COVID-19 are comparable, while for
cluster Cpy,, the difference between these two occupations
is huge because “construction worker”’s prolonged expo-
sure to dust-laden environments significantly increases their
likelihood of developing pneumoconiosis compared to pro-
grammers. Therefore, for categorical data, whose values are
inherently more vague compared to numerical data, it is
promising to define subspace category relationships for each
attribute to better serve the exploration of different clusters.

To validate the effectiveness of the subspace category re-
lationship for categorical data clustering, in Figure 1, the
k-modes (Huang 1998) clustering accuracy corresponding
to the following distance measurement strategies is plotted
using box plots: 1) Customized: k-modes + random Cus-
tomized category relationships, i.e., for a given attribute,
randomly generate a series of category relationships for dif-
ferent clusters; 2) Uniform: k-modes + random Uniform cat-
egory relationship; 3) Weighted: k-modes + Hamming dis-
tance + random Weighted attributes per the cluster; Addi-
tionally, k-modes + Hamming distance is also included as
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a baseline. The category relationships of the Customized,
Uniform, and Weighted are randomly generated and are ex-
ecuted 100 times. It can be seen that: 1) Customized out-
performs the others, which demonstrates that clustering-
customized category relationship brings better clustering re-
sults than uniform category relationships. 2) Uniform clearly
surpasses Weighted and Hamming, which indicates Intra-
attribute distance relationship modeling outperforms at-
tribute weighting. Therefore, obtaining the optimal subspace
category relationship i.e., learning clustering-customized re-
lationship among intra-attribute values for each cluster, is
the key to achieving accurate categorical data clustering.

In this paper, a new learning paradigm for categorical data
clustering that learns clustering-customized category rela-
tionships from cluster (DISC) is proposed. The learning pro-
cess is no longer constrained to adjusting attribute weights
for clusters under uniform and fix category relationships. In-
stead, category relationship is initially assigned to all clus-
ters, which then evolves into different structures for each
cluster during the learning process. This allows the relation-
ships between attribute values to be adaptively captured un-
der a high degree of freedom, ensuring that the learned dis-
tance relationships are meaningful and tailored to improve
the quality and compactness of the clusters, thus enhanc-
ing clustering performance, as can be seen in Figure 1. We
model the distance relationship of intra-attribute possible
values as a fully connected graph, and infer a tree-like cat-
egory relationship to concisely and exactly reflect the rela-
tionship among attribute values. As a result, each attribute
has a series of category relationships tailored for different
clusters, significantly enhance the fitting ability for cluster
optimization. Moreover, it is theoretically and empirically
demonstrated that the learned category relationships exhibit
strong compatibility with the Euclidean distance, enabling
a natural extension of the method to mixed datasets, which
include both numerical and categorical attributes, and result-
ing in enhanced clustering performance. The main contribu-
tions of this work are summarized into three-fold:

* Revealing the effect of category relationships in clus-
tering: The coupling between clustering and category re-
lationships is studied by extending the subspace cluster-
ing principles, and it is validated that optimal category
relationship is the foundation for accurate clustering.

Proposing a novel paradigm for category relation-
ships learning: A novel learning strategy is proposed
to modeling and tuning the category relationships of
attributes. It infers more appropriate category relation-
ships of intra-attribute values to suit current partition re-
sults, effectively improving the clusters through distance-
cluster joint optimization.

Providing a rigorous metric with convergence guar-
antee: A series of theoretical proofs are provided to rig-
orously demonstrate that the joint learning process of
subspace category relationship exhibits strong compati-
bility with Euclidean distance, along with high efficiency
and convergence.



2 Related Work

Distance Measures for categorical data are generally cat-
egorized into encoding-based and direct measurement ap-
proaches. Early methods, such as one-hot encoding with
Hamming distance (Hamming 1950), fail to capture the
full spectrum of dissimilarity between intra-attribute values.
Subsequent methods (Ahmad and Dey 2007; Le and Ho
2005; Jian et al. 2018b) refine distance discrimination but
still focus on pairwise distances without considering over-
all category relationships. Information entropy-based ap-
proaches (Lin 1998; Zhang, Cheung, and Tan 2020) improve
this by better capturing intra-attribute relationships, while
more recent methods (Cai et al. 2024; Zhang and Cheung
2022b; Zhang, Cheung, and Zeng 2022) attempt to place at-
tribute values along a distance axis, offering a linear repre-
sentation similar to numerical attributes.

However, these methods remain task-independent and
may not adapt well to different clustering tasks.

Distance Learning combines metric optimization with
clustering through iterative learning. Early work (Jia and
Cheung 2017) focus on modeling sample-cluster similarities
using probability distributions within clusters. Later meth-
ods, such as kernel-based techniques (Zhu, Cao, and Yin
2022) and joint embedding of numerical and categorical at-
tributes (Jian et al. 2018a; Zhu et al. 2020; Chen et al. 2024),
further refine distance metrics. More recent advances (Zhang
and Cheung 2020, 2022a; Zhang et al. 2024; Zhao et al.
2024) unify metric learning with adaptive graph weight-
ing, optimizing both cluster structures and distance func-
tions simultaneously. In contrast, (Feng et al. 2025) adopts a
complementary approach, iteratively fusing multiple metrics
during learning to enhance category relationship modeling.

Subspace Learning focuses on identifying attribute sub-
sets that enhance clustering. Early methods (Bai et al. 2011)
fix attribute weights, limiting adaptability, while subsequent
approaches (Cao et al. 2013) iterate on weight and cluster
assignments. Methods like (Jia and Cheung 2017) integrate
attribute weighting for mixed data clustering, and exten-
sions (Zhang et al. 2025b) unify categorical and numerical
attributes via geometric projections, aligning latent dimen-
sions across attribute types.

These advances improve clustering performance, but
the learned category relationships remain uniform across
the global cluster distribution, neglecting subspace-specific
variations. This limits their capability in representing com-
plex relationships between categorical attribute values.

3 Proposed Method

In this section, we first formulate the problem (§ 3.1). Then
the subspace category relationship (§ 3.2) is then inferred
from the modeled value-level relation structure, and the cor-
responding distance metric (§ 3.3) is defined. After that, a
joint learning (§ 3.4) scheme is introduced to make the dis-
tance learnable with clustering.

3.1 Problem Formulation

The problem of categorical data clustering with subspace
category relationship learning is formulated as follows.
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Given a categorical dataset X = {x1,X2,...,X,} with n
data samples. Each data sample can be denoted as an I-
dimensional row vector X; = [T;1,%;2,..., x; )" repre-
sented by [ attributes A = {a;, as, ..., a; }. Each attribute a,
can be denoted as a column vector a, = [T1,, T2 7, ..., Tn 1]
composed of the r-th values of all n samples. The n values
can be viewed as sampled from a limited number of possible
values V,. = {v},v2, ...,v¢"} with o, indicating the number
of possible values of a,.. The goal of our cluster-customized
category relationships clustering can be formalized as mini-
mizing the intra-cluster dissimilarity:

kK n
2(H,M, G) ZZh” (xi,m;),

where H, M and G are a n x k cluster partition matrix,
a k x [ centroid matrix, and a matrix containing k X [
cluster-customized category relationships (also called sub-
space category relationships) represented as graphs, respec-
tively. Specifically, cluster partition H is an affiliation matrix
with its (¢, j)-th entry h; ; indicating the affiliation between
sample x; and cluster C;, which can be written as:

hi’j = {

with Z§=1 hi; = 1. ®(x;, m,) is the attribute-level dissim-
ilarity between sample x; and cluster C,, described by the
cluster center m,,. The value of m, is computed following
the way of the conventional k-modes clustering algorithm,
i.e., the value of m, , is equal to the mode from a, in C,,.
The attribute-level dissimilarity is computed in the context
of subspace category relationships can be written as:

ey

1, if j = argmin ®(x;, m,)
y

2
0. 2)

otherwise

l

(x4, my) = Z ¢(Ii,r7 My r; Gy,r)a

r=1

3)

where G, € G is the category relationship of 7-th attribute
in y-th cluster, and ¢(2; ., My r; Gy ) is the corresponding
sample-cluster dissimilarity.

This paper focuses on defining the category relationship
within each cluster to facilitate a more thorough optimiza-
tion through clustering-customized distance metric learning.
Therefore, the key is how to reasonably define the distance
(i r, My r; Gy,r) under an appropriate category relation-
ship G, in the attribute aspect.

3.2 Subspace Category Relationship Inference

To infer subspace category relationships for each cluster, we
first model the value-level relation through a fully-connected
graph as it can flexibly reflect any relationship among pos-
sible values. A graph G, indicating the category relation-
ship of r-the attribute in j-th cluster is denoted as G, =<
Ve, B, W, >, where V, includes o, possible values as
nodes. B, is the set of 0,-(0, — 1) /2 edges connecting all the
o, nodes. W ,. is the weight matrix reflecting edge lengths.

Given cluster partition H, for each cluster, the weight be-
tween two nodes v;' and v; within a cluster C} is defined as



the difference between their Conditional Probability Distri-
butions (CPDs) extracted from the current cluster by:

Wi (u, s) = |p(v;/|Cy) = p(vr|Cy)l, @)
where W ,.(u, s) is the (u, s)-th element of weight ma-
trix W ., and p(v}|C}) is the conditional probability of v}
given cluster C;, which can be computed as:

wi oy card({x; € Cjlxi,r = v'})
p(v|C) = card(C}) ’

where card(-) counts the number of samples in a set. A con-
dition probability distribution p(v¥|C;) describes the distri-
bution pattern of a value within C;. Consequently, two val-
ues with similar patterns are considered to be more similar,
and thus the weight of the edge connecting them is smaller.
Although the weighted fully connected graph provides a
flexible way to represent the relationships among the intra-
attribute values in each cluster, it introduces uncertainties in
the distance representation because the relationship between
a pair of values can be described by multiple paths.

To refine the graph, and consider that the common defini-
tion of distance between two samples is based on the shortest
path length (Bondy and Murty 2008; Munkres 2000), we ex-
tract the shortest paths that can connect all the possible val-
ues (i.e., all nodes in G ;) to form the Minimum Spanning
Tree (MST) 7;,, (called relation tree hereinafter) by:

Z W, (u,s),

bt el

&)

(6)

T;» = arg min
5 E.€B,

where &, is a subset of B,.. & contains o, — 1 edges con-
necting all nodes V. b*® from B, is the weighted edge
connect nodes v;' and v;. Consequently, for a cluster C},
a series of relation trees 7; = {7; 1, Tj2..., T;,r } is inferred
corresponding to all the attributes, and the subspace cate-
gory relationship of all clusters can be represented as a set
T ={T1, T3, .., Tr} corresponding to graph set G.
Theorem 1. The relation tree T;, defines a deterministic
and Euclidean-compatible distance metric over the categor-
ical attribute values.

Proof. The relation tree 7, inferred from the fully con-
nected graph G, retains all pairwise distances among
nodes, establishing its determinism and uniqueness. Thus,
the distance metric induced by the relation tree always
forms a linear structure, naturally compatible with the one-
dimensional Euclidean geometry. O

Remark 1 (Determinism and Euclidean Compatibility of the
Inferred Relation Tree). The inferred relation tree exhibits
determinism and strong compatibility with Euclidean space
(as proven in Theorem 1). The determinism of the relation
tree ensures that the learned distance metric is stable and
interpretable, providing clarity and eliminating the need for
users to manually define or adjust category relationships.
The compatibility with Euclidean space allows for easy ex-
tension to mixed datasets, making the method adaptable to
both categorical and numerical attributes. This is further
validated in § 4.3, where our method achieves performance
improvement and demonstrates superior results compared to
other clustering methods.
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3.3 Clustering-Customized Subspace Distance

Given the subspace category relationship 7, we further tune
them into customized distance metrics by modeling the dis-
tance between intra-attribute values to capture more com-
pact clusters within subspaces. Specifically, for cluster C},
given the relation tree 7}, corresponding to attribute a,., the
distance between values v, and v, can be computed by:

D;,(u,s)= Z W, (u,s),

W; r(u,s)eT

(N

where D is a 0,. X o, distance matrix of possible values, and
T is the set of edges splicing the shortest path from v; to v;*
in T} .. Since this is computed based on the weights defined
based on the intra-cluster statistics by Eq. (4), it is referred
to as the clustering-customized subspace distance.

Remark 2 (Generalized Attribute Weighting through Re-
lation Tree). The category relationship represented by the
relation tree implicitly captures the importance of each at-
tribute through a generalized attribute weighting mecha-
nism. Specifically, the clustering-customized subspace dis-
tance model adapts to variations in intra-attribute distances,
allowing for different magnitudes of distances between at-
tribute values across different attributes. As indicated by
Eqs (4) and (7), a larger difference in attribute values leads
to a more concentrated distribution of the r-th attribute
within the cluster, making it more likely to be considered sig-
nificant. This variability in the distribution of attribute val-
ues ensures that each attribute contributes differently when
calculating attribute-level distances, thereby reflecting its
importance within the overall category relationship. This
approach can be viewed as a form of generalized attribute
weighting, where the learned distances effectively decom-
pose the attribute importance into a more detailed and dy-
namic layer of distance learning.

Accordingly, the sample-cluster distance ¢(z; ., m; ) re-
flected by 7}, for the r-th attribute can be defined as:

¢(xi,T?mj,T;7},T) = Dj,r(u75)7 (8)
where sample value x; ;. and center value m; , are assumed

be equal to the possible values v and v;, respectively. The
overall sample-cluster distance ®(x;, m;) is defined as:

l
Sxpmy; Tj) = D d(@ir, myos Tr).
r=1
Theorem 2. The sample-cluster distance ®(x;, m;; T;) de-
fined in the context of T represents a valid distance metric.

€))

Proof. It is proved that the distance measure D ,.(u, s) de-
fined within the context of the relation tree 7;, constitutes
a valid distance metric. Then, the sample-cluster distance
®(x;, m;; T;) is shown to be a weighted sum of D ,.(u, s)
with non-negative weights, also satisfies the conditions of
non-negativity, symmetry, and triangle inequality, thereby
forming a valid distance metric. O

It can be seen that the cluster-customized distance satis-
fies the definition of a valid distance metric, which ensures
consistent and reliable distance calculations across different
clusters, thereby improving clustering accuracy.



3.4 Joint Learning of Distance and Clusters

To jointly optimize the distance metric and sample parti-
tion for better mutual adaptation, the subspace category rela-
tionship inference is integrated into the clustering objective,
which can be written based on Egs. (1) (3), and (8):

2(H,M,T) = ZZhJ ZDJTus

Jj=11i=1

(10)

where we assume that z; . = v} and m;, = v;. Then the
problem can be formulated as computing H, M, and T to
minimize z, which can be summarized into the following
three steps: 1) Fix M and 7T, compute H; 2) Fix 7 and H,
compute M; 3) Repeat 1) and 2) until convergence, fix H
and M and reinfer 7 according to Egs. (4), (5), and (7).
These three steps are repeated until the H no longer changes.
The algorithm is summarized as Algorithm 1 in Extended
Version, which can be proven to guarantee convergence and
is with complexity of O(nlkZE), linear to n, [, and k.

Theorem 3. DISC algorithm converges to a local minimum
in a finite number of iterations.

Proof. The inner loop is proved to attain a local minimum
of z(H, M, T") within a finite number of iterations, when 7
is fixed. Then, the outer loop FE is proved to converges to
a local minimum of the objective function z(H, M,T) in a
finite number of iterations. O

4 Experiment

The experimental setup is first introduced in § 4.1. To com-
prehensively validate the effectiveness and superiority of
our method, four experiments have been conducted. § 4.2:
Clustering performance evaluation; § 4.3: Ablation studies;
§ 4.4: Convergence and efficiency evaluation; § 4.5: Qualita-
tive study of the clustering effect. The experiments are con-
ducted on an Intel 17-13500H@2.60GHz workstation with
16G RAM and MATLAB R2022b.

4.1 Experimental Setup

Experimental settings about compared methods, datasets,
and evaluation metrics are described below.

10 counterparts are compared: KMD (Huang 1998) is a
traditional method, CBDM (Ienco, Pensa, and Meo 2009),
WOCIL (Jia and Cheung 2017), CURE (Jian et al. 2018b),
CDCDR (Bai and Liang 2022), and HDC (Zhang and
Cheung 2022a) are subspace clustering baselines; CoFor-
est (Zhao et al. 2024), MCDC (Cai et al. 2024), SigDT (Hu
et al. 2025¢c), and HARR (Zhang et al. 2025b) are SOTA
clustering methods. Each method is implemented 10 times
and the average performance is reported.

12 Datasets from various domains are utilized for the
experiments. All the datasets are real public datasets col-
lected from the UCI Machine Learning Repository (Dua and
Karra Taniskidou 2017), and their statistical information is
shown in Table 1. For all the counterparts, we set k at k*,
i.e., the true number of clusters given by the dataset labels.

Three validity indices, including clustering accuracy
(ACC) (He, Cai, and Niyogi 2005) and ARI coeffi-
cients (Rand 1971; Gates and Ahn 2017). To ensure a
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No. | Dataset Abbrev. | 1 n k*
1 Car Evaluation CA 6 1728 4
2 Soybean (large) SB 35 266 15
3 Nursery School NU 8 12960 4
4 | Contraceptive Choice CC 7 1473 3
5 Amphibians AP 12 189 2
6 Dermatology DT 33 366 6
7 | Auction Verifications AV 6 2043 2
8 Obesity Levels OB 8§ 2111 7
9 Teaching Assistant TA 4 151 3

10 Bank Marking BM 9 45211 2
11 | Congressional Voting Ccv 16 435 2
12 Zoo Z0 16 101 7

Table 1: Dataset statistics. [, n, and k* are the numbers of
attributes, samples, and true number of clusters, respectively.

fair comparison, an entropy-based clustering CoMPactness
(CMP) measure is introduced to eliminate the influence of
different metric magnitudes, which is computed:

1 k l
CMP_—kz::;

The CMP quantifies attribute value concentration within
clusters and approaches zero for highly concentrated at-
tribute values, indicating cluster compactness.

or

D

—p(v;'|C;) log p(v;
log o,

r1Ci)

(1)

4.2 Clustering Performance Evaluation

The clustering performance of various methods is evaluated
using both external (ACC and ARI) and internal (CMP) val-
idation indices, as shown in Table 2. External validation
measures how well the clustering matches the true labels,
while internal validation assesses the compactness and dis-
tinguishability of the clusters.

External (label-based) validation: Overall, DISC out-
performs most methods, as shown in Table 2. The observa-
tions include: 1) DISC consistently performs well, demon-
strating its clustering superiority across all datasets. 2) On
the ACC index, DISC is slightly behind the best on SB, NU,
and CV datasets (differences under 0.015), still proves the
competitiveness of DISC. 3) DISC performs similarly to the
best methods on the ARI index, with small differences on
AV, BM, and CV datasets. 4) SigDT performs well in ACC
but poorly in ARI on CA and NU datasets. The reason is that
it over-aggregates data into a single large cluster, inflating
ACC while failing to capture inter-cluster differences, thus
lowering ARI. In contrast, DISC maintains a higher ARI,
demonstrating its ability to preserve true cluster structures.

Internal validation: As can be seen in Table 2, DISC
achieves the best rank in the CMP index, indicating supe-
rior cluster compactness and distinguishability. It can be
observed that DISC performs worse than SigDT in some
cases (e.g., on AP, AV, BM and CV datasets). This is be-
cause on these datasets, SigDT tends to partition samples
into excessively small clusters, which may surely demon-
strate higher compactness but is relatively incompetent in
exploring a proper number of prominent clusters, as con-
firmed in its weaker external validation results. It is also
worth noting that the entropy-based evaluation index we use



Indices | Data KMD CBDM WOCIL CURE CDCDR HDC CoForest MCDC SigDT HARR DISC
[DMKD’98] [TKDD’12] [TNNLS’17] [TKDE’18] [PR’22] [TPAMI’22] [ECAI'24] [ICDCS’24] [In Sci’25] [ESWA’25] (ours)
CA 0.3795+0.04 - 0.3665+0.06  0.4174+0.05 0.3376+0.06 0.3800+0.04 0.40244+0.05 0.3258+0.07  0.5336+£0.00  0.3678+0.09  0.5826+0.06
SB 0.4970£0.05 0.5248+0.05 0.5778+0.03  0.5711+0.05 0.5805+0.06 0.5226+0.06 0.5996+0.02 0.4846+0.04 0.5301+£0.00 0.5421+£0.04 0.5865+0.06
NU | 0.3315+0.03 - 0.3106£0.12  0.3110£0.02  0.29774+0.00  0.331540.03  0.2974+0.06  0.2547+0.01  0.4020+0.00  0.3127+0.04 0.3908+0.05
CcC 0.3800+£0.02  0.4087+0.02 0.3854+0.02  0.3999+0.03  0.4144+0.02 0.4269+0.01 0.4016+0.02 0.4304+0.01  0.3374+0.00 0.4284+0.01 0.4432+0.01
AP 0.5354+0.03  0.5619+0.04 0.6095+0.01 0.61644+0.01 0.6026+0.01 0.5667+0.03 0.5497+0.03 0.5545+0.03  0.5132+0.00 0.5630+0.02 0.6413+0.04
DT 0.5972+0.12  0.6201+0.15  0.6000+£0.11  0.7433+0.15  0.70504+0.11  0.6648+0.14  0.67574+0.09  0.57124+0.11  0.8436+£0.00  0.7109+0.11  0.8592+0.06
ACC AV 0.6251£0.08 0.6695+0.10 0.6610+0.13  0.6564+0.09  0.7068+0.10  0.6364+0.10 0.6669+0.10  0.6348+0.12  0.6383+£0.00 0.6441+0.14 0.7258+0.11
OB | 0.3403+0.05 0.3590+0.04 0.3622+0.03  0.379440.03  0.29234+0.04 0.3651+£0.04 0.3828+0.02  0.3596+0.03  0.3813+£0.00  0.3732+0.01  0.4251+0.02
TA 0.4073+£0.03  0.4272+0.02  0.42454+0.01 0.42254+0.03  0.3907+0.03 0.4159+0.02 0.4132+0.03  0.4298+0.03  0.4172+0.00 0.4252+0.01 0.4391+0.05
BM | 0.6395+£0.10 0.6403+0.10 0.5997+0.07  0.5804+0.06  0.6977+0.11 0.5569+0.03 0.6087+0.07  0.6052+0.08  0.2492+0.00 0.6168+0.09  0.7290+0.10
Ccv 0.8628+0.01 0.8754+0.00 0.8671+£0.00 0.8455+0.08 0.8462+0.08 0.8736+0.00 0.8768+0.00 0.8414+0.08  0.5816+0.00 0.8736+0.00 0.8759+0.00
70 0.6970£0.09 0.7287+0.07 0.6881+0.08 0.7693+0.07  0.7574+0.10 0.7287+0.08 0.7238+0.13  0.6257+0.07  0.7228+0.00  0.7257£0.03  0.8050+0.08
Average Rank 8.38 6.38 6.75 5.25 592 6.29 542 8.33 6.83 5.21 1.25
CA 0.0341+0.04 - 0.0433+£0.05  0.0548+0.05  0.0027+0.01 0.0347+0.03  0.0668+0.05  0.0043+0.01 -0.0678+0.00 0.0433+0.05 0.0964+0.07
SB 0.3245+0.04 0.3540+0.03 0.37554+0.02 0.4071+0.05 0.4104+0.07 0.3502+0.04 0.4057+0.02 0.2941+0.03  0.3811+£0.00 0.3868+0.03  0.4135+0.04
NU 0.0539+0.01 - 0.0679+0.15  0.0350+£0.02  0.07304+0.00 0.0539+0.01  0.04514+0.07  0.00274+0.00  0.0310£0.00  0.0327+0.05 0.0761+0.07
CcC 0.0043£0.01  0.0289+0.01 0.0072+0.01  0.0164+0.02  0.0218+0.01 0.0313+0.01 0.0211+0.01  0.0311£0.01  0.0231+£0.00  0.0330£0.00 0.0419+0.01
AP | 0.0002+0.01 0.016740.02 0.0410+£0.01  0.0481£0.01  0.03424+0.01 0.0151£0.02  0.0055+0.02 -0.0007+0.02  0.0470+0.00  0.0022+0.01 ~ 0.0783+0.04
DT 0.4342+0.15  0.5450+0.21 0.4774+0.16  0.6905+0.18  0.67524+0.13 0.5813+0.19 0.6163+0.11  0.4296+0.16  0.7821£0.00  0.6520+0.11  0.8122+0.07
ARI AV 0.0073£0.02  0.0365+0.02  0.04274+0.09  0.03194+0.03  0.0578+0.07 0.0199+0.02 0.0200+£0.04  0.0094+0.02  0.0752+£0.00 0.0214+0.03  0.0390+0.05
OB 0.1286+0.06  0.1389+0.04 0.1374+0.03  0.1669+0.05  0.0958+0.03 0.1497+0.05 0.1652+0.03  0.14354+0.03  0.1674+0.00  0.2032+0.02  0.2255+0.01
TA 0.0144+0.01  0.0285+0.01 0.0310+0.02 0.0188+0.01 0.0120+0.01 0.0166+0.01 0.0264+0.02  0.0377+0.02  0.0197+0.00 0.0113£0.00 0.0394+0.03
BM | 0.0281£0.02 0.0094+0.06 0.0118+0.02 -0.01634+0.03  0.0693+0.11 0.0012+0.02  0.021740.01  0.00874+0.03  -0.0177+0.00 0.0209+0.01  0.0472-+0.05
Ccv 0.5254+0.02  0.5627+0.00 0.5381+0.00  0.4948+0.17  0.4989+0.18 0.5572+0.00 0.5668+0.00 0.4831+0.17  0.3651£0.00 0.5572+0.00 0.563340.00
70 0.6456+£0.12  0.68224+0.10 0.6353+0.12  0.7350£0.11  0.7072+0.12  0.6847+0.12 0.6912+0.17  0.4950+0.16 ~ 0.5920+0.00  0.6765+0.05 0.7736+0.11
Average Rank 8.38 6.75 6.13 542 5.33 6.50 5.08 8.58 6.58 5.83 1.42
CA 0.8852+0.00 - 0.7960£0.02  0.8026+0.02  0.8271+0.01 0.8852+0.00 0.7932+0.02  0.8352+0.02  0.8792+0.00 0.8100£0.04 0.6557+0.06
SB 0.3101£0.02  0.293640.02  0.2641+0.01  0.2799+0.01  0.28244+0.01 0.2862+0.01 0.2738+0.01  0.3560+0.02  0.3899+£0.00  0.2949+0.01 0.271440.01
NU 0.8908+0.00 - 0.7948+0.04  0.8162+0.02  0.87504+0.00 0.8908+0.00 0.76884+0.01  0.8416+0.02  0.9144+0.00 0.7735+0.02  0.6610+0.06
CcC 0.6270£0.03  0.5626+0.03  0.5988+0.02 0.5942+0.02  0.5828+0.02 0.5892+0.02 0.5603+0.02  0.5799+0.02  0.5085+0.00 0.5740+0.01  0.4222+0.04
AP | 0.6083+0.01 0.6044+0.02 0.5738+0.01  0.5814+0.00 0.5730+£0.00 0.5850+0.02 0.57714+0.02  0.53784+0.05  0.5285+0.00 0.6211+0.05 0.5692-+0.03
DT 0.4240£0.02  0.4065+0.03  0.3942+0.01  0.3886+0.02  0.3804+0.02 0.3830+0.03 0.3954+0.01 0.4250+0.03  0.3673£0.00 0.3947+0.01  0.3314+0.02
CMP AV | 0.7039+0.02  0.662340.05 0.6246+£0.06  0.6194+0.08  0.6798+0.05 0.7011£0.02 0.6260+0.03  0.6317+£0.06  0.4809+0.00 0.7073+£0.05 0.6042+0.10
OB 0.3324+0.04 0.3617+0.05 0.3128+0.03  0.3289+0.04 0.41154+0.03 0.3646+0.05 0.28704+0.03  0.2779+0.03  0.3824+0.00  0.2445+0.02  0.1793+0.05
TA 0.4537+£0.05 0.4393+0.06 0.37014+0.02  0.4993+0.04  0.3273+0.07 0.5097+£0.04 0.3941+0.04 0.4701+£0.08 0.6161+£0.00 0.5332+0.01 0.3701+0.06
BM | 0.62934+0.02 0.6302+0.04 0.6016+0.03  0.6170+0.03  0.62644+0.04 0.6265+0.01  0.58064+0.01  0.6067+0.01 0.3462+0.00  0.5883+0.04 0.553040.06
Ccv 0.5514£0.00 0.5465+0.00 0.54574+0.00 0.5643+0.06 0.5616+0.06 0.5450£0.00 0.5435+£0.00 0.5669+0.07  0.5099+0.00 0.5454-+0.00 0.5328+0.00
ZO | 0.25824+0.01 0.261540.02 0.2616£0.01  0.255040.02  0.264040.02  0.2714£0.01  0.2566+0.01  0.3288+0.05  0.3442+0.00  0.2563+0.00  0.2498+0.01
Average Rank 8.58 7.92 4.83 5.83 6.42 7.67 3.92 7.08 5.75 6.17 1.58

Table 2: Clustering performance evaluated by the external ACC and ARI, and internal CMP. Larger values of ACC (ranging
from O to 1) and ARI (ranging from -1 to 1) and smaller values of CMP (ranging from O to 1) indicate better clustering
performance. The best and second-best results on each dataset are highlighted in bold and underlined, respectively.

DISC Components | Vari | Datasets |
_re w7 7 T Variants Average
RL  CPDs | | cA SB NU cc AP DT AV OB TA BM cv Z0 | Rank
v v DISC 0.5826 0.5759 0.3918 0.4432 0.6413 0.8592 0.7258 0.4251 0.4391 0.7290 0.8759 0.8050 1.08
v 1 05524  0.5568]  0.3876]  0.4193]  0.6423 0.7003,  0.7018)  0.3963]  0.4377]  0.6893]  0.8722)  0.8050— 1.83

11 03795,  0.4959)  0.3315]  0.3800) 0.5354, 05972/  0.6251)  0.3478]  0.4073]  0.6395]  0.8628 0.6970) 3.00

Table 3: ACC performance of ablated DISC variants formed by successively ablating the two core components: RL, CPDs. Red
arrows indicate performance degradation over the former more complete variant.

still has some limitations. That is, it actually measures the
value inconsistency within different clusters by only distin-
guishing whether the values are identical or different. So it
is relatively incompetent in precisely quantifying the effec-
tiveness of the adopted distance measure in grouping similar
samples to form compact clusters. In addition, the perfor-
mance of CBDM is not reported for the NS and CE datasets,
as the attributes are independent, making CBDM ineffective.

4.3 Ablation Studies

To demonstrate the effectiveness of DISC’s core compo-
nents and verify the Euclidean compatibility of our distance
metric, several ablated variants are compared from both al-
gorithmic and data perspectives, as shown in Tables 3 and 4.

From the algorithmic perspective, we evaluate the pro-
posed subspace category relationship learning mechanism
by modifying DISC to DISC’, which infers the category Re-
lationship once without iterative Learning (RL). Addition-
ally, DISC!! adopts the traditional Hamming distance and
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uses the subspace Condition Probability Distribution-based
measure (CPDs) for weight computation. Table 3 compares
the clustering accuracy of these variants. It can be seen that
DISC outperforms the others on 11 out of 12 datasets, con-
firming the effectiveness of the proposed metric learning
mechanism. DISC! with CPD-based weights consistently
outperforms DISC!! with Hamming distance, demonstrat-
ing the superiority of the probability distribution in distin-
guishing dissimilarity and improving clustering accuracy.
From the data perspective, to validate that our metric
is compatible with the Euclidean distance, we combine the
learned subspace distance metric for categorical attributes
with the Euclidean distance for k-prototypes clustering, re-
sulting in the DISC (mixed) method. Table 4 compares
it with k-prototypes (KPT) (Huang 1997) and two mixed
data clustering methods, WOCIL (Jia and Cheung 2017)
and HARR (Zhang et al. 2025b). DISC (mixed) consis-
tently outperforms all competing methods across the five
mixed datasets. Compared to the original DISC, which pro-



Data | KPT ~WOCIL HARR | DISC  DISC (mixed)
CC | 0.3983 0.3858 0.4303 | 0.4432 0.4494
AP | 05158 05723  0.5757 | 0.6413 0.6556
DT | 0.5313  0.6901  0.6145 | 0.8592 0.8615
AV | 0539 0.6733  0.6805 | 0.7258 0.7764
BM | 0.5865 0.5724  0.5222 | 0.7290 0.7423

Table 4: Clustering Accuracy on mixed datasets, formed by
adding the omitted numerical attributes back to the categor-
ical datasets in Table 1. Bold indicates the best result.
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Figure 2: Convergence curves of DISC on different datasets.
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Figure 3: Execution time (y-axis) on synthetic datasets with
different numbers of samples n and attributes [ (x-axis).

cesses only categorical attributes, the mixed datasets ex-
tension achieves further performance gains, demonstrating
seamless integration with Euclidean distance and yielding
excellent results without complex operations. This simplic-
ity validates its compatibility with Euclidean space, as dis-
cussed in Theorem 1, enabling DISC to handle heteroge-
neous data types effectively and making it a promising solu-
tion for real-world clustering.

4.4 Converge and Efficiency Analysis

To assess the convergence of DISC, we execute it on CA,
SB, and NU datasets and present the convergence curves in
Figure 2. The horizontal axis represents the number of it-
erations, while the vertical axis shows the objective func-
tion value z. The red triangles and squares correspond to up-
dates of the relation trees and the iterations where DISC con-
verges, respectively. After each relation tree update, z con-
sistently decreases, indicating alignment with the optimiza-
tion objective. DISC converges within 20 iterations, with a
maximum of 10 updates, as expected in Theorem 3.

To evaluate the efficiency of DISC, large synthetic
datasets are generated with varying attributes and sample
sizes. Two experiments are conducted: 1) Fixing the number
of attributes at [ = 20 and varying the sample size n from
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Figure 4: t-SNE visualization of the DT dataset.

10,000 to 100,000; 2) Fixing the sample size at n = 2,000
and varying the number of attributes ! from 100 to 1000.
Each attribute has five values, and £ = 5. Execution times
for all 11 methods are shown in Figure 3. DISC outperforms
HARR, MCDC, CDCDR, and CoForest on large datasets
and HARR, CURE, CBDM, sigDT, and CoForest on high-
dimensional datasets. The execution time of DISC increases
linearly with the number of samples or attributes, consistent
with the time complexity analysis. In summary, DISC is ef-
ficient compared to State-Of-The-Art (SOTA) methods and
incurs low computational cost.

4.5 Qualitative Results

To demonstrate the cluster discrimination ability of the
DISC method, the attribute distances learned by DISC, Co-
Forest, and HARR are utilized to encode the attributes of
the DT dataset for 2-dimensional t-SNE (Maaten and Hin-
ton 2008) visualization. It can be seen from Figure 4 that
DISC has significantly better cluster discrimination ability,
as it performs clustering task-oriented distance learning to
better suit the exploration of the k clusters of the DT dataset.

5 Concluding Remarks

This paper addresses a key challenge in categorical data
clustering, where existing distance learning methods are
limited by uniform category relationships across different
attributes and clusters. A novel learning framework named
DISC is introduced to integrate subspace category relation-
ships into clustering and jointly optimize them. During the
learning process, DISC infers more appropriate subspace
category relationships based on current partition, leading
to more compact clusters and superior accuracy. Theoreti-
cal analysis shows that the designed optimization algorithm
of DISC converges quickly with guarantee, and also proves
that the learned category relationships are both determinis-
tic and Euclidean-compatible. Extensive experiments on 12
benchmark datasets with statistical evidence show that the
proposed DISC significantly outperforms various state-of-
the-art methods. By bridging the gap in distance metric for-
mulation between categorical data and clustering analysis,
DISC lays a solid foundation for addressing critical subse-
quent challenges in categorical and mixed data clustering,
including the handling of high-dimensional and noisy data
as well as the automatic determination of the optimal num-
ber of clusters, which have yet to be fully explored both in
the literature and in our present study.
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