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Abstract

Data-driven discovery of governing equations from data re-
mains a fundamental challenge in nonlinear dynamics. Al-
though sparse regression techniques have advanced system
identification, they struggle with rational functions and noise
sensitivity in complex mechanical systems. The Lagrangian
formalism offers a promising alternative, as it typically avoids
rational expressions and provides a more concise represen-
tation of system dynamics. However, existing Lagrangian
identification methods are significantly affected by measure-
ment noise and limited data availability. This paper presents
a novel differentiable sparse identification framework that
addresses these limitations through three key contributions:
(1) the first integration of cubic B-Spline approximation into
Lagrangian system identification, enabling accurate repre-
sentation of complex nonlinearities, (2) a robust equation
discovery mechanism that effectively utilizes measurements
while incorporating known physical constraints, (3) a recur-
sive derivative computation scheme based on B-spline ba-
sis functions, effectively constraining higher-order deriva-
tives and reducing noise sensitivity on second-order dynami-
cal systems. The proposed method demonstrates superior per-
formance and enables more accurate and reliable extraction
of physical laws from noisy data, particularly in complex me-
chanical systems compared to baseline methods.

Introduction

Nonlinear dynamics plays a pivotal role across scientific
and engineering domains, such as chaotic weather sys-
tems, celestial mechanics, neural oscillations, etc. Deriv-
ing governing equations directly from data has emerged
as a transformative approach for understanding and pre-
dicting such complex systems. The autonomous discov-
ery of physical laws from data has been a long-standing
goal in scientific research. Deep learning provides powerful
tools for modeling dynamical systems and addressing com-
plex challenges (Battaglia et al. 2016; Lenz, Knepper, and
Saxena 2015; Sahoo, Lampert, and Martius 2018). These
models excel at approximating some fundamental physi-
cal principles,including Hamiltonians (Greydanus, Dzamba,
and Yosinski 2019) and Lagrangians (Cranmer et al. 2020),
as well as sophisticated mathematical frameworks such as
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Koopman eigenfunctions (Lusch, Kutz, and Brunton 2018).
These eigenfunctions transform nonlinear dynamics into
a linear framework within an infinite-dimensional Hilbert
space (Koopman and Neumann 1932; Kaiser, Kutz, and
Brunton 2021), offering a powerful tool for the analysis
and control of systems that are otherwise computationally
intractable. Recent work has even combined GNNs with
Koopman analysis to model molecular dynamics in an unsu-
pervised manner (Xie et al. 2019). While deep learning mod-
els often lack interpretability, and function as black boxes,
obscuring the underlying relationships between variables
and providing limited insight into the mechanisms govern-
ing these relationships, interpretable models provide a com-
pelling alternative. By offering transparent and causally in-
terpretable insights into system behavior, these models en-
able reliable predictions and a profound understanding of
complex dynamics. These approaches bridge a critical gap
by providing methods that combine accuracy with inter-
pretability.

Symbolic learning methods (Bongard and Lipson 2007;
Quade et al. 2016) seek to extract interpretable mathe-
matical models from data. A significant advancement in
this field was achieved by (Schmidt and Lipson 2009),
who introduced symbolic regression to distill physical laws
from experimental data while balancing accuracy and inter-
pretability. This approach provides a principled framework
for discovering concise representations of natural phenom-
ena. However, it scales poorly to high-dimensional systems
due to the exponential growth of the search space, limiting
its practical applicability. An alternative direction explores
symbolic neural networks (Martius and Lampert 2016; Sa-
hoo, Lampert, and Martius 2018; Long, Lu, and Dong 2019;
Petersen et al. 2021), which employ mathematical opera-
tors as activations to create interpretable models (Mund-
henk et al. 2021; Sun et al. 2023). While weight pruning
enables parsimony, their reliance on user-defined thresholds
compromises robustness. Furthermore, numerical differen-
tiation of system responses exacerbates sensitivity to noise
and sparse data, limiting practical applicability.

The Sparse Identification of Nonlinear Dynamics
(SINDy) (Brunton, Proctor, and Kutz 2016; Rudy et al.
2017) method has emerged as a powerful framework for
discovering governing equations from data. By construct-
ing a library of candidate nonlinear terms and applying



sparse regression techniques. Using techniques like sequen-
tial threshold ridge regression (STRidge), SINDy iteratively
refines sparse solutions through adaptive thresholding, en-
abling the discovery of interpretable and parsimonious mod-
els. While SINDy has demonstrated broad applicability, it
struggles with dynamics involving rational functions due
to the exponential growth of the candidate function library,
complicating sparse regression. SINDy-PI (Kaheman, Kutz,
and Brunton 2020) improves noise robustness through con-
vex optimization but is limited to low noise levels and
risks instability if incorrect denominator terms are identified.
Similarly, RK4-SINDy (Goyal and Benner 2022), which
combines Runge-Kutta integration with sparse identifica-
tion, has shown promise for simple rational systems but may
fail in complex scenarios due to potential errors in denomi-
nator selection, leading to unstable predictions. These limi-
tations call for more robust methods to handle rational func-
tions. Physics-informed learning helps recover system states
and estimate derivatives from sparse, noisy data for equation
discovery. Methods like neural networks (Sun et al. 2022)
and cubic splines (Sun, Liu, and Sun 2021; Zhang, Liu, and
Sun 2024) are commonly used.

Lagrangian provides a compact representation of system
dynamics, encapsulating all predictive information within
a single scalar function, unlike the more complex struc-
ture of differential equations. Lagrangian-SINDy (Chu and
Hayashibe 2020) formulates the total energy as a Koopman
eigenfunction with zero eigenvalue and applies sparse re-
gression to align the time derivative of this energy with the
system’s net power input, enabling accurate recovery of the
Lagrangian structure. XxL-SINDy (Purnomo and Hayashibe
2023), an extension of Lagrangian-SINDy, integrates the
SINDy framework with the proximal gradient method to
derive sparse Lagrangian representations. However, current
Lagrangian-based identification methods remain limited by
their susceptibility to noise or their dependence on substan-
tial data availability due to the chain rule differentiation re-
quired for library functions.

Contributions: The key contributions of this work are
as follows: (1) We bridge this gap by introducing a novel
framework that combines Cubic B-Spline approximation
with sparse regression for Lagrangian system identifica-
tion, providing a flexible framework for accurately mod-
eling complex nonlinearities. (2) We address critical lim-
itations of existing Lagrangian-based methods by signifi-
cantly reducing their sensitivity to noise and reliance on
large data volumes. This is achieved through a novel for-
mulation that minimizes the adverse effects of chain rule
differentiation on library functions. (3) We develop a robust
equation discovery framework that efficiently leverages lim-
ited measurements while incorporating physical constraints,
enabling precise reconstruction of governing equations via
sparse regression. By leveraging the recursive properties of
B-spline basis functions, we enable robust derivative compu-
tation and noise mitigation, particularly for second-order dy-
namical systems. This advancement opens new possibilities
for extracting physical laws from measurements, with po-
tential applications in robotics, biomechanics, and beyond.
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Methodology

We introduce a framework for differentiable sparse identifi-
cation of lagrangian dynamics. Figure 1 depicts the overall
architecture of our method.

Cubic B-Spline Approximation

B-splines are piecewise polynomial basis functions with in-
herent differentiability. Cubic B-splines provide a differen-
tiable surrogate framework, offering a flexible approach for
curve fitting. Since the first derivative of a B-spline curve is
another B-spline curve, higher-order derivatives can be com-
puted recursively by applying this property. Consequently,
the first and second derivatives of each basis function can be
efficiently obtained(see supplementary material for deriva-
tions).

To ensure the curve possesses continuous and smooth tan-
gent directions at the starting and ending nodes, meeting the
first derivative interpolation requirement, we use clamped B-
spline curves for fitting. This approach enforces the curve to
pass through the endpoints by repeating the boundary knots
p + 1 times, where p is the degree of the B-spline, ensur-
ing both endpoint interpolation and smoothness across the
curve. In the context of B-spline curves, the term P de-
notes the control points, which are a set of points used to
define the shape of the curve. The first and last control points
are set to the start and end points of the data, respectively:
Py = Dy, P; = D,,, where m and s denote the number
of data points and control points, and Dy and D,,, are the
first and last data points. For a B-spline of degree p, the first
and last knots are repeated. For example, in the case of a cu-
bic B-spline (p = 3), the knot vector U is constructed as:
U = [an UQy U, Uy UL, U2y« + oy Up—1, Upy Uy Up, ur]- This
ensures sufficient support for the boundary basis functions.
Mathematically, a B-spline curve C(u) of degree p is ex-
pressed as a weighted sum of control points P; and basis
functions N; ,(u):

C(u) =Y Niy(u)- P,
i=0

where P; represents the i-th control point, N; ,(u) is the i-th
B-spline basis function of degree p, u is the parameter within
the knot vector U. The control points P; play a crucial role
in determining the geometry of the curve. By adjusting their
positions, the shape of the B-spline curve can be precisely
controlled. Additionally, the use of clamped boundary con-
ditions ensures that the curve interpolates specific control
points, such as the start point Py and the end point P;.

(D

Network Architecture

Formulation of Lagrangian Acquisition for Dynami-
cal Systems: For a multidegree-of-freedom nonrelativistic
system, the Lagrangian £ is given by:

L=) (T~ V),

where T; and V; denote the kinetic and potential energies
of the i-th component, respectively. Given that the total La-
grangian is the sum of the Lagrangians of its individual com-
ponents, any nonlinear terms appearing in the Lagrangian
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Figure 1: Schematic architecture of differentiable sparse identification of lagrangian dynamics. (a) Measurement of the dynam-
ical system and definition of the Lagrangian equations; (b) Description of equation formulations across different systems; (c)
Loss functions under various system configurations; (d) Representation of values and their derivatives (first and second order)
using cubic B-splines for each degree of freedom; (e) Schematic illustration of the sparse representation of the Euler-Lagrange
equations; (f) Network is equivalent to solving optimization problem.

of a component will inherently be reflected in the total La-
grangian of the system.

For a system with n degrees of freedom, we formulate the
Lagrangian as a linear combination of nonlinear candidate
functions. Let ¢ = (¢1,¢2, - - -, qn) denote the generalized
coordinates of the system. g;(t) is a function describing the
time evolution of the ¢-th generalized coordinate. The Euler-
Lagrange equations govern the dynamics of the Lagrangian
system, as described by:

p
L= Moi(g,q) = ®(q, g)A. 3)

Here, ®(q, q) is the library of nonlinear candidate func-
tions, with each column being a nonlinear candidate func-
tion ¢(q, q). The vector A = (A1, Aa,...,\,) " contains
coefficients weighting each function in the Lagrangian L.

We investigate two distinct scenarios: (1) active sys-
tems with external input f_,,, and (2) passive systems
where some prior knowledge of the Lagrangian is available.
Schematic architecture of our approach and problem formu-
lation for each scenario is summarized in Figure 1.

Active dynamical systems Active systems are character-
ized by non-conservative forces (e.g., control inputs or driv-
ing forces) through external input .., = (f1, f2, ..., fu) "
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The equation for active systems is:

4)

Incorporating Eq. (3) into

dtv L=Vl =fou,

where Vg = aT; and V4 = aq
Eq. (4) for active systems gives:
Fored =3 Z MV — Z MVadr, ()

k=1
where f,.., denote the pred1cted value of the external in-
put f .., based on a coefficient vector (A1, A2, ..., A,). The

time derivative 2 7 can be further expanded using the chain
rule, yleldmg terms that involve ¢ and g as follows:

Z Mo (Vi Vadrd + Vo Vaord — Vebr) -

k=1

Passive dynamical systems Passive systems rely solely
on internal energy (e.g., potential and kinetic energy) with-
out external input. They are conservative systems where en-
ergy is conserved, and the generalized force f; is zero:

d (oL _oc _

t \ 0q oq
For passive systems, certain terms in the Lagrangian equa-
tion can still be determined based on prior knowledge of the

pred

(7



system, such as the mass of a component, gravitational con-
stant, elastic coefficient, length, and mass of objects. Fur-
thermore, as indicated by Eq. (2), the Lagrangian of the sys-
tem is constructed as the sum of the kinetic energy minus
the potential energy for all components in the system. Since
the Lagrangian is not unique, we normalize the coefficients
of the known terms to unity for simplicity. Equation (3) can
be expressed as follows:

p
L=¢1(q,9)+ > Nor(g,q). ®)
k

=1
k£l
Therefore, we can extract prior knowledge of a constituent

of the system and focus on identifying the coefficients of the
remaining terms.

Network Architecture Description: The network archi-
tecture overview, as illustrated in Figure 1. Initially, we de-
fine n sets of control points for cubic B-splines, represented
as P = {p1,p2,...,Pn} € R¥*™. These control points
are then combined with the spline basis functions N(¢)
to interpolate the system’s n-dimensional state of system:
q(t,P) = N(¢)P. Similarly, the first and second deriva-
tives of the generalized coordinates can be expressed as:

q(t,P) = N(t)P, §(¢t,P) = N(¢)P. The Lagrangian £
in Eq. 3 can be rewritten in the following form:

L=o(q(t,P),q(t,P))A. ©)

The discovery problem can be formally defined as fol-
the goal is to determine the optimal parameters P and A
such that Eq. (9) is satisfied for V¢. Here, N, represents the
number of measurement points. D¢ = {to,t1,...,tN.—1}
represents a set of N, randomly sampled collocation points,
where N, > N,,,. These points are used to improve the sat-
isfaction of physical constraints. The matrix N,, € RNm*s
represents the spline basis matrix evaluated at the measured
time instances, while Nc € RNexs denotes the derivative of
the spline basis matrix evaluated at the collocation instances.

The loss function of the proposed network consists of
two components: the data loss (Jg) and the physics loss
(Jphy)- As illustrated in Figure 1c, while the data loss is
formulated identically for both cases, the physics loss dif-
fers between active and passive systems. For active systems,
the physics loss minimizes the difference between the pre-
dicted external force f,,., and the known external force
f ot~ FOr passive systems, it minimizes the discrepancy be-
tween the terms involving prior knowledge Y;.s; and the
terms to be determined Y ,;;;;. Mathematically, training
the network is equivalent to solving the optimization prob-
lem (see Figure 1f), where «, (3, and  are weighting co-
efficients. To promote optimization, constrain higher-order
derivatives, and mitigate noise amplification caused by chain
rule differentiation—which exacerbates noise sensitivity in
second-order dynamical systems—we introduce the regular-
ization term Jyey = [ Z?Zl Al, Ncpi % ensuring better
alignment with physical principles and numerically stable.

Inspired by the STLS (Sequential Thresholded Least-
Squares) approach in SINDy, we adopt an iterative proce-
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Algorithm 1: Differentiable Sparse Identification of La-
grangian Dynamics

Input: D™, D¢, f .., or known terms

Parameter: Threshold €, weights «, 3,y

Output: Discovered L*

1: Construct nonlinear candidate function library®. Ini-
tialize B-spline control points P and library coefficients
A
Construct basis matrices N,,,, Nc, Nc
repeat

Compute: q = N,,P, g = NP, § = NP

Evaluate losses:

J=Jdg+ Jphy + ng

Update P, A via gradient descent on J

Apply STLS thresholding: A;; < 0if |A;;| < €
until convergence
return £* = ®(q,q)A"

A AR o

—_

dure to identify sparse dynamics. The process begins by fit-
ting the coefficients using ordinary least squares. A thresh-
olding step is then applied to eliminate terms with coef-
ficients below a predefined threshold, effectively enforc-
ing sparsity. The algorithm iterates by refitting the remain-
ing terms and reapplying the threshold until convergence is
achieved. This approach ensures that only the most signifi-
cant terms are retained in the final model, resulting in a par-
simonious representation of the system’s dynamics. By sig-
nificantly reducing the number of candidate functions con-
sidered during learning, this step accelerates convergence
compared to methods without hard thresholding. Finally, we
verify whether the cost function has reached the specified
tolerance. By substituting the optimal solutions P* and A*
into Eq. (9), we obtain the Lagrangian of the dynamical sys-
tem. This overall training scheme, including initialization,
optimization loops, and convergence criteria, is systemati-
cally outlined in Algorithm 1.

Experiments

To evaluate the efficacy of our method, we conducted a se-
ries of comprehensive experiments on a wide range of ideal
dynamical systems, as illustrated in Figure 2. The datasets
capture essential second-order dynamical system behaviors,
verifying the proposed modeling methodology. These in-
clude both active and passive systems: the active systems
consist of single pendulum, double pendulum, and spherical
pendulum, while the passive systems include chaotic pendu-
lum, cart-pendulum with a spring, spherical pendulum with
a spring and magnetic pendulum. For Euler-Lagrange sys-
tems, active systems are characterized by the presence of
external forces or control inputs f.,, . These external forces
are typically applied to the generalized coordinates (degrees
of freedom) of the system, enabling the modification of its
dynamical behavior. In contrast, passive systems do not have
external forces but leverage prior knowledge, e.g., gravita-
tional potential energy, to model their dynamics.



Experimental Setup

This section details the experimental setup, including the
datasets, baselines and metrics.

Datasets. We selected datasets consisting of second-order
dynamical systems. All data were generated analytically by
predefining ideal dynamical systems and simulating their
trajectories using the fourth-order Runge-Kutta method.

Baselines. To demonstrate the effectiveness of proposed
method, we compared it with the following baselines:
uDSR (Landajuela et al. 2022): A unified symbolic regres-
sion framework combines some strategies for complemen-
tary benefits. XL-SINDY (Purnomo and Hayashibe 2023): A
work integrates SINDy with classical mechanics to identify
sparse, interpretable expressions for Lagrangian dynamics.

Evaluation metrics. To evaluate the performance of our
method, we adopt several metrics. Our objective is to ac-
curately identify all relevant terms in the governing equa-
tions while minimizing the inclusion of irrelevant terms.
The relative error, denoted as /5, is defined as: /5
[[Aia — Apuell2/ || Atruel|2, Where Ajq represents the identi-
fied coefficients and Ay represents the ground truth. To
address potential bias caused by significant disparities in co-
efficient magnitudes, we introduce a non-dimensional mea-
sure for a more balanced assessment. The task of discov-
ering governing equations can be viewed as a binary clas-
sification problem (Rao et al. 2022), where the goal is to
determine the presence or absence of each term in a can-
didate library. To this end, we employ precision (P) and
recall (R) as evaluation metrics, defined as: P = ||Ajg ©
Ageello/l|Aiallos R = || Aia © Asruello/[| Atruello, Where ©
denotes element-wise product. A term is successfully iden-
tified if both A;q and A have non-zero entries.

These systems are analyzed under ideal conditions, where
all rods except those in the chaotic pendulum are assumed to
be massless. In the chaotic pendulum, the pivots of two rods
are positioned differently along their robs, leading to varia-
tions in dynamical system’s governing equation. The Euler-
Lagrange equations for all dynamical systems discussed in
this work are provided in supplementary material. The ini-
tial conditions for all experiments are randomly sampled
from a uniform distribution within a specified range for each
dynamical system, with each condition simulated for a du-
ration of 20 seconds. The candidate library is constructed
following the principle of minimal completeness, ensuring
that redundant or interfering terms (e.g., simultaneously in-
cluding sin? § and cos® 6) are excluded to maintain a con-
cise and effective representation. We evaluated the proposed
method using data corrupted by zero-mean white Gaussian
noise A(0, o) at varying noise levels. The noise was added
exclusively to the measured data. For active systems, we as-
sumed that the time-dependent external input is known. For
passive systems, we incorporate prior knowledge of a con-
stituent of the system by selecting one of the terms in the
total Lagrangian as a known quantity. This allows us to con-
strain the optimization problem and improve the accuracy of
the identified dynamics.
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Active Systems

Figure 2: Two types of dynamical systems are consid-
ered, as shown from left to right: active systems, including
single pendulum, double pendulum, and spherical pendu-
lum; and passive systems, including chaotic pendulum, cart-
pendulum with a spring, spherical pendulum with a spring
and magnetic pendulum.

Main Results

Discovery results. Based on our evaluation metrics, a de-
tailed analysis of the experimental results achieved by our
method is provided in Table 1. We evaluate our method in
comparison with XxL-SINDy and uDSR as baseline mod-
els. The results listed are averaged over five independent
trials. The evaluation metrics computed from the discov-
ered Lagrangians of different dynamical systems under var-
ious noise levels are provided. The better performing val-
ues under the same metrics are highlighted in bold. Experi-
mental results show that the performance of both models is
nearly identical under zero-noise measurement conditions.
Although the (¢5) still exhibit small errors, we consider these
errors to be within a reasonable range. Under higher noise
levels, our model demonstrates significantly lower relative
error ({2) and achieves competitive performance in terms of
precision (P) and recall (R). Overall, our method exhibits
better robustness and accuracy under noise conditions. Us-
ing the magnetical pendulum as an example, we validate
our dynamical model by comparing its predictions with the
real system (Figure 3ab). Due to chaotic divergence, precise
long-term prediction is fundamentally impossible. Although
trajectories eventually diverge, our model preserves key sta-
tistical properties (amplitude and frequency), maintaining
behavior similar to the real system. After equation discov-
ery, we incorporate a damping term to visualize the basin
of attraction diagram. It shows a close match in capturing
the chaotic dynamics. Figure 3cd compares the true basin of
attraction with the basin from our discovered model, show-
ing accurately captured chaotic dynamics. Furthermore, our
approach demonstrates exceptional suitability for scenarios
involving randomly sampled or incomplete data, a common
challenge in real-world applications. To rigorously evalu-
ate the robustness of our method against data imperfections,
we conducted a comprehensive set of comparative experi-



Cases Metrics £2 Error x1072 P (%) R (%)
Noise level 0% 1% 10% avg. 0% 1% 10% avg. 0% 1% 10% avg.
uDSR  162.44 160.00 159.66 160.7 40 33.33 33.33 3555 100 100 100 100
Single pendulum  xL-SINDy 0.31 153 26.72 9.52 100 100 100 100 100 100 100 100
Ours 041 131 1094 422 100 100 100 100 100 100 100 100
uDSR  119.40 106.42 105.48 110.43 37.50 27.27 22.22 29.00 60 40 20 40
Double Pendulum  xL-SINDy 0.30 45.23 7342 39.65 100 100 100 100 100 100 100 100
Ours 1.15 2040 21.67 1441 100 100 100 100 100 100 100 100
uDSR  131.57 13441 165.44 14381 833 7.69 7.14 7.72 33.33 33.33 33.33 33.33
Spherical pendulum xL-SINDy 0.51 120.20 83.93 6821 100 60 50 70 100 100 100 100
Ours 200 31.67 40.51 2473 100 100 100 100 100 100 100 100
uDSR 2239 280.83 170.82 225.18 80 40 27.27 49.09 80 80 60 66.67
Chaos pendulum  xL-SINDy 0.51 5.62 9.12 508 100 83.33 87.50 90.28 100 100 85.71 95.24
Ours 016 210 327 1.84 100 100 100 100 100 100 100 100
Cart uDSR 80.35 81.26 9692 86.18 75 75 2727 59.09 75 75 42.86 64.29
Sprine Pendulum xL-SINDy 134 155 16.10 6.33 100 87.50 87.50 91.67 100 100 100 100
pring Ours 142 112 242 1.65 100 100 87.50 9583 100 100 100 100
Sohere uDSR 13528 241.79 333.51 236.86 22.22 192 250 8.88 57.14 14.29 14.29 28.57
Sorin pPendulum xL-SINDy 029 275 328 211 100 87.50 87.50 91.67 100 71.43 71.43 80.95
pring Ours 039 2,60 311 2.03 100 87.50 87.50 91.67 100 100 85.71 95.23
uDSR  314.15 322.40 291.81 309.45 44.44 40 30.77 38.40 57.14 57.14 57.14 57.14
Magnetical pendulum xL-SINDy 1.56 1433 3422 1670 100 100 75 91.67 100 85.71 85.71 90.47
Ours 1.37 3.60 27.10 10.69 100 100 100 100 100 100 100 100

Table 1: Performance comparison between our proposed framework and other methods in dynamical systems

Cases Groups f2(x1072) P (%) R (%)

A 0.41 100 100

Single Pendulum B 0.41 100 100
C 12.36 33.33 100

A 1.15 100 100

Double Pendulum B 1.15 100 100
C 58.65 83.33 60

A 2.00 100 100

Spherical Pendulum B 2.04 100 100
C 91.55 50 100

A 0.16 100 100

Chaos Pendulum B 0.16 100 100
C 18.25 87.50 85.71

Cart A 1.42 100 100

Sprine Pendul B 1.40 100 100

pring Fenduium C 4725 8750 75
Spherical A 0.39 100 100

S rinp Pondulum B 1.13 100 100
pring Fendulu C 851 8570 85.70
A 1.37 100 100

Magnetical Pendulum B 3.01 100 100
C 40.55 75  85.71

Table 2: Performance under varying experimental scenarios

ments. The experimental design consisted of two distinct
groups: Group A utilized the complete time-series dataset,
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while Group B employed a dataset with 5% randomly miss-
ing samples, where the missing points were uniformly dis-
tributed across the temporal dimension. The experimental
results, as detailed in Table 2, reveal that the presence of
missing data has a statistically negligible impact on the per-
formance metrics of our method, with performance degra-
dation within an acceptable range across evaluated met-
rics. acceptable range across evaluated metrics.acceptable
range across evaluated metrics. This reflects the robustness
of B-spline curves against noise and their flexibility in han-
dling time-series data without requiring strict dependencies.
Specifically, B-splines’ local support property allows them
to adapt to irregularities in the data, such as missing points,
without significantly affecting the overall fit. Additionally,
their smoothness and differentiability ensure that the re-
constructed dynamics remain physically plausible, even un-
der incomplete or noisy conditions. These properties make
B-splines particularly suitable for applications where data
quality may vary or where strict temporal alignment is chal-
lenging to achieve.

Ablation Study. We conducted an ablation study to vali-
date the effectiveness of the module that imposes constraints
on higher-order derivatives of the system’s degrees of free-
dom. This module is designed to mitigate noise amplifica-
tion caused by chain rule differentiation, which is particu-
larly critical in second-order dynamical systems. To evalu-
ate its impact, we introduced an ablation model that excludes
the regularization term on the system’s second-order deriva-
tives. Using the chaotic pendulum as a representative exam-
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Figure 3: a Matches short-term; b Diverges long-term but
preserves key statistical properties(amplitude range, oscilla-
tions). The basins of attraction for three magnets (colored
red, blue, and green) are distributed along the edges of an
equilateral triangle. ¢ shows the true basin of attraction for
magnetic pendulum, while d displays the basin obtained
with the discovered parameters of system.
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Figure 4: Impact of Second-Order Derivative Regulariza-
tion on Performance. a: Performance of our proposed model
in fitting the measurements and their derivatives. b: Perfor-
mance of the model without the regularization term.

ple, we present the training results of the ablation model in
Figure 4, where a represents our proposed method and b rep-
resents the model without the regularization term on second-
order derivatives. Our observations reveal that, in the ab-
sence of the regularization term, the data loss of the system is
minimized (the B-spline curve achieves near-perfect fitting
of the measurement points). However, the first and second
derivatives of the time-dependent functions for the degrees
of freedom are poorly approximated, indicating a failure to
capture the underlying dynamics accurately. Specifically, the
second derivatives exhibit significant deviations from the
ground truth, leading to a substantial deterioration in both
training speed and model performance. This highlights the
importance of constraining higher-order derivatives to en-
sure physical consistency and robustness. As shown in Ta-
ble 2, Group A represents the full model, while Group C
(without regularization) exhibits degraded performance, val-
idating the necessity of regularization. These results demon-
strate that our proposed framework, which incorporates reg-
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ularization on higher-order derivatives, is essential for accu-
rate equation discovery, especially under conditions of in-
complete or noisy data. By enforcing reasonable constraints
on the system’s dynamics, our approach effectively balances
data fitting and physical plausibility, enabling reliable iden-
tification of governing equations.

Discussion and Limitation. Through our proposed differ-
entiable sparse identification of Lagrangian dynamics, we
leverage the differentiability of B-spline basis functions to
fit curves and their derivatives by optimizing control points.
Using only intuitive measurement data, our method discov-
ers Lagrangian dynamics equations for various systems, ef-
fectively mitigating noise amplification caused by chain rule
differentiation on candidate function libraries. This enables
a more accurate identification of target equations.

Although our method performs well in identifying La-
grangian dynamics equations, it still has some limitations.
When dealing with complex systems involving multiple de-
grees of freedom and high coupling, the size of the can-
didate function library increases significantly, leading to a
sharp rise in computational complexity. This not only pro-
longs training time but may also make it difficult to con-
verge to the correct solution due to combinatorial explosion.
Moreover, although B-splines exhibit strong noise resis-
tance, the computation of higher-order derivatives may still
be affected under extreme noise conditions, impacting the
model’s stability. Future work could explore more efficient
library construction methods, incorporating domain knowl-
edge or adaptive strategies, to further enhance the model’s
applicability and robustness in complex systems.

Conclusion

This work introduces a novel differentiable framework for
the sparse identification of Lagrangian dynamics from ob-
servational data. By integrating cubic B-spline approxima-
tion with sparse regression, our method effectively addresses
key limitations in existing approaches, particularly in mod-
eling complex nonlinearities and mitigating the impact of
noise. The core of our framework is a novel integration of
cubic B-splines into the system identification process, en-
abling flexible and accurate modeling of complex dynam-
ics. This approach incorporates a robust equation discovery
mechanism that efficiently utilizes limited measurements
and leverages physical constraints. Furthermore, we intro-
duce a recursive derivative computation scheme designed
specifically to reduce noise sensitivity in second-order dy-
namical systems. Experimental results demonstrate that our
method significantly outperforms baseline approaches in
both accuracy and robustness, particularly in scenarios with
high noise levels or sparse data. By leveraging the recur-
sive properties of B-spline basis functions, our framework
achieves a precise reconstruction of the governing equations
while preserving their physical plausibility. This advance-
ment enhances the reliability of data-driven discovery in
complex mechanical systems and paves the way for hybrid
models that fuse empirical insights with established physical
principles. This synthesis yields actionable understanding of
nonlinear dynamics across scientific and engineering fields.
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