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Abstract

As machine learning (ML) applications grow increasingly
complex in recent years, modern ML frameworks often need
to address multiple potentially conflicting objectives with cou-
pled decision variables across different layers. This creates a
compelling need for multi-objective bilevel learning (MOBL).
So far, however, the field of MOBL remains in its infancy
and many important problems remain under-explored. This
motivates us to fill this gap and systematically investigate the
theoretical and algorithmic foundation of MOBL. Specifically,
we consider MOBL problems with multiple conflicting ob-
jectives guided by preferences at the upper-level subproblem,
where part of the inputs depend on the optimal solution of
the lower-level subproblem. Our goal is to develop efficient
MOBL optimization algorithms to (1) identify a preference-
guided Pareto-stationary solution with low oracle complexity;
and (2) enable systematic Pareto front exploration. To this end,
we propose a unifying algorithmic framework called weighted-
Chebyshev multi-hyper-gradient-descent (WC-MHGD) for
both deterministic and stochastic settings with finite-time
Pareto-stationarity convergence rate guarantees, which not
only implies low oracle complexity but also induces system-
atic Pareto front exploration. We further conduct extensive
experiments to confirm our theoretical results.

1 Introduction

Background and motivation: As machine learning (ML)
applications grow increasingly complex, modern ML training
frameworks often need to address multiple objectives that are
potentially conflicting. As an example, in the design of online
shopping recommender systems, the objective of a training
loss function could aim to prioritize lower prices, more pop-
ular brand names, or faster delivery speeds, all of which
may be in conflict with each other. Moreover, such objective
functions could further depend on an optimal solution from
a separate and coupled optimization task, thus making the
overall training task bilevel in nature. For instance, the multi-
objective trainings in the aforementioned online shopping
recommender system could all rely on a joint pre-training of
a set of shared model parameters that define all objectives.
Similar multi-objective bilevel problem structures also arise
from multi-agent reinforcement learning with an actor-critic
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framework (Ji, Yang, and Liang 2021; Yang, Ji, and Liang
2021; Zhang et al. 2024; Qiu et al. 2023) and the pretraining-
finetuning pipeline of multi-task adaptation of a foundation
model (Chakraborty et al. 2024; Shen, Yang, and Chen 2024).
These complex problem structures create a compelling need
for multi-objective bilevel learning (MOBL).

Mathematically, an MOBL problem can be formulated in
the following general form:

QI:I’QI%RI}’ (I)(.’II) = [(bl (l‘)7 ey (Zﬁs(l')]
S.t. y*(ﬂj) S argming(xvy)a (1)

y€eERY

where ¢ (z) := f()(z,y*()), s € [S], represents an upper-
level (UL) objective function with an implicit UL decision
variable y*(x) being an optimizer of a lower-level (LL) sub-
problem. Clearly, MOBL combines the problem structures
of multi-objective optimization (MOO) and bilevel optimiza-
tion (BLO), both of which are challenging ML optimization
paradigms in their own right and have attracted a significant
amount of attention in the research community in recent years.
Although numerous algorithms have been proposed for solv-
ing MOO and BLO problems (e.g., (Konak, Coit, and Smith
2006; Sener and Koltun 2018; Yang et al. 2024a) for MOO
and (Ji, Yang, and Liang 2021; Yang, Ji, and Liang 2021;
Zhang et al. 2024; Qiu et al. 2023) for BLO, respectively; see
Section 2 for in-depth discussions), the field of MOBL re-
mains in its infancy, with many important open problems yet
to be addressed. This gap between current MOBL research
state and practical needs of MOBL arises primarily from the
following technical challenges.

Technical challenges: Solving MOBL problems is, sur-
prisingly, significantly more challenging than a straightfor-
ward combination of applying existing MOO and BLO solu-
tion techniques, which is due to the following two key factors:
First, being both multi-objective and bilevel, an MOBL prob-
lem not only inherits all the challenges of MOO and BLO,
but also sees many unique and new complications unseen
in either MOO or BLO. Specifically, due to the finite-time
constraint in solving the LL problem under the bilevel struc-
ture of MOBL problems, one typically has an inexact yj
at each iteration instead of the true solution y*(xy). This
inaccuracy in y subsequently results in a biased estimate

ﬁqﬁs(mk), which could deviate from a common descent di-
rection computed according to Ve (xy) for all objectives.



Beyond the cascaded error in V¢ (), the inaccuracy can
accumulate over iterations, causing the solution trajectory to
drift significantly from the desired target. Second, preference-
guided Pareto front (i.e., the set of all Pareto-optimal solu-
tions) exploration in MOBL is even more challenging (see
solution philosophies in Section 3 for more details), since the
Pareto stationarity (necessary condition of Pareto-optimality)
and preference alignment should be balanced in the algorith-
mic design, which is highly susceptible to the accumulative
cascaded errors inherent in the bilevel structure. Moreover,
although existing works have incorporated scalarization meth-
ods to handle preference alignment, conventional rescaling
strategies no longer apply due to the bilevel nature of MOBL
problems, thereby necessitating novel technical designs.

Main contributions: In this paper, we propose a series of
new MOBL algorithms to overcome the aforementioned chal-
lenges, all of which enjoy a fast finite-time convergence rate
guarantees and hence low oracle complexities. Collectively,
our results contribute toward establishing a theoretical foun-
dation for MOBL. Our main contributions and key results are
summarized as follows:

* We propose a unifying MOBL algorithmic framework
called weighted-Chebyshev multi-hyper-gradient-descent
(WC-MHGD) for both deterministic and stochastic set-
tings. Our WC-MHGD framework offers provable fast
finite-time convergence rates and low oracle complexi-
ties of O(e~ 1) and O(e~2) for achieving an e-Pareto sta-
tionary solution in deterministic and stochastic settings,
respectively. To our knowledge, our finite-time conver-
gence and oracle complexity results are the first of their
kind in the MOBL literature involving preference.

* It is worth pointing out that the algorithmic design and
theoretical convergence analysis of our proposed WC-
MHGD framework are highly non-trivial and far from
straightforward extensions of traditional MOO and BLO
techniques. Notably, we rigorously show that our new
dynamic weighting optimization subproblem (cf. Eq. (5))
guarantees Pareto stationarity in MOBL problems. More-
over, we establish a general result that the preference-
guided dynamic weighted hypergradient direction in
WC-MHGD satisfies a key minimum-norm condition
(cf. Lemma 5.4), which serves as a foundation for our
theoretical analysis and could be of independent interest
for other MOBL research problems.

* In addition to WC-MHGD algorithmic design and theo-
retical convergence analysis, we also offer the rationale
behind our key algorithmic approaches and the geometric
interpretation of our WC-MHGD approach in this paper,
which advances and deepens our fundamental understand-
ings of MOBL optimization theory and algorithms. More-
over, in Section 6, we conduct extensive numerical exper-
iments to verify our WC-MHGD algorithms. All of our
empirical results confirm the efficacy and effectiveness
of our WC-MHGD algorithms.

2 Related Work

In this section, we provide an overview on recent works in
MOBL to put our work in comparative perspectives. Due
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to space limitation, we relegate the overview of two closely
related research areas, namely multi-objective optimization
and bilevel optimization to Appendix B.

As mentioned in Section 1, the field of MOBL remains
in a nascent stage and results in this area are rather limited.
To our knowledge, existing works on MOBL include (Wang,
Singh, and Ray 2024; Li et al. 2024; Yang et al. 2024b; Ye
et al. 2024, 2021; Gu et al. 2023). Among these, the MOBL
algorithms proposed in (Wang, Singh, and Ray 2024; Li et al.
2024) only provided empirical results without theoretical
convergence and oracle complexity analysis. In contrast, it
was shown that algorithms in (Yang et al. 2024b; Ye et al.
2021) converge to a Pareto stationary point. However, no
finite-time convergence rate result was provided.

The most related works to our paper are (Ye et al. 2024;
Fernando et al. 2022), which have been shown to offer a finite-
time convergence rate for the deterministic and stochastic
setting, respectively. However, our work differs from (Fer-
nando et al. 2022; Ye et al. 2024) in the following key as-
pects: (1) Due to the use of less efficient value function algo-
rithmic approach, the convergence rates in (Fernando et al.
2022; Ye et al. 2024) are O(SK~2) and O(1/K ), respec-
tively. In contrast, with a judicious algorithmic design, our
WC-MHGD approach achieves a significantly faster O(1/K)
finite-time convergence rate, and covers both the determin-
istic setting and the stochastic setting simultaneously; and
(2) Our WC-MHGD approach enables a systematic Pareto
stationarity front exploration guided by preferences (see solu-
tion philosophies in Section 3 for more details). Due to space
limitation, we provide a detailed comparison in Appendix B.

3 Multi-Objective Bilevel Learning: A Primer

To facilitate our MOBL deterministic and stochastic algo-
rithm designs and theoretical convergence analysis, we first
provide a primer on MOBL in this section.

Deterministic and Stochastic Versions of MOBL: Note
that the deterministic version of the MOBL problem is stated
Eq. (1) in Section 1. For the stochastic version of the MOBL
problem, we assume the UL and LL objective functions can
be expressed in the following forms, respectively:

¢s(x) = fO (2, 5" (2)) 1= Eenrm [F) (2, 5" (2); )],
9(7,y) := E¢rr, [G(z, 95 Q)]

where 7, and 7, represent the data distributions underlying
the s-th UL and the LL objective functions, respectively. As
will be shown later, the deterministic and stochastic versions
of MOBL will have key differences in their algorithmic de-
signs and theoretical convergence analysis.

Optimality Criterion of MOBL: As mentioned in Sec-
tion 1, it is in general impossible to find a common x-solution
to minimize all UL functions simultaneously due to the pres-
ence of potential conflicts between them. As a result, it is
more appropriate to adopt the following notion of Pareto
optimality as the performance metric for MOBL.:

Definition 3.1 (Pareto Optimality). A solution z; is said
to dominate another solution x4 if and only if 1) ¢s(z1) <
¢s(x2), Vs € [S] and 2) there exists at least one s € [S]



such that the inequality holds strictly. A solution x is Pareto
optimal if no other ' dominates z.

Similar to solving most non-convex MOO or BLO prob-
lems, finding a Pareto-optimal solution in non-convex MOBL
is NP-Hard in general. As a result, it is often more practical
to search for a Pareto-stationary solution defined as follows
(a necessary condition for Pareto optimality):

Definition 3.2 (Pareto Stationarity). A solution z is Pareto
stationary if there does not exist a common descent direction
d € RP such that Vo, (z)Td < 0, Vs € [9].

Although Definition 3.2 rigorously defines the notion of
Pareto stationary solution, it is inconvenient to work with in
MOBL algorithm design. Toward this end, we will adopt the
notion of e-Pareto stationary solution defined as follows:

Definition 3.3 (e-Pareto Stationarity). Let V®(z) :=
[Voi(z),...,Vos(x)]". A solution z is e-Pareto stationary
if, for € > 0, there exists a vector A\ € RS in the S -simplex
(i.e., A is nonnegative and 17\ = 1) such that the A-weighted
gradient direction d := V®(z)\ € RP satisfies ||d|? < e.

The above e-Pareto stationarity is derived from solving the
Lagrangian dual problem of minimizing the worst descent
among all UL objectives, which is logically equivalent to
Definition 3.1 (cf. e.g., (Sener and Koltun 2018; Yang et al.
2024a; Zhou et al. 2024)). We note that Definition 3.3 not
only provides a useful metric in convergence analysis, but
also motivates our WC-MHGD algorithm design later.

MOBL Solution Philosophies: Due to the flexible multi-
objective nature of MOBL problems, there are four basic
solution philosophies commonly seen in practice, depending
on whether or not a preference weight vector r € A; (S-
simplex) associated with the UL objectives is used:

P1) Given preference 7, identify a Pareto stationary point
that aligns most closely with the preference;

P2) Explore (partially) the Pareto front first, and then allow
the decision-maker to select one from the exploration
results based on some given preference r;

P3) Allow the decision-maker to select iteratively by com-
bining 1) and 2) with changing preferences;

P4) Identify a solution based on certain global criterion rather
than relying on preference information.

In this paper, we focus on Philosophy P2, since (i) the
preference weight r could be difficult to pre-determine in
many MOBL applications; and (ii) the preference vector r
may not intersect with the Pareto front, rendering the P1
problem ill-defined. Also, we will show in Section 5 that the
P4 can be treated as a special case of our proposed solution.

Under Philosophy P2, our goal in solving a non-convex
MOBL problem is two-fold: (1) achieving a e-Pareto sta-
tionary solution; and (2) systematically exploring the Pareto-
stationarity front (i.e., the collection of all Pareto-stationary
solutions) guided by preference information.

4 The Proposed WC-MHGD Algorithms

In this section, we will first provide necessary preliminaries of
our algorithmic designs in Section 4.1. Then, we will present
our WC-MHGD algorithms for deterministic and stochastic
settings in Sections 4.2 and 4.3, respectively.
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4.1 Preliminaries

The basic idea of our WC-MHGD algorithms: To achieve

our first goal in finding a Pareto stationary solution in MOBL,
our idea is to generalize the multi-gradient descent algo-
rithm (MGDA) (Désidéri 2012) for solving MOO problems
(Coello 2007; Elsken, Metzen, and Hutter 2018; Xu et al.
2024; Sener and Koltun 2018) by replacing gradient in-
formation in MGDA with the hypergradient used in BLO
approaches, hence the name multi-hypergradient-descent
(MHGD). Specifically, MHGD can be viewed as an exten-
sion of the (stochastic) gradient descent method to the multi-
objective bilevel setting by first identifying a common UL
descent direction that reduces the values of all S UL objec-
tives, and then move along this direction with an appropri-
ately chosen step-size. If no common descent direction exists,
then the current solution is a Pareto stationary point of the
UL subproblem.

Next, to achieve the second goal in systematic Pareto-
stationarity front exploration, we propose to integrate the
weighted Chebyshev (WC) scalarization technique with our
MHGD design. The WC-scalarization transforms a vector-
valued objective function into a scalar-valued objective
function, which is more amenable for algorithm design.
Specifically, let A& represent the S-dimensional simplex.
In an MOBL problem, the WC-scalarization with a prefer-
ence vector r € Ag is defined in the following min-max
form: WC,.(®(x)):= min, max;{r;¢;(z)};_,=min, ||r ©®
®(2)||o0, where © denotes the Hadamard product. The use
of WC-scalarization in our WC-MHGD algorithmic design
is motivated by the following key fact in MOO (Golovin and
Zhang 2020; Qiu et al. 2024):

Lemma 4.1 (Pareto Optimality Equivalence). A solution x*
is weakly Pareto-optimal to an MOO problem min,, ®(z) if
and only if v* € arg min, WC,.(®(x)) for some r € Af.

Lemma 4.1 suggests that, by appropriately integrat-
ing WC-scalarization in MOBL algorithm design, we can
systematically obtain all weakly Pareto-optimal solutions
(i.e., exploring the weak Pareto front) by enumerating the
WC-scalarization preference weight vector r if the WC-
scalarization problem can be solved optimally. Indeed, com-
bining the WC scalarization and MHGD yields our WC-
MHGD framework.

The hypergradient of the MOBL problem: In our WC-
MHGD algorithms, we need to evaluate the set of all hyper-
gradients denoted by the matrix V®(x), or equivalently, to
find the hypergradient V¢, (z) of each UL objective s € [S].
Following the implicit function theorem (Zhang et al. 2024),
it can be shown that the each UL hypergradient can be com-
puted as follows (Ghadimi and Wang 2018; Ji, Yang, and
Liang 2021):

Vos(z) = Vo f O (2, 4" (2) — V2, 9(z,y" ()", (2)

where v* is the solution of the following linear equation
system V2g(z,y*(z))v = V,f(z,y*(x)). It is clear
from Eq. (2) and the definition of v* that the Hessian
V2g(z,y* (x)) being invertible is a necessary condition for
the hypergradient ¢(x) to be well-defined. Similar to most



existing works on bilevel optimization in the ML literature, in
this paper, we assume that the LL function g(x, y) is strongly
convex in y (cf. Assumption 5.1), so that VZg(z, y* (x)) is
positive definite and hence invertible. Thus, the LL solution
y*(x) can be uniquely determined.

In practice, however, since the LL subproblem is typi-
cally solved numerically, one usually does not have the exact
y*(x)-solution and can only use some estimation of y*(x)
in Eq. (2) to compute the hypergradient. Consequently, the
inexact y*(x)-information results in systematic bias in hyper-
gradient information. Indeed, most of our subsequent MOBL
algorithm designs in deterministic and stochastic settings are
centered around addressing this key challenge.

Moreover, note that the hypergradient evaluation in Eq. (2)
involves numerous first-order and second-order oracle evalua-
tions (i.e., the gradient information, the Jacobian information,
and the Hessian information), all of which are computation-
ally expensive. Therefore, to evaluate the efficiency of our
proposed algorithms, we adopt the oracle complexity met-
ric (Zhang et al. 2024). Specifically, we let Ge(f(*), €) denote
the number of the first-order oracle evaluations (i.e., partial
gradients V, f(*) and V,, f(*)) for f(*)(x,y), s € [S]. Also,
for a vector v and a positive €, we let JV(g, €) and HV(g, ¢)
represent the numbers of second-order oracle evaluations
in Jacobian-vector product V2, ¢(, y)v and Hessian-vector

product V3 g(x,y)v, respectively. Then, the oracle complex-

ity is defined as follows:

Definition 4.2 (Oracle Complexity of MOBL Algorithms).
The oracle complexity of an MOBL algorithm is defined as
the total required numbers of first-order and second-order or-
acle evaluations for the algorithm to converge to an e-Pareto-
stationary solution.

With all these preliminaries, we are now in a position to
present our WC-MHGD algorithms.

4.2 The Deterministic WC-MHGD Algorithm

As illustrated in Algorithm 1, our deterministic WC-
MHGD algorithm adopts a “double-loop” structure. In the
inner-loop, we perform gradient-descent-style updates to ap-
proximately find the optimal y* (), )-solution in the k-th outer
iteration. To accelerate convergence, we apply a “warm start”
technique inspired by (Ji, Yang, and Liang 2021): the out-
put from the end of the previous round of inner iterations
serves as the initial point for the current round of inner it-
erations. After D inner iterations, y,’? will be used as an
estimation of y* (). In the k-th iteration of the outer-loop,
we offer two options to compute the hypergradient for each
UL objective s € [S]. Option 1 performs N steps of the

conjugate-gradient method (CG) to solve the linear equation

system V2g(zg,yP )v = V, f*) (2, yP) to obtain ol

which is used to compute the hypergradient as:

Vos(zr) = Vo /O (@, yP) — V2, 9(zr, g2 )oY, ()

In comparison, Option 2 approximates the Hessian inverse

with the Neumann series [V2g(zx, yp)] ™! ~ HjD:_t-li-l(I —
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Algorithm 1: Deterministic WC-MHGD.

1: Input: The numbers of iteration K, D, N, initialization
values xg, Yo, Vo, preference r, and step-sizes «, (.
2: fork=0,1,...,K — 1do

3: Setyp =yl ,if k> 0and yo otherwise.

4. fort=1,2,...,Ddo

5: Update y§, = y4 ' — aVyg(wk, v b).

6: end for

7. for s € [S] do

8: Option 1: Conjugate-Gradient(CG)

9: Set v](:)’o = v](:_)’lN if £ > 0 and vy otherwise.
10: Solve Vzg(:vk, yPv = Vyf(s)(:ck, yP) for N

steps from v\*? to get v{ .

11: Compute V¢, (z) according to Eq. (3).
12: Option 2: Neumann-Series(NS)
13: Compute @(j)s(mk) according to Eq. (4).
14:  end for

15:  Compute )\ according to Equation (5).
16:  Update x;11 =z — BV P(ak)(r © Ag).
17: end for

Vag(xy, yi)) and compute the hypergradient as:

D
V(@) =Vof O (ar, ) —a Y V2, g(wn,h)
t=0
-1 | @)
[T (- V3g(@ry)) Vs @, ul).
Jj=t+1

With the hypergradients obtained from Egs. (3) or (4), the
heart of our WC-MHGD algorithm is to solve the following
convex quadratic programming problem to find the optimal
A-weights to linearly combine hypergradients:

win | K(r © V)2 —u AT (r © ®(o))
B MHGD WC—Scalarization 5)
st.1'A=1,

where v > 0 is a tunable parameter, and K :=
(V®(24) TV®(24))2 € RS*S, Upon obtaining A} by solv-
ing Problem (5), we compute the update direction dj(u) by
taking the gradient of the Lagrangian of Problem (5) to yield
di(u) = V®(z1) (r©AY). For brevity, we will simply denote
A} and dy(u) as A\ and dj, respectively, when the context
is clear. Four important remarks are in order on Problem (5),
which is a new design unseen in the literature:

1) The first term in Problem (5) plays the role of searching
for a Pareto-stationary solution. To see this, it is insightful to
recognize that the first term || K (r ® A)||? in Problem (5) is
equivalent to [|[V®(z)(r ® A)||? in the k-th iteration (it is
advantageous to use K instead of @@(mk) since the dimen-
sion of K is typically much smaller (S < p)). Consequently,
|K(r @ N|? = ||[V®(xg)diag(r)\||?, where diag(r) de-
notes the diagonal matrix with elements in » on the main
diagonal. | K (r ® \)||? can be viewed as an r-scaled version



Algorithm 2: Stochastic WC-MHGD.

1: Input: The numbers of iteration K, D, (), initialization
values x, yo, preference r, and step-sizes a;, 5.
2: fork=0,1,..., K do
3: Sety) =yP | if k > 0and yo otherwise.
4 fort=1,2,...,Ddo
5 Draw a sample batch 7;_1, and update y}, = yfc_l —
aVy Gz, yi ' Ti-1).
6: end for
7. Draw sample batches Dg, Dy .
8: forse[S]do
9: Draw sample batch D3..
10: Set v,(:)’o =V, FO) (1, yP; D}).

11: Compute v,(:)’Q via algorithm 3, and V¢, (zx) =

V., F) (a1, yPs Dy) — V2,Glak, yP's Da)oy .
12:  end for
13:  Compute Ay according to Eq. (5).
14:  Update zp1 = x — BV®(z)(r © Ag).
15: end for

of || V® () A||2. Since r is strictly positive, the A-vector that
minimizes ||V®(x)A||? provides a common descent direc-

tion d = V®(x;,)(r ® \) that improves all objectives. It is
worth pointing out that the use of || K (r ® \)||? instead of the
quadratic term ||® (%) A||? in the original MGDA (Désidéri
2012) is a major novelty in this paper. Indeed, this above
Pareto-stationarity intuition can be made rigorous and stated
as follows (proved in Appendix D):

Lemma 4.3 (Pareto Stationarity). For any preference r €
R¥ ., if the first term in Eq. (5) satisfies K (r ® X) = 0, then
Pareto stationarity is achieved.

2) The second term —AT (r ® ®(x})) in Problem (5) is
used to facilitate the WC-scalarization for systematic Pareto
stationarity front exploration. To see why this term is cor-
responding to the WC scalarization, note that the primal
WC problem can be written as minimizing a scalar y sub-
jectto r ® ®(x) < ~1, which effectively minimizes the
weighted loss in £,,-norm sense (Momma, Dong, and Liu
2022). Then, by taking the Wolfe dual to incorporate Pareto-
stationarity conditions, this WC-related objective transforms
into maximizing u\ " (r ® ®(zy)), or equivalently minimiz-
ing —u\T (r ® ®(xy,)).

3) By choosing an appropriate u-value, the objective func-
tion in Problem (5) strikes a balance between minimizing
Pareto-stationarity gap under preference r and systematically
explore Pareto-stationarity front following the r-weighted
WC scalarization. Specifically, if Pareto-stationarity front
exploration is of higher priority, one can choose a larger
u-value. Otherwise, a small u-value favors minimizing the
Pareto-stationarity gap of the obtained solution. Geometric
insight of Problem (5) is provided in Appendix C due to
space limitation.

4) In addition to the new algorithmic design of Problem (5)
(as shown in Lemma 5.4), we also emphasize that the overall
framework design of WC-MHGD approach is a consequence
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Algorithm 3: Hessian-vector Product v,(:)’Q Computation

1: Input: The number of iteration (), initialization values
{9, samples Dy = {B;}5_, and step-sizes 1.
forj=1,2,...,Qdo

Use B, to compute G, (y) = y — nV,G(z,y; Bj).
end for
Set ()@ = v,(f)’o.
fori=Q,Q—1,...,1do

Compute p(9)7=1 = p(s)i VG, y; Bi)v),
end for
Output: v{""? = 3¢ (i1,

R e A U

of the special problem structure in MOBL. Specifically, we
note that a family of BLO algorithms (namely SOBA-based
approaches update UL and LL variables x and y simultane-
ously in each iteration, (Dagréou et al. 2022; Liu et al. 2023a))
achieves efficient convergence rate in the context of BLO.
However, such SOBA-based approaches are not applicable
in MOBL when multiple objectives are taken into account,
since the v-variables lose their dual variable meaning as their
counterpart in the single-objective setting. In contrast, our
WC-MHGD method handles LL and UL variables in an alter-
nating manner to avoid the explicit use of dual variables. This
overcomes the limitation of the SOBA-based approaches and
is specifically designed for MOBL problems.

4.3 The Stochastic WC-MHGD Algorithm

The stochastic WC-MHGD is illustrated in Algorithm 2,
which shares a similar structure and is based on the same intu-
ition as in Algorithm 1. The key differences of the stochastic
WC-MHGD algorithm include: (1) In the ¢-th inner loop it-
eration, the y-updates are conducted in a stochastic gradient
descent fashion with a sample batch 7;_; and similar warm
start technique as in deterministic WC-MHGD. (2) In the

k-th outer loop iteration, the Hessian-vector product v,(f)’Q

required for hypergradient computation is inspired by (Ji,
Yang, and Liang 2021), which also uses the Neumann series
technique for Hessian inverse approximation as shown in Al-
gorithm 3. However, the computation of v ,(CS)Q is significantly
more complex compared to the deterministic case and care
must be taken to tame oracle complexity. Similar to (Ji, Yang,
and Liang 2021), we select mutually independent datasets B;
with exponentially shrinking sizes in Algorithm 3.

S Pareto-Stationarity Convergence Analysis

In this section, we start by introducing several assumptions re-
quired for our analysis, which are followed by the main finite-
time convergence results of our WC-MHGD algorithms.

Assumption 5.1 (LL Objective Function). For any = € RP,
g(x,-) in the deterministic setting and G(z,-;¢) in the
stochastic setting are p4-strongly-convex with respect to y
for some constant f15 > 0.

We note that Assumption 5.1 is standard and has been widely
adopted in the literature (Ji, Yang, and Liang 2021; Yang, Ji,
and Liang 2021; Liu et al. 2023b; Hu et al. 2023; Yang, Xiao,



and Ji 2023; Gong, Hao, and Liu 2024). On one hand, strong
convexity ensures that the Hessian inverse Vyg(x y) ! well-
defined and that the solution to the LL subproblem can be
uniquely determined; on the other hand, it enables the quan-
tification of the error between the approximated and ground-
truth hypergradients.

Assumption 5.2 (Smoothness). There exist positive con-
stants M, L, 7, and p, such that for any s € [S] and any
2,2 € RPT4, the following Lipchitz continuity conditions
hold under the deterministic setting:

I (z) — F9() < M|z -2,
V£ () = V&) < L)z — 2|,
IVg(2) — Vg()|| < L|jz — #||,

IV2y9(2) = V3,9 < 7z = 2|,
IV59(2) = Vg < pllz = 21,

where || - || denotes the ¢2-induced norm (abbreviated as || - ||
in the sequel for simplicity). In addition, the stochastic func-
tions F(*)(2;¢) and G(z; ¢) also satisfy their corresponding
smoothness assumptions for any sample pairs £ and (.

We note that the above smoothness assumptions are also
standard and have been widely adopted in the literature for
convergence analysis (Ghadimi and Wang 2018; Ji, Yang,
and Liang 2021; Qiu et al. 2023; Yang, Ji, and Liang 2021;
Lin et al. 2024). Lastly, we make the following assumption
on the variance of the LL objective function as follows:

Assumption 5.3 (Bounded LL Variance). The LL stochastic
gradient VG(z; () has a variance bounded by a constant
o> 0,ie,E||[VG(z;¢) — Vg(2)|? < o2

Convergence Rate of the Deterministic WC-MHGD: We
let dj, = V(b(xk)diag( )Ax for any k € {0,..., K}. Also,
weletk = IT denote the condition number and deﬁne Ly =

3
L 2LEErME g pLMALErLM g pL M — ©(%). We first

state a key result to establish the coni/ergence of our WC-
MHGD method, which is new for MOBL problems and not
in the MOO and BLO literature.

Lemma 5.4 (Preference-Guided Minimum-Norm Lemma).
Let X} be obtained from solving Problem (5) for some u > 0
and thus the update direction is dy,(u) := V®(x},)(r © \%).
Let 7yqx be the maximal element of r. For any s € [S] and
r e A}', there exists a sufficiently small v such that the

following holds: ||dy,(u)||? < 27 mar(di(u), Vs (x)).

Lemma 5.4 plays an important role in the subsequent anal-
ysis. While the relationship between the derived direction dj,
and the gradient V¢, (z;) in MGDA is well understood, it
only holds in conventional MOO settings. Therefore, adopt-
ing the newly designed Problem (5) is essential for MOBL
problems. However, this new design also implies a new com-
mon descent direction dy(u), for which no existing works
have characterized its properties. To this end, we establish
Lemma 5.4 to reveal how dy,(u) correlates with 7 and V,.
The result proved in Lemma 5.4 further leads to our finite-
time convergence rate result, which is stated as follows:
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Theorem 5.5 (Finite-Time Convergence Rate of Determin-
istic WC-MHGD). Under Assumptions 5.1 and 5.2, for
any preference r € A'§+ and € > 0, by choosing o <
%, B = min{m,i}, D Z @(/‘Qlog%), N Z
O(vrlogl), and K > O(k3e™"), the following results of
Algorithm 1 hold:

e The iterates under the NS option satisfy:

K-1
i ||d ”2 24TmﬂxL¢(¢S(m0) — ¢S($K))
K K
=0
4M? Lp)?
+ (12 + 2470 L) - (”‘ﬂf P apg)P !
Hg
2L (L + p1g)%(1 — auy)P L2M?(1 — apy)?P
L2 0 )P M )|
Hg Hg
o The iterates under the CG option satisfy:
1 K-1 12TmaxL¢ <¢s(x0) - ¢s(xK) + 6D,NXO)

lde|l* <
k=0

K

+ 24(rmax Ly + 1)M25D,NQ% +6dp,NX0s

2N
where ép,x = T(1 = apg)? + 612 (Y27 ) 0 =

2
487 (k2 + M 4 MES)T o = flyo — y* (z0) |2 + luo

2 and T and x are positive constants.

The following oracle complexity results immediately fol-
low from Theorem 5.5:

Corollary 5.6 (Oracle Complexity of Deterministic
WC-MHGD ). To achieve an e-Pareto stationary point, by
choosing D and N as Appendix D, Algorithm 1 achieves the
following oracle complexities:

¢ NS: Gelfy0) = Olle”1S), Gel) = Ol
WV(g,6)=O(k*e15), HV(g, ) = O(r*e15).
e CG: Gc(f,e) = O(H3€_1S) Gc(g, €) = O(kte™D),

(g, )=0(k3¢715), HV(g, €)=0(r35¢189).

Compared to single-objective BLO approaches (e.g., (Ji,
Yang, and Liang 2021)), both options in Algorithm 1 achieve
the same convergence rate of O(1/K). Also, all oracle com-
plexity bounds increase by a factor of .S, which is due to the
fact that oracle samples are needed for each of the S UL ob-
jectives. Notably, Theorem 5.5 indicates that, even with more
complex preference incorporation, our WC-MHGD approach
still converges to a neighborhood of a preference-guided
Pareto stationary point. This highly non-trivial preference-
guided Pareto-stationarity convergence, which is similar to
that of the conventional MGDA method, critically depends
on our new algorithmic design in Problem (5) — a main con-
tribution of this work as pointed out previously.

Convergence rate of the stochastic WC-MHGD: With
the same notation as in the deterministic setting, we state the
result of the stochastic WC-MHGD algorithm as follows:



Theorem 5.7 (Finite-Time Convergence Rate of Stochas-
tic WC-MHGD). Under Assumptions 5.1 to 5.3, for c2my

preference r € Ag"' and € > 0, by choosing o = i
9
ﬁ = min{m,ﬁ}, n S %, D = @(K/log(e_l)),

and K = @(%3) the following results of Algorithm 2 hold:

K
1 - 3M?(k? +1)
= E||d]? <y —r"—H
= > Elldx —

: (1 " 2L¢rmax)
k=1

12L 47 maxV N
- (6v + =2 Ellyo -y (w0)?
L k802 kP 5 KD -
ol 25 o0,
+ % T+D9+Df+B+n( Nitg)
L_Hg B2L2V Tmax

2D
where v = O(k?), v = 16 (LJF#H)

batch-sizes satisfy |Bo+1—j| = BQ(1—nug)’ ! forj € [Q],
BQ(1 —npg)?~! > 1, Q@ = O(rlog(rk2e)).

The following oracle complexity results immediately fol-
low from Theorem 5.7:

Corollary 5.8 (Oracle Complexity of Stochastic
WC-MHGD ). To achieve an e-Pareto stationary
point, by choosing parameters as Appendix D, Al-
gorithm 2 achieves the following oracle complexi-
ties: Ge(f,¢€) O(k%728), Gc(g,e) = O(k'2e72),
IV(g,e)=0(k8e29), HV(g,¢) =O(r%e725).

Theorem 5.7 shows that, as the numbers of iterations and
batch sizes increase, Algorithm 2 converges to a neighbor-
hood of a Pareto stationary solution at rate O(1/K). Com-
pared to the single-objective BLO approaches (e.g., (Ji, Yang,
and Liang 2021)), the oracle complexity results in Theo-
rem 5.7 increase by a factor 2. This is because stochastic
MOBL methods require more data to address the bilevel er-
ror propagation issue of each UL objective and mitigate the
discrepancy between approximate and true hypergradients.

Lastly, we note that preference information may not always
be available in certain MOBL applications. For such MOBL
problems, we can still establish their Pareto-stationarity con-
vergence rate results in terms of dj under the special case
without r. In fact, we show that the Pareto-stationarity con-
vergence rate in this special case can be further tightened
thanks to the simplified structure of the problem. Due to
space limitations, we present this result in Appendix D.

6 Numerical Experiments

Experiment settings: a) The Deterministic Setting Experi-
ments: We use a 5-way 5-shot meta-learning task to test Algo-
rithm 1 on the FC—-100 dataset (Oreshkin, Rodriguez Lépez,
and Lacoste 2018), thus we have S = 5 objectives. For these
tasks, we consider multiple models comprising shared pa-
rameters and task-specific parameters. The corresponding
MOBL problem involves minimizing the training loss by first
determining the task-specific LL parameters and then finding
the optimal shared LL parameters based on the LL solutions
to minimize the validation loss. We set (K, D) = (500, 32)
and v = 10 by default. We set the preference vector r as:
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Prefer Obj 1
Prefer Obj 2
Prefer Obj 3
Prefer Obj 4
Prefer Obj 5
Extremely Prefer Obj 1
Extremely Prefer Obj 2
Extremely Prefer Obj 3
Extremely Prefer Obj 4
Extremely Prefer Obj 5

Figure 1: Pareto front exploration of Algorithm 1.

—— WC-MHGD
MOML
FORUM

Figure 2: Comparison between algorithms.

i) rs = 0.8 for some s € [S] and ry = 0.05, Vs’ # s; and
i) rs = 0.96 for some s € [S] and ry = 0.01, Vs’ # s.
Those objectives with ¢ = 0.8 and s = 0.96 are referred to
as “preferred” and “extremely preferred,” respectively. Each
experiment is averaged over 4 trials.

b) The Stochastic Setting Experiments: We use a data
hyper-cleaning task to test Algorithm 2 on the MNI ST dataset
(LeCun et al. 1998). Under 5 different corruption rates p
(hence S = 5 objectives), multiple models share the same
UL regularization parameter based on the updates of their
p-specific LL parameters. We set (K, D) = (150, 200) and
u = 10 by default. Each experiment is averaged over 5 trials.
The detailed setups can be found in Appendix E.

Experiment Results: Fig. 1 shows how Algorithm 1 con-
verges to preference-guided Pareto stationary points. We can
see that the accuracy of the more preferred objectives are
consistently higher than those of the less preferred objectives.
Moreover, for those extremely preferred objectives, this trend
becomes more pronounced. The outer gray area demonstrates
that our WC-MHGD algorithm effectively explores a large
Pareto stationarity footprint. Fig. 2 highlights that Pareto
exploration allows Algorithm 1 to cover a larger portion of
Pareto front, compared to MOML (Ye et al. 2021) and FO-
RUM (Ye et al. 2024). Due to space limitation, we relegate
further experimental details and results in Appendix E.

7 Conclusion

In this paper, we investigated MOBL problems and proposed
a unifying WC-MHGD algorithmic framework, which offers
finite-time Pareto-stationarity convergence guarantees, low
oracle complexities, and systematic Pareto-stationarity front
exploration capability. Our numerical results further verified
the effectiveness of our proposed algorithms.
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