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Abstract

Model robustness indicates a model’s capability to generalize
well on unforeseen distributional shifts, including data cor-
ruptions and adversarial attacks. Data augmentation is one
of the most prevalent and effective ways to enhance robust-
ness. Despite the great success of the diverse augmentations
in different fields, a unified theoretical understanding of their
efficacy in improving model robustness is lacking. We theo-
retically reveal a general condition for label-preserving aug-
mentations to bring robustness to diverse distribution shifts
through the lens of flat minima and generalization bound,
which de facto turns out to be strongly correlated with ro-
bustness against different distribution shifts in practice. Un-
like most earlier works, our theoretical framework accommo-
dates all the label-preserving augmentations and is not limited
to particular distribution shifts. We substantiate our theories
through different simulations on the existing common cor-
ruption and adversarial robustness benchmarks based on the
CIFAR and ImageNet datasets.

Code — https://github.com/pyoo96/aug-flatmin-robustness

Introduction
Model robustness, which is a critical factor of deep mod-
els in applications requiring high reliability, such as au-
tonomous vehicles and medical diagnosis, entails maintain-
ing performance against data distribution shifts. In the past
decade, data augmentation has been widely used as a popu-
lar and pragmatic technique to enhance the model perfor-
mance, as well as the robustness against data corruption,
adversarial attacks, or even domain shifts (Xu et al. 2023;
Zhao et al. 2020; Haddouche et al. 2025; Hendrycks et al.
2021a). The intuition of its efficacy relies on the belief that
augmentations enrich the training data distribution, which
allows models to easily extrapolate to unseen data distribu-
tions, which is the so-called generalization capability.

Despite the utility of augmentations, a unified theory for-
mally clarifying how augmentations can enhance model ro-
bustness against diverse distribution shifts has not been well
established. Prior analyses are mostly confined to either par-
ticular augmentations or adversarial robustness (Zhao et al.
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2020; Rebuffi et al. 2021b; Najafi et al. 2019; Rebuffi et al.
2021a). Although some studies step forward from the afore-
mentioned works, their analyses rely solely on empirical ob-
servations without a theoretical rationale, or the focus is ex-
clusively on certain categories of distribution shifts (Zhang
et al. 2024; Gao et al. 2020; Li et al. 2021).

In this paper, we offer a series of theoretical insights,
including a sufficient condition (termed the PSA condi-
tion), that explains how label-preserving data augmenta-
tions can bolster model robustness against general distribu-
tional shifts through the lens of flat minima. Our analysis
has two main branches: i) First, we mathematically bridge
the general form of label-preserving augmentations to the
improved generalization bound. To give a brief sketch of
our development, we start to demonstrate the equivalence
between the input space region covered by the augmented
samples and the corresponding parameter space region with
the same loss values (formalized by Theorem 1). Based on
the equivalence, we then claim that the augmentation sat-
isfying the PSA condition flattens the loss surface on the
parameter space (Theorem 2), finally reaching to the im-
proved generalization bound against distribution shifts via
leveraging the flattened loss surface (Theorem 3). ii) Next,
we validate our theoretical findings by evaluating existing
augmentation methods across different robustness bench-
marks, encompassing data distribution shifts caused by com-
mon corruptions and adversarial attacks. Our findings show
that when augmentations have non-negligible sample cov-
erage near the original image–which aligns with the PSA
condition–they consistently enhance model robustness. In
contrast, when augmentations fail to improve robustness,
they exhibit negligible density near the original image, in-
dicating that PSA serves as both a sufficient condition for
robustness and a factor highly correlated with robustness.

Preliminaries
Basic Notations
Let us consider an input x ∈ Rn from input space X , which
is paired with a target label y ∈ Rc from label space Y ,
where n and c are the dimensions of the input space and the
label space. A model f(·; θ) : Rn → Rc parameterized by
θ ∈ Rp maps a given input to the estimated label, where
p is the dimension of the model parameter space. The loss
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Figure 1: A conceptual overview of how augmentations can relate to model robustness. Theorem 1 shows that the neighbor-
ing region of an input datapoint can be mapped to an equivalent region in the parameter space (and vice versa). Theorem 2
demonstrates that ensuring a nonzero probability for an augmentation within this neighborhood (PSA condition) promotes flat-
ter minima in parameter space by effectively regulating the proximal regions of both the input and parameter spaces. Finally,
Theorem 3 presents a generalization bound for models trained with augmentations, insisting that augmentations with dense
representations near the original image foster a tighter generalization gap.

function L(·, ·) quantifies how far the predicted label f(x; θ)
deviates from the true label y, expressed as L

(
f(x; θ), y

)
.

Given a dataset {(xi, yi)}Ni=1 of N samples drawn from data
distribution D, the true risk and the empirical risk are:

ED(θ) := E(x,y)∼D
[
L(f(x; θ), y)

]
(1)

ÊD(θ) :=
1

N

N∑
i=1

L(f(xi; θ), yi) (2)

respectively, where ED(θ) and ÊD(θ) denote the true and the
empirical risk.

Data Augmentation Data augmentation A(·) : Rn → Rn

augments a given input x to augmented input x̃ := A(x).
Let us further represent it with the difference between the
original input and the augmented one: x̃ := A(x) = x + δ,
where δ ∈ Rn. 1 Also, we define PA(x̃|x) as the probability
density function of an augmented sample x̃ given x. Finally,
we let D̃ := {(A(x), y) : (x, y) ∼ D} represent the aug-
mented dataset.

Model Flatness
Definition Model flatness characterizes the extent of
change in the model’s loss values across proximate points in
the parameter space. When the loss rapidly changes around

1By formulating augmentation as an additive perturbation, we
transform the perturbation on the parameter space to one on the
input space. Details are in the following section.

the found minima, it indicates that the model is located at
sharp minima. Otherwise, it denotes flat minima when the
loss varies smoothly. The change of losses around the model
parameters can be formalized as follows:
max

∥∆∥≤γ
E(x,y)∼D

[
L(f(x; θ +∆), y)− L(f(x; θ), y)

]
, (3)

where ∆ ∈ Rp is the perturbation around model parameter
θ that maximally increases loss within a radius γ > 0.

Sharpness-aware minimization The most popular prin-
cipal way for finding flatter minima is Sharpness-Aware
Minimization (SAM) (Foret et al. 2021), which formally
transforms loss minimization into a min-max optimization:

min
θ

max
∥∆∥≤γ

E(x,y)∼D[L(f(x; θ +∆), y)], (4)

As formulated in the work of (Foret et al. 2021), when
adding the loss value at θ, only the first term of (3) re-
mains, yielding the objective function in (4). Through the
minimization of the maximization term, SAM aims to find
the minima θ with flatter loss surfaces around γ radius.

How Can Augmentations Enhance
Robustness?

In this section, we provide a rigorous link between data
augmentations and improved generalization capability. Our
main claims are twofold: i) Translation between equivalent
input manifold and parameter manifold, ii) Association of
flatter loss in the input space via augmentations with param-
eter space flatness, leading to a reduced generalization gap.
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Translation Between Input and Parameter
Perturbations
Consider a perturbation δ ∈ Rn around an input vector
x. Intuitively, there should be a corresponding perturbation
∆ ∈ Rp around the parameter θ that yields the same output,
i.e., f(x + δ; θ) = f(x; θ + ∆). Moreover, for any pertur-
bation in the closed ball {δ ∈ Rn : ∥δ∥ ≤ γ} in the input
space, we hypothesize an equivalent or compensatory region
CΘ in the parameter space—that is, for every ∥δ∥ ≤ γ, there
is a matching parameter perturbation ∆ ∈ CΘ producing the
same output.

Conversely, the same intuition in reverse applies to pa-
rameter perturbations. Consider a perturbation ∆ ∈ Rp

around θ. For any ∥∆∥ ≤ γ, we posit an analogous compen-
satory region CX in the input space such that f(x; θ+∆) =
f(x + δ; θ). Specifically, there is some input shift δ ∈ CX
that replicates the same output change induced by ∆.

Our goal is to formalize this duality of perturbations in
both the input and parameter spaces. We now present the
notion of functional compensatory sets, which identifies the
precise sets of input shifts needed to compensate for every
parameter perturbation of norm up to γ, and vice versa.

Functional Compensatory Sets
Definition 1. (Functional Compensatory Sets)

(A) Parameter-to-Input. Given a dataset D = {xi}Ni=1 and
a parameter perturbation set {∆ ∈ Rp : ∥∆∥ ≤ γ}, a
functional compensatory set CX in the input space satisfies:

For every x ∈ D and ∥∆∥ ≤ γ, there exists δ ∈ CX s.t.
f(x; θ +∆) = f(x+ δ; θ).

This set CX is not necessarily unique, and it characterizes
all possible input shifts that replicate the effect of parameter
perturbations within norm γ.

(B) Input-to-Parameter. Given a dataset D = {xi}Ni=1 and
an input perturbation set {δ ∈ Rn : ∥δ∥ ≤ γ}, a functional
compensatory set CΘ in the parameter space satisfies:

For every x ∈ D and ∥δ∥ ≤ γ, there exists ∆ ∈ CΘ s.t.
f(x+ δ; θ) = f(x; θ +∆).

This set CΘ need not be unique, and captures all possible
parameter shifts that replicate the effect of any input pertur-
bation within norm γ.

Formalizing the Input–Parameter Perturbation Duality
The following result shows that an n-dimensional ball in the
input space, whose radius depends on dataset D and the Ja-
cobian’s singular values, can compensate for any parameter
perturbation ∥∆∥ ≤ γ. Conversely, the same analysis guar-
antees that a p-dimensional ball in the parameter space, de-
termined by D and the Jacobian, can compensate for any
input perturbation ∥δ∥ ≤ γ.

Let J be the Jacobian of a function f : Rn × Rp → Rc,
where Rn,Rp, and Rc are the input, parameter, and out-
put spaces. The Jacobian matrix J ∈ Rc×(n+p) can be de-
composed into its input side and the parameter side par-
tial derivatives, i.e. J = [Jx Jθ], where Jx ∈ Rc×n and

Jθ ∈ Rc×p. We will use the notation Jx(xi) and Jθ(θ)
when we need to explicitly represent the evaluation of Jx

and Jθ at point xi ∈ Rn and θ ∈ Rp, respectively. Finally,
let σxi

min and σθ
max represent the mininum and the maximum

values of the matrix Jx(xi) and Jθ(θ).
Grounded on an o-minimal structure and the lazy train-

ing phenomenon of conventional neural networks, we utilize
Sard’s theorem (Sard 1942; Morse 1939) together with Tay-
lor expansion to build the functional compensatory sets. We
construct two sets—SX and SΘ—that fulfill the definition
of functional compensatory sets CX and CΘ as follows:

Theorem 1. (Input–Parameter Duality via Functional Com-
pensatory Sets) Consider a function f : Rn × Rp → Rc.

(A) Parameter-to-Input Define the ball of parameter pertur-
bations {∆ ∈ Rp : ∥∆∥ ≤ γ} and

SX =

{
δ ∈ Rn : ∥δ∥ ≤ max

x∈D

(σθ
max

σx
min

)
γ

}
.

Then, SX is always a functional compensatory set for the
parameter perturbation ball and dataset D.
(B) Input-to-Parameter Conversely, define the ball of input
perturbations {δ ∈ Rn : ∥δ∥ ≤ γ} and

SΘ =

{
∆ ∈ Rp : ∥∆∥ ≤ max

x∈D

(σx
max

σθ
min

)
γ

}
.

Then, SΘ is always a functional compensatory set for the
input perturbation ball and dataset D.

Proof. See Appendix B.1.

Remark 1.1. (Loss Stability Across Input and Parameter
Spaces) Ensuring the model’s loss is low on all datapoints
within a small neighborhood around x (i.e., for all x+δ with
δ ∈ SX ) guarantees that the corresponding neighborhood
in parameter space {θ + ∆ : ∥∆∥ ≤ γ} also has low loss.
Conversely, if the model’s loss is low within a small neigh-
borhood around the parameters (i.e. θ + ∆ for ∆ ∈ SΘ),
then any corresponding input perturbation δ with ∥δ∥ ≤ γ
also yields low loss. Hence, stability in the input space in-
duces stability in the parameter space, and vice versa.

Linking Augmentations to Model Flatness and
Generalization
Built upon the theorems above, we now formalize how aug-
mentations can lead to a flatter loss landscape around the
minima and the improved generalization capability. Before
providing the details, let us rephrase the formal definition of
flat minima, which is called b-flat minima (Shi et al. 2021):

Definition 2. (b-flat local minima) Given loss L(·, ·) and
dataset D, a model parameter θ ∈ Rp is b-flat minima if the
followings hold for the perturbation on parameter ∆ ∈ Rp:

For all ∥∆∥ ≤ b, ÊD(θ +∆) = ÊD(θ) and

For some ∥∆∥ > b, ÊD(θ +∆) > ÊD(θ).

27881



Distance CIFAR-10 CIFAR-100
AugMix RandAug PixMix DeepAug StyleAug AugMix RandAug PixMix DeepAug StyleAug

γ = 0.01 0.0025 0.0064 0.0014 0.0000 0.0000 0.0024 0.0060 0.0011 0.0000 0.0000
γ = 0.05 0.0100 0.0064 0.0015 0.0000 0.0000 0.0107 0.0060 0.0011 0.0000 0.0000
γ = 0.10 0.0205 0.0065 0.0015 0.0000 0.0000 0.0202 0.0061 0.0012 0.0000 0.0000
γ = 0.50 0.0959 0.0391 0.0015 0.0001 0.0000 0.0993 0.0378 0.0012 0.0001 0.0000

Table 1: Empirical CDF
(
FN (γ)

)
for selected distance thresholds (γ) on CIFAR datasets, illustrating sample density near the

original image over different augmentation methods. The higher the eCDF value, the stronger an augmentation satisfies PSA
condition. Sorted in descending order. (Italic entries have near-zero probability (< 5 · 10−5), and bold entries exceeds 0.01.)

For input x, an augmentation A induces a distribution of
variants x̃ near x. Let γA be the largest radius of a ball
around x with nonzero probability density. If γA > 0, we
say A covers the local neighborhood. We now formalize this
property and later show that it is critical for robustness.

Condition. (Proximal-Support Augmentation (PSA))
Given x ∈ Rn and augmentation A(·), the probability

density function PA(x̃|x) satisfies:

For all ∥δ∥ ≤ γA, PA(x̃|x) > 0, (5)

where δ = x̃− x and γA is some positive real number.

PSA is a condition that covers any label-preserving aug-
mentation and ties it to flat minima. It serves as a testable
rule by setting a local coverage requirement around x. Dis-
carding dependencies on the model’s interpolation ability
between data points, PSA is a strong condition for zero loss
over all neighborhoods of inputs for any architectures.

Let γA be the radius value for PSA, and D̃ represent the
augmented dataset with respect to D under PSA condition.
Let Θ∗ and Θ̃∗ be the sets of the optimal model parameters
whose elements θ∗ ∈ Θ∗ and θ̃∗ ∈ Θ̃∗ satisfy the following
equalities, ED(θ∗) = 0 and ED̃(θ̃∗) = 0, respectively. Then
our claim is that the minimum b-flatness among the solution
parameters in Θ̃∗, shows large b (flatter) than the minimum
b-flatness among the solutions in Θ∗, which is trained on D:

Theorem 2. (Flatness of θ̃∗) Let θ∗ ∈ Θ∗ and θ̃∗ ∈ Θ̃∗ be
b∗ and b̃∗-flat minima, respectively. The following inequality
holds:

min
θ∗∈Θ∗

b∗ ≤ min
θ̃∗∈Θ̃∗

b̃∗.

Proof. See Appendix B.2.

Remark 2.1. (Any augmentation with nearby represen-
tations around the original promotes flatter minima) The
key understanding of the theorem above is that if augmenta-
tions cover the ball-shaped region around the given original
sample with radius γA, then the model θ̃∗ suppresses the
loss values of the region. Next, the flat-region on the input
space is translated to the functional compensatory set re-
gion on parameter space, which at least contains {δ : ∥δ∥ ≤(
maxx∈D σθ

max/σ
x
min

)−1 · γA}.

The final linkage to the generalization capability is
straightforward by relying on the prior theoretical results

that bridge Robust Risk Minimization (RRM) and the gener-
alization bound (Cha et al. 2021). As RRM targets flat min-
ima, Theorem 2 shows that augmentations further flatten the
optimum’s neighborhood, and directly tightens the bound in
Theorem 3. Let us define γΘ :=

(
maxx∈D σθ

max/σ
x
min

)−1 ·
γA, then the following theorem holds:

Theorem 3. (Generalization bound) Given M covering sets
{Θk}Mk=1 of parameter space Θ with Θ =

⋃M
k=1 Θk and

diam(Θ) = supθ,θ′∈Θ ||θ − θ′||2, where M =
⌈

diam(Θ)
γΘ

⌉p
,

and VC dimension vk for each Θk, the following inequality
holds with probability at least 1− δ:

ET (θ̃∗) < ÊD̃(θ̃
∗) +

1

2
Div(D, T ) (6)

+ max
k∈[1,M ]

[√
vk log(N/vk)

N
+

log(M/δ)

N

]
,

where Div(D, T ) = 2 supA |PD(A)−PT (A)| measures the
maximal discrepancy between the source and the target dis-
tributions D and T , and N is the number of samples drawn
from D̃.

Proof. See Appendix B.3.

Remark 3.1. (Augmentations can improve generaliza-
tion against data distribution shifts) The theorem implies
that the minimization of empirical loss for the augmented
dataset, i.e., ÊD̃(θ̃∗), directly aims the tighter generaliza-
tion bound on target distribution T . Also, the term M is re-
lated to γA, which measures how augmented data distribu-
tion covers a wider range (referred to PSA condition.) When
augmentation covers a wider range around the original sam-
ple, i.e., a larger γA, it suppresses M , leading to the smaller
last term of generalization bound. For trivial γA ≃ 0, the
flatness and bound tightness gains vanish.

Empirical Examination on Proximal Density,
Model Flatness, and Robustness

To empirically validate our theory, we examine proxi-
mal density, model flatness, and robustness on different
benchmarks. Earlier, we established that any label-invariant
augmentation assigning nonzero probability density to the
neighborhood of the original image (PSA condition) maps
to an analogous region in parameter space (Theorem 1),
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Dataset Metrics ERM AugMix RandAug PixMix DeepAug StyleAug

CIFAR-10
µPAC-Bayes ↓ 168.83 117.16 (-51.67) 110.80 (-58.03) 102.87 (-65.96) 67.74 (-101.09) 122.80 (-46.03)

LPF ↓ 1.43 0.54 (-0.89) 0.45 (-0.98) 0.37 (-1.06) 0.72 (-0.71) 1.13 (-0.30)

ϵsharp ↓ 40.90 25.16 (-15.74) 24.47 (-16.43) 26.57 (-14.33) 55.63 (+14.73) 130.64 (+89.74)

CIFAR-100
µPAC-Bayes ↓ 181.10 155.74 (-25.36) 149.79 (-31.31) 134.58 (-46.52) 72.24 (-108.86) 129.02 (-52.08)

LPF ↓ 2.37 1.84 (-0.53) 1.69 (-0.68) 1.42 (-0.95) 2.37 (0.00) 3.95 (+1.58)

ϵsharp ↓ 42.39 39.32 (-3.07) 37.76 (-4.63) 33.14 (-9.25) 84.48 (+42.09) 302.81 (+260.42)

Improvement Rate 6/6 6/6 6/6 3/6 2/6

Table 2: Flatness metrics of ERM and different augmentations on CIFAR datasets. Overall, when augmentation meets the PSA
condition (nonzero probability near the original image) strongly, the flatter minima are found consistently. (↓: The lower the
better, i.e., flatter minimum.)

Benchmarks ERM AugMix RandAug PixMix DeepAug StyleAug

CIFAR-10-C ↓ 30.54 15.24 (-15.30) 19.65 (-10.89) 10.60 (-19.94) 31.92 (+1.38) 30.50 (-0.04)

CIFAR-10-C ↓ 31.35 20.28 (-11.07) 20.64 (-10.71) 14.60 (-16.75) 36.75 (+5.40) 36.57 (+5.22)

CIFAR-100-C ↓ 59.04 42.64 (-16.40) 46.59 (-12.45) 35.20 (-23.84) 62.34 (+3.30) 70.91 (+11.87)

CIFAR-100-C ↓ 62.43 48.38 (-14.05) 48.32 (-14.11) 40.20 (-22.23) 67.91 (+5.48) 76.56 (+14.13)

CIFAR-10, L2 ↓ 77.61 70.76 (-6.85) 76.15 (-1.46) 65.81 (-11.80) 91.18 (+13.57) 91.06 (+13.45)

CIFAR-10, L∞ ↓ 98.49 99.10 (+0.61) 99.86 (+1.37) 99.46 (+0.97) 100.00 (+1.51) 99.98 (+1.49)

CIFAR-100, L2 ↓ 98.73 92.76 (-5.97) 96.06 (-2.67) 90.69 (-8.04) 98.44 (-0.29) 99.69 (+0.96)

CIFAR-100, L∞ ↓ 99.94 99.67 (-0.27) 99.94 (0.00) 99.69 (-0.25) 99.99 (+0.05) 99.98 (+0.04)

Improvement Rate 7/8 6/8 6/8 1/8 1/8

Table 3: Comparison of different augmentation methods against ERM across multiple robustness scenarios over CIFAR datasets,
including common corruptions (CIFAR-10/100-C/C) and adversarial attacks (L2, L∞). In essence, augmentations that closely
adhere to the PSA condition enhance model robustness in general. Conversely, augmentations that do not enhance robustness
are ones that fail to satisfy the PSA condition. (↓: The lower the better, i.e., lower error.)

which in turn induces flatter minima (Theorem 2) and yields
a tighter generalization bound (Theorem 3). Therefore, when
augmentation populates rich proximal representations for a
given dataset (PSA condition strongly met), it should yield
flat minima and strong robustness gains under distribution
shifts. In contrast, when augmentation fail to bring robust-
ness, the PSA condition will not be satisfied.

Augmentation Methods to Be Considered

Following the taxonomy of Xu et al. (2023), augmentations
can be categorized into model-free, model-based, and policy-
based augmentations. Among existing augmentation strate-
gies, we focus on established methods shown to improve ro-
bustness or generalization, rather than on the latest or most
basic techniques. For the model-free augmentation type,
we select AugMix (Hendrycks et al. 2021b) and PixMix
(Hendrycks et al. 2022), which are augmentations relying on
mixing multiple clean images to the original image. For the
model-based augmentation type, we choose StyleAug (Jack-
son et al. 2019) and DeepAug (Hendrycks et al. 2021a),
which utilize image-to-image models to diversify the style
of the clean images. Finally, among the policy-based aug-
mentation type, we consider RandAugment (Cubuk et al.
2020), which learns the policy for augmenting images.

Tests on Proximal Density

We first measure each augmentation’s proximal density to
the original image over different datasets via observing the
empirical cumulative distribution function (eCDF) of L2

distances on the widely used CIFAR and (tiny)ImageNet
datasets (Deng et al. 2009; Krizhevsky, Hinton et al. 2009).
While there exist sophisticated visual-semantic distance
metrics (e.g., SSIM, LPIPS), they are not input space met-
rics. Thus, we have chosen L2 distance to reflect our
input-parameter space duality. Specifically, we compute how
quickly the eCDF accumulates at smaller values, which pro-
vides a clear indicator of each augmentation’s density near
the original image. Formally, the eCDF of distances {di}Ni=1

is defined as FN (γ) = 1
N

∑N
i=11{di≤ γ}, where 1{·}

is the indicator. High values in the low-distance region of
FN (γ) imply a large fraction of augmented samples remain
close to the original image, signaling strong PSA compli-
ance. In contrast, a low accumulation near small γ indi-
cates weak adherence. Our analysis reveals that, for the CI-
FAR datasets (Table 1), AugMix, RandAug, and PixMix ful-
fill the PSA condition, whereas DeepAug and StyleAug do
not comply, ranked in decreasing order of adherence. For
(tiny)ImageNet, AugMix, DeepAug, PixMix, and RandAug
conform to the PSA condition in descending order, with
StyleAug again underperforming.
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Distance tinyImageNet ImageNet
AugMix DeepAug PixMix RandAug StyleAug AugMix DeepAug PixMix RandAug StyleAug

γ = 20.0 0.0010 0.0008 0.0005 0.0003 0.0000 0.0005 0.0005 0.0002 0.0001 0.0000
γ = 30.0 0.0054 0.0047 0.0023 0.0014 0.0000 0.0031 0.0028 0.0013 0.0009 0.0000
γ = 40.0 0.0182 0.0163 0.0084 0.0051 0.0009 0.0113 0.0110 0.0054 0.0034 0.0001
γ = 50.0 0.0446 0.0399 0.0237 0.0136 0.0087 0.0317 0.0311 0.0169 0.0104 0.0008

Table 4: Empirical CDF
(
FN (γ)

)
for selected distance thresholds (γ) on (tiny)ImageNet datasets, illustrating sample density

near the original image over different augmentation methods. Once again, higher eCDF values mean stronger PSA condition
compliance in augmentations. Sorted in descending order.

Tests on Model Flatness
We now explore how an augmentation’s density near the
original image affects flatness in model parameters, linking
our results from Theorem 1 and 2 with empirical flatness.

Flatness metrics. We assess each model using three
quantitative measures: PAC-Bayesian flatness measure
µPAC-bayes (Jiang et al. 2020), local sharpness ϵsharp (Keskar
et al. 2017), and Loss-Pass Filter (LPF) metric, a strong in-
dicator of generalization (Bisla, Wang, and Choromanska
2022). Each of these metrics reflects the difference between
the proximal loss around a model parameter and its origi-
nal loss, which aligns well with our theoretical framework.
We therefore avoid purely “pinpoint-based” measures (e.g.,
maximum Hessian eigenvalues or their traces), as they do
not fully capture our theorems’ emphasis on local neighbor-
hoods in parameter space. For details, see Appendix C.2.

Experimental results. We train WideResNet-40-2 on CI-
FAR datasets and ResNet18 on (tiny)ImageNet dataset, fol-
lowing common conventions. For details on training, see
Appendix C.2. Table 2 and 5 report the flatness metrics
on CIFAR and (tiny)ImageNet. On CIFAR, PSA compli-
ance (Table 1 and 4) is mostly monotone with flatness.
Augmentations with larger proximal density (AugMix, Ran-
dAug, PixMix) consistently beat ERM, whereas DeepAug
and StyleAug give weaker gains. On (tiny)ImageNet, the
same trend holds but is less ordered—AugMix and PixMix
improve all six metrics, DeepAug and RandAug improve
most, and StyleAug again brings little benefit, indicating that
PSA is a strong but not exclusive factor that drives flatness.

Tests on Model Robustness
We investigate whether augmentations having rich proximal
density (firmly fulfilling PSA condition) fosters robustness
against different distribution shifts (Theorem 3).

Benchmarks and Metrics Robustness denotes a model’s
capacity to maintain performance under unforeseen data
corruptions and perturbations. We employ well-established
benchmarks for common corruptions (CIFAR-10/100-C/C,
tinyImageNet-C, ImageNet-C) (Hendrycks and Dietterich
2019; Mintun, Kirillov, and Xie 2021) and adversarial ro-
bustness (untargeted PGD-L2 and L∞ attacks on CIFAR,
tinyImageNet, and ImageNet datasets) (Madry et al. 2018).
The error values in Table 3 and 6 represent mean corrup-
tion errors (mCE) and adversarial errors for the common
corruption and adversarial robustness benchmarks, respec-
tively. Further details on benchmark and metric specifica-

tions are in Appendix C.3.
Experimental results. We utilize the same WideResNet-

40-2 and ResNet18 models used in flatness measures to
evaluate their robustness against distribution shifts (Table 3
and 6.) Fundamentally, stronger adherence to the PSA con-
dition reveals an augmentation’s effectiveness in conferring
robustness to diverse distribution shifts, consistent with The-
orem 3. For further experiments including varying backbone
networks (Springenberg et al. 2015; Huang et al. 2017; Xie
et al. 2017), refer to Appendix C.4 and D.

Discussion and Future Work
In this section, we outline the strengths, limitations, and
potential directions for future research stemming from our
work. The primary contributions of our study are:

• We first offer a series of theories to explain how aug-
mentation can improve robustness in flat minima view-
point, end-to-end fashion.

– While prior research has explored the relationship
between augmentations and robustness, to the best
of our knowledge, no existing work has utilized the
concept of flat minima to establish this connection.

• We first establish a formal connection between the fam-
ily of label-invariant augmentations and robustness un-
der general distribution shifts.

– Previous studies faced limitations such as focusing
solely on: i) experimental analysis, ii) particular aug-
mentation, or iii) specific distributional shifts.

– In contrast, our theories and analyses do not impose
such restrictions on augmentations or benchmarks.
We validate our findings through experiments across
diverse robustness benchmarks.

Despite these contributions, our work has certain limita-
tions. First, we do not provide the kind of extensive experi-
mental validation across many benchmarks as done in tech-
nical reports. Second, our theorems do not directly cover
label-manipulating augmentations such as Mixup (Zhang
et al. 2018) and CutMix (Yun et al. 2019). Although our
framework can be extended to incorporate label-mixing aug-
mentation by setting δ toward the input mixture, this would
require fixing a specific label-mixing rule and would restrict
theory generality to the particular augmentation. Thus, we
omit label-manipulating augmentations from our main anal-
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Dataset Metrics ERM AugMix DeepAug PixMix RandAug StyleAug

tinyImageNet
µPAC-Bayes ↓ 136.83 109.18 (-27.65) 128.41 (-8.42) 106.26 (-30.57) 109.36 (-27.47) 102.72 (-34.11)

LPF ↓ 5.95 3.81 (-2.14) 4.96 (-0.99) 3.40 (-2.55) 4.04 (-1.91) 4.33 (-1.62)

ϵsharp ↓ 15.35 13.09 (-2.26) 25.02 (+9.67) 10.72 (-4.63) 21.30 (+5.95) 35.40 (+20.05)

ImageNet
µPAC-Bayes ↓ 219.22 210.63 (-8.59) 211.41 (-7.81) 187.89 (-31.33) 215.58 (-3.64) 235.40 (+16.18)

LPF ↓ 8.70 8.12 (-0.58) 8.67 (-0.03) 8.22 (-0.48) 8.76 (+0.06) 9.27 (+0.57)

ϵsharp ↓ 36.80 30.73 (-6.07) 29.00 (-7.80) 32.76 (-4.04) 36.32 (-0.48) 60.06 (+23.26)

Improvement Rate 6/6 5/6 6/6 4/6 2/6

Table 5: Flatness metrics of ERM and different augmentations on (tiny)ImageNet datasets. Overall, augmentations with non-
negligible density near the original image (i.e., better satisfying the PSA condition) tend to find flatter minima than ERM. This
trend is clear but not perfectly monotone.

Benchmarks ERM AugMix DeepAug PixMix RandAug StyleAug

tinyImageNet-C ↓ 74.76 63.48 (-11.28) 56.14 (-18.62) 61.51 (-13.25) 66.92 (-7.84) 79.42 (+4.66)

ImageNet-C ↓ 69.37 69.34 (-0.03) 56.68 (-12.69) 61.51 (-7.86) 66.88 (-2.49) 75.52 (+6.15)

tinyImageNet, L2 ↓ 57.77 61.84 (+4.07) 52.86 (-4.91) 58.38 (+0.61) 63.19 (+5.42) 83.13 (+25.36)

tinyImageNet, L∞ ↓ 99.94 99.93 (-0.01) 99.95 (+0.01) 99.98 (+0.04) 99.98 (+0.04) 100.0 (+0.06)

ImageNet, L2 ↓ 76.16 76.06 (-0.10) 75.37 (-0.79) 75.44 (-0.72) 76.09 (-0.07) 87.71 (+11.55)

ImageNet, L∞ ↓ 99.70 99.69 (-0.01) 99.62 (-0.08) 99.63 (-0.07) 99.70 (+0.00) 99.92 (+0.22)

Improvement Rate 5/6 5/6 4/6 3/6 0/6

Table 6: Comparison of various augmentation methods against ERM across multiple robustness scenarios, including common
corruptions (tinyImageNet-C, ImageNet-C) and adversarial attacks (L2, L∞). Essentially, the closer an augmentation aligns
with the PSA condition, the higher its potential to ensure robustness when confronted with differing distribution shifts.

Dataset Metrics AT AT + AugMix

CIFAR-10
µPAC-Bayes ↓ 158.15 113.78 (-44.37)

LPF ↓ 1.25 0.58 (-0.67)

ϵsharp ↓ 16.36 10.29 (-6.07)

CIFAR-100
µPAC-Bayes ↓ 207.90 161.89 (-46.01)

LPF ↓ 2.95 2.11 (-0.84)

ϵsharp ↓ 20.81 10.34 (-10.47)

Table 7: Flatness evaluations of AT (FGSM, ϵ = 8/255) and
AT + AugMix on CIFAR-10/100.

ysis, leaving integration and further schemes to future work.
While not commonly done in augmentation literature, ad-

versarial training (AT) can also be regarded as a specific type
of augmentation and serve as a baseline (Addepalli, Jain
et al. 2022; Li and Spratling 2023). AT improves robust-
ness to norm-bounded attacks but stays brittle under large
distribution shifts (e.g., common corruptions). We hypothe-
size that such a phenomenon occurs since AT has limitations
in promoting large b-flat minima due to diminutive pertur-
bations. Therefore, combining AT with augmentations that
generate samples in both short-distance and long-distance
range (e.g., AugMix) helps counteract its vulnerability to
large shifts, by effectively boosting γA ≫ 0 (Table 7, 8).

Finally, it is well known that models trained with flat-
minima optimizers, such as Sharpness-Aware Minimization
(SAM) (Foret et al. 2021) and Stochastic Weight Averaging
(SWA) (Izmailov et al. 2018), generalize better under distri-

Robustness Benchmarks AT AT + AugMix

CIFAR-10-C ↓ 24.12 15.39 (-8.73)

Common CIFAR-10-C ↓ 3.25 1.30 (-1.95)

Corruption CIFAR-100-C ↓ 52.50 44.03 (-8.47)

CIFAR-100-C ↓ 7.36 3.74 (-3.62)

CIFAR-10, L2 ↓ 69.24 62.86 (-6.38)

Adversarial CIFAR-10, L∞ ↓ 94.55 98.40 (+3.85)

Attacks CIFAR-100, L2 ↓ 89.28 88.60 (-0.68)

CIFAR-100, L∞ ↓ 98.42 99.75 (+1.33)

Table 8: CIFAR-10/100 robustness benchmark results of AT
and AT + AugMix.

bution shifts. However, the mechanism by which data aug-
mentation fosters flat minima remains underexplored. We
bridge this gap by introducing a simple sufficient ”proxi-
mal support” condition and proving that PSA encourages flat
minima. See Appendix D for further discussions on applica-
tions, flat-minima optimizers, and adversarial training.

Related Works
Data Augmentations
Existing augmentation techniques can be categorized into
model-free, model-based, and policy-based approaches, fol-
lowing the classification proposed in Xu et al. (2023).

Model-free augmentations are further subdivided into
single-image and multi-image techniques. Single-image
methods encompass basic image operations like translation,
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rotation, and color jitter, as well as masking strategies such
as CutOut (DeVries and Taylor 2017) and Hide-and-Seek
(Kumar Singh and Jae Lee 2017). These transformations
have been shown to enhance model performance on target
data distributions efficiently and with low overhead. Multi-
image augmentations involve composing multiple opera-
tions and blending elements from different images. Among
label-manipulating multi-image methods are techniques that
combine pairs of distinct images and their labels, including
Mixup (Zhang et al. 2018) and CutMix (Yun et al. 2019).
These approaches are widely recognized for their ability
to boost model performance. Subsequently, label-preserving
multi-image methods like AugMix (Hendrycks et al. 2021b)
and PixMix (Hendrycks et al. 2022) have demonstrated su-
perior effectiveness in enhancing model robustness.

Model-based augmentations leverage pretrained models
to produce augmented data. Several techniques employing
generative models, such as CGAN (Mirza and Osindero
2014) and its variants (Douzas and Bacao 2018; Mariani
et al. 2018; Ali-Gombe and Elyan 2019; Yang and Zhou
2021), are designed to mitigate data imbalance issues. Addi-
tional methods, including DeepAugment (Hendrycks et al.
2021a), ANT (Rusak et al. 2020), and StyleAug (Jackson
et al. 2019), focus on improving classifier robustness to com-
mon corruptions, adversarial attacks, or domain shifts. More
recently, pretrained diffusion models combined with effec-
tive prompt engineering (Islam et al. 2024; Li et al. 2024)
has proven successful in enhancing performance across var-
ious vision tasks.

Policy-based augmentations focus on designing an auto-
matic way to determine the optimal augmentation strategies
by employing reinforcement learning or adversarial train-
ing. From a pioneering method, AutoAugment (Cubuk et al.
2019) that utilizes reinforcement learning for finding the
best augmentation strategies, subsequent works such as Fast
AA (Lim et al. 2019), Faster AA (Hataya et al. 2020), and
RandAugment (Cubuk et al. 2020) aim to enhance both the
efficiency of policy search and the model performance. Ad-
versarial training-based augmentation strategies, including
AdaTransform (Tang et al. 2019), Adversarial AA (Zhang
et al. 2020), and AugMax (Wang et al. 2021) leverage ad-
versarial perturbations which maximally disturbs samples to
be misclassified into other labels, finally leading to improve
model robustness against unseen domains.

Despite the effectiveness of augmentation methods in
enhancing model performance, prior studies have focused
more on their practical use rather than on understanding their
theoretical impact on model robustness to data shifts.

Augmentations and Model Robustness
A number of previous works have tried to reveal the rela-
tionship between augmentation and model robustness.

Liu et al. (2024) has provided a game-theoretic perspec-
tive on augmentations and introduces a new proxy metric
for measuring common corruption robustness. Zhao et al.
(2020) and Volpi et al. (2018) have theoretically found out
that adversarial perturbations in the latent space can simu-
late worst-case distributional shifts in the data. Rebuffi et al.
(2021b) have empirically found out that Mixup and CutOut

with model weight averaging is shown to improve adver-
sarial robustness. Yang et al. (2020) has shown that Mixup
enlarges boundary thickness, the marginal space between
differently labeled samples, which is deemed to be highly
correlated with adversarial robustness and common corrup-
tions. Yin et al. (2019) interpret the augmentation-originated
gains in model robustness by explaining that augmentations
make deep models utilize both high and low frequency in-
formation of images so as to enhance model robustness
against data corruptions. Najafi et al. (2019) and Alayrac
et al. (2019) have theoretically shown that utilizing unla-
beled data in training can improve adversarial robustness.
Hendrycks et al. (2021a) have empirically found out that ex-
ploiting diverse augmentations together improves robustness
against both adversarial and common corruptions.

Nonetheless, most of the prior interpretations of how aug-
mentation contributes to model robustness are either con-
fined to specific types of augmentations and robustness or
empirical analysis. None of the prior works generally ex-
plain how augmentations can theoretically improve model
robustness across diverse distributional shifts.

Flat Minima and Robustness
The relationship between flat minima in the loss landscape
and improved generalization performance has been well-
established in several seminal works (Haddouche et al. 2025;
Cha et al. 2021; Zhang et al. 2024; Bian et al. 2024; Lee and
Yoon 2024). Flat minima refer to regions in the optimization
landscape where the loss function remains relatively stable
and insensitive to small perturbations in the model parame-
ters, which often correlate with better generalization to un-
seen data. For instance, Haddouche et al. (2025) establishes
a rigorous theoretical link between these flat minima and su-
perior generalization capabilities in over-parameterized neu-
ral networks, achieving this by refining the PAC-Bayes gen-
eralization bound originally proposed in Dziugaite and Roy
(2017). This refinement provides a more precise quantifica-
tion of how flatter regions can lead to models that perform
more reliably on out-of-distribution data.

In a similar vein, Cha et al. (2021) demonstrates that flat
minima contribute to tighter bounds on generalization error,
supported by both theoretical analysis and practical experi-
ments. Their approach highlights dense weight averaging as
a practical and efficient heuristic for locating such minima
during training, showing through empirical validation that
it consistently enhances model performance across various
benchmarks. Furthermore, Zhang et al. (2024) investigates
how sharpness-aware minimization (SAM) relates to adver-
sarial training (AT), demonstrating that SAM can replicate
AT’s behavior under the restrictive setting of Gaussian in-
puts and linear models. Because their theoretical analysis is
confined to binary classification and Gaussian data, our the-
orems and the PSA condition have an edge in applying to
general data distributions.

Despite these advances, prior work still leaves the open
question of how data augmentation itself steers optimization
toward flat minima. Our contribution addresses this critical
gap by forging a direct connection between data augmen-
tation strategies and the identification of flat minima, while
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also demonstrating their pivotal role in bolstering model ro-
bustness against a wide array of general distribution shifts,
such as those encountered in real-world scenarios involving
domain variations or noisy inputs.

Other Related Works
Jiang et al. (2023) investigates how to preserve fairness un-
der distribution shifts by reinterpreting such shifts as equiv-
alent perturbations to both model weights and inputs, em-
ploying a transportation function. Still, their work focuses
on group fairness with respect to demographic parity and
equal opportunity, and demonstrates only the feasibility of
this equivalence without further extensions.

Zhong, Zhu, and Yang (2024) shows in binary classifica-
tion that flatter minima mitigate the boundary tilting prob-
lem (Tanay and Griffin 2016), and empirically finds these
minima correlate with greater robustness to common corrup-
tions. However, the theory remains limited, as the boundary
tilting problem is closely tied to adversarial robustness and
is not explored beyond binary classification.

Conclusion
Our framework connects data augmentation to robustness
through flat minima viewpoint under data shifts. Augmen-
tations meeting the PSA condition form broad, flat regions
in parameter space, while others provide limited protection.
Experiments on CIFAR and ImageNet substantiate our the-
orems, and we expect our work to inspire next-generation
augmentation methods, including foundation model-based.
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Beygelzimer, A.; d'Alché-Buc, F.; Fox, E.; and Garnett,
R., eds., Neural Information Processing Systems (NeurIPS),
volume 32. Curran Associates, Inc.
Yun, S.; Han, D.; Oh, S. J.; Chun, S.; Choe, J.; and Yoo,
Y. 2019. CutMix: Regularization Strategy to Train Strong
Classifiers with Localizable Features. In International Con-
ference on Computer Vision (ICCV).
Zhang, G.; Martens, J.; and Grosse, R. B. 2019. Fast con-
vergence of natural gradient descent for over-parameterized
neural networks. Advances in Neural Information Process-
ing Systems (NeurIPS), 32.
Zhang, H.; Cisse, M.; Dauphin, Y. N.; and Lopez-Paz, D.
2018. Mixup: Beyond Empirical Risk Minimization. In In-
ternational Conference on Machine Learning (ICML).
Zhang, X.; Wang, Q.; Zhang, J.; and Zhong, Z. 2020. Adver-
sarial AutoAugment. In International Conference on Learn-
ing Representations (ICLR).
Zhang, Y.; He, H.; Zhu, J.; Chen, H.; Wang, Y.; and Wei, Z.
2024. On the duality between sharpness-aware minimization
and adversarial training. arXiv preprint arXiv:2402.15152.
Zhao, L.; Liu, T.; Peng, X.; and Metaxas, D. 2020.
Maximum-entropy adversarial data augmentation for im-
proved generalization and robustness. Neural Information
Processing Systems (NeurIPS), 33: 14435–14447.
Zhong, L.; Zhu, K.; and Yang, G. 2024. Flatter Minima of
Loss Landscapes Correspond with Strong Corruption Ro-
bustness. In International Conference on Pattern Recogni-
tion (ICPR), 314–328. Springer.

27889


