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Abstract

The Lipschitz bandit is a key variant of stochastic bandit
problems where the expected reward function satisfies a Lip-
schitz condition with respect to an arm metric space. With its
wide-ranging practical applications, various Lipschitz bandit
algorithms have been developed, achieving the optimal re-
gret performance in the classical setting. Motivated by re-
cent advancements in quantum computing and the demon-
strated success of quantum Monte Carlo in simpler bandit
settings, we introduce the first quantum Lipschitz bandit algo-
rithms to address the challenges of continuous action spaces
and non-linear reward functions. Specifically, we first lever-
age the elimination-based framework to propose an efficient
quantum Lipschitz bandit algorithm named Q-LAE. Next,
we present novel modifications to the classical Zooming al-
gorithm, which results in a simple quantum Lipschitz ban-
dit method, Q-Zooming. Both algorithms exploit the com-
putational power of quantum methods to obtain a provably
improved regret bound over classical Lipschitz bandit algo-
rithms. Comprehensive experiments further validate our im-
proved theoretical findings, demonstrating superior empirical
performance compared to existing Lipschitz bandit methods.

1 Introduction

The multi-armed bandit (Slivkins et al. 2019) is a fundamen-
tal and versatile framework for sequential decision-making
problems, with applications in online recommendation (Li
et al. 2010), prompt engineering (Lin et al. 2023), clinical
trials (Villar, Bowden, and Wason 2015) and hyperparame-
ter tuning (Ding et al. 2022). An important extension of this
framework is the Lipschitz bandit (Kleinberg, Slivkins, and
Upfal 2019), which addresses bandit problems with a con-
tinuous and infinite set of arms defined within a known met-
ric space. The expected reward function in this setting satis-
fies a Lipschitz condition, ensuring that similar actions yield
similar rewards. By leveraging the structure of the metric
space, the Lipschitz bandit provides an effective and practi-
cal framework for solving complex problems with large or
infinite arm sets, making it broadly applicable to real-world
scenarios (Mao, Leme, and Schneider 2018; Feng et al.
2023; Tas, Hauser, and Lauer 2021). After extensive studies
on this intriguing problem (Kleinberg, Slivkins, and Upfal

Copyright © 2026, Association for the Advancement of Artificial
Intelligence (www.aaai.org). All rights reserved.

27844

2019; Slivkins 2011), it is well-established that the cumula-
tive regret lower bound for any Lipschitz bandit algorithm
is O (T(4=4+1D/(d=+2)) "where T is the time horizon and d.
is the zooming dimension. While state-of-the-art algorithms
achieve this optimal bound, the question remains whether
more advanced techniques can further enhance performance.
In this context, quantum computation (DiVincenzo 1995;
Biamonte et al. 2017) presents an exciting opportunity to
accelerate algorithmic performance and unlock new possi-
bilities in solving Lipschitz bandit problems.

Quantum computation has been successfully integrated
into various bandit frameworks, including multi-armed ban-
dits (Wan et al. 2023), kernelized bandits (Dai et al. 2024;
Hikima et al. 2024), and heavy-tailed bandits (Wu et al.
2023), where it has demonstrated significant improvements
in regret performance. In these quantum bandit settings,
rather than receiving immediate reward feedback, we inter-
act with quantum oracles that encode the reward distribu-
tion for each chosen arm. The Quantum Monte Carlo (QMC)
method (Montanaro 2015) is then utilized to efficiently es-
timate the expected rewards, requiring fewer queries than
classical approaches. Despite these advancements, the appli-
cation of quantum computing to Lipschitz bandits remains
unexplored. Although Lipschitz bandits may appear as a nat-
ural extension of multi-armed bandits, they introduce funda-
mentally greater analytical challenges. Unlike the discrete
and finite action space in classical bandits, Lipschitz ban-
dits operate over a continuous and uncountably infinite arm
space, with an unknown and non-linear reward function.
This complexity makes direct extensions of existing quan-
tum algorithms infeasible. Therefore, novel methodologies
are required to effectively bridge quantum computing with
the Lipschitz bandit framework.

In this work, we propose the first two effective quan-
tum Lipschitz bandit algorithms that achieve improved re-
gret bounds by employing quantum computing techniques.
Our main contributions are summarized as follows:

* We propose an elimination-based algorithm named
Quantum Lipschitz Adaptive Elimination (Q-LAE),
which achieves an improved regret bound of order
0 (sz/ (dz+1)) under two standard noise assumptions.
The algorithm leverages the concepts of covering and
maximal packing, making it applicable to general met-



ALGORITHM  REFERENCE SETTING NOISE REGRET BOUND
dz+1
CLASSICAL SUB-GAUSSIAN @) (sz+2 (logT) dzl+2)
dz
Q-LAE THEOREM 4.2 QUANTUM BOUNDED VALUE O (sz+1 (logT) dz2+1)
dz
THEOREM 4.3 QUANTUM  BOUNDED VARIANCE O (T 2=+ (log T)% T (loglogT) e )
dz 1
a1 T
Q-ZOOMING THEOREM 5.1  QUANTUM BOUNDED VALUE , @ (T +; (lcig T) +1) 1
THEOREM 5.3  QUANTUM  BOUNDED VARIANCE O (T 751 (log T) 2 Z=+1 (log log T') dz+1>

Table 1: Comparison of regret bounds on Lipschitz bandits.

ric spaces. Compared to the existing elimination-based
method, our algorithm adopts a more rigorous definition
of the zooming dimension d, detailed in Section 4.

We introduce the Quantum Zooming (Q-Zooming) Algo-
rithm, which extends the classical zooming algorithm to
the quantum Lipschitz bandit setting, also achieving the
regret bound of order O (T'%/(4=+1)). This extension is
non-trivial, requiring substantial modifications such as a
stage-based design that efficiently leverages quantum or-
acles and integrates the QMC method.

We evaluate the performance of our proposed algorithms,
Q-LAE and Q-Zooming, through numerical experiments.
The results demonstrate that both algorithms consistently
outperform the classical Zooming algorithm across a va-
riety of Lipschitz bandit scenarios.

Table 1 outlines the regret bounds achieved by our methods
along with state-of-the-art classical Lipschitz bandit algo-
rithms under different noise assumptions.

2 Related Work

This section reviews prior work on quantum online learn-
ing, including quantum bandits and quantum reinforcement
learning. Due to space constraints, related work on Lipschitz
bandits is deferred to Appendix C.

Prior work on bandit algorithms has made significant
strides in integrating quantum computing into various ban-
dit problems. Wan et al. (2023) first incorporated quantum
computing into the multi-armed and stochastic linear ban-
dits with the linear reward model and showed that an im-
proved regret bound over the classical lower bound could
be attained. Wu et al. (2023) extended this line of research
to quantum bandits with heavy-tailed rewards, while Li
and Zhang (2022) explored the quantum stochastic convex
optimization problem. The best-arm identification problem
in quantum multi-armed bandits has also been studied in
(Wang et al. 2021b; Casalé et al. 2020). Parallel to quantum
bandits, significant progress has been made in quantum rein-
forcement learning, particularly under linear reward models,
as summarized in the comprehensive survey by Meyer et al.
(2022). For instance, Wang et al. (2021a) showed that their
quantum reinforcement learning algorithm could achieve
better sample complexity than classical methods under a
generative model of the environment. Furthermore, Ganguly
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et al. (2023) achieved improved regret bounds in the quan-
tum setting without relying on a generative model. To deal
with non-linear reward models, Dai et al. (2024) proposed a
simple quantum algorithm for kernelized bandits by improv-
ing the confidence ellipsoid, and then an improved quantum
kernelized bandit method was developed in (Hikima et al.
2024). However, unlike kernelized bandits, which leverage
well-defined kernel functions to structure the action space,
Lipschitz bandits face additional challenges due to the in-
herent complexity of non-linear reward functions and the un-
structured, diverse nature of arm metric spaces. As a result,
the application of quantum computing to Lipschitz bandits
remains an open and significantly more difficult problem,
one that we aim to address in this work.

3 Problem Setting and Preliminaries

In this section, we present the problem setting of the Lip-
schitz bandit problem and provide essential background on
quantum computation, forming the foundation for the quan-
tum bandit framework and our methods.

3.1 Lipschitz Bandits

The Lipschitz bandit problem can be characterized by a
triplet (X, D, ), where X denotes the action space of arms,
D is a metric on X, and  : X — R represents the un-
known expected reward function. The reward function p is
assumed to be 1-Lipschitz with respect to the metric space
(X, D), which implies:

(1) — p(ze)| < D(x1,22), VIi,m2 € X.

Without loss of generality, we assume (X, D) is a compact
doubling metric space with its diameter no more than 1.

Ateachtime step t < T, the agent selects an arm x; € X.
The stochastic reward associated with the chosen arm is
drawn from an unknown distribution P, and is observed as
y: = wu(xe) + ng, where 7, is independent noise with zero
mean and finite variance. As in standard bandit settings, the
agent’s objective is to minimize the cumulative regret over
T rounds, defined as R(T) = Zle(u* — p(xy)), where
©* = max;ex p(x) denotes the maximum expected re-
ward. Additionally, the optimality gap for an arm ¢z € X
is given by A, = p* — u(x).



Zooming Dimension. The zooming dimension (Klein-
berg, Slivkins, and Upfal 2019; Bubeck et al. 2008) is a fun-
damental concept in Lipschitz bandit problems over metric
spaces. It characterizes the complexity of the problem by ac-
counting for both the geometric structure of the arm set and
the behavior of the reward function x(-). A key component
of this concept is the zooming number N,(r), which rep-
resents the minimal number of radius-r/3 balls required to
cover the set of near-optimal arms:

Xr={zeX:r<A,<2r} (1)

where each arm has an optimality gap between r and 27.

Building on this, the zooming dimension d., is introduced
to quantify the growth rate of the zooming number N, (7).
Formally, it is defined as:

d, :=min{d >0:3a >0, N.(r) <ar ¢ vrc (0,1]}.

Unlike the covering dimension d. (Kleinberg, Slivkins, and
Upfal 2008), which depends solely on the metric structure
of the arm set X, the zooming dimension d, captures the
interaction between the metric and the reward function p(+).
While the covering dimension characterizes the entire met-
ric space, the zooming dimension focuses specifically on the
near-optimal subset of X, which often results in d, being
substantially smaller than d.. Notably, the zooming dimen-
sion d, is not directly available to the agent, as it depends on
the unknown reward function p(-). This dependence makes
designing algorithms based on d, particularly challenging.

Covering and Packing. We discuss the concepts of cover-
ing, packing, and maximal packing, which are fundamental
to the algorithm proposed in Section 4. Let (X, D) be a met-
ric space with a subset S C X.

Definition 3.1. A set of points {z1,...,xn,} C S is an e-
covering of S'if S C ., B(x;,€), where B(z,€) = {y €
X | D(x,y) < €} denotes the closed ball of radius € centered
at x.

Definition 3.2. A ser of points {x1,...,x,} C S is an e-
packing of S if D(z;, ;) > € forall i # j.

Definition 3.3. An e-packing {1, ...,x,} is called a max-
imal e-packing if no additional point x € S can be added
without violating the packing condition.

3.2 Quantum Computation

Basics of Quantum States and Measurements. In quan-
tum mechanics, superposition is a fundamental concept that
describes how a quantum system can simultaneously exist
in multiple states until it is measured or observed. This con-
trasts with classical systems, where a system can only ex-
ist in a single state at a time. A quantum state in a Hilbert
space C" is represented as an L2-normalized column vector
X = [¥1,T2,...,2,] ", where |z;]? denotes the probability
of being in the i-th basis state. This superposition of states is
expressed using Dirac notation as |x). The conjugate trans-
pose x! is written as (x|, forming the bra-ket notation.
Given two quantum states |[x) € C™ and |y) €
C™, their joint quantum state is expressed by the ten-
sor product |x)|y), which can be written explicitly as

[1Y1,- -+, TnYm]" € C™. Quantum mechanics does not
offer full knowledge of a state vector, but only allows partial
information to be accessed through quantum measurements.
These measurements are typically represented by a set of
positive semi-definite Hermitian matrices {E; }Ze A> Where
A is the set of possible outcomes, and Zze A i = 1. The
probability of observing the outcome i is given by (x| E;|x),
which represents the inner product between (x| and F;|x).
The condition ), \ E; = I ensures that the total probabil-
ity of all possible outcomes equals 1. Once a measurement
is performed, the original quantum state collapses into the
specific state associated with the observed outcome.

Quantum Reward Oracle and Bandit Settings. Quan-
tum algorithms process quantum states using unitary opera-
tors, which are referred to as quantum reward oracles. These
oracles encode information about the reward distribution for
a given action, replacing the immediate sample reward used
in classical bandit settings.

In the quantum bandit framework, at each round, the
learner selects an action = and gains access to the quantum
unitary oracle O,. This oracle encodes the reward distribu-
tion P, associated with the chosen action z and is formally
defined as: O, : [0) = > cq. / Pe(w)|w)|y®(w)), where
Q. is the sample space of P, and y Q — R represents
the random reward corresponding to arm x. This unitary op-
erator enables quantum algorithms to interact with reward
distributions in a fundamentally different way compared to
classical approaches.

Quantum Monte Carlo (QMC) Method. Estimating the
mean of an unknown reward distribution is a crucial task
in bandit problems. In pursuit of quantum speedup, we em-
ploy the Quantum Monte Carlo method (Montanaro 2015),
which is designed for efficient mean estimation of unknown
distributions. This approach demonstrates enhanced sample
efficiency compared to classical methods.

Lemma 3.4 (Quantum Monte Carlo method (Montanaro
2015)). Lety : 2 — R be a random variable with bounded
variance, where () is equipped with a probability measure
P, and the quantum unitary oracle O encodes P and y. With
certain assumption about the noise, the QMC method offers
the following guarantees:

* Bounded Noise: Ify € [0, 1], there exists a constant C; >
1 and a quantum algorithm QMC,(O, ¢, ) that outputs
an estimate § of Ely|, such that Pr(|g — E[y]| > €) < 0,
while requiring at most % log % queries to O and OF.

* Noise with Bounded Variance: If Var(y) < o2, then for
€ < 4o, there exists a constant Co > 1 and a quantum
algorithm QMC4(O, €, ) that outputs an estimate § of
Ely], such that Pr(|§ — E[y]| > €) < 8, while requiring
at most CW 10g3/2 ( ) log, (log2 < ) log & 5 queries 1o
O and O1.

From Lemma 3.4, we observe a notable quadratic im-
provement in sample complexity with respect to € when es-
timating E[y]. While classical Monte Carlo methods require

0] (1 / 62) samples, QMC achieves the same range of confi-
dence interval with only O (1/€) samples. This substantial



reduction in sample complexity is a fundamental advantage
of quantum computing, which we would utilize in our fol-
lowing proposed methods.

4 Quantum Lipschitz Adaptive Elimination
Algorithm

The structure of the QMC algorithm requires repeatedly
playing a specific arm multiple times to obtain an updated
reward estimate. The algorithm continues to play the same
arm until a sufficient number of samples is collected, with-
out updating its estimate. Inspired by the nature of the
QMC algorithm and recent advancements in elimination-
based algorithms, we propose a novel method called Quan-
tum Lipschitz Adaptive Elimination (Q-LAE), which adapts
the batched elimination framework and leverages the power
of quantum machine learning.

Unlike existing elimination-based Lipschitz bandit algo-
rithms, our approach adopts the consistent definition of the
zooming dimension introduced by (Kleinberg, Slivkins, and
Upfal 2019; Slivkins et al. 2019), as presented in Section 3.
By doing so, it achieves improved regret bounds through
the integration of quantum machine learning. In contrast,
existing algorithms (Feng, Huang, and Wang 2022; Kang,
Hsieh, and Lee 2023) rely on an alternative definition of
the zooming dimension, which may be larger than the clas-
sical one and can lead to looser bounds in some cases. A
detailed discussion on this issue is provided in the follow-
ing Remark 4.1. To the best of our knowledge, this is the
first elimination-based Lipschitz bandit algorithm that
adheres to the consistent definition of the zooming di-
mension.

Remark 4.1. In the Lipschitz bandit literature, two dis-
tinct definitions of the zooming dimension are commonly
used. Specifically, Kleinberg, Slivkins, and Upfal (2019) and
Slivkins et al. (2019) define the zooming number as the mini-
mal number of balls required to cover the set of near-optimal
arms X, = {x € X : r < A, < 2r}, whereas Feng,
Huang, and Wang (2022) defines it based on a broader set
Y, ={x € X : A, < 2r}. These differing definitions can
vield substantially different values.

For example, if the expected reward is constant across the
entire arm space, then under our classical definition, X, is
empty for all r, resulting in a zooming dimension of 0. In
contrast, Y, equals the entire space X for all r, implying
that the zooming dimension is equivalent to the covering
dimension of the space. In this work, we propose the first
elimination-based Lipschitz bandit algorithm that adopts the
former (classical) definition of the zooming dimension.

To achieve accurate reward estimation for each ball, our
algorithm selects a single representative arm, which is the
center arm of each cube, and plays it multiple times. By uti-
lizing mean reward estimates from QMC, Q-LAE adaptively
concentrates on high-reward regions in continuous spaces
through a combination of selective elimination and progres-
sive refinement. This approach significantly reduces explo-
ration in less promising areas, enhancing both efficiency and
overall performance.

Algorithm 1: Q-LAE Algorithm
Input: time horizon 7', fail probability §
Initialization: A, < maximal-1 packing of X,
Ci+ X,¢,, =2 ™ forallm
1: forstage m =1,2,...do
2 gy Slog ()
3: foreachx € A4, do
4: Play x for the next n,, rounds and obtain /i, (x)
by running the QMC;(O,, €, d/T) algorithm.
Terminate the algorithm if the number of rounds
played exceeds T'.
end for
// selective elimination
flmaz < MaXzeA,, ﬂm(z)
For each « € A,,, eliminate z if fi,,,(2) < fimaz —
3em. Let A denote the set of points not eliminated.
9: // progressive refinement
100 Ciy1 < Upeur B, em)
11:  Find a maximal ¢,, -packing of C,, 1 and define it
as Apy1-
12: end for

To explain the algorithm in detail, consider the beginning
of each stage m, where the algorithm receives A,,, a maxi-
mal €,,-packing of the current active arm region C,,. For ev-
ery point in \4,,, the algorithm performs n,, plays and uses
the QMC algorithm to estimate the mean rewards. Based on
these estimates, the algorithm applies selective elimination
to discard low-performing regions. Specifically, any point
T at stage m is eliminated if its estimated mean reward
fim () is more than 3¢, lower than the best estimated re-
ward among all points in A,,. The set of remaining points
after this elimination step is denoted by A} .

Next, the algorithm performs progressive refinement,
which incrementally narrows the search space. The remain-
ing active region is refined by further subdividing areas with
higher potential rewards. More precisely, the active region is
updated as

Coi1 — | Bla,em). )
ze Al

The updated region C,,;1 is then discretized through its
maximal €,,1-packing, forming the next set of active points
Apm+1. This iterative process allows the algorithm to pro-
gressively concentrate exploration on more promising re-
gions of the arm space. Notably, since a maximal e-packing
is an e-covering, we can utilize maximal packing as repre-
sentative points for the active region. This mathematical fact
is detailed in Appendix A. The complete learning procedure
is outlined in Algorithm 1.

4.1 Regret Analysis

Here, we analyze the regret of the Q-LAE algorithm. In
the bandit literature, a clean event refers to the scenario
where the reward estimates for all active arms and stages are
bounded within their confidence intervals with high prob-
ability. While the classical (non-quantum) setting typically



uses the Chernoff bound to establish deviation inequality be-
tween the true reward and its estimate, our quantum setting
relies on the QMC algorithm.

At the end of line 4 in Algorithm 1, Lemma 3.4 ensures
that the QMC algorithm provides an estimate fi,,,(z) that
satisfies | i, (z) — p(z)| < €, with probability at least 1 —
d/T. Since every arm x € A,, is played at least once in each
stage m, applying the union bound over all stages and arms
guarantees that |fi,,(z) — pu(z)| < €, holds for all stages
m and x € A, with probability at least 1 — §. We define
this as the clean event for this section and assume it holds
throughout the subsequent regret analysis.

We now present a theorem that provides an upper bound
on the regret of the Q-LAE algorithm, with the detailed
proof provided in Appendix A.1.

Theorem 4.2. Under the bounded noise assumption, the cu-
mulative regret R(T') of the Q-LAE Algorithm is bounded
with high probability, at least 1 — 9, as follows:

R(T) =0 (T‘% (log T)ﬁ) ,

where d, represents the zooming dimension of the problem
instance.

Theorem 4.2 establishes that our Q-LAE algorithm
achieves a regret bound of O (T d-/ (derl)), signifi-
cantly improving upon the optimal regret bound of
O (T(=+1/(d=+2)) attained by classical algorithms. Since
the zooming dimension d, is a small nonnegative number,
often substantially smaller than the covering dimension d.,
this represents a major improvement. A more detailed dis-
cussion of the zooming dimension can be found in Appendix
D.

Additionally, we provide a theorem that analyzes the
regret of the Q-LAE algorithm under the assumption
of bounded noise variance. In this setting, with a dif-
ferent choice of n,,, the algorithm’s regret bound of
O (T?=/(4=+1) matches the result for the bounded noise
setting in Theorem 4.2 up to logarithmic factors. More de-
tails and the analysis of Theorem 4.3 are deferred to Ap-
pendix A.2.

Theorem 4.3. With the choice of n.,, =
%f log?/? (S—Z) log, (log2 f—r‘:) log (L) in line 2, under
the bounded variance noise assumption, the cumulative

regret R(T) of the Q-LAE Algorithm is bounded with high
probability, at least 1 — 0, as follows:

R(T)=0 (Td:ﬁ (logT) ST (loglog T') ﬁ) ,
where d, is the zooming dimension of the problem instance.

5 Quantum Zooming Algorithm

Next, we introduce our second methodology, the Quan-
tum Zooming (Q-Zooming) algorithm. This algorithm is a
novel adaptation of the classical Zooming algorithm (Klein-
berg, Slivkins, and Upfal 2019), which efficiently focuses on
promising regions of the arm space by adaptively discretiza-
tion. Our Q-Zooming algorithm achieves an improved re-
gret bound compared to our first algorithm, Q-LAE. While

Algorithm 2: Q-Zooming Algorithm

Input: time horizon T, fail probability §
Initialization: active arms set S < (), confidence radius
60(') =1
1: for stage s = 1,2,...,m do
2: // activation rule
3.  if there exists an arm y that is not covered by the con-
fidence balls of active arms then

4: add y to the active set: S < S U {y}

5:  endif

6: // selection rule

T T4 argmax,cg fis—1(x) + 2€5_1(x)

8:  es(w) {Es_l(x)/Q. ife =2,
es—1(z) ifx # zs.

9: N+ % log (%)
10:  If >y _, Ny > T, terminate the algorithm.
11:  Play x, for the next N rounds and obtain fis(x) by
running the QMC, (O, , e5s(x5), 6 /m) algorithm.
Note: For all other arms x # x4, retain the reward
estimates [is—1(x) from stage s — 1.
12: end for

inspired by its classical counterpart, our algorithm is not a
straightforward extension. Unlike the classical version, the
Q-Zooming algorithm operates in stages, and follows two
primary rules: the activation rule and the selection rule.
In this section, we describe these two rules and highlight
the novel modifications introduced in our Q-Zooming algo-
rithm.

The activation rule ensures that any arm not covered by
the confidence balls of the active arms is added to the active
set. Formally, an arm y is considered covered at stage s if
there exists € S such that D(x,y) < es_;1(x), where S
is the current set of active arms, D(z, y) is the distance be-
tween arms x and y, and €;_1(z) is the confidence radius
for arm x updated at stage s — 1. If such an uncovered arm
y exists, it is added to the active set .S.

The selection rule determines which arm to sample next
from the active set. Specifically, it selects the arm « € S with
the highest index, defined as fis—1(x) + 2¢5_1(z), where
fis—1(x) denotes the estimated mean reward of arm z and
€s—1(x) is its corresponding confidence radius.

Our Q-Zooming algorithm combines these activation and
selection rules with several novel techniques to adapt to the
quantum computing setting. Unlike the classical approach,
where a single sample is played once per round, our algo-
rithm leverages QMC for reward estimation. This funda-
mental difference requires multiple queries to the quantum
oracle of a selected arm to accurately estimate its mean re-
ward. To handle this, we partition the time horizon 7" into
multiple stages. At each stage, the algorithm selects the
arm with the highest index and allocates multiple queries
to estimate its reward with high precision. Additionally, as
described in line 8 of Algorithm 2, the confidence radius
shrinks by half at each stage only when the corresponding
arm is selected. This guarantees that the total number of



plays for any given arm remains bounded, a property that is
crucial for the analysis of our algorithm. We also show that
the optimality gap of any active arm is bounded by its confi-
dence radius. Since this confidence radius shrinks only when
the arm is selected, it implies that, in later stages, only arms
with rewards close to that of the optimal arm are repeatedly
selected. This property is fundamental to the algorithm’s ef-
fectiveness.

The procedure of the Q-Zooming algorithm is detailed in
Algorithm 2. It begins with an empty set of active arms S
and an initial confidence radius of 1 for all arms. At each
stage s, the algorithm activates an arm that is not covered
by the confidence balls and selects the best arm x5 based on
the activation and selection rules described earlier. The con-
fidence radius €4(x) for the selected arm x4 is then updated
by halving its value. Using this updated es(x5), the algo-
rithm determines the number of queries N, required for the
quantum oracle. The algorithm then plays the selected arm
xs for Ny rounds and updates the reward estimate [i ()
using the QMC algorithm. This step provides a more ac-
curate reward estimate, bounding the estimation error such
that |fis(zs) — ps(xs)| < es(xs) with probability at least
1 —§/m, as established in Lemma 3.4. Once these steps are
completed, the algorithm proceeds to the next stage unless
the total number of rounds exceeds the time horizon 7, in
which case the algorithm terminates.

5.1 Regret Analysis

We provide a regret analysis for the proposed Q-Zooming
algorithm. Similar to the approach described in Section 4.1,
we utilize the clean event approach to structure the analysis.

Following each stage, Lemma 3.4 guarantees that QMC,
with a sufficient number of queries N, provides an estimate
fis () satisfying |fis(zs) — p(xs)| < es(xs) with probabil-
ity at least 1 — %, where m is the total number of stages. By
applying the union bound over all stages 1 < s < m, it fol-
lows that |fis(2s)—p(zs)| < es(zs) holdsforalll < s < m
with probability at least 1 — 4.

Additionally, this result extends to all arms x. Specifically,
|fis(z) — p(x)| < es(x) holds for all 1 < s < m and every
arm x, with probability at least 1 — 4. This is because €, (z)
is initially set to 1 for arms that have never been played,
and both €4(x) and [is(z) remain unchanged for arms not
selected during stage s. We define this condition as a clean
event and assume it holds throughout the subsequent analy-
sis. We now establish the following high-probability upper
bound on the regret for the Q-Zooming algorithm. The proof
is deferred to Appendix B.1.

Theorem 5.1. Under the bounded noise assumption, the
cumulative regret R(T) of the Q-Zooming Algorithm is
bounded with high probability, at least 1 — 6, as follows:

R(T) =0 (T% (log T)ﬁ) ,

where d, is the zooming dimension of the problem instance.

Theorem 5.1 shows that the Q-Zooming algorithm at-
tains a regret bound of O (T'%/(#=1)) surpassing the opti-
mal regret bound of classical Lipschitz bandit algorithms,
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O (T(4=+1/(d=+2))  This enhancement is similar to that
achieved by the Q-LAE algorithm in Section 4. As noted in
Section 4 and Appendix D, since d, is often much smaller
than d., this improvement is particularly significant.

Remark 5.2. The regret bounds for the Q-Zooming and Q-
LAE algorithms are identical, ignoring polylogarithmic fac-
tors. However, when considering the log T term, Q-Zooming
exhibits a tighter bound. The key difference lies in their
strategies: Q-LAE focuses on completely eliminating low-
reward regions, while Q-Zooming, without eliminating arms,
adopts a strategy of further discretizing high-reward regions
to explore them more effectively. Despite their theoretical
regret bounds, the practical performance of these two al-
gorithms can vary depending on how quickly Q-LAE elimi-
nates low-reward regions, as we illustrate in Section 6.

Under the bounded variance assumption, using a different
choice of Ng, the regret bound remains consistent with The-
orem 5.1, differing only by logarithmic factors. A detailed
analysis for the bounded variance case, including the proof
of Theorem 5.3, is provided in Appendix B.2.

Theorem 5.3. With the choice of N,
8o

esC(zxas) 3/2 (65(75)) log, (10g2 63?7;5)) log (%)

line 9, the cumulative regret R(T) of the Q-Zooming
Algorithm under the bounded variance noise assumption is
bounded with high probability, at least 1 — 0, as follows:

R(T)=0 (Tﬁ(logT)%dz%(loglogT)ﬁ) ,

log in

where d is the zooming dimension of the problem instance.

6 Experiments

We evaluate the regret performance of our proposed quan-
tum algorithms, Q-LAE and Q-Zooming, against the clas-
sical Zooming algorithm (Kleinberg, Slivkins, and Upfal
2019) on Lipschitz bandit problems. Specifically, we con-
duct experiments on three Lipschitz functions, following
the common settings in studies on Lipschitz bandit prob-
lems (Kang, Hsieh, and Lee 2023; Feng, Huang, and Wang
2022): (1) p(z) = 0.9 — 0.95|x — 1/3] with (X, D)
([0,1],] - |) (triangle), (2) p(z) = 0.35sin (37xz/2) with
(X,D) ([0,1],] - |) (sine), and (3) u(x) 1.2 —
0.95]|z — (0.8,0.7)||2 — 0.3||z — (0,1)||2 with (X,D) =
([0,1)%, || - || s) (two-dimensional). In all three cases, the re-
ward function () is bounded within the interval [0, 1]. We
also consider two types of noise, as described in Lemma 3.4
and aligned with our theoretical analysis: (a) bounded noise,
where the output y is modeled as a Bernoulli random vari-
able with p(x) as the probability of success (y = 1), and
(b) noise with bounded variance, where zero-mean Gaus-
sian noise with variance o2 is added directly to () as the
observed reward.

The QMC algorithm and our proposed quantum algo-
rithms, Q-LAE and Q-Zooming, are implemented using the
Python package Qiskit (Javadi-Abhari et al. 2024). In our
experiments, we set the time horizon to 7' = 300, 000 and
the failure probability to § = 0.05. Gaussian noise is sam-
pled from a normal distribution N(0,0% = 0.1). We evalu-
ate performance by averaging the cumulative regret over 30
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Figure 1: Average Cumulative Regret. The regret performance for each function and noise model is evaluated as the average
cumulative regret over 30 independent runs, with the corresponding standard deviations also reported.

independent trials. Both the mean and standard deviation of
the cumulative regret are reported in Figure 1.

Figure 1 shows that both Q-LAE and Q-Zooming con-
sistently outperform the classical Zooming algorithm across
all scenarios. This provides strong empirical support for the
effectiveness of our proposed quantum approaches. The ad-
vantage holds under both types of noise considered, high-
lighting the benefits of integrating quantum techniques into
the Lipschitz bandit framework.

A noteworthy observation is that Q-LAE often achieves
comparable or slightly better performance when compared
to Q-Zooming. Although Q-Zooming possesses a theoret-
ically superior regret bound due to its favorable polyloga-
rithmic factor, Q-LAE’s elimination-based structure offers
distinct practical advantages. This practical benefit allows
Q-LAE to marginally outperform Q-Zooming over time. In-
tuitively, Q-LAE achieves this by progressively eliminating
low-reward regions, enabling it to become more focused and
improve its performance in later stages. However, in the
early stages, with most arms still active, Q-LAE explores
broadly and may include suboptimal regions, potentially
making it slightly less efficient than Q-Zooming initially.
Nonetheless, as learning progresses, Q-LAE rapidly con-
verges, ultimately delivering superior overall performance.

7 Discussion

In this work, we introduced the first two quantum Lipschitz
bandit algorithms, named Q-LAE and Q-Zooming, under the
non-linear reward functions and arbitrary continuous arm
metric space. We provided a detailed theoretical analysis to
illustrate that both of our efficient algorithms can achieve
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an improved regret bound of order O(7'%/(4=+1)) when the
noise is bounded or has finite variance. The superiority of
our proposed methods over state-of-the-art approaches is
validated under comprehensive experiments.

Comparison of Q-LAE and Q-Zooming: While Q-
Zooming achieves a better regret bound when considering
logarithmic terms, its empirical performance does not con-
sistently outperform that of Q-LAE. As demonstrated in
Section 6, Q-LAE can surpass Q-Zooming in certain scenar-
ios due to its elimination-based strategy, which efficiently
prunes low-reward regions and concentrates exploration on
more promising areas. This targeted approach often leads
to faster convergence, especially when the reward function
contains large suboptimal regions. Moreover, Q-LAE is the
first elimination-based Lipschitz bandit algorithm to adopt
the consistent definition of the zooming dimension (see Re-
mark 4.1), leading to a novel and distinctive regret analysis.
We believe this offers a valuable contribution to the Lips-
chitz bandit literature. It is also worth noting that zooming-
based algorithms, both classical and quantum, face scalabil-
ity challenges in high-dimensional settings, whereas Q-LAE
does not suffer from this limitation. Therefore, we view Q-
LAE as a complementary alternative to Q-Zooming, offering
unique strengths in both theoretical formulation and practi-
cal effectiveness.

Limitations: A limitation of our work is the absence of
a theoretical lower bound, leaving the optimality of our
achieved regret bound uncertain. However, as lower bounds
are also unresolved for simpler cases like quantum multi-
armed bandit, this would remain a challenging future work.
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